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We consider the Cauchy problem

w=Au+uP, xRN, t>0,
U(Z‘,O)Zuo(a?), CEERN7

where N > 2, p > 1, and ug is a bounded continuous non-negative function in RV .
We study the case where ug(x) decays at the rate |z|=2/(P—1) as |z| — oo, and
investigate the convergence property of the global solutions to the forward
self-similar solutions. We first give the precise description of the relationship between
the spatial decay of initial data and the large time behaviour of solutions, and then
we show the existence of solutions with a time decay rate slower than the one of
self-similar solutions. We also show the existence of solutions that behave in a
complicated manner.
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1. Introduction
We consider the Cauchy problem

w=Au+uP, x€RN, t>0,
u(z,0) = ug(z), =RV,

(1.1)
where N >2, p>1, and up Z0 is a given bounded continuous non-negative
function in RY. Tt is known that there exists T' = T'(ug) > 0 such that (1.1) has a
unique classical solution u € C>1(RYN x (0,7)) N C(RY x [0,T)) which is bounded
in RN x [0,77] for all T" < T, and |Ju(:, )| pe@y) — 00 as t — T if T < co. We
say that u is global if T'= oo, and that v blows up in finite time if T < oco. It is
well known by [12,31] that if 1 < p < (N +2)/N then (1.1) has no global solution.
Then the condition p > (N + 2)/N is necessary for the existence of global solutions
of (1.1).
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The equation in (1.1) is invariant under the similarity transformation
u(z,t) — uy(z,t) = AP~ Dy(Az, \%t)  for all X > 0.

In particular, a forward self-similar solution u has the form w(z,t) = ¢t=/(P—1)
#(x/\/t), where ¢ satisfies the elliptic equation

1 1
A¢+§x-v¢+—l¢+¢f’=o in RV, (1.2)
o

If a solution ¢ of (1.2) is radially symmetric about the origin, then ¢ = ¢(r), r = |z,
satisfies ¢’(0) = 0 and

¢’+<Nl+r)¢>’+1¢+¢f’o for > 0. (1.3)
T 2 p—1
Let p> (N +2)/N, and let ¢ be a positive solution of (1.3). It was shown by
[16, 28] that ¢ satisfies
Tim P2 PN () = ¢ (1.4)

with some ¢ > 0, and that ¢(r) decays exponentially as r — oo if £ =0 in (1.4).

Forward self-similar solutions are global in time and often used to describe the
large time behaviour of global solutions to (1.1). In the case where initial data
uo(z) has the exponential decay at |z|=oc0 in (1.1), it was shown by Kavian
[19] and Kawanago [20] that certain solutions are asymptotic to the forward self-
similar solution whose profile decays exponentially in space. In this paper, we
consider the problem (1.1) in the case where ug(z) decays at |z|~2/P=1 as || — oo,
and investigate the convergence property of the global solutions to the forward
self-similar solutions.

For each ¢ > 0, we denote by Sy the set of all positive solution ¢ of (1.3) satisfying

#'(0)=0 and lim r2 P=Dg(r) = . (1.5)

We call @ a minimal solution of Sy if ?@ € Sy satisfies ?z < ¢ for all ¢ € Sp. We
denote by w, a self-similar solution corresponding to the minimal solution @ of Sy,
that is,

wy(z,t) =t/ Vg (J2|/ V). (1.6)

To state the existence and nonexistence of solutions of Sy, we need some notations.
Define a constant L by

9 1/(p—1)
L=—— N—Q—L .
p—1 p—1

Note that U(r) = Lr—2/(=1 r = |z], is a singular stationary solution of (1.1) when
p > N/(N — 2). Define py, by

0, 3<N K10
N >

pJL = 4
1 11.

+ ;
N—-4-2yN -1

https://doi.org/10.1017/prm.2018.97 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.97

Asymptotically self-similar behaviour of global solutions 791

The exponent p;r has appeared in several different studies of (1.1) and related
problems, see, for example, [13-15,18,36]. The following results were shown
by [22,23].

PROPOSITION A. Letp > (N 4 2)/N.
(i) There exists £* > 0 such that Sy #0 if 0 < € < 0* and Sg =0 if £ > (*.
(ii) If Se # 0 then there exists a minimal solution ¢, of S.

(iii) If (N +2)/N <p<pgjr then £* > L and there ezists a unique solution of
Se«. If p = pyr, then £* = L and Sy« = ().

For the properties (i) and (ii), see lemma 3.1 of [23]. (See also lemma 4.1 of
[22].) Property (iii) is a consequence of theorem 1.1 and corollary 1.2 of [23]. For
the multiplicity of solutions of Sy, it was shown that, if (N + 2)/N < p < pyr, then
there exists £ > 0 such that Sy has at least two solutions, while if p > psr, then S,
has a unique solution for all £ € (0,¢*). (See [23,24, 33].)

First, we consider the problem (1.1) in the case where ug(x) satisfies

lim |z P~ Dy (z) = ¢ (1.7)

|z|—o0

with ¢ > 0. We show that the large time behaviour of global solutions is determined
by the decay property of initial data at the spatial infinity.

THEOREM 1.1. Let p > (N +2)/N, and let £* > 0 be the constant in proposition
A. Assume that ug € C(RY) satisfies

0 <ug(z) < z|~¥P=V  for z e RN\ {0}, (1.8)
and (1.7) with some £ € (0,¢*). Then the solution u of (1.1) is global in time and
satisfies

Jim YD (- 1) — 1y, 6)| ey = 0. (1.9)

where w, is defined by (1.6).

REMARK 1.2.

(i) Tt was shown by Lee and Ni [21] that the decay rate |z|~2/(P=1 of the initial
data is a borderline between blow-up and global existence. In fact, by [25,
theorem 1.3], if (1.7) holds with ¢ > ¢*, then the solution u of (1.1) blows up
in finite time.

(ii) It was shown by [3,32] that, if the initial data are small and coincide for
large x with a homogeneous function of degree —2/(p — 1), then the solution
is asymptotically self-similar. See also [31, § 20.3]. These results are proved by
semigroup techniques and suitable fixed point argument, which are completely
different from our approach.
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(iii) In the case where initial data ug(x) decays at |z|~7 as = co with o > 2/
(p — 1), it is known that global solutions behave like the fundamental solutions
of the heat equation up to multiple constants. See [31, theorem 20.6].

(iv) It should be mentioned that the exact convergence rate of solutions to the
forward self-similar solutions was shown by Fila et al. [11] in the case where
the initial data has a specific decay rate as z — oo.

We consider the case where ¢ = ¢* in theorem 1.1 when p > p;. Recall that
0* =L and Sy~ = 0 if p > pyr by proposition A. We obtain the following result,
which is a slight improvement of [15, theorem 4 (i)].

THEOREM 1.3. Let p > pyr. Assume that ug satisfies

0 <uop(z) < Llz|~>®= Y for z € RN\ {0} (1.10)
and
lim |2 P~ Dy (x) = L. (1.11)

Then the solution u of (1.1) is global and satisfies

Jim /P u (-, 1) oo (mv) = 0. (1.12)

REMARK 1.4. Assume that p > p;yr. Let A1 be a positive constant defined by

N-2-2m—/(N-2-2m)2—-8(N —2—m)

AL = . (1.13)
with m = 2/(p — 1). It was shown by Yanagida [37, theorem 6.1] that, if ug satisfies
(1.10) and

Jim o (Jaf g () L) = oo, (114)
then the solution u of (1.1) is global and satisfies
Jn ffue, )| oo gy = 0. (1.15)

Thus, by combining with theorem 1.3, if ug satisfies (1.10), (1.11) and (1.14), then
the solution w of (1.1) is global and satisfies (1.12) and (1.15).

For nonlinear parabolic equations, it is well known that positive global solutions
must converge to a single steady state under fairly general assumptions (see, e.g.,
[1,6,7]). On the other hand, Pold¢ik and Yanagida [30] showed that, whenp > p;r,
(1.1) has a positive global solution that behaves in a complicated manner. For o > 0,
we denote by v, = v, (r), r = |z|, a radially symmetric solution of

Av+oP =0 in RV (1.16)

satisfying v, (0) = «. It was shown by [30, theorem 1.1] that, in the case p > p;,, for
any infinite sequence { (o, &;,¢;)} with o > 0, & € RY and g; > 0, there exists ug
such that the solution u of (1.1) exists globally in time and satisfies the following:
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i) There exists an increasing sequence {s;} tending to oo as ¢ — oo such that
g seq g
lu(-, si)l| L@y < ei foreachi=1,2,....
ii) There exists a sequence {t;} with t; € (s;, s;41) such that
q +
lu(- ti) = va, (- = &)l Lo rvy < & foreachi=1,2,....

Recall that py; = oo if 3 < NV < 10, and hence the above non-convergent solution
can be observed when N > 11. For N > 3, we obtain the following result.

THEOREM 1.5. Let p > (N + 2)/N. For any infinite sequence {(¢;,&;,&;)} with
0<l;<0, &eRYN and e >0, (1.17)

there exists ug € C(RN) such that the solution u of (1.1) exists globally in time and
there exists an increasing sequence {t;} tending to oo as i — oo such that

tg/(p71)||u(-,ti) —wy, (- = &isti)lLemny <& foreachi=1,2,..., (1.18)
where wy(z,t) is defined by (1.6).

As a consequence of theorem 1.5, we obtain the analogous phenomena to [30] for
global solutions tending to 0 as ¢t — oo.

COROLLARY 1.6. Let p > (N + 2)/N. For any infinite sequence {(¢;,&;,e;)} with
(1.17), there exists ug € C(RY) such that the solution u of (1.1) exists globally in
time and satisfies the following:

(i) There exists an increasing sequence {s;} tending to co as i — oo such that
si/(p_l)HuC7 8i)llpeemyy < & for eachi=1,2,....

(ii) There exists an increasing sequence {t;} with t; € (s;, s;+1) such that (1.18)
holds.

REMARK 1.7. The existence of global solutions with complicated asymptotic
behaviour was also shown by [4, 5] by the different argument. In [4, 5] it was shown
that there exist solutions which are asymptotic to many different self-similar solu-
tions along different time sequences. These results are proved by employing the
properties of the semiflow on some Banach spaces.

In the proofs of theorems 1.1, 1.3 and 1.5, we will employ the rescaling to the
self-similar variables, which have been used by Kavian [19]. For a solution u of
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(1.1), define

w(y,s) = (t + 1)/ P Vy(z, 1)
with

T
= d = log(t +1).
Y — and s = log( )

Then w satisfies

1 1
ws = Aw+ —y - Vw + ——w + w?, eRY, s>0,
2Y p—1 4 (1.19)

w(y,0) = wo(y), y € RV,

where wy = ug. Since (1.2) is the corresponding stationary problem to (1.19), we
can expect that the study of the behaviour of solutions of (1.19) is reduced to the
analysis of stability properties of solutions of (1.2).

It should be mentioned that, in some cases, the large time behaviour of solutions
is determined by the decay property of initial data at the spatial infinity. Recall
that v, (r), r = |z|, is the radially symmetric solution of (1.16) satisfying v, (0) = «,
and that \; is the positive constant given by (1.13). It was shown by Poldc¢ik and
Yanagida [29] that, if p > pyr, and if ug satisfies (1.10) and

Jim a5 g (2) — v (@)] = 0,

then the solution u of (1.1) is global and satisfies

Hm [[u(-, ) — va ()| e @y = 0.

|z]|— o0
It was also shown by [29] that, if p > p;r, and if ug satisfies (1.10) and
Liz|72/®=Y — ¢z~ < wug(z) < Llz| ™=V — ¢y|z|™ for || > R

with some £ >m+ Ay and ¢1,cq, R > 0, then the solution of (1.1) is global and
unbounded as t — oco. For more precise analysis, we refer to [9,17,26,27, 34, 35]
for the convergence to the steady state, and to [8,10] for the grow-up rate of
solutions. In the proof of theorems 1.1 and 1.3, we will show that analogous results
of [29] hold for the problem (1.19) and the corresponding stationary problem (1.2).
Making use of these results together with the continuous dependence of the initial
value, we will obtain theorem 1.5.

The paper is organized as follows: In § 2, we present some preliminary results
which will be used in the sequel. We construct continuous weak super and sub-
solutions to (1.2) in § 3, and give the proof of theorems 1.1 and 1.3 in § 4. Finally,
we prove theorem 1.5 and corollary 1.6 in § 5.

2. Preliminaries

We first recall the definition of continuous weak super and sub-solutions to the
problem (1.19). We say that w is a continuous weak supersolution of (1.19) for
0 < s < S if w is continuous on RY x [0, 5], w(y,0) > wo(y) and satisfies, for any
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n e C*L(RYN x [0,5]) with >0 and supp 7(-,s) being compact in RY for all
s€10,5],

/ w(y, s)n(y, s)dy
RN

for all S € [0, S], where

s=8’ S’
> / / w(y, )H(y,5) + w(y, s)Pn(z, s)dyds  (2.1)
s=0 0 RN

1 1 N
H(y,s) = <77s+A7729'V77+<p_12>77) (y, s).

Continuous weak subsolutions are defined in a similar way by reversing the
inequalities. The following result was shown by [25, lemma 2.3].

LEMMA 2.1. If w and w, respectively, are bounded continuous weak super and sub-
solutions of (1.19) for 0 < s< S. Then w<w in RN x [0,5] and (1.19) has a
unique classical solution w with w < w < W n RN x [0, S].

We say that v is a continuous weak supersolution (subsolution) of (1.2) if v
is continuous in RY and satisfies, for any n € C?>(R") with n > 0 and compact
support in RY,

[ @) +owr@dy < )0
R
where
_ 1 1 N
Hy) = (An—>y- = .
(v) ( n=5y- Vit (pl 2)?7) (v)
The following result was shown by [25, lemma 2.5].

LEMMA 2.2. Let wo in (1.19) be a bounded continuous weak supersolution
(subsolution) of (1.2), and let w be a global solution of (1.19). Then the solution
w(y, s) is nonincreasing (nondecreasing) in s > 0.

We call v is a classical supersolution (subsolution) of (1.2) if v € C*(R") and
satisfies

1 1
Av+§y-Vv+ 1v+v”< (=)0, ye RN,

The following lemma by [25, lemma 2.6] gives a way to construct continuous weak
super and sub-solutions of (1.2).

LEMMA 2.3.

(i) Let v =v1(r) and v = va(r), r =|y|, be classical radial supersolutions of
(1.2). Assume that v1(R) =v2(R) and vi(R) > v4(R) with some R > 0.
Define

(2.2)

. vi(r), 0<r<R,
o(r) =
va(r), R <1< o0.

Then o(|y|) is a continuous weak supersolution of (1.2).
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(ii) Letvy = v1(r) and va = va(r), r = |y|, be classical radial subsolutions of (1.2).
Assume that v1(R) = v2(R) and vi(R) < v4(R) with some R > 0. Define ¥
by (2.2). Then o(|y|) is a continuous weak subsolution of (1.2).

The following convergence result was shown by [25, proposition 3.1 (iii)].

LEMMA 2.4. Let w be a global solution of (1.19) such that w = w(r,s), r = |y|, is
spatially radially symmetric about the origin. Assume that w(r, s) is nonincreasing
in s =0 for each fived r = 0, and put ¢(r) = lims_, oo w(r, s) for r = 0. Assume, in
addition, that there exists a continuous function W on [0, 00) , satisfying W (r) — 0
as r — oo, such that w(r,s) < W(r) forr >0 and s > 0. Then ¢ € C?[0,00) and
satisfies (1.3) with ¢'(0) = 0 and

lw(-,58) = d( )l L=(0,00)) — 0 as s — oo.

For a > 0, we denote by ¢(r; ) a unique solution of (1.3) satisfying ¢(0) = a and
#'(0) = 0. It was shown by [16, theorem 5] that ¢(-,a) € C?[0,00) and the limit

Uo) = lim 7P~V p(r; a)

T—00

exists and is locally Lipschitz continuous on « > 0. The following result was shown
by [23, theorem 1.1 and corollary 1.2].

LEMMA 2.5. Let p > (N +2)/N. There exists o* € (0,00] satisfying the following
(i) —(iii).
(i) If a € (0,a"), then ¢(r;a) >0 for r =0 and l(a) >0, and ¢(r;a) is a

minimal solution of Sy(q)-

(ii) If ¢, is a minimal solution of S¢ with € € (0,£%), then there exists o € (0, ™)
such that ¢(r; o) = ¢,(r).

(iii) If p = psL, then a* = oco.
By lemma 2.5, we obtain the following results.

LEMMA 2.6.

(i) Let p> (N +2)/N, and let 0,0 € (0,6*) with £ <{. If € Sy satisfies
o(r) < Qé(r) forr >0. Then ¢(r) = Qe(r).

(ii) Let p> (N +2)/N. For any € >0, there exists {. € (0,£*) such that
16, L= (j0,00)) <&

(iii) Let p > pyr. For any M >0, there exists fy € (0,L) such that

¢, Nze=(o,00)) > M.

M

Proof.
(i) By lemma 2.5 (ii), we have ¢,(0) < o, and hence ¢(0) < a*. By lemma 2.5 (i),
¢ is the minimal solution of Sy. This implies that ¢(r) = ¢,(r).
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(ii) We may assume that ¢ < a*. Take a € (0,¢). Then, by lemma 2.5 (i), ¢(r; ) is
a minimal solution of Sy(,) with some £(a) € (0, £*). Note that [|¢(-, )| (j0,00)) =
a. Put £. = ¢(«). Then we have @ée (r) = ¢(r; ) and ||%8 | o< ([0,00)) = @ < €.

(iii) Recall that ¢* = L if p > p;, by proposition A (iii). Take & > M. By lemma
2.5 (i) and (iii), we see that ¢(r;a) is a minimal solution of Sy,) with some
l(ar) € (0,L). Put £3y = ¢(«). Then we have ?,., (r) = ¢(r; o) and ||Q£M | Lo (0,00)) =
o> M. (]

3. Construction of continuous weak super and sub-solutions

For simplicity, we denote by Lv the differential operator

N -1
£U:U/+(r+g>vl+

P 7Y (3.1)

for v € C?(0,0). Then the equation (1.3) is written as

Lo+ ¢P =0 forr>0. (3.2)
Recall that Sy is the set of all positive solution ¢ of (1.3) satisfying (1.5), and that
¢, denotes the minimal solution of Sp. In this section, we will show the following

two propositions.

PROPOSITION 3.1. Suppose that S; # 0 for some {>0. Let uo(z) satisfy

0 <uo(z) < ¢,(|z|) forzeRN.

(i) Assume that there exists £ € (0,€) such that ug(x) < ¢,(|z]) for sufficiently
large |z|. Then there exists a continuous weak supersolution To(|x|) of (1.2)

satisfying
uo(z) < To(|z|) for xz € RN, (3.3)
o, (|z]) <vo(lz]) < @y(lz]) forz € RY  and (3.4)
| l‘im || P~V (|z]) = ¢. (3.5)

(i) Assume that there exists £ € (0,£) such that ug(z) > ¢,(|z]) for sufficiently
large |z|. Then there exists a continuous weak subsolution vy(|z|) of (1.2)
satisfying

0 < ullal) uo(x) forze RN, (3.6)

vo(lz|) < ¢,(|z]) forae RY  and (3.7)
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lim |z PV, (|z]) = ¢. (3.8)

|| —o0
We denote by w(y, s; wg) the solution of (1.19).

PROPOSITION 3.2. Suppose that S; # 0 for some 0>0. Let l € (O,f).

(i) Assume that To(|x|) is a continuous weak supersolution of (1.2) satisfy-
ing (3.4) and (3.5). Then w(y,s;vo) = ¢,(|y|) for all y € RY, s>0 and
l[w(-; 5300) = @,( - Dll Lo () as s — oo.

(ii) Assume that vy(|x|) is a continuous weak subsolution of (1.2) satisfying (3.7)
and (3.8). Then w(y, s;v) < ¢,(|y|) for ally € RY, s> 0 and ||w(-, s;v0) —
(|- Dl my as s — oc.

In the proof of proposition 3.1, we put ¢ (r) = r~#* with > 2/(p — 1). Then, by
a direct calculation, we obtain

—(_F 1 —K —p—2 —
&/}—( 2+p_1>7“ +O(r ) asr — oc.

Note here that
pgé(r)p_lw(r) = O(r_“_Q) as r — 0Q.
Then, from p > 2/(p — 1), there exists Rg > 0 such that
L+ pg? ™1y <O for r > Ro. (3.9)
The following results hold.
LEMMA 3.3. Suppose that S; # 0 for some 0>0. Let 0 € (0,@).
(i) Define vy by
vo(r) = Qg(r) + CY(r) forr >0, (3.10)
where C' > 0 is a constant. Assume that there exists R > Ry such that
vo(r) < ¢p(r)  forr > R. (3.11)

Then Lvg + v <0 forr > R.
(ii) Define vg by

vo(r) = ¢,(r) — C(r)  forr >0, (3.12)

where C >0 is a constant. Assume that there ewxists R > Rg such that
vo(r) = 0 for r > R. Then Lvg + v >0 for r > R.
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Proof.
(i) From (3.9) the function vg, defined by (3.10), satisfies

Log + 08 = Lo, + CLY + v < —¢F — Cpd? "+ of
for r > Ry. By the mean value theorem and (3.11), for r > R, we obtain
v — % = (¢, + CP)P — ) <puf 'O < Cpd? 'y

Thus we obtain Lvg + vf < 0 for r > R.
(ii) From (3.9) the function vy, defined by (3.12), satisfies

Lvg+vf = Lo, — CLY +vf = —¢F + Cpd? ™' +vf
for r > Ry. By the mean value theorem, for r > R, we obtain
O — v = ¢ — (¢, — CP) < pgt ™' Cip < Cpd ™',
Thus we obtain Lvg + vl > 0 for r > R. O

Proof of proposition 3.1.

(i) Take Ry > Ry such that
ug(z) < ¢, (|zf) for |z = Ry. (3.13)

Choose C > 0 such that ¢,(R1) + C9(R1) > ¢y(R1). Since we have
r2/(p=1) (Qg(r) + 01/1(7")) — ¢ and r2/(p*1)¢l;(r) — 0 asr— oo

with ¢ < f, there exists Ry > R such that
¢,(R2) + CY(Ra) = ¢yp(R2) and  ¢,(r) + C(r) < ¢y(r) forr > Ry, (3.14)
Define vy (r) by

%(r), 0<r<R,,

vo(r) =

6,(r) + CO(r), 73> Ry,
By the right-hand side of (3.14), we have v(r) < ¢,(r) for r > Ry. By lemma 3.3,
To(|x|) is a classical radial supersolution of (1.2) for || > Rs. By lemma 2.3, 5o (|x]|)

is a continuous weak supersolution of (1.2). It is clear that (3.5) holds. Note that
vo(|z|) = ¢,(|2]) = uo(z) for [x| > Ra by (3.13). Thus (3.3) and (3.4) hold.
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(ii) Take Ry > Ry such that

uo(z) = ¢,(|zf) for |z] > Ri. (3.15)

Choose C' > 0 such that %(Rl) — C9(Ry) < 0. Since we have

r?/ (=1 (Qg(r) + Cw(T)) —£>0 asr— oo,
there exists Ry > R such that
¢,(R2) = Cy¢(R2) =0 and ¢,(r) —C¥(r) =20 forr > Rs.

Define v, (r) by
B 0, 0<r < Ry,
0=\ 4,00 - Cul), > R

By lemma 3.3, v,(|z]) is a classical radial subsolution of (1.2) for |z| > Rs. By
lemma 2.3, vy(|x]) is a continuous weak subsolution of (1.2). It is clear that (3.8)
holds. Note that vy(|z]) < ¢,(|2|) < uo(x) for |z| > Rs by (3.15). Thus (3.6) and
(3.7) hold. O

Proof of proposition 3.2. We will show (i) only since we can show (ii) by the similar
argument. Since Ty = Ug(|z|) is radially symmetric, a solution w of (1.19) with
wo = Ty is spatially symmetric and hence it is written as w(r, s;7p), r = |y|. By
lemma 2.2, w(r, s;7y) is nonincreasing in s > 0 for each fixed r > 0. Put ¢(r) =
limg_, o0 w(r, 8;70). By applying lemma 2.1 with w = ¢,, we obtain

?,(r) < w(r, s370) < Vo(r) (3.16)
for r > 0 and s > 0. By lemma 2.4, ¢ satisfies (1.3) with ¢'(0) = 0 and
lw(:, 8;70) = @llLo<([0,00)) — 0 as s — o0.
Then it follows from (3.16) that

¢,(r) < ¢(r) <vo(r) < ¢;(r) forr>0.

From (3.5), we have ¢ € S;. lemma 2.6 (i) implies that ¢(r) = ¢,(r). Thus we obtain
lw(-, s;D0) —@\\Lm([om)) as s — oo. From (3.16), we obtain w(y, s;Tg) = Qe(\y|)
for all y € RY and s > 0. g

4. Proof of theorems 1.1 and 1.3

In this section, we show the following theorem.
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THEOREM 4.1. Let p > (N +2)/N, and let £ € (0,£*). Assume that ug satisfies
0 <ug(z) < z|~¥P=V  for z ¢ RN\ {0}. (4.1)
Then, for any € > 0, there exists 6 € (0,£* — {) satisfying that, if

lim sup |2 P~ Vg (z) — €] < 4, (4.2)

Tr—00

then the solution u of (1.1) is global in time and satisfies

timsup /P [u(-,£) = (-, 8)]| oy < <. (4.3)

t—o0

Theorem 1.1 follows from theorem 4.1 immediately. In order to prove theorem
4.1, we first show the following proposition.

PROPOSITION 4.2. Let p > (N 4 2)/N, and suppose that S; # 0 for some {>0.
Put 0 € (0,0). Assume that ug satisfies

0 <wo(z) < ¢plx) forae RY.

Then, for any € > 0, there exists 6 € (O,é— 0) such that, if (4.2) holds, then the
solution w of (1.19) with wg = ug is global in time and satisfies

limsup [[w(-,5) = @, (] - @) <e (4.4)

§— 00

To show proposition 4.2, we need the following lemma.
LEMMA 4.3. Let p > (N +2)/N, and let £ € (0, 7).
(i) For any e > 0, there exists § = d(e,£) > 0 such that
20,5 = @ llL=(o00)) <& and ¢, s — &, (o,00)) <& (4.5)

(i) Let 6 € (0,4 — ). If up € C(RN) satisfies (4.2), then there exists R > 0 such
that

9,_s(z]) Swolz) <o, ((z])  for|z| > R. (4.6)

Proof.

(i) By [25, proposition 4.2], we obtain ||Qe2 -9, | Lo ([0,00)) — 0 as fo — £;1. Then,
for any € > 0 and ¢ > 0, there exists 6 = d(g,£) > 0 such that (4.5) holds.

(ii) If ug satisfies (4.2), then there exists ¢’ € (0,6) and Ry > 0 such that

(0 — &)z 72/ P Cug(x) < (04 0")|2|72 @Y for |z| > R;. (4.7)
Since ¢" € (0,0), there exists Ry > 0 such that
— 5|72/ (p—1)
6, (lal) < (€= &)z @D and g, (la])
> (0+8)|z|YP for |z > Ry. (4.8)
Combining (4.7) and (4.8), we obtain (4.6) with R = max{R;, Ra}. O

https://doi.org/10.1017/prm.2018.97 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.97

802 Y. Naito

Proof of proposition 4.2. By lemma 4.3, for any e > 0, there exist § € (0, — ¢) and
R > 0 such that (4.5) and (4.6) hold. Applying proposition 3.1 (i) and (ii) with
{=/4+6 and £ = { — ¢, respectively, there exist continuous weak super and sub-
solutions Ty and v, of (1.2) satisfying

0 < wy(z) < uo(z) < o(z) < @y(lz|) forxe RY,
vo(z) < ¢, s(|z]) and QH(S(M) <Po(z) forz € RN, and

Hmyy oo |27 P Dog(2) =€ -6  and im0 [2[¥ P~ D0g(z) = £ 4 6.

proposition 3.2 implies that w(y, t,70) = ¢, ,(ly[) and w(y,t,vy) < ¢,_4(|yl) for all
Yy e RY and s > 0, and that

[w(-t,00) =&, lre@my)y =0 and flw(-t,v0)
— @75||Loo(RN) — 0 ast— oo. (4.9)
By lemma 2.1, we obtain
w(z, t,vy) < w(z,t,up) < wlz,t,Ty) for (z,t) € RY x (0, 00).
Then we have
[(w(-t,u0) = @)+ e @mny < [lw(-t,00) — @, || Loem)
< lw(t,00) = @, slleemry + 10, 5 = &Ml mr),
where a4 = max{a,0}. Thus, from the left-hand side of (4.5) and (4.9), we obtain
ﬁ?ib:jp [(w(-t,u0) = @)+ ey <, 5 — Sl Lem) <.
By the similar argument, we obtain

limsup [[(w(-,t,u0) — ¢,) || L@y < [|¢, — QZ777||L&(RN) <e,

t—oo

where a_ = max{—a,0}. Thus we obtain (4.4). O

To prove theorem 4.1, we also need the following proposition. Recall that w, is
the self-similar solution defined by (1.6) with the minimal solution ¢, of Se.

PROPOSITION 4.4. Assume that ug € C(RY) satisfies (4.1) and

lim sup |z|>/ P~ Yug(x) < £*. (4.10)

|| —o0
Then there exist { € (0,£%) and 19 > 0 such that, for any T € (0, 7],

up(z) < wy(z,7) forx € RY. (4.11)
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LEMMA 4.5. Let M > 0 and ¢ € (0,¢*). Put

®are(z) = min{ M, l)z|"Y P2} for z € RN,
Take ¢ € (¢,€%). Then there exists 7o > 0 such that, for any T € (0, 7],
wi(x,7) > Ppre(x) forx e RY. (4.12)
Proof. Since lim,_, 32/(1”1)?2(3) = 0 > (, there exists sy > 0 such that

52/(1’_1)92(8) > for s> sg.

Put g > 0 such that M = 61"0_2/(:”_1), and take 79 > 0 so that 79/\/70 > so. Then,
for any 7 € (0, 70|, we have

| PV wy (2, 7) = (2| V7)Y PV y(|2]/vT) = € for |a] > o,
which implies that
wy(x, 1) > |~ for |z] > ro. (4.13)

In particular, w;(z,7) > 87“0_2/(”_1) = M on [z| = ro. Since ¢,(s) is decreasing for

s> 0, we have w;(x,7) = w;(y, 7) if |z < |y|. Then it follows that
wy(z, ) = P Z M for 0 < x| < 7 (4.14)
Wi\, = LTy = < K To- .

From (4.13) and (4.14), we obtain (4.12). O

Proof of proposition 4.4. Put M = max{ug(x) : z € RV}. From (4.1) and (4.11),
there exists ¢y € (0, £*) such that

uo(x) < Lolz|~2 @~V for z € RN\ {0}.

Then we obtain ug(z) < ®pr, () for 2 € RN. Take £ € (¢y,£*). Then, by lemma
4.5, there exists 79 > 0 such that, for any 7 € (0, 70], we have wy(x,7) = ®ar 4, (2)
for x € RY. Thus we obtain ug(z) < wy(z, 7) for z € RV. O

Proof of theorem 4.1. Since 6 € (0,£* — ), we have (4.10) if ug satisfies (4.2). By
proposition 4.4, there exist £ € (0,£*) and 79 > 0 such that ug(z) < w;(z,7) for
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x € RN, which implies that
T()l/(pfl)uo( Tox) < ¢,(|z|) for x € RY.

Put a(z,t) = T()l/(p_l)u(\/%x,mt). Then @ satisfies @ = A%+ @” in RY x (0, 00)

and
~ _ /(=1 N
w(z,0) =7, uo(v/70z) < ¢y(|z[) for z € R (4.15)
Define w = w(y, s) by
w(y,s) = (t + 1)YP Va(x,t) (4.16)
with
y= \/::Tl and s = log(t + 1). (4.17)

Then w satisfies (1.19) with wo(y) = @(y,0) for y € RY. From (4.15), we have
wo(y) < ¢;(y) for y € RN, For any & > 0, take § € (0,£ — £) as in proposition 4.2.

Then (4.4) holds. From (4.16) and (1.6) with (4.17), we have
w(y, s) = ¢, (yl) = (t + DY (a2, 1) — wy(e, t +1)).
Note that (t+ 1)/t — 1 as t — co. Thus (4.4) can be written as

lim sup t/ @~V ||a(-, t) — w, (-, t + D|pe@mny < e

t—o0

By lemma D.1 in [25], we see that

lim tl/(p_l)llwe(-,t) —w, (-t + t0)||Loc(RN) =0

t—o0

for any tp € R. Then we obtain

limsup £/ PV a(, ) = wy(-, )| e (rav) < & (4.18)

t—o0

Note here that
70!/ P Vw, (|, o) = 7PV (|2l /VE) = w,(|], 1).
Then it follows that
(e, t) — wlw,t) = 7/ P (u(y/7ow, Tot) — wy(v/Tow, Tot)) -
Then we have
Y/ PDNa(-,8) — w8 e vy = (E70)Y P70 (-, 7ot) — wy (-, T0t) || oo () -
From (4.18), we obtain (4.3). O
).

1
Proof of theorem 1.3. By lemma 2.6 (iii), for any M > 0, there exists ¢y; € (0, L)

We denote by u(z, t;up) a solution of (1.
),
such that ||QZMHLoc([O)OO)) > M. Define tg(x) = min{@M(|x|),u0(x)}. From (1.10)
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and (1.11), we have dg(z) < L|z|~2/®=1 for x € RV \ {0} and () E%M(M)
for |x| sufficient large. By applying theorem 1.1, we obtain

lim /@D (-t d0) — wy,, ()| oo (mry = 0.

t—o0

We note here that t/®=D|lw, (-, t)||pe®my) = ||QEM(| “Dlpeemry > M for all ¢t >
0. By the comparison principle, u(z,t;ug) > u(x,t;g) for # € RN, ¢ > 0. Then we
obtain

limsup ¢/~ |[u(-, t; ug) || poo (ravy = limsup /P~ |u(-, ;o) || poo (rvy > M.
t—o0o

t—o0

Since M > 0 is arbitrary, we obtain (1.12). O

5. Proof of theorem 1.5 and corollary 1.6

First, we show the following lemma.

LEMMA 5.1. Letp > (N + 2)/N. Assume that ug € C(RY) satisfies (4.1). Then the
solution u of (1.1) exists globally in time.

Proof. In the case p > pyr, we have £* = L by proposition A (iii). Then we obtain
the global existence of the solution by the argument as in the proof of theorem 6.1
in [29].

In the case where (N +2)/N < p < pyr, we put u € (0,1). By proposition 4.4,
there exist £ € (0,¢*) and 7o > 0 such that, for any 7 € (0, 7o), puo(z) < w;(z, )
for x € RN. Recall that Sy- # 0 if (N +2)/N < p < psr by proposition A (iii). By
[23, lemma 3.1 (iii)], we have ¢,(r) < ¢,. (r) for each r > 0. Then, for all 7 € (0, 7],
we obtain

pug(z) < wpe(2,7) for z € RV,
By the comparison principle, it follows that
u(z, t; pug) < wp- (z,t +7) forz € RN, ¢t > 0. (5.1)
Since (5.1) holds for any 7 € (0, 79, we have
u(z, t; prug) < wye (z,t)  for z € RN, ¢ > 0. (5.2)

Letting ;1 — 1 in (5.2), we obtain u(z,t;up) < wy. (z,t) for all z € RY and ¢ > 0.
Thus the solution of (1.1) exists globally in time. O

We define some special functions which will be used in the proof of theorem 1.5.
Let h(r;a,b), 1 < a < b < 0o, be a smooth function of r > 0 such that

(i) 0<h<1forr >0,
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(ii) h(r;a,b) =0 for r € [0,a — 1JU b+ 1,00) if b < oo, and h(r;a,c0) =0 for
re0,a—1],

(i) h(r;a,b) =1 for r € [a,b] if b < 0o, and h(r;a,c0) = 1 for r € [a, ).
We set p(r; £, a,b) = Lh(r;a,b)r=2/(P=1) and define
= Zp(r;fi, ai,b;), (5.3)
i=1
where {/;} is a sequence in theorem 1.5 and {(a;, b;)} is a sequence to be determined
later. We choose {(a;, b;)} such that
ar>1, a; < b; and b; + 2 < Gj+1 for i = 1,2,.... (54)

Then

supp p(r; 4i, a;,b;) Nsupp p(r; €, a5,b;) =0 if i # j. (5.5)

Define auxiliary functions u{(r) = p(r; ¢1, a1, o0) and

Zpr&,az, )+ p(r; b, ap,00) for k=2,3,....

Since (5.5) holds and 0 < ¢; < ¢* for i = 1,2,..., we have
u (r) < ¢~ @7 and  w(r) < 7@ for r > 0. (5.6)
By lemma 5.1, solutions u(x,t;ul ) and u(z,t;u’,) exist globally in time.

LEMMA 5.2.
(i) For each k =1,2,..., the solution u(x,t;u?) satisfies

lim /P~ [u(-, tul) — wy, ()| vy = 0. (5.7)

t—o0

(i) For each k =1,2,..., one has [ud(] - ) — u%(| - )] oo mrv) < €70 2/,

Proof.

(i) Note that u{ satisfies (5.6) and |z|?/ P~y () — £ as |z| — oo. By theorem
1.1, we obtain (5.7).

(i) We see that ul(r) — u2 (r) =0 for 0 < r < by and

|u2(r) - ugc(r)| < Or—2/ (=1 Zw(r;ﬁi,ai,bi) for b, < r < oco.
i=k

Since (5.5) holds and 0 < ¢; < ¢* for i = k,k+ 1,k +2,..., we obtain

(1) — ul (r)| < Cr= 27D < 0*p _2/(p D for by <7 < 0.

Thus we obtain [[uf (| - [) = ul (| - [) | e (may < £*b —2/(1’ D 0
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For ¢ € RY and ¢ € (0,¢*), we obtain

lim %/ w, (- — &,t) — wy(-, t)|| poo rvy = 0. (5.8)

t—o0

In fact, for each z € R, we have
2D |w,(x — & 1) — wy(x, 1) = |¢,(lx — €/VE) = &, (=] /VT)].

Since ¢,(r) is uniformly continuous on [0, 00), we obtain (5.8).

Assume that solutions u(x,t;up) and u(x,t;4g) exist globally in time. By the
continuous dependence of solution of (1.1) on the initial value (see, e.g., [2, propo-
sition 4.3.7]), for any € > 0 and 7 > 0, there exists § = d(¢,7") > 0 such that, if
[[uo(+) = @o ()| e (rv) < 6, then

T2/ (p—1) ot —ul-. ta - )
Ogltang Hu( ) 7u0) u( ) ’uO)HL (RV) <€
We carry out the proof of theorem 1.5 by constructing a sequence {(a;,b;)}
satisfying the requirements recursively.

Proof of theorem 1.5. Let {({;,&,&;)} be a sequence in theorem 1.5. Put ul by
(5.3) with {(a;,b;)} satisfying (5.4). Since the left-hand side of (5.6) holds, by
lemma 5.1, the solution u(x,t;u2.) exists globally in time. We will show that one
can choose a sequence {(a;,b;)} recursively such that there exists an increasing
sequence {t;} satisfying ¢t;11 > t; + 1 and

P (e i ul) — g, (- — &y )| e movy < (5.9)

foreach i =1,2,....
Step 1. Take a; > 1 arbitrarily. We show that one can choose b; > a; such that,
for any {(a;, b;)}i>2 satisfying (5.4), there exists 1 > 1 satisfying (5.9) with i = 1.
By lemma 5.2 (i), there exists #; > 1 such that

t2/(p_1)||u(-,t;u(f) —wp, (1) || pee(rv) < %1 for t > t;. (5.10)

From (5.8) there exists #; > #; such that

€1

O w, (- = &1, 1) — wy, ()| Lo mvy < . for t >t;. (5.11)
Combining (5.10) and (5.11), we obtain
12/ =Dy 1 u0) — wy, (- — &1, 8)]| oo (r) < %1 for t > t,. (5.12)

By the continuous dependence of initial value, there exists §; = d1(g1/2,t1) >0
such that, if [ug(-) — uf(| - |)|| o m¥) < 61, then

2/(p—1) 0 °1
. ) — (et - S 5.13
max /O (-, o) — ul, ) | e v < (5.13)
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It follows from (5.12) and (5.13) that, if [[ud,(-) — u{(] - )| Lo (mv) < 01, then

8/ (s ul) = wp, (= &ty < e

Take by > ay such that Z*bl_2/(p_1) < d1. By lemma 5.2 (ii), for any {(a;,b;)}i>2
satisfying (5.4), we obtain

12| ) = ud(] - Dl oo mvy < €077 < 5y

Thus (5.9) with ¢ = 1 holds for any {(a;, ;) }i>2 satisfying (5.4).

Step 2. Let k& > 2, and suppose that {(ai,bi)}f:_f satisfy (5.4), and that there
exist {t;}*~! such that (5.9) holds for each i = 1,2,...,k — 1. Take aj, > by_1 + 2
arbitrarily. We will show that one can choose by > ax such that there exists t; >

tr—1 + 1 satisfying (5.9) with ¢ = k for any {(a;, b;) }i>k+1 satisfying (5.4).
By lemma 5.2 (i), there exists ) > tp_1 + 1 such that

2/ Dl b ud) — wy, (1) ooy < %’“ for ¢ > . (5.14)
From (5.8) there exists t, > #; such that
210D, (- — &) — wy, ()| o mry < % fort >ty  (5.15)
Combining (5.14) and (5.15), we obtain
21D (-1 ud) — wy, (- — €k, )| g (re) < %’“ for ¢ > ty. (5.16)

By the continuous dependence of initial value, there exists o = dx(e/2,t;) > 0
such that, if [|ug(-) — ul (| - )|l Lo my) < Ok, then

2/(p—1) . . k
e 6707 u( o) — a0 ey < (5.17)

It follows from (5.16) and (5.17) that, if [|ud (-) — ul(| - )|l @y < Ok, then

6/ P et ud) = wg, (- = & ti) e vy < e

Take by > aj + 1 such that E*b;Q/(p_l) < 0. Then, by lemma 5.2 (ii), we obtain

x1—2 —1
[l (|- 1) = uQ(] - D@y < €520 < 6.

Thus (5.9) with ¢ = k holds for any {(a;, b;)}i>r+1 satisfying (5.4).
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First we take (a1, b1) by Step 1, and then (as, by) by Step 2 with k = 2. Then there
exists to > t1 + 1 such that (5.9) with ¢ = 1,2 hold for any {(ax, bx) }r>3 satisfying
(5.4). Next we take (a3, b3) by Step 2 with k = 3. Then there exists t3 > t5 + 1 such
that (5.9) with ¢ = 3 holds for any {(ag,br)}r>4 satistfying (5.4). Repeating this
argument, we can choose a sequence {(ag,by)} recursively such that (5.9) holds for
each i = 1,2,.... Let u be a solution of (1.1) with ug = u%,. Then u exists globally
in time and there exists an increasing sequence {t;} such that (1.18) holds for each
i=1,2... 0

REMARK 5.3. By the proof of theorem 1.5, we find that the solution u(z,t;ul,) is
radially symmetric about the origin even if § # 0 for £k =1,2,.. ..

Proof of corollary 1.6. For the sequence {(¢;,&;,£;)}, put {(Zl, &, €;)} as follows. For
i=1,2,...,

loy =1;, Eoim1 =6y =6 and 2651 = €9 = €.

By lemma 2.6 (i), for any e > 0, there exists £. > 0 such that [|@, [|r=((0,00)) <
e. Then, for i =1,2,..., put f5_; such that ||Q52‘ 1(| “Dllzeemyy < €i/2. Then it
follows that

€i

Sup /0 g, (Bl @y = g, (1 Dliz=@y) < 5 (5.18)

By applying theorem 1.5 with { (Zi,éi,éi)}, there exists ug such that the solution
w of (1.1) exists globally in time and there exists an increasing sequence {7;} with
T; — 00 such that

7'211'/7(?71)||U('77'2i71) —wg, (=& mim1) e @my) < % (5.19)
and
7'211‘/(1)_1)““('77'21') - wg%(' — &y m2i) Lo myvy < €
fori=1,2,.... From (5.18) and (5.19), we obtain
7—217;/—(1{71)Hu('77-2i—1)HLoo(RN) < g;.
Putting s; = 79;—1 and t; = 79;, we obtain (i) and (ii) in corollary 1.6. O
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