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In this paper, we extend the strong laws of large numbers and entropy ergodic theorem for
partial sums for tree-indexed nonhomogeneous Markov chains fields to delayed versions
of nonhomogeneous Markov chains fields indexed by a homogeneous tree. At first we
study a generalized strong limit theorem for nonhomogeneous Markov chains indexed by
a homogeneous tree. Then we prove the generalized strong laws of large numbers and the
generalized asymptotic equipartition property for delayed sums of finite nonhomogeneous
Markov chains indexed by a homogeneous tree. As corollaries, we can get the similar
results of some current literatures. In this paper, the problem settings may not allow
to use Doob’s martingale convergence theorem, and we overcome this difficulty by using
Borel-Cantelli Lemma so that our proof technique also has some new elements compared
with the reference Yang and Ye (2007).
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1. INTRODUCTION

Let (k) be a sequence of positive integers and let (a,)n be a sequence of real numbers.
Zyemund [18] first gave the definition of forward delayed first arithmetic means which is
defined as follows
Zfﬁl anJrifl

kn '

Agnew [1], Safanov [11], and Chow [4] have studied the relationship between the above
delayed averages and summability methods. Chow [4] has also found necessary and sufficient
conditions for the Borel summability of i.i.d random variables and simplified the proofs
of a number of well-known results such as Hsu-Robbins-Spitzer-Katz theorem. Lai [9]
studied the law of the iterated logarithm for delayed sums of independent random variables.
Recently, Gut and Stadtmiiller [5,6] have studied the Laws of the single logarithm for delayed
sums of random fields. Subsequently, Gut and Stadtmiiller [7] also studied the strong law
of large numbers for delayed sums of random fields. Now what we are interested in is the

Tnk, =
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limit behavior of delayed averages of Markov chains fields indexed by trees. Also, Wang and
Yang [12] have studied the strong limit theorems of delayed stochastic sums of the functions
sequences of two variables for non-homogeneous Markov chains and a generalized entropy
ergodic theorem for non-homogeneous Markov chains with convergence almost surely. In
this paper, we want to find analogs of strong law of large numbers and Shannon entropy
theorem for the forward delayed sums of Markov chains fields indexed by a homogeneous
tree.

A tree T is a connected graph and does not contain any loop. Given any two vertices
s £t €T, let st be the unique path connecting s and ¢. Define the graph distance d(s,t) to
be the number of edges contained in the path st.

Let T, n be an infinite Cayley tree with root 0, in which the root 0 has only /N neighbors
and all other vertices have N + 1 neighbors. For each vertex ¢, there is a unique path from 0
to t, and |t| = d(0,t) for the number of edges on this path. We denote the first predecessor
of t by 't, the second predecessor of ¢ by ?t, and denote by "¢ the n-th predecessor of t. We
denote by T ((:L)) the subtree of T containing the vertices from level m to level n, and L,, the
set of all vertices on level n. For any two vertices s and ¢ of tree T', write s < ¢ if s is on the
unique path from the root 0 to £. We denote by s At the vertex farthest from 0 satisfying
sAt<sand sAt<t X*={X;te A} and denote by |A| the number of vertices of A.
When the context permits, this type of tree is simply denoted by T'. For good understanding
of the definition of tree graph, here we draw a graph of Cayley tree T o, please see the
following Figure 1.

DEFINITION 1.1 ([15]): Let T be an infinite tree, X a finite state space, {X¢, t € T} be a
collection of X -valued random variables defined on probability space (2, F, P). Let

p={p(x),z € X} (1.1)
be a distribution on X, and
P, = (P.(z,y)), z,ye X (1.2)
be stochastic matrices on X2. If for any vertex t € Ly,

Pr(X;=y| Xy =2 and X, for tAs<'t)

= Pr(X:=y|X:1y =x) = Py(2,y) Va,y e X, (1.3)
level 3 t
level 2 1
level 1 2}
level 0 root 0

FIGURE 1. A Cayley tree T¢ o.
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and
Pr(Xo=z)=p(z) Ve e kX,

then {X¢,t € T} will be called X -valued nonhomogeneous Markov chains indexed by a homo-
geneous tree T with the initial distribution (1.1) and transition matrices (1.2), or called
T-indexed nonhomogeneous Markov chains with state-space X .

REMARK 1.1: If for all n,
P, = (P(z,y)), zy€ZX, (1.4)

then { Xz, t € T} will be called X -valued homogeneous Markov chains indexed by a homoge-
neous tree.

REMARK 1.2: For the Cayley tree Tc N, when N = 1, a nonhomogeneous Markov chain
indexed by a tree will reduce to a nonhomogeneous Markov chain on line.

Let T be the homogeneous tree T n. If (X;)ier is a nonhomogeneous Markov chain
indexed by tree T' with finite state space X defined as Definition 1.1. Let (a,)52, and
(¢(n))S2, be two sequences of nonnegative integers such that lim,, .. ¢(n) = oo. Denote

an+¢ (n)

1
Fomb(n) (W) = —W[logPr(Xt,t €La,)+ >, Y logPu(Xiy, Xy)], (1.5)
k=a,+1 tely

where log is the natural logarithm. f,  4(,)(w) will be called generalized entropy density of
(Xt),eqtentomn . If an =0 and ¢(n) =n, fa, ¢n)(w) will reduce to the classical entropy of
(an)

(Xt)ieron defined as follows

falw) = |T(”)| [log Pr(Xo) + Z Z log Py (X, X)), (1.6)
k=1teLy

fn(w) will be called the entropy density of (X;);cr . The convergence of f,(w) to a con-
stant in a sense (L; convergence, convergence in probability, a.e. convergence) is called
the Shannon—-McMillan theorem or the entropy theorem or the asymptotic equipartition
property (AEP) in information theory.

The subject of tree-indexed processes has been deeply studied and made abundant
achievements. Benjamini and Peres [2] have given the notion of the tree-indexed Markov
chains and studied the recurrence and ray-recurrence for them. Berger and Ye [3] have stud-
ied the existence of entropy rate for some stationary random fields on a homogeneous tree.
Ye and Berger (see [16,17]), by using Pemantle’s result [10] and a combinatorial approach,
have studied the Shannon—McMillan theorem with convergence in probability for a PPG-
invariant and ergodic random field on a homogeneous tree. Yang and Liu [14] and Yang
[13] have studied a strong law of large numbers for Markov chains fields on a homogeneous
tree (a particular case of tree-indexed Markov chains and PPG-invariant random fields).
Yang and Ye [15] have established the Shannon-McMillan theorem with convergence almost
surely for nonhomogeneous Markov chains on a homogeneous tree. Huang and Yang (see [8])
have studied the Shannon—-McMillan theorem in the sense of almost surely for finite homo-
geneous Markov chains indexed by a uniformly bounded infinite tree. Recently, Wang and
Yang [12] have studied the strong limit theorems of delayed stochastic sums of the functions
sequences of two variables for nonhomogeneous Markov chains and a generalized entropy
ergodic theorem for nonhomogeneous Markov chains with convergence almost surely.
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In this manuscript, we first study a generalized strong limit theorem for nonhomoge-
neous Markov chains indexed by a homogeneous tree T, y. Then we prove the generalized
strong law of large numbers and the generalized AEP for delayed sums of finite nonhomo-

geneous Markov chains indexed by a homogeneous tree which are the extensions of some
results of [15] and [12].

2. SOME LEMMAS

In this section, we at first give a lemma which is very useful for proving our main results.
Then as corollaries, we give two useful limit theorems for delayed sums of the frequencies of
occurrence of states and the ordered couples of states for nonhomogeneous Markov chains
indexed by homogeneous tree T n.

LEMMA 2.1: Let T be the homogeneous tree Tcn. If (Xi)ier is a nonhomogeneous
Markov chain indexed by tree T with finite state space X defined as Definition 1.1, and
{(gn(2,9)) 1} be functions defined on X?. Let

an+o(n)

= > > Elge(X, X)Xy, (2.1)

k=a,+1 teLy

here and thereafter we always let v >0, (an)ie, and ($(n))s>, be two sequences of
nonnegative integers such that lim,_ ., ¢(n) = co. Set

ant+p(n)
D(y) ={w: hmsup* > > Elgi(Xy,, X))o Xae XDl Xy ] = M(y,w) < oo},

n—oo Qn

k=an,+1tely
(2.2)

an+¢(n)

Z Z 9k Xltht (2'3)

k=an+1 teLly

Suppose that
|T((5:)+¢ Z exp(—eay) < 00, (2.4)

for any e > 0, then

lim Hn(w) - Gn(w)

n— 00 an

=0 ae. on D(v). (2.5)

REMARK 2.1: If {(gn(z,9))52,} are uniformly bounded, then equation (2.2) holds obviously.

Proof of Lemma 2.1.: Let A be a nonzero real number, define

Azziifﬁ)ztak gk(XltaXt)
ta ¢$(n)()‘7w) = T ,n=172 ... (2.6)
" nt(n
H? oo +1 HtELk [ /\Qk(Xlt’Xt)‘Xlt]
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let F,, = o(XT"™), it is easy to see that
E[toémaﬁ(n)()" w)} = E[E[tan,tb(n) (Avw)|fan+¢(n)—1“

| I A + ( t )
e Gan+d(n) X1, Xt
teLun+¢(7L)

AGan +o(n) (X1, Xt)
HtELan+¢(n) Bleenvetnthie 201 X,

= E[tan,qﬁ(n)fl()‘)w)E[ ] |]:an+¢(n)*1]

[Tier, ot EleMen+om (X1:X0) | X ]

= Et —1 (A
o pm-1 (%) [Lice ( >E[exgaﬁd’(")(xl“x‘)\Xlt]
an+o(n

= Elta, ptn)-1 (A w)] =+ = Efta, 1(A\w)] = 1. (2.7)
For any € > 0, by using Markov inequality we have

— logta,, ¢(n) (A, —
Z Pr <Og"’¢()(w) > g) = Z Pr(tan,qb(n) ()\’w) > exp(gan))

a
n n—1

o0

ZO.;(’;:(—Z% Zexp —&ay,) . (2.8)

For any € > 0, by using Borel-Cantelli lemma it is easy to get that

logt A w
lim sup 208 fom,p(m) N W) a"”¢(n)( )

n—o0 ap

<0 a.e. (2.9)

By equations (2.6), (2.9) and simple computation, we obtain that

an+q§(n
hmsupf Z Z {)\gk X1y, Xt) logE[e)‘gk(X1th)|X1t]} <0 a.e. (2.10)

e T p—a, 41 teLy,
Letting 0 < A < v, dividing both sides of above inequality by A, we arrive at

an+o(n)
hrrln_)SOtip a Z Z {gn(X1y, X)) — X log E[e’\g’“(xlt’xt)|X1t]} <0 a.e. on D(7),
k=an+1 teLy
(2.11)
by using the inequalities Inz <z — 1(z > 0) and 0 < e* — 1 —z < 27122l as 0 < X < v,
from (2.11) it follows that
ant+é(n)
hrflnjolipa Z Z {gk Xag, Xt) E[gk(XltaXtNXlt]}
k=an+1 teLy

an+o¢(n)
<limsup — > Z{ log B[ (X10X0 1 X1,] — Blgp(X1y, X3)| X1}

n—oo An ;- an+1 teLy
an"ﬂﬁ(”) /\g1C (X14,X¢) 11—\ X1, X)X
<tmsup 2 5 (2 el X0

a A
T T k—a 1 tELy

ant¢(n)
AL 1 .
< Slimsup = 3 Y {Blgh (X, Xp)e e l1X, ]}
k=an+1t€Ly
A
< §M('y,w) < 0o a.e. on D(7). (2.12)
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Letting A — 0T in (2.12), it follows that

an+é(n)
hmsupa— Z Z {gr(X1y, Xy) — Elgi (X4, X4)|X14]} <0 ae.on D(y).  (2.13)
N0 TN k=ay,+1 teLy,

Let —y < A < 0. By (2.10), we similarly get

an+o(n)

lhnilo%f a—n - Z ZL {gk X1y, Xt) E[gk(X1t7Xt>|Xlt]} >0a.e.on D(v). (2.14)
an,+1tely

Now, (2.5) can be derived easily from (2.13) and (2.14). The proof of lemma 2.1 is completed.
|

REMARK 2.2: Ifa=0,0(n) =n, ta, ¢mn)(A,w) = ton(A,w) will be reduced to a nonnegative
martingale, then by Doob’ martingale theorem, we can obtain Theorem 1 in reference Yang
and Ye [15]. Obviously in our Lemma 2.1, the stochastic sequence to, sn)(A w) is not a
martingale, so that we cannot use Doob’s martingale theorem directly. That is the main
difficulty we need to overcome in our proof.

(an+(n)
Let S, ¢(n)(1)(i € &) be the number of i in the set of random variables X ) =

{X,t e T((a"+¢ n))} San.6m)(47) be the number of couple (i;5) in the set of random
couples {(X14, X;),t € T(a"+¢(" }, these are

(e +1)
an+é(n
Samstm (D) = D 25 (X0), (2.15)
k=an t€Ly
an+o¢(n)

Semom (E3) =Y > 6:(X1)5;(Xy). (2.16)

k=a,+1teLy

COROLLARY 2.1: Let T be the homogeneous tree Tcn and (Xi)ier be a nonhomoge-
neous Markov chain indexed by tree T with finite state space X defined as Definition 1.1.
S b (1) is defined as (2.15), (an)nzg and (¢(n))sly are two sequences of nonnegative
‘T((ijén)'i'qﬁ(”)) |

integers such that lim,, ., ¢(n) = oo, letting a,, = , then we have

an+o(n)

lim 7{5’0‘ (n) Z Z P}c Xlt, =0 a.e. (2.17)

n—o0 A,
k=a,+1 teLy

PRrROOF: Let gi(z,y) = 0;(y) in Lemma 2.1. It is easy to see that {gi(z,y),k > 1} satisfy
the condition (2.2) of Lemma 2.1. Noting that

an+p(n an+p(n
> ng X Xo) = 3 Zé X1) = Sap o (D) = D 8i(X),
k=a,+1 teLly k=a,+1 teLly tELan
(2.18)
an+é(n) an+é(n)
= > D EgXnX)IXul= > Y Pu(Xd) (2.19)
k=a,+1 teLy k=a,+1teLy
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Noting that

ZtGLan 0:(Xe) < N 0, as n — oo
— —
an = Non 4+ Noantl 1.0 1 Noantd(n) ’ ’
so that the conclusion (2.17) is derived from Lemma 2.1 directly. [ |

COROLLARY 2.2: Under the same conditions of Lemma 2.1, let Sy, 4n)(4,7) be defined
as (2.16), then

an+o(n)
lim {San,zi) (n) (i Z Z 6i(X1)Pi(i,j)} =0 ae. (2.20)

n—o0 a
k=a,+1 teLy

PrROOF: Let gi(z,y) = d;(x)d;(y) in Lemma 2.1. It is easy to see that {gx(z,y),k > 1}
satisfy the condition (2.2) of Lemma 2.1. Noting that

an+¢(n) an+¢(n)
= > D> aX, X)) = Y > 6i(X)0(Xe) = Sa, (i), (2:21)
k=an+1teELy k=a,+1 tely
Z > Elg(Xny, X X0y] = Z D 6i(Xag) (i, ). (2.22)
k=an,+1 teLy k=a,+1 tely
so that equation (2.20) is true because of Lemma 2.1. We complete the proof. |

3. MAIN RESULTS

In this section, we mainly prove the strong law of large numbers for frequencies of occurrence
of states and the pairs of states for delayed sums of nonhomogeneous Markov chain indexed
by a homogeneous tree T v and the generalized entropy ergodic theorem for the model.

THEOREM 3.1: Let T' be the homogeneous tree Ton and (Xi)ier be a nonhomogeneous
Markov chain indexed by tree T with finite state space X defined as Definition 1.1. ()22,
and (p(n))se, are two sequences of nonnegative integers such that lim, . ¢(n) = oco.
Let Sy, 4(n) (i) and Sy, 4(n)(i,7) be defined as before, P = (P(i,7))ijex be another finite

transition matrix and be ergodic. If

lim P,(i,j) = P(i,), Vi, j € X, (3.1)

n—oo

then
SOC n .
(i) lim 2’7”(’) =, ae Vi€ X, (3.2)
.. . San d(n) (17.7) .. L.
()  lim —————"- =m;P(i,j) a.e. Vi, j € X, (3.3)
n—oo Ay

where 7 is the unique stationary distribution determined by the transition matrixz P.
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PROOF: Proof of (i). Obviously it is easy to see that

an+¢(n) an+o(n
Z Z Pk Xlt, Z Z Zé Xlt Pk ) ]) (34)
k=a,+1 tely k=a,+1 teELy icX
an+o(n) an+d(n)
)BEDIPWIESETEES SRS S IS
k=an+1tELR1€EX 1EX k=a,+1 tELyg
an+¢(n)—1
=NY PGi,j) Y. > 86Xy
ieX k=a, teLy
=N Sa,om-1(0)P3]). (3.5)
ieX
From (3.1), there is no difficulty to derive that
ant+é(n)
nlgrolo a Z Z Py Xltv P(X1t7.])] =0, (36)

where a,, = |T((j")+¢(n |. Then we have by (2.17) and (3.6)

an+é(n)

lim ai{S% o) — D D P(Xi.))
n

k=a,+1 tely
an+¢(n

:nlin;oa— ST D si(Xa)[P(ig) — PG, )]

k=an,+1tely ieX

=0 a.eVjeX. (3.7)
That is, Vj € X
. 1 . 1 . .
Jim ey See s (0) — gy 2 Sewem-1(0P(,5) p =0 ae. (3.8)
Tiary | Tiar) | icx

Multiplying both sides of equation (3.8) by P(j, k), and adding them together for j € X
and using (3.8) again, we have

. 1 ) )
LS S ey ey > Senm) ()P )
‘T(an) | jeEX
1 .
e O Sansm-1()PI)PG )
|T( ) | i,jEX
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B . ]_ . . Sa717¢(n)+1 (k)
= nan;O W Z San,ti?(n) (])P(]v k) - W
(an) jeX (aen)
. Sorn,d(m)+1(F) 1 N\ pl2) (;
+ lim - Z Sanﬁb(n)*l(l)P (Z7 k) =0ae,

n— an+o(n)+1 an+¢(n)—1
1—00 |T((an) (n) )| |T((an,) (n) )| ex

(3.9)

where P! (i, k) (I is a positive integer) is the I-step transition probability determined by
the transition matrix P. By induction, for all M > 1, we have

. Send(ny+ 1 (k) 1 N (M+1) [
i O O T (e e D) D Sensm-1OPHFIGR) b =0 ae. (3.10)
(an) (an) i€EX
Since
Jim PMAY (k) =7, k€ X, (3.11)

and ) v Sa,,e(n)—1(1) = \T((S")H) m)=1) | thus (3.2) can be obtained from (3.11) and (3.10).
Proof of (ii). Similarly to (3.5), we have

an+o¢(n)

Y D G(Xi)P(i.§) = NSa, -1 ()P, ) (3.12)

k=a,+1 telLy

From (3.1), we can see that

anto(n
| a ) =an+1 teLy

(3.3) can be derived from equations (2.20), (3.12), and (3.13). In fact, it is easy to see that

lim —————— = m P(1,7). a.e
n—oo 7% n n—oo [ 7% n)—1
|To¢n +¢( ))| |T(a")+¢( )— )|
The proof of Theorem 3.1 is completed. |

THEOREM 3.2: Under the same conditions of Theorem 3.1, let |X| = b, a,, = |T(3:+¢(n) 2 l,

(0n)5% g and (4(n))5e be two sequences of nonnegative integers such that lim, .. ¢p(n) =
00, fan.¢(n)(w) be defined as before. If for any e > 0, suppose that the following condition
18 satisﬁed,

Z WV exp(—ea,) < oo, (3.14)
then
lm fo, om (@) ==Y > miP(i,j)log P(i, ) ae. (3.15)
i€X jeX

where 7 is the unique stationary distribution determined by the transition matrixz P.
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Proor: Here L, denotes the set of vertices on level o, of homogeneous tree T'. Since

Elexp(|log Pr{X;,t € L, )}|] = Z exp(—log Pr(XLten = glen))Pr(XTen = glon)

zLﬁn

= pllanl = pN°" (3.16)

for any € > 0, by Markov inequality and (3.14), we have

> t€ Ly
ZPT,{“OgPT{Xt? € n)}| 26}

a
n=1 n

Elexp(]log Pr{X;,t € L,,)}|]

<
- g exp(eay,)
(oo} N(Xn
3.17
=2 ooplean) (317)
By Borel-Cantelli lemma, we get
log Pr{X, L
i 08 PX0tE Lo )} (3.18)
n—o0 an
Letting g (z,y) = log Py(z,y) and v = 1/2 in lemma 2.1, and noting that
E[(long(Xl X)) 2er s Pl X0l X )
=3 Py E (X, ) (log P(X1,, X)) Po( Xy, )
JEX
1
Z P2 (X1, 5)(log Pr(X1,, X¢))? < 16be™2, (3.19)
JEX
an+¢(n)

Gn(w) = Z Z [ (X1g, X )| X14]

k=an,+1 teELy
an+¢(n)

= > D> Xy, ) log Pi(Xuy, j), (3.20)

k=a,+1 teLy jeX

an+¢(n) an+¢(n)
Hyw)= Y Y aX,X)= > > logPu(X1,Xy), (3.21)
k=a,+1teELy k=a,+1tely

combining equations (3.20) with (3.21), it follows from Lemma 2.1 that

an+é(n)
lim_ . > {log (X, Xi) — Z Pu(X1y,7)log Pe(X1g,5)} =0 ace.  (3.22)
k=a,+1 teLlLy JEX
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Now we can derive that

an+¢(n)
> X Y A 08 A~ 3 3w los P )
‘T(O,W =an+1tely jeX i€EX JEX
1 ant+é(n)
<| (an+0(n)) Z Z Z d; Xlt szj)logpk(z ])
|Tan) | k=an+1teLlyi,jeEX
an+¢(n)
e L 2 2 D U(X)PG0) o PLJ)
|T((x,,) =ap+1telyi,jeX
1 an+é(n)
+| an+¢(n)) Z Z Z 5 Xlt Z j)lOgP(Z,j)— Z WZP(Z,])IOgP(%]N
|T(an) =on+1 tELy i,jEX i,jEX
an+o(n)
<> (Cw Z > |Puli, ) log Py(i, ) — P(i, ) log(i, )]
igex |1 (am) =a,+1 tely
1 an+é(n)
+ 3 PG ) og PG, )| e, >3 6 -l (3.23)
i,JEX (an) k=oapn+1teLly

By the continuity of the function f(z) = zloga and equation (3.1), for any i,j € X, it
follows that

1 e +p(n)
lim T > > Puli, ) log Pili, ) — Pi, ) log P(i, j)| = 0.
(« k=a,+1tcly

Since Zkﬁ(jl Y over, 0i(X1) = NSq,, o(n)—1(1), it is also easy to see that the second term

of last inequality of (3.23) tends to zero as n tends to infinity. Thus, the left-hand side in
first inequality (3.23) comes to zero a.e. as n tends to infinity, i.e.,

an+o(n)
e e ISP ID SL L I e
| (an) =an,+1teELy, jeX
=3 mP(i,j)log P(i,j). a.c. (3.24)

IEX jEX

Combining with (1.4), (3.18), (3.22), (3.24), we arrive at

n (b(n)
. . 1 "
nlgr;o Jon o) (W) = fnlinéo m[log Pr(X;,t € Ly,) + Z Z log P (X1, X})]
|T | k=anp+1tely
1 an+¢(n)
== lm ——2ry (@ F o)) Z Z log P, (Xiy, Xy)
(an) k=an+1 teLy,
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an+¢(n)
== tm e |T(an+¢ )| Z Z Z Pi(Xay, j) log Pi(Xs, )
(a k=an+1tely jeX

=3 mP(i,j)log P(i.]) a.e., (3.25)

IEX jEX

where the second equation holds because of (3.18), the third equation can be obtained
by (3.22), and the last equation holds by using (3.24). The proof of Theorem 3.2 is
completed. |

REMARK 3.1: In proof of Theorem 3.2, the condition (3.14) is new and necessary to proof
the equation (3.18) which is a new prerequisite for delay version of AEP from zero-delay
version. For case a,, =0, we do not need to put the condition (3.14) on.

Let o, = 0 and ¢(n) = n, we can easily get the following results which have been proved
in reference [15].

COROLLARY 3.1 (See [15]): Let T' be the homogeneous tree Tc n, and (Xi)ier be a non-
homogeneous Markov chain indexed by tree T with finite state space X defined as
Definition 1.1, let

> ai(Xy), (3.26)

Sn(t. )= > 6:(X1)5;(X0), (3.27)

teT(™ /{0}

and fr(w) be defined as (1.5). Let P = (P(i,7))ijex be another finite transition matriz and
be ergodic. If

lim P,(i,5) = P(i,j), ¥i,je€X, (3.28)
then
5 (;
(¢7)  lim |7:L(£LZ))| =m;, a.e Vi€ X, (3.29)
S, (i,
(i) lim |T((Zn)=7|) mP(i,j) a.e. Vi, j € X, (3.30)

(i) lim fu(w) =~ >N wiP(i,4)log P(i,j) a.e., (3.31)

IEX jEX
where w is the unique stationary distribution determined by the transition matriz P.

Now we give two examples which imply our conditions (3.1) and (3.14) respectively.

ExaMPLE 3.1: Condition (3.1) can be easily satisfied. For example, let X = {1,2}, we con-
sider the 2 X 2 transition matrices on S, forn =1,2,3,4,5..., let P, and P are stochastic
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matrices defined as follows

11 1,1
p (27w 2tas
O R T N
2 T2 27 an
11
2 2
P={1 1
2 2
Obviously, P is ergodic, and its unique stationary distribution is = = (m(1),7(2)) = (3,3)-

It is obviously that lim,, ., P, (i,7) = P(i,7) for anyi,j € X.

EXAMPLE 3.2: If a,, =0, condition (3.14) is satisfied naturally. Suppose that o, # 0 and
N =1, as we all have known that the nonhomogeneous chains indexed by trees reduce to
nonhomogeneous Markov chains on line. Now let us come to construct a example of positive
term series which satisfies condition (3.14). Letting X = {1,2,3,...,b}, for any positive
integer n > 1, if a,, = ¢(n) = n, then a,, = n+ 1. By simple computation for any e > 0, we
have

N%n+1 Non

b b - (3.32)

exp (eant1)’ exp(ea,)  exp(e)

thus our condition (3.14) can be easily derived by D’Alembert convergence criteria for
positive series.

REMARK 3.2: For case o, # 0 and N = 1, our model is reduced to nonhomogeneous Markov
chains on line. At the same time, our condition (3.14) is equivalent to condition (2.1) of
Lemma 1 in reference [12].

Acknowledgements

Research supported by Natural Science Foundation of Zhejiang Province (Grant No. LY17A010013) National
Natural Science Foundation of China (Grant No. 11201344 ) and Wenzhou Bureau of science and technology
(Grant No. R20160005).

References

1. Agnew, R.P. (1932). On deferred Cesaro means. Ann. Math. Ser. 33(2): 413-421.
2. Benjamini, I. & Peres, Y. (1994). Markov chains indexed by trees. Ann Probab. 22: 219-243.
3. Berger, T. & Ye, Z. (1990). Entropic aspects of random fields on trees. IEEE Trans Inform Theory. 36:
1006-1018.
4. Chow, Y.S. (1973). Delayed sums and Borel summability for independent, identically distributed random
variables. Bull. Inst. Math. Acad. Sinica. 1: 207-220.
5. Gut, A. & Stadtmiller, U. (2008). Laws of the single logarithm for delayed sums of random fields.
Bernoulli 14(1): 249-276.
6. Gut, A. & Stadtmiiller, U. (2008). Laws of the single logarithm for delayed sums of random fields II. J.
Math. Anal. Appl. 346: 403-414.
7. Gut, A. & Stadtmdller, U. (2010). On the strong law of large numbers for delayed sums and random
fields. Acta Math. Hung. 129(1-2): 182-203.
8. Huang, H.L. & Yang, W.G. (2008). Strong law of large numbers for Markov chains indexed by an infinite
tree with uniformly bounded degree. Science in China Series A: Mathematics. 51: 195-202.
9. Lai, T.L. (1974). Limit theorems for delayed sums. Ann. Probab. 2: 432-440.
10. Pemantle, R. (1992). Antomorphism invariant measure on trees. Ann Prob. 20: 1549-1566.
11. Safonov, A.N. (1968). C(+P,) methods of summability of series. (Russian) Jaroslav. Gos. Ped. Inst.
Uéen. Zap. Vyp. 60: 96-100.
12. Wang, Z.Z. & Yang, W.G. (2016). The generalized entropy ergodic theorem for nonhomogeneous Markov
chains. J. Theor Probab. 29: 761-775.

https://doi.org/10.1017/50269964818000554 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964818000554

234 H. Huang

13. Yang, W.G. (2003). Some limit properties for Markov chains indexed by a homogeneous tree. Statist
Prob Lett. 65: 241-250.

14. Yang, W.G. & Liu, W. (2000). Strong law of large numbers for Markov chains fields on a Bethe tree.
Statist Prob Lett. 49: 245-250.

15. Yang, W.G. & Ye, Z.X. (2007). The asymptotic equipartition property for nonhomogeneous Markov
chains indexed by homogeneous trees. IEEE Trans Inform Theory 53(9): 3275-3280.

16. Ye, Z. & Berger, T. (1996). Ergodic, regularly and asymptotic equipartition property of random fields
on trees. J. Combin Inform System Sci. 21: 157-184.

17. Ye, Z. & Berger, T. (1998). Information Measures for Discrete Random Fields. Beijing: Science Press.

18. Zygmund, A. (1959). Trigonometric Series 1. London: Cambridge Univ. Press.

https://doi.org/10.1017/50269964818000554 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964818000554

	1 Introduction
	2 Some lemmas
	3 Main results

