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We consider the elastocapillary interaction of a liquid drop placed between two elastic
beams, which are both clamped at one end to a rigid substrate. This is a simple model
system relevant to the problem of surface-tension-induced collapse of flexible micro-
channels that has been observed in the manufacture of microelectromechanical systems
(MEMS). We determine the conditions under which the beams remain separated, touch
at a point, or stick along a portion of their length. Surprisingly, we show that in many
circumstances multiple equilibrium states are possible. We develop a lubrication-type
model for the flow of liquid out of equilibrium and thereby investigate the stability of
the multiple equilibria. We demonstrate that for given material properties two stable
equilibria may exist, and show via numerical solutions of the dynamic model that it
is the initial state of the system that determines which stable equilibrium is ultimately
reached.
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1. Introduction
Recently, there has been great interest in the interaction between elastic and

capillary forces, commonly referred to as ‘elastocapillarity’ (Roman & Bico 2010).
While this activity has primarily been driven by applications at the microscopic scale
(where objects are often sufficiently flexible that surface forces are strong enough to
bend them) there are also a number of everyday situations in which elastocapillary
effects can be observed. For example, the bending of paintbrush hairs caused by
wetting with a liquid motivated several experiments to investigate the elastocapillary
analogue of capillary rise (Bico et al. 2004; Kim & Mahadevan 2006). In a similar
vein, though not visible to the naked eye, the closure of airways within the lung is
controlled by the interaction between elasticity and the surface tension of the liquid
lining of the airway (Grotberg & Jensen 2004).

The possibility of elastic deformation in response to capillary forces is important for
understanding the force balance at a contact line; while Young’s law relating surface
energies and the equilibrium contact angle was derived from a tangential force balance
more than two centuries ago (Young 1805), the corresponding normal force balance is
more controversial. In this regard, variational principles have been used to determine
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274 M. Taroni and D. Vella

the correct boundary conditions for specific equilibrium elastocapillary problems with
given surface energies (see Shanahan 1985, for example). These conditions resolve
how the liquid behaves in response to the deformation of the solid and show that
there is a small modification to the equilibrium contact angle as a result of the elastic
deformation. However, more recent calculations appear to show the presence of an
unexpected tangential force on the solid of the same order as the normal force (and
hence not negligible) (Das et al. 2011; Marchand et al. 2012).

Controversy aside, the static balance between elastic and capillary forces has been
applied to a broad range of problems, including the statistics of aggregation between
the many bristles of a wet brush (Boudaoud, Bico & Roman 2007), the spontaneous
wrapping of a droplet with an elastic sheet (so-called ‘capillary origami’: Py et al.
2007), the capillary-induced wrinkling of a thin sheet (Huang et al. 2007; Vella,
Adda-Bedia & Cerda 2010), and the wrapping of a flat sheet onto a sticky surface
(Hure, Roman & Bico 2011).

More recently attention has shifted to understanding the fluid motions that occur
in such problems. Early work focused on situations in which the bending stiffness of
the sheet could be neglected in favour of a known membrane tension: for reviews
see Grotberg & Jensen (2004) and Craster & Matar (2009). This coupling between
thin-film fluid flows, surface tension and a membrane under tension is relevant to
instabilities in the liquid lining of the lungs (Halpern & Grotberg 1992) or in the
creation of textured surfaces (Matar & Kumar 2004). Studies incorporating bending
stiffness (but invariably neglecting tension) have tended to study surface-tension-driven
rise between two elastic beams. In the presence of gravity, so-called ‘elastocapillary
rise’, a finite rise height is reached (Duprat, Aristoff & Stone 2011). In the absence of
gravity the liquid meniscus continues to move until it reaches the edge of the system;
such motion has been studied by van Honschoten et al. (2007) and Aristoff, Duprat &
Stone (2011).

The present study is motivated by the fabrication of microelectromechanical systems
(MEMS), which frequently involves the interaction between the surface tension of a
solvent and the elasticity of the components of a MEMS device. This can happen
either in the fabrication of a ‘mask’ using photolithography (Berkowski et al. 2005) or
in the stamping of a soft material, such as polydimethylsiloxane (PDMS), using such a
mask (Xia & Whitesides 1998). In both cases, patterns are created involving relatively
slender beams, which are susceptible to sticking together when a liquid meniscus is
introduced since the surface tension of the liquid pulls neighbouring beams together.
This can occur when either an etching agent (Mastrangelo & Hsu 1993a,b; Raccurt
et al. 2004) or a rinsing agent (Tanaka, Morigami & Atoda 1993; Delamarche et al.
1997; Lee et al. 2002) dries; the effect is similar in either case. It has also been shown
that the ‘stiction’ caused in this way can sometimes be reversed by rinsing with a
different liquid (Delamarche et al. 1997).

In this paper we consider the two-dimensional problem of two beams that are
clamped to a rigid substrate forming a ‘micro-channel’ of width w. A finite volume
of liquid is deposited at the base of the channel in such a way that the surface of
the liquid lies within the channel. The two beams are thus elastically deformed by
the surface tension of the interface, as shown schematically in figure 1. In practical
applications, deformation can occur because of capillary condensation as well as the
rinsing and drying of components (van Spengen, Puers & de Wolf 2002). This may
cause a droplet to be stuck near the tip of the beams, a situation that has been
studied previously by Kwon et al. (2008). However, in general there is no equilibrium
configuration with the droplet midway along the beam. For simplicity, therefore, we
shall consider the droplet to be in contact with the rigid base of the micro-channel,
as shown in figure 1. As a further simplification, we shall neglect the effect of
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FIGURE 1. (Colour online) (a–d) The four possible configurations for a volume of liquid
confined between two elastic micro-pillars and a rigid base: (a) separated ends, (b) touching
ends, (c) sticking ends, (d) fully wetted. This paper considers each of the possibilities in (a–c),
referred to as regimes I, II and III. (e) The notation used in the theoretical formulation of the
problem. A two-dimensional micro-channel of width w and length ` is filled with a volume v
(per unit length) of liquid. The liquid meniscus is located at x = xm and maintains a constant
contact angle θe with the beam that makes up the wall of the channel.

evaporation so that the volume of the droplet remains constant. Finally, we neglect the
effect of gravity since the micro-channels considered are significantly below the scale
at which either hydrostatic pressure within the liquid or the bending of the beams due
to their weight become important.

The different configurations that may be adopted by the flexible beams that bound
the micro-channel are illustrated in figure 1. We expect that for very small liquid
volumes the beams will be bent but remain separated along their length (as depicted in
figure 1a). As the volume of liquid increases we expect that the distance between the
two free ends should decrease. Eventually, we might expect the two beams to touch
(see figure 1b) or even ‘stick’ along a finite portion of their length (figure 1c). We note
that the model we develop does not include an adhesive force between the two beams.
However, this geometrical sticking caused by the macroscopic liquid meniscus allows
the beams to come into close enough contact for microscopic van der Waals forces to
become important and stick the beams irreversibly, even if the liquid is subsequently
completely removed. It is thus the initial contact between beams that may lead to
problems in the operation of MEMS devices. At the largest droplet volumes we expect
the beams to be fully wetted by the liquid (figure 1d). In this case the concept of
an equilibrium contact angle θe is not well defined (Mansfield, Sepangi & Eastwood
1997). In principle, the angle that the meniscus makes to the horizontal could be
found as part of the solution, but given that, within the context of our model, there is
no mechanism (e.g. gravity) to determine the limits of this configuration, we do not
consider this regime here.

In this paper, we investigate the conditions under which each of the three
configurations in figure 1(a–c) are observed. We show that in certain circumstances
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276 M. Taroni and D. Vella

several different equilibrium configurations exist; to investigate which of these is
realized we develop a model of the liquid flow based on lubrication theory. We
then perform a stability analysis, which demonstrates that multiple stable equilibria
may exist. Using full numerical solutions of the dynamic problem, we show that
which equilibrium the system reaches then depends on the initial condition for the
system. While the existence of multiple equilibria has been reported in related systems
previously (see Mastrangelo & Hsu 1993a; Py et al. 2007; Kwon et al. 2008, for
example) ours is, to the best of our knowledge, the first study that makes use of a
dynamic model to investigate the stability of these multiple equilibria. In particular,
this demonstrates that the system does not necessarily tend to the global minimum of
energy.

The plan of the paper is as follows. In § 2 we describe our theoretical formulation of
the problem by developing a lubrication model for the motion of liquid trapped within
a micro-channel, and obtain the equations governing the equilibrium situation as the
steady limit of the dynamic problem. We then consider two different values for the
equilibrium contact angle θe, allowing us to isolate two different force contributions
arising from surface tension. In § 3 we study the case θe = 0, where surface tension
causes a capillary pressure to act along the wetted length of the beam but no line force.
In § 4 we briefly consider the case θe = π/2, where surface tension causes a line force
to act at the contact line, modifying some of the scaling results. Finally, in § 5 we
summarize our results and consider briefly their practical implications.

2. Theoretical formulation
2.1. Beams subject to surface tension forces

We consider the two-dimensional situation shown in figure 1(e): a volume per unit
length v of liquid is placed between two elastic beams of length ` clamped a distance
w apart. We imagine that the contact line is at a position xm and that the contact
angle of the liquid has an equilibrium value θe, which we shall assume to be the same
as that on a rigid solid (see appendix A). We assume that the gradient of the beam
deflections remain small throughout so that we may use linear beam theory (see, for
example, Landau & Lifschitz 1959) to describe the shape of each beam. Two forces
act on each beam as a result of the surface tension γ of the liquid: a line force γ sin θe

acts at the contact line, and a capillary pressure force γ κ due to the curvature κ of
the interface, acts just beneath the contact line. In equilibrium, the pressure within the
liquid is uniform and so this capillary pressure acts all along the wetted length of the
beam. We note that the majority of previous analyses have neglected the line force and
focused instead on the force arising from the integrated curvature pressure, although
Farshid Chini & Amirfazli (2010) considered both.

For deformations of the beams with small slope, the beam equation (Landau &
Lifschitz 1959) governs the shape of each beam y = h(x) incorporating both bending
stiffness and tension according to

Bh′′′′(x)+ τ(x)h′′(x)= p(x)− γ sin θeδ(x− xm). (2.1)

Here B = Eb3/12(1 − ν2) is the bending stiffness per unit length of the beam, which
has thickness b, Young’s modulus E and Poisson ratio ν, and the loading pressure is
given by

p(x)=
{

pliquid , 0< x< xm,

0, xm < x< `,
(2.2)

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
2.

41
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2012.418


Multiple equilibria in a simple elastocapillary system 277

with pliquid the pressure within the liquid (measured relative to the atmospheric
pressure). The Dirac delta function, δ(x), accounts for the line force arising from
surface tension γ . Surface tension, together with the inextensibility of the beam,
generates a tension along the beam

τ(x)=
{
γ cos θe, 0< x< xm,

0, xm < x< `.
(2.3)

While we retain this tension for the time being, we shall see in § 2.3 that it may be
neglected.

We note that in deriving (2.1) we have neglected the weight of the beam,
which is justified provided that the length of the beam is not long enough for
it to buckle under its own weight; this requires that G = ρsgb`3/B � 1, with
ρs the solid density. We also neglect the hydrostatic pressure within the liquid;
this again amounts to neglecting gravity, an assumption that requires the Bond
number Bo = ρgw2/γ � 1, with ρ the liquid density. (Typically, we envisage that
ρ ∼ ρs ∼ 103 kg m−3, b ∼ w ∼ 10 µm, ` ∼ 100 µm, E > 1 MPa and γ ∼ 10−1 N m−1,
so that G . 10−3 � 1 and Bo ∼ 10−5 � 1.) For static configurations, therefore, the
pressure within the liquid, pliquid , is uniform and is determined by the radius of
curvature of the meniscus. Using elementary geometry and the assumption that the
slope of the beam is small (which has already been made above) we find that the
radius of curvature of this circular arc is R = h(xm)/[cos θe − hx(xm) sin θe], and so the
pressure within the liquid is

pliquid =− γ

h(xm)
[cos θe − hx(xm) sin θe]. (2.4)

We note that (2.1) may be derived formally from a variational principle in which
the sum of the elastic and surface energies of the system is minimized subject to
the constraint of fixed liquid volume; some of the details of this calculation in the
simplified case θe = 0 are given in appendix A.

2.2. A dynamic model
The static model given in § 2.1 will allow us to understand the different equilibrium
configurations of beams. However, more generally we are interested in investigating
the motion of the beams in non-equilibrium situations and so require a model that
couples the motion of the beams to the motion of the liquid within the channel. We
neglect the inertia of the beams because of the microscopic scale of most practical
applications; this may be formally justified provided ρs/E� (ts/`)

2, where ts is the
viscous time scale of the fluid flow. Similarly, and because of the small width-to-length
ratio of many channels used in practice, we develop a dynamic model based on
lubrication theory within the thin channel gap. Following the standard approximation
of the equations of motion in this limit (see Leal 2007, for example), the pressure p
and liquid velocity (u, v) satisfy

∂p

∂x
= µ∂

2u

∂y2
,

∂p

∂y
= 0,

∂u

∂x
+ ∂v
∂y
= 0. (2.5a,b,c)

Using no-slip boundary conditions at y = ±h, we may solve (2.5a,b) for the velocity
u(x, y, t), which may then be integrated from y= 0 to y= h(x, t) to obtain the half-flux

Q=− h3

3µ
∂p

∂x
. (2.6)
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278 M. Taroni and D. Vella

Since the inertia of the beam is negligible, the pressure p(x, t) is given by the
rearranged version of (2.1). Finally, conservation of mass gives an evolution equation
for the shape of the beam, h(x, t),

∂h

∂t
= B

3µ
∂

∂x

[
h3

(
∂5h

∂x5
+ τ

B

∂3h

∂x3

)]
, (2.7)

valid for 0< x< xm.
Equation (2.7) is to be solved subject to clamped boundary conditions at x= 0, i.e.

h(0, t)= w

2
,

∂h

∂x

∣∣∣∣
x=0

= 0 (2.8)

as well as the requirement that there be no liquid flux through the rigid boundary at
x= 0, which, using (2.6) with (2.1), gives(

∂5h

∂x5
+ τ

B

∂3h

∂x3

)
x=0

= 0. (2.9)

At the meniscus x = xm the pressure within the liquid is given by the curvature of
the meniscus, and so we have(

∂4h

∂x4
+ τ

B

∂2h

∂x2

)
x=xm

=− γ

Bh(xm)
[cos θe − hx(xm) sin θe] . (2.10)

Continuity for the shape between the wet and dry portions of the beam requires

[h]+− =
[
∂h

∂x

]+
−
=
[
∂2h

∂x2

]+
−
= 0,

[
∂3h

∂x3

]+
−
=−γ sin θe

B
, (2.11)

where [f ]+− ≡ f (x+m, t)− f (x−m, t).
The shape of the dry portion of the beam satisfies

B
∂4h

∂x4
+ τ ∂

2h

∂x2
= 0, (2.12)

with boundary conditions at the end of the beam, x = `, depending on which of the
configurations shown in figure 1 the beams adopt. When the ends are separated, they
are ‘free’ with zero bending moment and shear (Landau & Lifschitz 1959), so that

∂2h

∂x2
= ∂

3h

∂x3
= 0, x= `. (2.13)

However, for some parameter values we expect that the ends of the beams will touch,
in which case ‘hinged’ boundary conditions are appropriate, i.e.

h(`, t)= ∂
2h

∂x2

∣∣∣∣
x=`
= 0. (2.14)

For still other parameter values we expect that the ends might stick along some portion
of their length xc < x< ` (see figure 1c), and so

h(xc, t)= ∂h

∂x

∣∣∣∣
x=xc

= ∂
2h

∂x2

∣∣∣∣
x=xc

= 0 (2.15)

for some xc satisfying xm < xc < `. Note that the continuity of ∂2h/∂x2 at x = xc

ensures that there is no adhesive force between the two beams (Majidi 2007).
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Multiple equilibria in a simple elastocapillary system 279

The problem is then fully specified apart from the position of the contact line xm.
This may be found either from the local conservation of mass at the contact line or by
the requirement that the total volume of liquid, given by

v

2
=
∫ xm

0
h dx− h (xm)

2 vm(hx(xm), θe), (2.16)

is conserved. We note that the second term in (2.16) denotes the volume of liquid that
is displaced by the meniscus, with vm a dimensionless, geometric function that may be
calculated using elementary geometry. Setting dv/dt = 0, we find that

h(xm, t)
dxm

dt
= d

dt
[h (xm)

2 vm] − B

µ

h (xm, t)3

3

(
∂5h

∂x5
+ τ

B

∂3h

∂x3

) ∣∣∣∣
xm

. (2.17)

In situations where the volume displaced by the meniscus may be neglected, this
condition simply states that the speed of the contact line matches the depth-averaged
velocity there. We note that we may ignore the details of the moving contact line,
at which there is necessarily a stress singularity that must be regularized, provided
the capillary number is small (see § 2.3 for more justification). In this limit the
leading-order problem away from the contact line depends only on the macroscopic
contact angle (Weinstein, Dussan & Ungar 1990). We emphasize that in this paper we
assume for simplicity that the contact angle retains its equilibrium value θe and is not
related to the speed at which the contact line moves. Finally, we note that for some
parameter values we might expect that the meniscus reaches the end of the beam. As
noted in § 1, we do not allow this possibility here and so terminate the simulations if
the meniscus reaches the end of the beam.

2.3. Scaling analysis
We now determine, in scaling terms, the beam length for which we expect surface
tension to cause the two beams to interact. We note that the second term on the
right-hand side of (2.4) may be neglected provided θe is not close to π/2. Taking the
limiting case of θe = 0, for which there is a pure curvature pressure (no line force),
we may find a scaling relationship for the critical beam length `c at which interactions
between the two beams (i.e. touching and sticking) should occur by balancing (2.1) to
yield Bw/`4

c ∼ γ /w, and so

`c,0 ∼ w1/2`1/2
ec , (2.18)

where `ec = (B/γ )1/2 is the elastocapillary length (Bico et al. 2004) and measures the
competition between bending and surface energies.

At the other end of the spectrum, we may take θe = π/2. Integrating (2.1) once (to
eliminate the δ-function) the analogous scaling becomes Bw/`3

c ∼ γ , so that

`c,π/2 ∼ w1/3`2/3
ec . (2.19)

We note that the scaling laws in (2.18) and (2.19), whilst being qualitatively similar,
are quantitatively different; while the scaling law (2.18) for θe = 0 has frequently
been given in the literature (see, for example, Bico et al. 2004), we are unaware of
other occurrences of the scaling (2.19) for θe = π/2 having been given. However, we
note that our use of beam theory requires that w/`c � 1 so that w� `ec and hence
`c,0� `c,π/2. We thus expect that for intermediate values of θe it should be the scaling
(2.18) that is the most pertinent.
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Furthermore, we note that, when the length of the beams is such that surface tension
causes them to interact, the ratio of the tension to bending stiffness terms in (2.1)
scales like (τw/`2

c)/(Bw/`4
c) ∼ `2

c/`
2
ec. Using the scaling (2.18) to eliminate `ec, we

have that this ratio scales like w2/`2
c . Given that our use of both beam theory and

lubrication theory in deriving the governing equations requires that the slope of the
beam at the critical length for touching w/`c � 1, it is therefore entirely consistent
to neglect the beam tension. We set τ = 0 henceforth. (We note that we are therefore
neglecting the possibility that the beam will buckle because of surface tension, and
considering only bending. A scenario in which each of these possibilities is realized
by changing the contact angle is studied by Andreotti et al. 2011). In the same way,
the ratio of the volume displaced by the meniscus to the total volume of liquid scales
like w/`, and so may also be neglected in (2.17). Finally, choosing the time scale
ts such that the first two terms in (2.7) balance, we see that the capillary number
Ca∼ µ`/γ ts ∼ w/`c� 1. The rate of viscous dissipation near the contact line is given,
up to a logarithmic factor, by Dcl ∼ γ 2Ca5/3/µ (see de Gennes, Brochard-Wyart &
Quéré 2003, for example). Meanwhile the rate of viscous dissipation within the bulk is
Db ∼ µ

∫
V (∂u/∂y)2 dV ∼ w3` (∂p/∂x)2 /µ ∼ B2w5/µ`9. Thus, Dcl/Db ∼ (w/`)2/3 � 1

and viscous dissipation at the contact line is negligible in comparison with that in the
bulk; this justifies our neglect of a dynamic contact angle.

2.4. Non-dimensionalization
With the above simplifications, we now non-dimensionalize all space variables with
the elastocapillary length `ec = (B/γ )1/2 and time with the elastocapillary time
tec ≡ µ`ec/γ . In particular, we let

H(X,T)= h(x, t)/`ec, (L,W,X)= (`,w, x)/`ec, T = t/tec, P= p`ec/γ. (2.20)

With this choice of dimensionless variables, (2.7) becomes

∂H

∂T
= 1

3
∂

∂X

(
H3 ∂

5H

∂X5

)
, (2.21)

subject to the boundary conditions

H(0,T)= W

2
, HX(0,T)= HXXXXX(0,T)= 0, (2.22a,b,c)

and

[H]+− = [HX]+− = [HXX]+− = 0, [HXXX]+− =−sinθe, HXXXX(Xm,T)=− cos θe

H(Xm)
, (2.23)

where [F]+− ≡ F(X+m ,T) − F(X−m ,T), as well as the appropriate conditions at the dry
end of the beam, namely

HXX(L,T)= HXXX(L,T)= 0 (separated ends), (2.24a)
H(L,T)= HXX(L,T)= 0 (touching ends), (2.24b)

H(Xc,T)= HX(Xc,T)= HXX(Xc,T)= 0 (sticking ends). (2.24c)

The position of the contact line Xm(T) evolves according to the dimensionless version
of (2.17), which reads

dXm

dT
=−H (Xm,T)2

3
∂5H

∂X5

∣∣∣∣
Xm

. (2.25)
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Multiple equilibria in a simple elastocapillary system 281

Finally, we must specify an initial condition H(X, 0) = H0(X) and find an initial
meniscus position Xm(0) that satisfies the constraint on the volume of liquid trapped
between the beams, i.e.

V

2
=
∫ Xm(0)

0
H0(X) dX. (2.26)

We note that our governing equation and boundary conditions are equivalent to those
studied in Aristoff et al. (2011) except for boundary condition (2.22c), which ensures
that the amount of fluid between the two beams remains constant. Aristoff et al. (2011)
were studying a problem in which the end x = 0 is open to a bath of liquid so that
a zero pressure condition at the clamped end x = 0 was appropriate, rather than our
no-flux condition (2.22c).

The evolution equation (2.21) is to be solved on the evolving interval 0 6 X 6
Xm(T). To facilitate the numerical solution of this equation we let Z = X/Xm(T) ∈
[0, 1] (this is modified to Z = X/Xc(T) when the ends of the beams stick, as in
figure 1c), transforming (2.21) to

∂H

∂T
= ẊmZ

Xm

∂H

∂Z
+ 1

3X6
m

∂

∂Z

[
H3

(
∂5H

∂Z5

)]
, (2.27)

where (̇) denotes d()/dT . Note that the transformation to the rescaled interval
0 6 Z 6 1 introduces an additional advective term in (2.27) that does not appear in
the presentation of Aristoff et al. (2011). Equation (2.27) is then solved on a fixed
mesh using the method of lines; further details of the numerical scheme employed may
be found in appendix B. The volume of liquid is monitored to give an indication of
the numerical errors introduced; it is found to remain within 0.01 % of its initial value
for all simulations reported here.

2.5. Equations for equilibrium
The special case of equilibrium may be recovered from the steady case of the dynamic
problem given by (2.21) or by returning to the original beam equation. We have that
the equilibrium beam shape Y = He(X) satisfies

d4He

dX4
= P(X)− sin θeδ(X − Xm), (2.28)

where

P(X)=
−

1
He(Xm)

[cos θe − H′e(Xm) sin θe], 0 6 X < Xm,

0, Xm 6 X 6 L.
(2.29)

To determine the equilibrium shape of the beam, we solve (2.28)–(2.29) subject to
the boundary conditions (2.22)–(2.23) (with H(X,T) replaced by He(X)) at X = 0,Xm,
and the appropriate conditions from (2.24a–c) at X = L. The volume of liquid for a
given equilibrium shape can then be found from (2.26).

3. A pure curvature force: θe = 0
In this section we isolate the effect of the curvature force compared to the line force

from surface tension by setting θe = 0. For the static problem, we shall assume that the
position of the meniscus Xm < L is given, calculate the corresponding equilibrium
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282 M. Taroni and D. Vella

shape He(X;Xm) and then calculate the volume V(Xm) required to produce this
meniscus position using (2.26). This approach facilitates the calculation, though in
reality we expect that it is the volume of liquid V that is given and hence that the
meniscus will move until it is at the equilibrium position for that volume (subject
to the constraint that the meniscus location does not reach the end of the beam,
i.e. Xm/L< 1).

3.1. Equilibrium configurations
We begin by considering each of the three different possibilities illustrated in figure 1
in turn before then combining these results into a regime diagram illustrating when
each of these possibilities may be realized. However, recalling the scaling law (2.18)
leads us to expect that the typical horizontal length scale for θe = 0 is Lc ∼ W1/2. A
consequence of this is that the three-dimensional parameter space (W,V,L) can be
reduced to a two-dimensional parameter space by letting ω =W/L2 and ν = V/L3. We
therefore introduce the rescaled variables η = H/L2, ηe = He/L2, ξ = X/L, ξm = Xm/L
and make use of this rescaling in what follows.

3.1.1. Regime I: separated ends
By solving (2.28)–(2.29) with boundary conditions (2.24a) we find that the rescaled

equilibrium beam shape ηe = He/L2 is given by

ηe(ξ ; ξm)=


ηm + 1

24ηm
[4ξ 3

m(ξm − ξ)− (ξm − ξ)4], 0< ξ < ξm,

ηm + ξ 3
m

6ηm
(ξm − ξ), ξm < ξ < 1,

(3.1)

with the deformation at the meniscus, ηm, satisfying

η2
m −

ω

2
ηm + ξ

4
m

8
= 0. (3.2)

For this solution to be valid we require that the beam ends do not touch, i.e. that
ηe(1) > 0, and hence ξm = Xm/L must satisfy

ωηm >
ξ 3

m

12
(4− ξm). (3.3)

Finally, the (rescaled) volume is given by

ν = 2ηmξm + 3
20
ξ 5

m

ηm
, (3.4)

where we have neglected the volume of liquid that is displaced by the meniscus, as
discussed in § 2.3.

3.1.2. Regime II: touching ends
By solving (2.28)–(2.29) with boundary conditions (2.24b) we find that the beam

shape is given by

ηe(ξ ; ξm)=

−
(ξm − ξ)4

24ηm
+ A(1− ξ)+ B (1− ξ)3, 0< ξ < ξm,

A(1− ξ)+ B (1− ξ)3, ξm < ξ < 1,
(3.5)
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where

A= 3ω
4
+ ξ 3

m

48ηm
(3ξm − 4), B= 1

3

(
ξ 3

m

6ηm
− A

)
, (3.6)

and the rescaled meniscus radius ηm is the solution of the quadratic equation

η2
m −

ω

2
(1− ξm)(1+ ξm − ξ 2

m/2)ηm + ξ
4
m

48
(1− ξm)(6− 6ξm + ξ 2

m)= 0. (3.7)

The corresponding volume of liquid trapped is given by

ν =− ξ 5
m

60ηm
+ Aξm(2− ξm)+ 1

2
Bξm(4− 6ξm + 4ξ 2

m − ξ 3
m). (3.8)

To have physical solutions in this regime, we must have that the slope of the beam
at the end be negative, i.e. A > 0. Furthermore, we must also ensure that the reaction
force is in the negative sense (i.e. is a repulsive, rather than attractive, force). Hence
we also require that B> 0. To satisfy both of these constraints, we require that

1
12

(
4
3
− ξm

)
ξ 3

m < ωηm <
1

12
(4− ξm) ξ

3
m. (3.9)

3.1.3. Regime III: sticking ends
In the event that the ends of the beams ‘stick’, the first contact occurs at some

unknown position ξ = ξc = Xc/L. Solving (2.28)–(2.29) with boundary conditions
(2.24c) we find that the beam shape is given by

ηe(ξ ; ξm)=
−

1
24ηm

(ξm − ξ)4+A (ξc − ξ)3, 0< ξ < ξm,

A (ξc − ξ)3, ξm < ξ < ξc,

(3.10)

where

Aξ 3
c =

ω

2
+ ξ 4

m

24ηm
, ξc = 3

4
ξm + 9

ωηm

ξ 3
m

, (3.11)

with ξc and ηm being found as the solution of the quartic

18η2
m =

(9ωηm − ξ 4
m/4)

3

(3ξ 4
m/4+ 9ωηm)

2 . (3.12)

The corresponding liquid volume is given by

ν =− ξ 5
m

60ηm
+ 1

4

(
ω + ξ 4

m

12ηm

)
ξc

[
1−

(
ξc − ξm

ξc

)4
]
. (3.13)

For this solution to be physically realistic we need to ensure that ξm < ξc < 1, which
using (3.11) may easily be rearranged to give

1
36ξ

4
m < ωηm <

1
12ξ

3
m(

4
3 − ξm). (3.14)

We note that the reaction force in this configuration is always repulsive (as desired)
since A> 0 in (3.11).
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FIGURE 2. (Colour online) (a) Regime diagram showing the regions of (ω, ν) parameter
space for which each of the various equilibrium beam configurations are observed for θe = 0.
(b) A close-up of the bottom left of (a) showing that there are regions in which only regimes
II or III are possible. Points corresponding to regimes I, II, and II are plotted as triangles,
squares, and circles, respectively.

3.1.4. Regime diagram
Here we collate the restrictions on ν and ω derived above to present a regime

diagram describing when each of the three regimes I, II and III are observed. Now,
the inequalities (3.3), (3.9) and (3.14) involve not just ω and ν but also ηm, which
itself is a function of both ω and ξm. We are therefore unable to construct simple
inequalities to characterize the (ω, ν) parameter space and so explore the possible
existence of equilibrium states by numerical means. We show in figure 2 the regime
diagram computed numerically using O(104) points. We note that there appear to be
regions of (ω, ν) parameter space for which multiple regimes are possible. Indeed,
provided an equilibrium exists, there appear to always be two possible configurations,
possibly of the same type, while there is a small region for which four solutions exist
(two in regime I and two in regime II). We shall discuss subsequently which of the
different equilibrium states the system in fact chooses.

Some examples of the multiplicity of equilibrium states are shown in figure 3. In
this case ω = 0.02, and we see that by increasing the volume of liquid we pass from
the coexistence of a regime I and a regime III equilibrium state, to the coexistence of
a regime II and a regime III state, to two regime III states. Finally, there is too much
liquid and no equilibrium states exist.

3.2. Dynamic results
To understand the stability of the multiple equilibria shown in figure 3, as well as
which equilibrium state results from a given initial condition, we use the dynamic
model developed in § 2.4. Typically, we take η0(ξ) = ω/2 and ξm(0) = ν/ω as the
initial condition in our numerical scheme (described in more detail in appendix B).
The boundary conditions at the ends of the beam are those appropriate to the last
known configuration of the beam, and the transition between configurations, e.g. from
separated ends to touching ends, is captured using event location within MATLAB. A
simple example of the evolution of a system that undergoes this transition is shown in
figure 4(a), where we have chosen ω = 0.02, ν = 0.0021 as in figure 3(c). In this case,
the beam shape evolves and the contact line moves monotonically towards the final
sticking equilibrium predicted by the regime diagram; the evolution of ξm(T) is shown
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FIGURE 3. (Colour online) Three examples of the multiple equilibria that exist with θe = 0
and ω = 0.02. In (a) ν = 0.0015: an equilibrium in regime I (ξm ≈ 0.076) coexists with one
in regime III (ξm ≈ 0.126). In (b) ν = 0.0018 and an equilibrium in regime II (ξm = 0.0939)
coexists with one in regime III (ξm ≈ 0.133). In (c) ν = 0.0021 and two equilibria in regime
III coexist (ξm ≈ 0.120, 0.127). In each plot the three regimes are differentiated using different
line styles as follows: regime I (dashed), regime II (solid), and regime III (dot-dashed). Note
that the shapes of both the menisci and the bent beams are shown. The menisci are, in fact,
semicircular but appear almost horizontal because of the difference in horizontal and vertical
scales.

(b)(a)

T

T

0

0.2

0.4

0.6

0.8

1.0

 –1.5 –1.0  –0.5 0 0.5 1.0 1.5
0.100

0.105

0.110

0.115

0.120

0.125

10 –4 10 –2 10 0 10 2

FIGURE 4. (Colour online) Evolution towards equilibrium starting from initially straight
beams η0(ξ)= ω/2, taking ω = 0.02, ν = 0.0021. In (a) we show the beam evolution towards
its steady-state equilibrium with sticking ends (regime III). The direction of increasing time
is shown by the arrow, while the position of the meniscus ξ = ξm is indicated by circles, with
a plot of ξm(T) shown in (b) using a logarithmic time scale. In each plot the configuration
regime is indicated by the use of different line styles, as follows: regime I (dashed), regime II
(solid) and regime III (dot-dashed).

in figure 4(b). We note that if the volume is increased too much (νmax ≈ 0.00211 for
ω = 0.02) the beams go through the same pattern of changes to their configuration
before the meniscus finally reaches the end of the beam, at which point our simulation
stops, as discussed in § 2.2.

For cases in which there are exactly two equilibrium states, the system is observed
to always evolve to the same equilibrium state – the other equilibrium is unstable.
For a more interesting example we take ω = 0.6, ν = 0.3, for which four different

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
2.

41
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2012.418


286 M. Taroni and D. Vella

(a) (b) (c)

0

0.2

0.4

0.6

0.8

1.0

–0.1–0.3 0.1 0.3
–1.15

–1.05

–0.95

– 0.85

0.29 0.31 0.33

–0.95

–0.93

–0.94

0.298 0.300

–30

–20

–10

0

10

0.28 0.30 0.32

E

FIGURE 5. (Colour online) Results for θe = 0 and ω = 0.6. (a) An equilibrium scenario in
which four steady states are possible with ν = 0.3. (b) Total energy of the equilibria and
(c) growth rate σ of perturbations to the equilibrium solutions as functions of ν. In all cases,
the curves corresponding to regime I steady states are dashed, while those corresponding to
regime II steady states are solid. The dotted lines in (b,c) indicate the range of volumes for
which four equilibrium states are possible.

equilibrium states are possible, as plotted in figure 5(a). We first investigate the
stability of each of these equilibria numerically by adding a small sinusoidal
perturbation to the equilibrium shape and setting this as the initial condition. We
find that two of these equilibria, one in regime I (separated ends) and one in regime
II (touching ends) are stable, but the other two are unstable: the perturbed unstable
regime I solution evolves to one of the two stable equilibria, while the perturbed
unstable regime II solution evolves either to the stable regime II state or ξ → 1 and
the simulation stops. Which of these situations occurs depends on the sign of the
beam’s slope at ξm. An example of the evolution away from an unstable equilibrium
towards one of the two stable equilibria is shown in figure 6(a).

3.3. Energy of the system

It is interesting to compare this behaviour with what might have been expected on the
basis of the total energy of the system. In this case, θe = 0, the total energy (bending
plus surface energy) may be written

E =
∫ 1

0

1
2
η2
ξξ dξ − ξm. (3.15)

Here the first term represents the bending energy of the beam and the second term
arises because of the difference in solid–liquid and solid–vapour surface energies.
However, the surface energy of the meniscus itself must be neglected for consistency
with the small-slope approximation used throughout. We note that this energy applies
equally to regime III as to regimes I and II since our model does not account for an
additional attractive or repulsive force between the two beams, which would require a
discontinuity in curvature at ξ = ξc (Majidi 2007). The energy of the system is plotted
as a function of ν in figure 5(b) for ω = 0.6. We see that the two equilibrium states
with lowest energy are stable, although their energies are not the same. This finding
is consistent with the evolution of the total energy of the system; following Jensen
(1997), we note that by differentiating (3.15) with respect to time, integrating by parts
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FIGURE 6. (Colour online) (a) Dependence on initial conditions in a scenario with multiple
equilibria. Here ν = 0.3, ω = 0.6 so that two equilibria in regime II (touching ends) coexist
with two equilibria in regime I (see figure 5a for the shapes of these equilibria). Only two
of these four equilibria are stable: starting with different small perturbations to the unstable
regime I equilibrium, the beam shape tends to either (i) the second regime I configuration or
(ii) the stable regime II configuration. Arrows show the direction of increasing time T . (b) The
corresponding behaviours of the meniscus position ξm(T) in each case. (c) Total energy E
as a function of ξ as calculated using the Ritz method (with the inset showing a magnified
version of the behaviour for 0.63 6 ξm 6 0.7). In all cases the curves corresponding to regime
I (separated ends) are dashed, those corresponding to regime II (touching ends) are solid.

twice, and applying the boundary conditions, the rate of change of energy

dE

dT
=−

∫ ξm

0

1
3
η3η2

ξξξξξ dξ 6 0. (3.16)

Thus the energy decreases as the flow evolves until it reaches an equilibrium solution
for which dE/dT = 0.

To understand this result further, it is useful to follow Mastrangelo & Hsu (1993a)
and imagine an energy landscape of the system for constant ν and varying ξm. To
do this, we use the Ritz method, in which the solution is assumed to be a simple
test function that satisfies all of the boundary conditions except the pressure taking
its equilibrium value. Such an energy landscape is shown for ω = 0.6, ν = 0.3
in figure 6(c), and clearly shows the two maxima and two minima, corresponding
precisely to the two unstable and two stable equilibria found here. It is then intuitively
obvious that a system perturbed from an equilibrium will flow to the nearest local
minimum, the exception to this being if the starting ξm is greater than that for the
regime II equilibrium with highest ξm, in which case the meniscus keeps evolving until
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it reaches the end of the beam. These predictions are thus in complete agreement with
the full numerical solution.

3.4. Linear stability analysis
Although energy considerations are able to predict the stability of the different
equilibria, they give no information about the the time scale of the evolution to
and from different equilibria. In particular, we note from figure 6(b) that the evolution
away from the unstable regime I is relatively slow whilst that to the stable regime I
is fast. To understand this, we consider small perturbations of the beams from their
equilibrium deflection ηe(ξ) and equilibrium meniscus position ξ (0)m by letting

η(ξ,T)= ηe(ξ)+ εeσT f (ξ), ξm(T)= ξ (0)m + εeσTξ (1)m , (3.17)

where ε� 1. At first order in ε we find that the rescaled perturbation g(ξ)= f (ξ)/ξ (1)m
satisfies

σg= 1
3 (η

3
eg′′′′′)

′
, (3.18)

subject to

g= g′ = g′′′′′ = 0 at ξ = 0, (3.19a)

g′′ = ηe(ξ
(0)
m )g′′′ − 1= ηe (ξ

(0)
m )

2
g′′′′ − η′e(ξ (0)m )− g= 0 at ξ = ξ (0)m , (3.19b)∫ ξ

(0)
m

0
g(ξ) dξ + ηe(ξ

(0)
m )= 0, (3.19c)

for the case of separated ends, while (3.19b) must be modified accordingly for
touching or sticking ends. We note that the form of the boundary conditions in (3.19b)
results from the Taylor expansion of the boundary conditions about the unperturbed
meniscus position.

For σ 6= 0 we may substitute (3.18) into (3.19c) to find

σ =− 1
3η

2
eg′′′′′ at ξ = ξ (0)m . (3.19d)

This expression of the conservation of mass is more convenient for numerical
implementation that (3.19c) and so is used here.

We solve (3.18)–(3.19) using MATLAB’s boundary value solver bvp4c, which
computes the growth rate σ as part of the solution. We show the results for ω = 0.6,
ν = 0.3 in figure 5(c). The results are in qualitative agreement with the results
from the full numerical solution of our dynamic model: for both regime I and II,
the equilibrium with lower ξm is stable, while the one with higher ξm is unstable.
Furthermore, figure 6(b) shows that the growth rates σ are consistent with the time
scales over which the motion occurs: the instability grows on an O(1) time scale, but
the regime I stable equilibrium is reached more quickly than its regime II counterpart;
this is consistent with the O(10) difference in the values of σ between the two.

A more typical example with just two steady states is given in figure 7(b) for
ω = 0.02, and should be compared with the corresponding (E, ν) plot. In general, we
observe that where different regimes coexist a regime I equilibrium is always stable
(the coexisting regime II or III equilibrium is unstable), while if regime II and III
coexist then it is the regime II equilibrium that is stable. This observation is important
for practical purposes since it suggests that in general the system will choose a stable
equilibrium in either regime I or II while the remaining regime III configuration will
be unstable. There is only a very narrow window of parameter space for which only
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FIGURE 7. (Colour online) (a) Total energy of steady states and (b) growth rate σ of
perturbations to these steady-state shapes as functions of ν for ω = 0.02 and θe = 0. Insets
show magnification of the region around ν = 2 × 10−3. In both cases the three regimes are
differentiated by using different line styles: regime I (dashed), regime II (solid) and regime
III (dot-dashed). Note in (b) that the growth rate σ is subject to a discontinuity when the
configuration of the beams changes; this is because the boundary conditions at the beam’s
ends change.

regime III is possible; however, for such parameter values one of the regime III states
is stable and the other unstable.

4. The effect of the line force
In this section we consider briefly the effect of the surface-tension-induced line

force (compared to the curvature force), and take θe = π/2; this choice maximizes the
importance of the line force. As noted in § 2.3, we find that the critical length `c at
which interactions between the two beams should occur satisfies the new scaling law
(2.19). Assuming this scaling law, we now find that the capillary pressure and line
force are of the same order, with the beam satisfying

h′′′′(x)= γ
B

[
hx(xm)

h(xm)
− δ(x− xm)

]
, (4.1)

in x < xm. The presence of the first term on the right-hand side of (4.1) complicates
the solution of the beam equation and hence the determination of the inequalities
required to present a regime diagram of different equilibrium states. It is therefore of
little benefit to do so here, and we note only that all of the analysis and numerical
results of § 3 may, in principle, be repeated for θe = π/2. We expect that in this
scenario multiple equilibria will again be observed since the equation for ξm as a
function of volume of liquid will again be a quartic. More generally, we note that the
line force and curvature force terms will balance provided |π/2− θe| � 1, while for θe

not close to π/2 the line force may be neglected and scaling law (2.18) will hold.

5. Discussion
We have presented theoretical results demonstrating how a seemingly simple

elastocapillary system (a drop placed between two flexible beams) can exhibit
a surprisingly rich behaviour. In particular, we have shown that in certain
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circumstances multiple equilibrium configurations exist and that more than one of
these configurations can be stable. We have performed a linear stability analysis
to predict the stability of these equilibria, and simulations for the full problem
to demonstrate that the system evolves to the nearest local energy minimum. This
agreement validates the approaches used here as well as the assumptions made on the
basis of static models in related situations (Mastrangelo & Hsu 1993a).

For simplicity, we restricted ourselves to the case of zero equilibrium contact angle
θe, so that there is only a pressure force due to the curvature of the interface, with
the line force playing no role. It is then relatively simple to characterize the equilibria
of the system in terms of just two parameters: the reduced channel width, ω, and
the reduced volume of liquid, ν. The regime diagram, presented in figure 2, clearly
shows the existence of multiple equilibria, but is more useful once the stability of
the equilibria is taken into account. In particular, we see that for sufficiently large
ω we expect the system to adopt a configuration with separated ends; although
touching/sticking configurations may co-exist with a separated end configuration, they
are always unstable. However, such configurations can become stable for ω sufficiently
small.

For non-zero values of θe the ratio of the line force to the curvature pressure
force scales like tan θew/xm, and so depends on the contact angle, θe, the width of
the channel and the volume of liquid deposited. Nevertheless, for thin channels a
simple scaling analysis suggests that in most practical situations we expect it to be the
curvature pressure that dictates the critical beam length `c at which touching should
occur, giving rise to the well-known scaling law `c ∼ w1/2`1/2

ec (Bico et al. 2004). We
only expect the line force to contribute to the force balance for contact angles close to
π/2, in which case we predict a new scaling law `c ∼ w1/3`2/3

ec . It would be interesting
for this prediction to be tested experimentally.

In terms of practical applications in MEMS fabrication, our fixed-volume theory
may be relevant to situations involving evaporation provided that the evaporation rate
of the rinse liquid is sufficiently slow (�1/tec). In this case, once initial equilibrium
is reached, the evolution of the beams as the volume of the drop decreases is quasi-
steady. Although our results do not provide an obvious mechanism for the collapse of
micro-channels under slow evaporation (i.e. a switch from regime I to regime II or III
under decreasing ν), they do show that touching/sticking regimes are to be expected, at
least for small ω.

Despite its drawbacks, it is the simple nature of our model that has allowed us to
completely characterize the interaction of elastic and capillary forces in this idealized
system, and so offers an excellent starting point for theoretical investigations into
scenarios with more realistic geometries and physical effects. Other geometries of
interest include a whole series of micro-pillars, each one being pulled on either side
by its neighbours (Tanaka et al. 1993), or a two-dimensional array of micro-pillars,
as in the experiments of Chandra & Yang (2009) and Pokroy et al. (2009). In the
channel geometry studied here, effects in the (neglected) third dimension may play an
important role. For example, the analysis of Roy & Schwartz (1999) suggests that a
cylindrical channel of liquid will be subject to the Rayleigh–Plateau instability if the
capillary pressure decreases as the cross-sectional area of the liquid increases. In the
scenario investigated here, this criterion is fulfilled since the ends of the beam come
closer together and the radius of curvature of the meniscus increases. However, the
ability of the beams to bend along their length might mean that this instability is
suppressed. We leave consideration of the effect of more complicated geometries as an
open question.
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Appendix A. A variational principle
The total energy of the system consists of the bending energy of the beam and

the surface energies of the solid–liquid, solid-vapour, and liquid–vapour interfaces. We
thus have

E(h)=
∫ xe

0

B

2
h2

xx

(
1− 3

2
h2

x

)
dx+

∫ xm

0
γsl

(
1+ 1

2
h2

x

)
dx+

∫ xe

xm

γsv

(
1+ 1

2
h2

x

)
dx

+ γR
(
π

2
− hx(xm)− θb

)
, (A 1)

where γsl, γsv, and γ denote the solid–liquid, solid–vapour, and liquid–vapour surface
energies respectively, and x = xe is the horizontal position of the end of the beam.
Note that in writing down the above energy, we have linearized for small slope hx� 1
but kept the quadratic term in the expressions for the surface energies as these will
give rise to linear terms upon using a variational principle. Furthermore, for simplicity
we assume that the equilibrium contact angle on a rigid surface θe = 0, so that
γsv − γsl = γ , but allow the contact angle on the beam, θb, to vary. Finally, the radius
of curvature of the meniscus R = h(xm)/[cos θb − hx(xm) sin θb]. We consider only the
case of separated ends, but note that the calculation for the touching and sticking end
configurations will follow a similar pattern.

We wish to minimize this energy subject to the constraints of constant volume of
liquid and inextensibility of the beam. We therefore consider the functional

I(h)= E(h)+ λ
[
v

2
−
∫ xm

0
h dx+ R2

(
π

4
− hx(xm)− θb

)]
+µ

[
l−
∫ xe

0

(
1+ 1

2
h2

x

)
dx

]
, (A 2)

where λ and µ are Lagrange multipliers, and we have assumed that θb� 1 to simplify
the expression for the meniscus volume. We consider a small perturbation ζi 7→ ζi + δζi

(δ � 1) for all variables ζi, noting that for a static equilibrium δI/δζi = 0 for each
ζi. Integrating by parts twice, keeping only terms linear in θb, hx, and requiring the
variation to vanish at the extremum, we have

δI

δxe
= 0⇒ µ= γsv, (A 3a)

δI

δθb
= 0⇒ λ=− γ

h(xm)
, (A 3b)

δI

δhx(xm)
= 0⇒

[
∂2h

∂x2

]+
−
= 0, (A 3c)
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δI

δh(xm)
= 0⇒

[
∂3h

∂x3

]+
−
=−γ

B
θb, (A 3d)

δI

δxm
= 0⇒ θb =−1

2
hx(xm), (A 3e)

where we have used the appropriate boundary conditions at x = 0 and x = xe. We note
that (A 3b) identifies the Lagrange multiplier λ as the capillary pressure within the
liquid. Finally, setting δI/δh= 0 leads to

Bh′′′′(x)=
−γ

[
h′′(x)+ 1

h(xm)

]
, 0< x< xm,

0, xm < x< `,
(A 4)

in agreement with (2.1) for θe = 0. It is interesting to note from (A 3e) that the contact
angle θb is not equal to θe = 0, but changes slightly to take into account the bending of
the beam (Shanahan 1985). However, we note that once (A 3d) is non-dimensionalized
using the elastocapillary length `ec = (B/γ )1/2, the right-hand side is at most w/`; the
neglect of this term is thus entirely consistent with neglecting the tension in the beam,
as discussed in § 2.3. We have for clarity of presentation therefore assumed θb = θe in
the main text.

Appendix B. Numerical solution of evolution equations
As noted in § 2.4, we solve the partial differential equation (2.21) by mapping the

moving domain X ∈ [0,Xm(T)] to Z ∈ [0, 1]. We achieve this by letting Z = X/Xm(T)
and using the chain rule(

∂

∂T

)
X

=
(
∂

∂T

)
Z

− ẊmZ

Xm

(
∂

∂Z

)
T

,

(
∂

∂X

)
T

= 1
Xm

(
∂

∂Z

)
T

, (B 1)

where (̇) denotes d()/dT and (∂/∂a)b denotes partial differentiation with respect to
a whilst holding b fixed. We see that this transformation of variables introduces an
additional advective term to (2.21). We also introduce the quantity

U(Z,T)= H(Z,T)Xm(T) (B 2)

so that the governing equation (2.21) may be rewritten in the form

∂U

∂T
+ ∂Q

∂Z
= 0, (B 3)

with Q representing a horizontal flux.
We discretize the spatial domain into N + 1 cells of equal width 1Z, where the

approximate value of U in the jth cell, denoted Uj, is evaluated at the mid-point of
the cell, while the fluxes Qj±1/2 are evaluated at the end-points. Spatial discretization
of (B 3) using central finite differences then leads to a set of ordinary differential
equations

dUj

dT
=− 1

1Z
(Qj+1/2 − Qj−1/2), j= 1, 2, . . . ,N. (B 4)

together with

dXm

dT
=−[U

2UZZZZZ]N+1/2

3X8
m

, (B 5)
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Current regime Event New regime

I H(L)6 0 II
II H(L) > 0 I
II HX(Xm)> 0 III
III Xc > L II
I–III Xm > L Stop

TABLE 1. Event functions used to change regime in the dynamic model.

while the remaining six boundary conditions are applied through the addition of
three ghost points on either side of the boundary. The system of ordinary differential
equations (B 4)–(B 5) is solved using MATLAB’s stiff solver ode15s, with the
Jacobian being calculated using complex step differentiation (using the algorithm
detailed by Shampine 2007) and full advantage being taken of the sparsity of the
system.

Finally, we must take care to ensure that we are using the correct boundary
conditions for the ends of the beam, i.e. that the beam is in the correct regime.
This is done using event functions as outlined in table 1 (for clarity these are written
in terms of the original variables), with the boundary conditions at Z = 1 changed
appropriately. In particular, we note that the computation was stopped if the meniscus
reached the end of the beam.
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