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SQUARE WITH BUILT-IN DIAMOND-PLUS

ASSAF RINOT AND RALF SCHINDLER

Abstract. We formulate combinatorial principles that combine the square principle with various strong
forms of the diamond principle, and prove that the strongest amongst them holds in L for every infinite
cardinal.

As an application, we prove that the following two hold in L:

1. For every infinite regular cardinal /, there exists a special A" -Aronszajn tree whose projection is

almost Souslin;

2. For every infinite cardinal A, there exists a respecting A -Kurepa tree: Roughly speaking, this means

that this A"-Kurepa tree looks very much like the 2™ -Souslin trees that Jensen constructed in L.

§1. Introduction. In his seminal paper [13], Jensen initiated the study of the fine
structure of Godel’s constructible universe, L, and proved that in this model. for
every uncountable cardinal k which is not weakly compact, there exists a k-Souslin
tree. These fine-structural-constructions of Souslin trees were then factored through
the combinatorial principles < and [ (also due to Jensen), making the construction
accessible to a wider audience of mathematicians.

In [9]. Gray introduced a combinatorial principle that forms a strong combination
of ¢ and O, which he denoted by []. This principle turned out to be very fruitful,
and, for instance, has recently been used to answer an old question of Hajnal in
infinite graph theory [17].

In this paper, we introduce principles that combine [] with stronger forms of ,
such as $* and . We study the implication between these principles, and prove
that the strongest amongst them, f holds in L for every infinite cardinal 4.

As { and [0 have countless applications in infinite combinatorics, we expect the
principles of this paper to prove fruitful, and allow deeper applications of the nature
of L, outside of L.

In this paper., we demonstrate the utility of the new principles by presenting
applications to the theory of trees. It is proved:

L. R + J<* = ] entails the existence of a [J;-respecting special A"-Aronszajn

tree whose projection is almost Souslin (to be defined below):

2. [Q]7 entails the existence of a [J;-respecting A*-Kurepa tree:

3. 1 entails the existence of a [J,-respecting A*-Kurepa tree with the additional

feature of having no A"-Aronszajn subtrees.
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Before giving the definition of a respecting tree, we first motivate it by briefly
recalling how Jensen constructed a A"-Souslin tree from the hypothesis that
0,(E) 4+ $(E) holds for some stationary subset £ C A*.!

Let (Cy | @ < A7) and (S, | @ € E) witness the hypothesis. The construc-
tion of the tree T is by recursion, where at stage o < A", the aM-level, T, is
constructed. We start with 7 a singleton, and for 7,;. we simply make sure
that any node of 7, admits two incompatible extensions in 7,.;. The heart of
the matter is the definition of 7, for o limit nonzero, once 7' [ o = U, Tp
has already been constructed. Here, for every node x € T | «. one identifies a
canonical branch b$ which is cofinal in 7 [ « and goes through x. Of course,
to be able to construct such a branch, we need to make sure that the process of
climbing up through the levels of 7' | « is always successful, i.e., that we never
get stuck when trying to take a limit. For this, we advise with the [J-sequence,
ensuring in advance that if @ € acc(C,), then b¢ would make an initial segment
of b2 .2

But we also need to seal antichains! For this, we advise with the <{)-sequence,
to decide whether T, should be equal to {b{ | x € T | «a}. or only to some
carefully-chosen subset of it.

Here is a possible abstraction of the above process.

DermNiTION 1.1. Suppose that 7' is a downward-closed family of functions
from ordinals to some fixed set Q, so that (7, C) forms a A*-tree. Denote T | X =
{t € T |dom(z) € X}.

We say that T is [,-respecting if there exists a stationary subset £ C A", and a
sequence of mappings

b*:T | Cop—*QU{D} | a<ih)
such that:
1. (Cy | @< AT)isal,;(E)-sequence;

2. T, C Im(b*) for every a € E:
3. ifa@ € ace(C,) and x € T | C4, thenb®(x) =b*(x) | a.

In particular, for every o € E, any node y € T, is essentially the limit of some
canonical branch b®(x) for some x € T | C,.

While working on their paper, the authors of [3] were considering the problem
of constructing, say, an Ns;-Souslin tree whose reduced No-power is N3-Aronszajn,
and whose reduced W;-power is N3-Kurepa. They realized that such a tree may be
constructed, provided that there exists a respecting N3-Kurepa tree.

QUESTION. Can a AT -Kurepa tree be [l;-respecting?

At a first glance, this sounds unlikely, as A*-Kurepa trees are usually obtained in
a top-down fashion (one outright identifies A** many whole functions from A" to
2, and then verifies that the number of traces on any o < A™ is rather small), while
respecting trees are described in a bottom-up language. However, in this paper,
we shall demonstrate that [$]] allows the construction of such a A*-Kurepa tree.

IThe full details may be found in. e.g.. [6, Theorem IV.2.4] or [18, Lemma 11.68].
2Here, acc(4) = {a < sup(4) | sup(4 Na) = a > 0}.
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In fact, we shall construct a A™-Kurepa tree satisfying a considerably stronger form
of [J;-respecting, that is, X, (A™)-respecting (see Definition 4.4 below).

In another front, we shall prove that [0]% entails the existence of a [J;-sequence
C for which the A*-Aronszajn trees derived from the process of walks on ordinals
[23] along C are respecting. This is also somewhat surprising, as the standard
description of these trees is also top-down. However, the fact that these trees could
be [J;-respecting is already hinted in [21, Equation () on p. 267]., based on a concept
affine to Definition 1.1 and implicit in the proof of [20, Theorem 4.1]. Of course,
the derived trees obtained here will be moreover X (1")-respecting.

For / regular uncountable, we shall also ensure that the derived tree 7 (p;) (which
is a projection of the special tree T (po)) is almost Souslin.> As for . = Xy, in [22]. it
was proved that Cohen modification of a C-sequence on | makes its 7 (p1) almost
Souslin. In [10], a similar result was obtained from {*(w, ). Altogether, we conclude
that in L, for every infinite regular cardinal /, there exists a special A*-Aronszajn
tree whose projection is almost Souslin.

1.1. Organization of this paper. In Section 2, we recall the definition of the
principle [§],. introduce the principles [O]7.[0]7 . f and discuss the interrelations
between them.

In Section 3, we prove thatif V' = L, then f holds for every infinite cardinal A.

In Section 4, we use the new principles to derive new types of /" -trees.

§2. Hybrid squares and diamonds. In [9]. Gray introduced the principle ], for
A a regular uncountable cardinal. In [1, Section 2], the definition was generalized to
cover the case of 4 singular. Then, in [2], the principle was generalized to cover the
case 4 = Ny. as well. The outcome is as follows:

DEerINITION 2.1 ([9], [1]. [2]). []; asserts the existence of ((Cy,Sa) | @ < AT)
such that:

1. C,isaclubin « of order-type < (w - A);

2. 8, Ca;

3. if @ € acc(C,). then
(a) Cs=ConNa;
(b) Ss = Sa Na;

4. for every X C AT and every club D C AT, there exists a limit o < A" with
otp(acc(Cy)) = 4. such that S, = X N« and acc(C,) C D.

Note that (S, | @ < AT) forms a O(Eéf?z))-sequence, and if 4 is uncountable, then
(Cy | @ < AT) forms a [J;-sequence. By [2]. ], is equivalent to {(w;). By [19].
0; + $(4T) does not imply []; for 4 regular uncountable. By [16], O0; + (A1) is
equivalent to [{], for every singular cardinal /.

DEFINITION 2.2. [Q]7 asserts the existence of ((Co. X4. fo) | @ < A7) such that:

1. C,isaclubin a of order-type < 4;
2. X, is a subset of P(a), of size < /;
3. fo:C,— X, is afunction, and a surjection whenever otp(Cy,) = A;

3The relevant definitions may be found on Section 4 below.
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4. if & € acc(C,). then
(a) Cs =CyNa
(b) fa(B) = falB)naforall f € Cs:

5. for every subset X C A" and a club C C A*, the set
{a<it|CaC*C&XNa€X,}

contains a club:*
6. {a < At | otp(Cy) = A} is stationary in A7

Of course, (X, | a < A™) forms a {*(41)-sequence, and (C, | o < A™) forms
a strong club-guessing sequence in the sense of [8]. In partlcular, by [12]. {7
actually stronger than $*(wy).

DEFINITION 2.3. [Q]7 asserts the existence of ((Ca. No. fo) | @ < A7) such that:

1. C,isaclubin «a of order-type < 4;
2. N, is a rud-closed transitive set, 4 = |[No| € No. with { /4 | f < a} U {a} C
Nq:
3. fa:Cs— P(a)N N, is a function;
4. if & € acc(C,). then
(a) Cz=CqNa;
(b) fa(B) = falB)Naforall f € Cs:
5. for every subset X C A" and a club C C A7, there exists a club D C A" such
that foralla € D:
o (o C" C:
e XNa,DNa € N,;
e ifotp(Cy) = A. then X Na € Im(fa)
6. {a < AT | f is surjective} is stationary in A7
7. {N4 | @ < A7} is an increasing C-chain converging to H:.

Note that (P(a) N Ny | @ < AT) forms a {(A7)-sequence. As before, the result
of [12] entails that ]/ is stronger than ™ (wy).

DEFINITION 2.4, [0]! asserts the existence of ((Ca. Na. fo) | @ < A7) such that
Clauses (1)—(7) of Definition 2.3 hold, with Clause (6) strengthened to

for every n., m < w, end every I1” -sentence # valid in a structure
y y m ;7
(iFedi|i<w))?

there are stationarily many o < A" for which all of the following hold:
e f, issurjective;
o (A Ja|i<w)e Ny
o N, E“pisvalidin (o, €, (4; | a | i < w))”.

Note that if ((Cy. Na. fo) | @ < 2*) witnesses ]!, then (N, | a < A7) is not far
from being a witness to Devlin’s notion of a <>ﬂ(/1+) -sequence (see [5]). Specifically,
there are two differences:

4Here. A C* B stands for the assertion that sup(4\B) < sup(4).
5“Validity in a structure” here has the obvious meaning. cf. [S. p. 891].
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e In (A7), the models N, are required to be p.r.-closed. while here they are

only rud-closed;

e In QF(2T), the reflection property is restricted to I1i-sentences, while here there

is no restriction on the complexity of the sentences.

LEMMA 2.5. [O]% entails the existence of a [Q];-sequence ((Co. Xo. fo) | @ < A7)
with the additional property that for every club D C AT, there exists some limit o < A
with otp(C,) = A such that C,, C D.

PrOOF. Let ((Cq. Xa. fo) | @ < AT) be a witness to [O]%. Fix ¢ : 4 — 4 such that
foralli < 4,¢(i) <iand¢~'{i}is cofinal in 4. Let & < A* be arbitrary. For all
j < 4, denote '

Ci={r € Ca|otp(Cany) = j}.

Let 7, : otp(C,) — C, denote the monotone enumeration of C,. Define f7, :

C, — X, by stipulating
[o(B) = falralc(ni'(B))).

It is easy to see that if & € acc(C,). then ng = m, | otp(Cs). and hence
fL(B) = fL(B)Naforall B € Cs.Inaddition, if otp(C,) = 4. then for all j < A:
Im(f5 | Cf) =Im(fa) = Xa.

Cram 2.5.1. There exists some j < A such that for every club D C A%, there exists
some limit o < AT with otp(C,) = Aand CJ C D.

PrOOF. Suppose not. Then for all j < A, we may pick a club counterexample
D; C J". Let C = ();; D;. By Clauses (5) and (6) of Definition 2.3, then, there

must exist some o < A" with otp(C,) = 4 and C, C* C. Pick j < 4 such that
C4 C C. In particular, CJ C D; contradicting the choice of D). -

Let j < 4 be given by the preceding claim. For all a < 47, let

CL’{v if OtP(Ca) > j:
C,. otherwise.

Cy =

Put /¢ = f/ | C: and X2 = X,. Then ((C2. X2.f2) | a < AT) forms a

[0]%-sequence with the additional desired property. -
LEMMA 2.6. For every infinite cardinal/l,j = Rl = Kl = Bl

PrOOF. Let A be an arbitrary infinite cardinal. The implication /Tl = I} is

trivial. To see that Q)T = [Q]}. let ((Co. Na. fo) | @ < A7) be a [G] ] -sequence.
Foralla < AT, let

Y P(a) N N, if otp(Cy) < A
“ 1Im(fa). otherwise.

Then ((Cq. Xa. fo) | @ < A1) forms a [§];-sequence.

Out next task is showing that 0] = [0],. By [2]. {(w:) implies [J],,. hence we
hereafter assume that / is uncountable. In particular, w - 4 = 4.

Let ((Co, Xa. fo) | @ < A1) be given by Lemma 2.5. Fix a bijection y : A x AT —
it Let E ={a < A" | y[A x a] = a}. Forevery a < it, let 7, : otp(Cy) — C,
denote the monotone enumeration of C,. and then for i < A, write

Stiz = {T <« | l//(i,f) € fa(na(i))}'
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Cram 2.6.1. There exists an i < 1 such that for every club D C A" and every
X C A", there exists some limit o < .+ with otp(acc(Cy)) = 4, such that S, = X N
and C, C D.

PrOOF. Suppose not, and so for all i < A, pick a counterexample (D;, X;). Let
X ={wli.t) | i < At € X;}. By Clause (5) of Definition 2.2, we may find a
club D € E N[, D; such that X Na € X, for all & € D. Now. fix a limit
ordinal < AT such that otp(C,) = A and C, C D. In particular, « € E. Note
that since / is uncountable, moreover otp(acc(C,)) = 4. Next, as otp(C,) = 4.
we infer from Clause (3) of Definition 2.2 the existence of some i < / such that
X Na = f4(n,(i)). By definition of X and since n[A x a] = a, we conclude that

Si={t<alylit)eXna}=XNa

By the choice of (D;. X;). it must then be the case that C, ¢ D;. However, C, C
D C D;. This is a contradiction. -

Let i < A be given by the previous claim. For all a € E;)+ let ¢, be a cofinal
subset of a of order-type w. Finally, for all @ < 47, let

CoNE, if sup(ENC,) =
C: =< C,\sup(ENa), ifsup(ENa)<a;
Ca otherwise,

and

Sy =

S, ifsup(ENGC,) =a
(.  otherwise.
Cram 2.6.2. ((C2.S2) | a < AT) is a[Q] ;-sequence.

PrOOF. It is clear that for all limit « < A", C2 is a club subset of a of order-type
< . Next, suppose that o < A7 and & € acc(C,).

» If sup(E N C,) = a, then C2 = C, N E and hence @ € acc(C,). and
sup(E N Cs) = sup(E N C, N@) = a. Consequently, C2 = CsNE = C2Na.
fa(ra(i)) = falma(i)) N@. and

Sana= Sc[z Na={r<a| wli.t) € fa(na(l.))}'

As sup(E N Cz), we get in particular that & € E, and hence the right hand side of
the preceding is equal to

{t<a| (i) € fulmali)) N&} = 5L = S2.
» Ifsup(ENa) <a,then C2 = C,\ sup(E Na).and @ € acc(C,). Consequently,
C2=Cs\sup(ENna)=C,na\sup(ENa)=C,Na\sup(ENa)=CNa,
and S2Na =0 =Se.

Finally, let X C At and a club D C A* be arbitrary. By the choice of i, let us
pick a limit ordinal @ < A" with otp(acc(C,)) = /4 such that S}, = X N« and
C, CDNE.Then S = S = X Na, as sought. 4

_|
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83. The strongest principle holds in L.
THEOREM 3.1. f holds in L for all infinite cardinals 4.

Proor. We follow the proof of [18, Theorem 11.64], making use of arguments
from [1], [11], and [14]. We assume V' = L. Let A denote an arbitrary infinite
cardinal.

Consider the set C = {a < AT | J, <5, J;+}. which is a club subset of AT
consisting of limit ordinals above /. Note that C N E%,, C acc(C). Let p : AT — C
be the monotone enumeration of C.

Let a € C. Obviously, / is the largest cardinal of J,. Note that as J, | ZFC™,
we have p,(J,) = a. We may therefore define v(a) to be the largest v > « such that
a is a cardinal in the viewpoint of J, .

Note also that if f < «a. then by J, |= |Jz| = A. we have that P(1) N Jg C
P(2) N Ja.S0.v(f) < a<v(a)forall f € CNa.

As po,(Jy(a)) = 4. let n(a) be the unique n < w such that 2 = p,11(Jy(,) < a <
Pn (Jv(a) ) :

Let us write R for the set of all o < AT such that v(¢(a)) = ¥ 4+ w for some 7
such that « is the only cardinal of J; strictly above /.

Foralla < AT, set

N — Jv(go(a))+w= ifa € R;
¢ Jv(go(a))v otherwise.

Asvog isanincreasing function from A* to A*, we have just established Clause (7)
of Definition 2.4.

Let us now define a [1;-sequence by what became the standard construction, cf.
e.g., [18, pp. 270ff.], modulo various crucial adjustments. As we’ll have to refer to
some details of this construction later on in this proof, let us repeat this construction
here for the convenience of the reader.

First, for o € C. we define D, as follows. We let D, consist of all @ € C N«
such that n(&) = n(a) and there is a weakly rX,,),-elementary embedding

[ Jv(&) —>Jv(a)

such that ¢ | & = id. 0-(pn(¢i)+l(Jv(d))) = pn(a)-«—l(‘]v(a))’ and if @ € Jv(d)’ then
a € J, (o and o(a) = a. It is easy to see that if & € D,. then there is exactly one
map o witnessing this, namely the one which is given by

) ) gl ) g, (1

where i < w and ¥ € [A]<“. We here make use of the notation for fine structural
iterated X, Skolem functions as presented. e.g., in [18, Equation (11.29) on p. 252].
We shall denote the unique map as given by (1) by 64.q.

Notice thatif & € C, then

S = B ) g,
so thatif @ € D,. then

(@)+1, n(a)+ (Jy(@)) e 11<w
Im(aga) & hy " " (0 x [2]5),

6In particular, J, ., can see that o has cardinality 1.
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which means that there must be i < w and ¥ € [A]< such that the left hand side of
(1) is undefined, whereas the right hand side of (1) is defined.

Also notice that the maps o5, commute, i.e., if @ € D, and a € D,, then
a € D, and

Og,a’ = Oqa’ ©0g,a-

Having constructed (D, | & € C), we claim the following:

Cram 3.1.1. Let o € C. All of the following hold true:

(a) Dy is closed:

(b) If cf(a) > w, then D, is unbounded in o:

(c) If & € Dy then Dy N & = Dy.

Proor. This is Claim 11.65 of [18]. -

NOTATION. For o € C,i < w and X € [A]<?, we shall denote

ha(i, )?) _ h;y(z))Jrl«Pn(aHl(Jv(a)) (l )—C»)

Let a € C. If sup(D,) < a. let O(a) = 0. Now, suppose sup(D,) = . We shall
obtain some limit ordinal 6(«), and sequences (1® | i < 0(a)) and (£* | i < 0(a)).
by recursion, as follows.

» Set 4§ = min(D,).

» Given u¢ with u < o, we let £ be the least £ < A such that

ho (k. X) ¢ Im(o,0 )

for some k < @ and some X € [{]<”. Given &, we let u¢, | be the least & € D,
such that
ha (k f) € Im(adu)
forall k < w and X' € [£2]<® such that &, (k. ¥) exists.
» Given (u | j < i), where i is a limit ordinal. we set uf* = sup,_; u$.
Naturally, 0(«) will be the least i such that 4 = «a.

For any o € C, denote E, = {u® | i < 0(a)}.

Cramm 3.1.2. Let o € C. All of the following hold true:

(a) (& i< O(a)) is a strictly increasing sequence of ordinals below 1;

(b) otp(E,) = 0(a) < 4

(c) 0(a) > 0iff E, is a club in o

(d) If & € acc(E,). then E, Na = Ej.

ProoF. (a) is immediate, and it implies (b).

(c) is trivial.

(d) Let & € acc(D,). We have E, C D,. and Dz = D, N & by Claim 3.1.1(c).
We now show that (u¢ | i < 0(a)) = (u& | i < 0(&@)) and (& | i < O(q)) = (E* |
i < 0(a)) by induction:

Say u¥ = u® where i +1 € 0(a) N O(a). Write u = u¥ = u&. As 640 =
Oa.a ©0u4. forall k < wand X € [A]5,

hs(k. %) € Im(o,s) = ho(k. %) € Im(0,0) # 0.

This gives u?,; < u? . On the other hand. Im(c,, o) contains the relevant
witness so as to guarantee conversely that uE < pdy. -
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Recall that ¢ : AT — C denotes the monotone enumeration of C. For all
a € acc(A1), we have p(a) € acc(C). so we set

71“
C(; =@ E<p<a).

Since E, () € Dy(o) € C = Im(p). we have otp(C)) = 0(p(a)) < 4. and C is
aclubmozlffﬁ( ( )) >0

Because E, C D, C C N u forevery u € C, we have that if @ € acc(C/,), then
ClL=C/na.

CramM 3.1.3. Let o € E/ be such that o(a) = a.

Then there exists a cofinal subset d of o of order-type w satisfying the following

(a) Ifc € Jy ) isaclubin o, thend C* ¢

(b) d € Ny whenever a < o' < A™.

Proor. The argument is a simplified version of the proof of [11, Theorem 4.15].

Fix o € E/, such that p(a) = a. so that o € C. Recall that A = Puie)+1 (o)) <
& < Pu(a)Jya))- Let us write v = v(a), n = n(a). and

r=sup({&<v|J, E ¢ <a}).
That is, either « is the largest cardinal of J, in which case t = v, orelse 7 = «
Casel. cf(7) =

Let (™ | m < w) be a sequence witnessing cf(t) = w. For each m < w, we may
inside J, pick some club ¢ C « such that ¢ C* ¢ for every club ¢ C a. ¢ € Jym.
For example, we may let ¢ be the diagonal intersection of all clubs ¢ C «, ¢ € Jm,
as being given by some enumeration in J, in order type a.. Let then (p™ | m < w) be
a strictly increasing sequence which is cofinal in « and such that for every m < o,
P E k< €. Setd = {p™ | m < w}. Then for every ¢ € J, which is a club in o,
we have d C* ¢

CAse2. cf(7) > w
By [14. Lemma 1.2], we must then have that p,(J,) = «, and if £ < n is largest
such that p,(J,) > a. then cf(p,(J,)) = cf(z) > w. We then have £ + 1 < n and
/)Z(JV)>/7€+1(Jv):/7n(-])*a>/)n+l( V) = A

Let (@™ | m < w) be a sequence witnessing cf () = w. By cf(7) # w. there must
be some m < w such that

+Jy

hye(a™ U {(p(UHY) Nt
is cofinal in 7. Note that as w = cf(a) < cf(pe(J,)) and « is a regular cardinal in
Jy.

hy (@ U{p(J)}) Ne
cannot be cofinal in «.. Set

H = hy“(a™U {p(JH}) and @ = sup(H N a).

Let us write 0 = cf(p,(J,)) = cf(z), and let (¢': i < 0) be a strictly increasing
sequence witnessing cf(z) = 0, where t/ € H for every i < 0. For each i < 0, in
much the same way as in Case 1 we may inside H pick some club ¢/ C « such that
¢! C* ¢ for every ¢ € J, which is a club in . Notice that we may arrange ¢! € H
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by t' € H. We may assume without loss of generality that ¢’ € J,+1 forevery i < 0.
We then get

H ': Ci g* Cj
forall j < i < 0, which by the choice of & readily implies that

Ci \ Q - Cj \ Q

forall j < i< 6. Butascf(a) # 6, this gives that
¢ = m (c;\ &)

i<f
is club in a.

We may then let d be a cofinal subset of ¢ of order type w. Then for every club
¢ € J, which is a club in o, we have d C* c.

We thus in both cases found a set d which satisfies (a) from Claim 3.1.3. The
existence of some such d is a Xi-statement in the parameter J,(,). Therefore, if we
pick d <-least with (a). then by N, € J,(,) < J;+ for o’ > o we will also get (b)
from Claim 3.1.3. =

Let us now for each o € Eé;+ define ¢, C « as follows. If ¢(a) = a. then we
let ¢, be the < -least d which satisfies the conclusion of Claim 3.1.3. If p(a) # «.,
then just let ¢, be the < -least cofinal subset of a of order-type w.

Finally, for all o < AT, let

0. ifa =0;
{p}, fa=p+1;
Ca - .
C!, ifaeacc(ih) &O(p(a)) >0:
Ca- otherwise.

Clearly, C, is a club in a of order-type < A. By Claims 3.1.1(c) and 3.1.2(d), if
a € acc(C,), then C5 = C, N a. Altogether, (C, | a < A™) satisfies Clauses (1)
and (4a) of Definition 2.3.

LetI': OR — w x[OR]<* be some simply-definable enumeration of & x [OR]<®.
Using Kleene’s “~” notation. for a < A", let g, be the partial function with
dom(g,) C 4 such that

ga(%) = hgo(a)(r()())

Cram 3.1.4. Let a < At. All of the following hold.:

(@) Jy(p(a)) = {8a(i) | i < .84 (i) is defined}:

(b) If sup(acc(C,)) = a. y < otp(Cy,). and g,(x) is defined, then there exists

some & € acc(Cy) such that g5z (y) is defined:

(c) If @ € acc(C,). x < otp(Cy) and g&(y) € ?'¥2, then g,(y) € *¥2 and

ga(x) =g (1) I p(@).

PROOF. (a) Since J,(,(4)) = fiy(a)“(@ x [A]<”). as pointed out earlier.

(b) is clear from the construction. as J,,(,)) results from the direct limit of the
system (Jy4(8))- O(po(p) | B < B € Ca).

(c) Let . @. and y be as in the hypothesis of (c). Then go(y) € #®2 fol-
lows immediately from the fact that gz(y) € #(#)2, as Oy(a).p(a) 18 Zo-elementary

®
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and sends its critical point ¢(&) to ¢(a). Moreover, if ¢ < (&), then g,(¢) =

() p(0)(€a)(E) = Ty(a) p(a) (&a(E)) = gald). .
We have already defined ((Co.,N,) | @ < A7), and our next goal is to define
(fala<it).

» If 4 = . then for every o € acc(AT). we have acc(C,) = 0. and hence we
simply let [ : C, — P(a) N N, be the < -least surjection. For oo € A1\ acc(AT),
welet f, : Co — {0} be constant.

» If 2 > Ny, we do the following. Let w : 4 — 4 be the <-least function such
that w—!{i} is cofinal in A for all i < A. Given a € acc(A1), let ¢, : Co — 0tp(C,)
denote the order-preserving isomorphism. Then, for all § € C,, set

78 = {6 € acc(Ca) N B | w(9a(B)) < 6a(0) & 85w (da(B)) € 792},
and

Fa(B) = {{s <algaw(@aPe) =1} ifZE #0;

0, otherwise.

For a € A7 \ acc(AT), let fo : C, — {0} be constant.

Having constructed (f, | @ < A7), we claim the following:

Cram 3.1.5. Let a < A™ be arbitrary. All of the following hold.:

(a) fo is a (well-defined) function from C, to P(a) N Ny. Moreover, Im(f,) C
Tipla))? '

(b) If & € acc(Cy) and B € Cs. then f5() = fo(f) N

(c) Ifotp(Co) = A, thenIm(f o) = Pla) N Jy(p(a)):

(d) fa is surjective iff o € AT\ R<, where

R.=RU{a< 1" |otp(Cy) < i}

ProoF. To avoid trivialities, assume 1 > N and o € acc(AT).

(a) Let B € C, be arbitrary. If ZZ = 0, then /() = 0 which is indeed an element
of P(a) N J,(y(a))- Suppose that ZE £ 0. Write y = w(¢a(B)). Fixd € ZE. Then
6 € ace(Cy) and y < ¢4(9). Consequently, ¥ < otp(Cys) and gs(y) € 92, and then
by Clause (c) of Claim 3.1.4, g, (x) € ¢®2. By Clause (a) of Claim 3.1.4, go(y) €
Jy(g(a))- Since the latter is rud-closed. it follows that fo(8) € P(a) N Jy(ua)-
By definition of N, (cf. page 815). we have J,,(,(a)) € Na.

(b) Suppose @ € acc(C,) and f € Cz. Then C5 = C, N &, ¢ = ¢o | &. and
w(da(B)) = w(pa(B)). say.itis x. As ZE € C,Npand Zg C CzN p, we altogether
infer that Z£ = Z% . In particular. if the latter is empty. then f () = 0 = fo(B)Nd.

Next, suppose that Zg is nonempty, and fix a witnessing element 0. By 0 € Zg ,
we know that y < otp(Cy) and g5 () € ©)2, and then by Clause (c) of Claim 3.1.4.
we know that gs(y) € #@2. By @ € acc(C,) and y < otp(Cs) < otp(Cs
and Clause (c) of Claim 3.1.4, we then know that g.(y) € ¢@2 and gz() | @ =
ga(x) I @ Consequently. /() = fa(p) Na.

(c) Suppose that otp(Cy) = A. and let x be an arbitrary element of P () NJ,((a))-
By x C a C ¢(a), let o, : ¢(a) — 2 denote the characteristic function of x.
Since ¢ (a) € J,(,(q)) and since the latter is rud-closed. we have g, € J,(,(a))- By
Clause (a) of Claim 3.1.4, we may fix some ordinal i < / such that g, (i) = o.. Since
otp(C,) = Ais an uncountable cardinal, we have sup(acc(C,)) = sup(C,) = a. and
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then by Clauses (b) and (c) of Claim 3.1.4, let us fix a large enough & € acc(C,) such
that i < otp(Cs) and g5(i) = g.(i) | ¢(a). Now, by the choice of v, there exists a
large enough j with ¢, () < j < A such that w(j) = i. As otp(C,) = 4 > j. let
B € C, be the unique element to satisfy ¢, () = j. Then:
ZP = {6 cacc(Cy) NP i< ¢ald) & gs(i) € #9)2}.
By i < otp(Cs) = ¢o (&) and gs(i) € ¥@2, we have & € ZE. So
fa(B) ={e <algy(ga(p)))(e) =1}
={e<algy(j))e) =1}
(i)(e)
(

={e<aglile)=1}
={e<alo:(e)=1}
= x’

as sought.

(d) If & € R. then by Clause () Im(f,) C ) & i = N,.
If otp(C,) < 4, then |Im(f,)] < 4 = |N,|, so a is not onto Fmdlly it a ¢ R
and otp(C,) = A. then by Clause (c) and the definition of N, in this case.
Im(fa) =Pla)N Jv(<p<a)) =Pla) N Ny. =

Thus, we have established Clauses (3) and (4b) of Definition 2.4.

CrLam 3.1.6. Let a < A*. All of the following hold.:

(a) {Cs| B < a} C Ny Moreover:

(b) {f/f | f<a} C N,

ProOOF. Denote y = () and v = v(y). Clearly, « < y < v and N, = J, or
Ny = Jyie. Let f < a be arbitrary.

(a) If Cg = cp. thenby y € C\ (B + 1), we get that J, <5, J;+ and J, |=
cf(f) = w. In particular, if ¢4 is the <;-least cofinal subset of /8 of order-type w.
then ¢p € J, C J,. If ¢ is not of this form, then it was obtained by Claim 3.1.3
which also ensures that cg € N,.

Next. suppose that Cy = Clg. Notice first that

() <vie(p)) <v(e(p)) +w < pla) <v(p(a)) = Ny NOR. (2)

We have that Cy = ¢! “E,p). where ¢ = ¢ | B. By definition of C and since
@(B) € C, we know that C ﬁ cp(ﬂ) is Z;-definable over J,5),,,- By Equation (2).
Jo(p)+0w € Noand ¢ € N,, and it suffices to show that E,5) € N,. Butan inspection
of the construction of E4) yields that E,4) is Zi-definable over J,,(,())+,- Hence
by Equation (2) again, E, ) € Na.

(b) We have already shown that Cy € N,. This immediately gives ¢ € N,. We
have that g is definable over J,,(5)). so that gz € N, by Ny € N,. Certainly,

w € N,. Taken together, fg € N,. -
Having Clause (c) of Claim 3.1.5 in mind, we now turn to verify Clause (5) of
Definition 2.4.

Cram 3.1.7. Suppose that A C A" is some set, and B C A" is a club.
Then there exists a club D C {a € C | p(a) = a} such that for all « € D:
(a) ANa.BNa € Jy(a);

(b) DNa € Ng:

(c) Co C*B
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ProOF. (a) Let h“’ denote the closure under %, Skolem functions for J;++, for
all n < w, which are umformly definable over all J,, y > o - w, in a canonical
fashion.

Let us recursively define (X; | i < A1) as follows.

Xo=hy, (o x[LU{4. B}]*).
Xiv1 =h3, (o x[2U{4,B.(X; | j <i)}]7”). and
Xi :U{XJ | j < i} forlimit i > 0.

For i < A%, let y(i) be such that
T J-(i) = X; < Sy,

and write a(i) = X; N A+ = 270, Notice that {C, ¢} C Xj. and hence (i) is a
closure point under ¢, and o~ (a(i)) = a(i). Consider theset D = {a(i) | i < At}
which is a club subset of {a € C | p(a) = a}.

Fori < A%,

5y

while the definition of v(«(i)) entails that v(a(i)) > y(i) + w. and hence
v(al(i)) > y(i). (3)

Of course, 4 Na(i) = n;'(4) € )- Thus, A N« € Jy(,) for every @ € D. and
likewise, B N € J,(,) for every a E D

(i1+o F (i) is a cardinal,

(b) First, we point out that for all i < A*, Equation (3) implies:
(m'“X; | j <) € N (4)

To see this, notice that the elementary embedding 7; will respect the uniformly
defined X, Skolem functions for J;++ and o) respectively, and hence

Xy = hy., (0 x [Au{dnali), BNnai)}]=).
_1“X1+1ch( (wx [AUu{dna(i),Bna(i). (x;'“X; | j <i)}]<). and
Xi=U{X_,~|]<1} for limit 7 > 0.

This gives that if @ = «a(i) € D, then the sequence from (4) is A;-definable over
J,(i)+e- However, we obviously have that in this situation « is the only cardinal of
J, (). so that if y(i) + @ = v(a). then & € R and N, N OR = y(i) + w - 2. hence
Equation (4) holds true. If v(a) > y(i) + w, then the sequence from Equation (4)
is in Jv(a) C N,.

Thus, we have verified that D N« € N, forevery a € E.

(c) Let a € D be arbitrary, and we shall show that C, C* B. By BNa € o)
¢(a) = a and Claim 3.1.3, we may assume that C, # ¢,. Thatis, C, = C. =

¢~ 1“E,. and we must show that E, C* ©“B.

Let i < AT be such that o = a(i). and let u € E, be large enough such that

{V(l) (SO“B) N a} - Im(0-<p(ﬂ),a)- (5)
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Write § = JQL)Ta(y(i)). We have that 6,(,) o [ J5: J5 = J,(;) is fully elementary. so
that in fact (u) is a limit point of (¢“B) N «a. and hence (1) € (¢“B) N a. i.e.,
u € B. As Equation (5) holds true for a tail end of u € E,, we have E, C* ¢“B.

We now verify Clause (6) of Definition 2.4, using an argument from [1, Section 2].
Assume (6) were to fail. Recalling Clause (d) of Claim 3.1.5, there are n. m < w,
some I1” -sentence  valid in a structure (A7, €, (4; | i < w)),and someclub D C A

m
such that forevery a € D, a € R orelse

N, E “gisnotvalidin (a. €. (4; [ a | i< w)).”

Let (D, (A4; | i < ®)) be the <, -least such pair. Notice that C, ¢, and R are all
definable over J;+ ., by some formulas with no parameters. Also, D and (4; | i < w)
are both definable over J;+» by some formulas with no parameters. But as A* and
A*T", and hence J)+ 1, and J;-», are both X;-definable over J+.+1 from the parameter
A" we get that D, (4; | i < w), C. and ¢, and also A, 2", AT, ..., A*" are all
¥ -definable over J;+.+1 from the parameter A",

Let us here and in what follows use the notation from [18, p. 194] which for
X C J, writes hy, (X) for hy “(w x [X]?). where h; is the canonical ¥; Skolem
function for J,.

We now have, setting D* = ¢“D,

{D.(4; |i<w).C.p.D* 2. 2". 272 .. A"}y Chy . ({4™}).
Let v be such that
g. Jv = h‘]ﬁ”“ (/1 U {/’L+n}) -<2] J;v+n+l, (6)

and write @ = ¢~ (1*) = crit(¢) and f = a1 (4T").

Of course, J, = hy, (AU {B}). so that p;(J,) = 4 and p(J,) <* {B}.7 However,
if we had pi(J,) <* {f}. then f € hy(f). so that 2™ € h;_ ., (A*"); but it
easily follows from the Condensation Lemma that /; ., (A*") C J;n. Therefore,

pl(Jv) = {ﬁ}
Obviously, v(a) = v. By {D,p, D*} C hy ({4*"}), we have that

Dnapn(axa).D*Na=c (D, p.D*) e J,.
so that o € D N D*, and we also get that « is a closure point of . and a = p(«).

By a = ¢(a), we have v(p(a)) = v. As (4; | i <w) € by, ({A7"}). 4 [ @ =
o~ 1(4;) for every i < w. By elementarity then, .
Ny =J, E “gisvalidin (. €, (4; [ a | i < w))”. (7)
Craim 3.1.8. (a) There is no & < J such that hy, (& U{B}) N« is cofinal in .
so that in particular {&* | i < 0(a)} is cofinal in J.;
(b) Foreveryi< 0(a), |E8,| =&
(c) O(a) =4
(d) o &R..
ProOF. Write d = {(n.X) € @ x [A]"? | hy,(n,X U {B}) is defined}. We now
introduce the following notation. For & < /. let us write { (&) < A"+ for the least

s

"Here, <* is the canonical well-ordering of finite sets of ordinals, cf. [18, Problem 5.19 and p. 254].
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¢ such thatif (n. X) € d N (o x [E]%?). then Ay, (n. (¥, 2™)) is defined. As ™" is
regular, { (&) < AT,
(a) Assume that ¢ < /4 were such that 4y, (EU{f})Na is cofinal in a. Using the map
o of Equation (6). ; ., (EU{A*"}) Nais then cofinal in a. Let { = {(&) < AT *,
Trivially, d N (@ x [E]%°) € hy,,., (A). so that
Cehy,, ({dn(ox[E]5).2™}) Chy,,., (AU{2™"}) = Im(a),
so that by using ¢ again,

o =suplhy,_, (EU{FHNa)

However, h; _, (¢ U{p}) € J, and e is regular in J,. This is a contradiction.

(b) This follows from the proof of (a). We have that

{(&y) e hy. ({d N (@ x [E2]5°). AT,
and then

i = sup(iy, (&8 U {BY) ) = suplhs,_, . (€7 U{B}) Na)

€ hy,({d 0 (o x [EF]5°). B}).
However, by the Condensation Lemma, d N (w x [E¥]<¢) € hy ., ((£¥)T). so that

fi € hy, (&) U{B}). |

But this means that there is (n, X) € @ x [(¢*)T]<® such that

fi = hy (n. (. B)).
But i ¢ hy, (&¢ U{f}). which now readily gives £, < (&¢)*.
(c) By Clause (b), for every i < 0(a).
otp({j < 0a) | &F < [EFT}H) = &7,

which together with Clause (a) gives that 0(a) = 4.
(d) As v is certainly a limit of limit ordinals, o« ¢ R. But then Clause (c) gives
a ¢ R.. 4
Altogether o € D \ R, contradicting Equation (7). -

84. Applications.

4.1. Preliminaries. For a family of functions 7" and a set of ordinals D, write
T|D={feT|dom(f)e€ D} andsucc,(D)={6 € D |0 <otp(DNJ) < w}.

DEerINITION 4.1. We say that 7" is a k-tree, whenever there exists a set Q of
size < k, for which
T C <I£Q;
{dom(f) | f € T} =k
forevery f € T.wehave {f [a|a<k} CT:
T,:={f € T |dom(f) = a} hassize < & forall a < k.

A k-Aronszajn tree is a k-tree with no cofinal branches. A k-Kurepa tree is a
k-tree admitting at least k™ many cofinal branches. A A*-tree is special if it may
be covered by 4 many antichains. Following [3], which generalizes the case 4 = ¥
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from [7]. we say that a A*-tree T is almost Souslin if for every antichain 4 C T, the
1+ . .
set {dom(z) | z € 4} N E(;) 1s nonstationary.
Of course, almost Souslin and special are contradictory concepts.

In [2], [4]. the parameterized principle P~ (k, u. R.0.S,v.0, &) was introduced
and studied in relation with x-Souslin tree constructions. Here, we shall only give
the definition of the special case

(k.. R.0.8.v.6.) = (k.2.C.k.{S}.2. 0. (P(k))?).
which, for simplicity, is denoted by X(S).
DEerFINITION 4.2, For any regular uncountable cardinal «, and stationary S C &,

X(S) asserts the existence of a sequence (C, | @ < k) such that:

e C, is a club subset of « for every limit ordinal a < «;

e C; = C,Na forevery ordinal a < x and every & € acc(C,):

e for every sequence (4; | i < k) of cofinal subsets of x. there exist stationarily
many « € S such that sup{f < a | succ,,(Cy \ f) C 4;} = aforalli < a.

Note that for S C S’ C k. every X(S)-sequence is also a X(S’)-sequence. Clearly,
every X (k)-sequence is in particular a (J(k)-sequence.

DEFINITION 4.3. The principle X, (S) asserts the existence of a X(S)-sequence
(Cq | @ < sup(S)) with the additional property that otp(C,) < A for all a.

Note that every X, (A*)-sequence is in particular a [J;-sequence.

DEFINITION 4.4 ([3]). Suppose that T C <FQis a k-tree, and S is stationary in x.
We say that T is X(S)-respecting if there exist a subset § C S and a sequence

b*:T | Cop—2QU{D} | < k)
such that:
1. (C, | a < k) is a X(§)-sequence;

2. T, C Im(b®) for every a € §:
3. if @ € acc(C,) and x € T | Cg4. then b%(x) = b*(x) | a.

The notion of X;(S)-respecting is defined in a similar fashion.

4.2. Walks on ordinals. In this subsection, we address the trees obtained from
walks on ordinals, as introduced in [21] (see also [23]). Suppose that C =
(Co | @ < k) is a C-sequence over some fixed regular uncountable cardinal «.
That is, C, is a club in « for all limit & < &, and Co41 = {a} for all @ < k. Recall
few of the characteristic functions of walks on ordinals:

DEFRINITION 4.5 ([21]. [23]). Define Tr : [6]> — “k. p2 1 [6]> = . p1 : [k = &
and py : [k]* = <“k as follows.
Foralla < ¢ < &, let

0, n=0;
o Tr(a.0)(n) := { min(Cry(ug)n_ \@). 7n>0, & Tr(a.6)(n —1) > o
a, otherwise;

o (e, d) :=min{n < w | Tr(a,d)(n) = a}:
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e pi(@.6) := max(po(a.d)). where
o po(a.0) == (otp(Cry(a gy N ) | i < pa(a.d)).

DEFINITION 4.6 ([15]). Define ¢, : [k]> — 2 by stipulating ¢»(a.8) = 1 iff
a < aCC(CTr(a,(S)(/JZ(a,(S)—1))-
DEFINITION 4.7 ([21]. [23]). For alld < &, let pos : 6 — <®6. p1s : 6 — 6 and

prs : 0 — w denote the fiber maps a — po(c.d). a +— pi(a.d) and o — pr(a.d).
respectively. Then, put

e T(po) ={pw | B|P<I<k}:
o T(p1) ={pw I B|P<I<kK})
o T(p2):={pw | | B <<k}

It is easy to see that if [{C, N B | @ < k}| < & for all B < k. then T (po). T (p1)
and T (p,) are k-trees.

Fact 4.8 ([21]. [23]). Suppose that T (po) is derived from walks along a
O,-sequence.® then T (po) is a special 1*-Aronszajn tree.

Fact 4.9 ([21]. [23]). Suppose that A is a regular cardinal, and T (p1) is derived
Sfromwalks along a C-sequence (C, | a < AT) for which otp(C,) < A forall o < i,
Then:

L T(p1) €<+ J;
2. forevery z € T(p1) andi < A, the set z—'{i} has size < A:
3. forevery y <8 < AT, the set {& <7y | p1,(&) # p1s(&)} has size < A.

THeEOREM 4.10. If C is a X(S)-sequence, then the correspon_q’ing trees
T(po). T (p1). T (pa) are R(S)-respecting. as witnessed by the very same C.

PrOOF. Suppose that C = (C, | a < &) is a K(S)-sequence. Fix Dbijections
n:k e 2xkandy k< <°{CyN P | a. ff < k}. By the coherence of C, we have
{ConNp| o<k} <kforall f < k, and hence, the set

E={p<r|nlfl=2x &~ {Canf|a<k.sup(Canp)<p}=vlfl}

is a club in . Fix a surjection ¢ : kK — k such that the preimage of any singleton is
cofinal in k. Put
S={aeSNE|alypCl}

Cram 4.10.1. C is a )(§)-sequence.
PrOOF. Given a sequence (4; | i < ) of cofinal subsets of x. write:
4o 1A if 7(i) = (0. /):
ey} ifx(i) = (1))
As C is a ®¥(S)-sequence, the following set is stationary:
R:={aeSNE |Vi<asup{f € C, | succ,(Cy \ B) C A/} = a}.

Let o € R be arbitrary.

8This means that the C-sequence that was used to define py in Definition 4.5 is a [J,-sequence,
(Ca | < AT).
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» By n[a] O {0} x a. we have sup{f € C, | succ,,(Cy \ f) C 4;} = a for all
<o

» By n[a] D {1} x a, we have sup{f € C, | succ,,(C, \ B) C ¢~ '{i}} = a for
all i < a. In particular, o € §. =

For all e < x and nonzero limit f < . let w? denote w(e)™Cp. Then define
sf . B — <@k, as follows. Given o < f. put

o j' =min{j € dom(y’) | y£(j)\ & # 0}:

o o =min(y!(j')\ a). and

o 2(a) = (otp(ylf(j)Na) | j < j) (otp(Cryqaryien Ne) | i +1 <
p2(a,a™)).
Let m : <k — &k denote a map that satisfies ¢ — max(¢) for all nonempty
sequencea. Let£ : <”k — w denote the map that satisfies ¢ — |o| for all sequence o.
Denote Q) := <“k, Q; := sk and , := w. Forall i < 3, define E) = (bf T (pi) |
Cy — PQ; | B < k) by stipulating:

i i

by (%) = 2 Gom(x))-

Broy I

b () = 110 2 o)
i B

bz( )=4oX o(dom(x))"

Cram 4.10.2. Suppose i < 3, f € acc(Cy) and x € T(p;) | Cj. Then biﬁ(x) =
b/ (x) | 5.
PrOOF. By f € acc(Cy). we have Cz = Cpn p. and it suffices to show that

st =3t | B for all e < k. But the latter is straight-forward to verify. -

CrLam 4.10.3. T (pi)p C Im(biﬁ)for everyi<3andp € 8.

ProOF. We concentrate on the case i = 0. Let § € § and z € T (po) be arbitrary.
Pick 6 € [B, &) such that z = pos | B. Let n = pr(B.6) — p2(B.6). Define o : n —
P(p). by stipulating a (/) := Cryps)(;) N f- By f € § C E and the definition of n.
there exists some € < f such that y/( ) = 0. By f € §, there exists some y € Cp
such that ¢(y) =e. Let x = z | y. By z € T(po)p. we have x € T(py),. let alone
x € T(po) | Cp.

We have p(dom(x)) = €. and so, to show that bg (x) = z, it suffices to prove that

Ef = z. First, we make the following observation.
» If p2(f.6) = 0. then

Wl = y(e)"Cp=0"Cy
= (Cr(poy(j) N B | J < pa(p.0))"Cy
N

= (Crpay )y N B J < n).
> If ¢y(f.0) = 1. then B € acc(Crgy)(p(ps)—1)). and hence Cp =
Cry( (83)(pr(B3)—1) N f. Consequently
Wl =y(e)"Cp=0"Cy
= (Crepayjy N B | J < p2(p.0) = 1)"Cy
= (Creipoyn OB 17 < p2(B.6) = 1) (Crepiy paiper—1) N B)
=(Crpsy) N B J < ).
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Now, let a < f be arbitrary. By z = pgs | f and definition of pys, we have
z(a) = (otp(Cry(as)(jy N @) | J < pa(e.9)).

Let j’ _mn{j€d0m(l//5)|l// (j) \ « # 0}. Then, for all j < j’, we have
(CTrﬁ(; N pB) \ a = (0, and hence mm(CTr(M)(j) \a) = mm(CTrﬁ(; \ B).
As Tr(oz 5)( ) =6 = Tr(B.6)(0). it follows that

Tr(a.0) [ j'+1="Te(p.0) [ j' + 1,
and hence
o) 1 +1=2L 1) +1
Let a™ := Tr(a.6)(j’). By definition

z(@) = (z(@) I j' + )7 (otp(Cr(aar)iin Ne) | i+ 1 < pale.a’)).
By Tr(.6)(j') = Tr(a.6)(j’) = at. we have min(y? (j') \ @) = a*. Altogether,

z(a) = Zf(a). 4

So foreach i < 3, § and E) witness that 7 (p;) is X(S)-respecting. -

THEOREM 4.11. Suppose that [Q]% holds for a given regular uncountable cardinal
A. Then there exists a @A(Ef)-sequence (Do | < AT) satisfying the following.
For every stationary S C E/’+ there are 6 € S and y € nacc(Ds) N S such that
Dsny CD,.

PrOOF. Let ((Cy. Xa. fo) | @ < AT) witness [0]%. Fix a surjection y : 4 — A with
the property that for all j < 4, the set {i < A | w“(i.i + w) = {j}} has size 1. We
may assume that Cot1 = 0 forall @ < k. Denote A = {a < A" | otp(C,) = 1}.
Clearly, A = E7 2 Write k = AT,

For all o < /-c let 7, : otp(C,) — C, denote the monotone enumeration of
C,. We now define a sequence of functions @ = (g, : otp(Cy) — a | a < k) by
recursion over a < k. For this, suppose a < &, and 7 | ahas already been defined.
The definition of ¢, : otp(C,) — « is obtained by recursion over i < otp(C, ). For
this, suppose i < otp(C,) and g, | i has already been defined. Let

o X, ={¢€ falmaly(i))) | mali) < & < mali+1).w(i) < i} and

o YVi={¢eXi|oal(i+1)=0c](i+1)}

Then, let
min(Y!), ifi=i"+1.Y. #0:
oo (i) = min(X/), ifi=i"+1. Y] =0 X' #0:
7o (i), otherwise.

Put D, = Im(a,).

Cramvm 4.11.1. D, is a club in «., otp(D,) = otp(C,). acc(D,) = acc(C,) and if
& € acc(Dy,), then Dg = Dy N A.

Proor. Foralli < otp(C,). we have

(@) mo(i) <oali+1) <ma(i +1);

(b) 04(i) = 7, (i) for all limit i < otp(C,). including i = 0.

Sootp(D,Ny) < otp(CyNy)+1forally < a. and acc(D,) = acc(C, ). Towards
a contradiction, suppose that & € acc(D,,). while D, N& # Dg. Let i < otp(Cys) be
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the least such that 6, (i) # 04(i). By @ € acc(D,) = acc(Cy). wehave C; = C,Na.
75 C 7o. So by Clause (b), i must be a successor ordinals, say i = i’ + 1. We have

Xi ={¢ e falma(y(i') | nali’) < & <nali + 1), w(i’) <i'}
—{E € fama(p(i)) Na | mali') < & <mali+1).w(i’) <i} = X[

By minimality of i, we then also have Y = Y. But then 6,(i) = 04(i). This is a
contradiction. -

SoD = (D, | a < k)isaJ;-sequence. Next, we prove that D is a X, (§)-sequence
for every stationary § C A.

Cramm 4.11.2. For every stationary § C A, and every sequence (As | 0 < k) of
cofinal subsets of k. there exist stationarily many o € § such that for every 6 < a, we
have

sup{f € D, | succ, (Do \ B) C 45} = a.

ProOF. Let § and (45 | d < k) be as in the hypothesis. By Clause (5) of Definition
2.2, foreveryd < k. fix aclub E5 C acct(4s) such that 4s N € N, forall o € E.
Let C := As<.Es. By Clause (5) of Definition 2.2, let us fix a € § such that
c, Cc* C.

Let €,0 < « be arbitrary. We shall find f € D, \ e such that

succ, (Dg \ f) C A4s.

Without loss of generality, € is also large enough so that C, \ € C C.

Byod € a € C, we have a € Es, and hence 45 N € X,. Since a € § C A,
we appeal to Clause (3) of Definition 2.2 to obtain some j < otp(C,) such that
fa(ma(j)) = As Na. Fix a large enough i < otp(C, ) such that w*“(i.i + w) = {j}.
and 7, (i) > max{e,d,7,(j)}. Write g := min(D, \ 7,(i) + 1). Then B > € and
succy, (Do \ B) = 0o“(i.i + ).

Let i’ € [i,i + w) be arbitrary. We shall show that g, (i’ + 1) € As5. We have

X5 ={E € falma(w (i) | mali') < & < mali' + 1)) <i'}
={¢ € fa(ma()) | ma(i') <& < ma(i’ +1)}
={fedsna|n,(i") <&<m,(i"+1)}.
By 7, (i’ + 1) > max{e,d}, we have n,(i’ + 1) € Es C acc™(4;). and hence
X!" # . Consequently, 5, (i’ + 1) € X! C Aj. as sought. -

Cramm 4.11.3. For every stationary S C A, there are € S andy € nacc(Ds) N S
such that Ds Ny & D,

Proor. Fix asurjectionp : kK — {D, NP | o, f < k}. Note that by Claim4.11.1,
the following set is a club

D ={0<k|{DanNpP|a.p<rsup(DyNpP) <} =[]}

Let S be an arbitrary stationary subset of A. Define a function g : kK X kK — & by
letting for every o < k:

{sup{feSMp(a) C D:h+ 1. if sup{¢ € S |p(a) C D¢} <k:

gla. ) = min{é € S | &> (. pla) T D:}. otherwise.
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Let E:={0 < k| g[o x0] Co}. Now, fixo € SN E and e < 9 satistying the
following:

o Cs \ eCDNE;

e SNoJ € Xs.

Since 6 € A and SNé € X;. let us fix some j < otp(Cs) such that fs(zs(j)) =
S Nd. Fix a large enough i < otp(Cs) such that w(i) = j. and ns5(i) >
max{e, 7o (j)}.

By ns(i +1) € D, let us fix some a < 75(i + 1) such that p(a) = Ds N7s(i +1).
By a € 6 € E, we have g[{a} xd] C J. As p(a) C D; and 6 € S, we thus
infer that g(a,{) > ¢ for all { < «. In particular, by 7n5(i + 1) € E. we have
ns(i) < g(a.ms(i)) < ms(i + 1). Recalling that

Xj={¢eSnd|ns(i) <& <mli+1)},
and
Yo ={éeX]|os 1 (i+1)=0:1(i+1)}={¢€X]]|pla)CD:}.
we see that g(a.7y(i)) witnesses that Y/ is nonempty. Write y := o5(i + 1). Then

7 € Y{ Nnacc(Ds) NS, and hence D; Ny C D,. =

_'

We now address the trees 7 (po) and T (p;). Note that the latter is a projection of
the former.’

COROLLARY 4.12. Suppose that[Q]} holds for a given uncountable cardinal /. = A
Then there exists a X, (E /{}+)-sequence which is respected by the corresponding trees
T (po) and T (p1). Moreover:

1. T(po) is a special i*-Aronszajn tree:

2. T(p1) is an almost Souslin, \*-Aronszajn tree:

3. T(p1) can be made special by means of a cofinality-preserving forcing.

PrOOF. Let D = (D, | a < i*) be given by Theorem 4.11. In particular, D
is a X;(E}")-sequence. Let T(po) and T (p1) denote the trees derived from walks
along D. By Theorem 4.10, T(po) and T (p;) are X, (E f)—respecting as witnessed
by our D.

(1) Since D is in particular a [J;-sequence, we get from Fact 4.8 that T (po) is
special.

(2) It is easy to see that T (p;) is a A*-tree. By Clause (2) of Fact 4.9, T (p;) is
moreover Aronszajn. To see that 7 (p;) is almost Souslin, suppose that 4 C T (py).
and that S = {dom(z) | z € A} N E}  is stationary. For all § € S. fix z5 € 4 such
that dom(zs) = 6. We now run the arguments from [10]. For allé € S, put

vs =25 [ {E <] 25(&) # po(&)}.

By A<* = J and Fact 4.9, we may find a stationary subset S’ C S such that
{ys | 6 € S’} is a singleton. It follows that {z; | 6 € S’} is an antichain iff
{p1s | 6 € S’} is an antichain. So, let us show that the latter is not an antichain. By
the choice of D, let us fixd € S” and y € nacc(Ds) NS’ such that Ds Ny C D,. Let

9Indeed. let m be some map satisfying ¢ — max(c) for every nonempty sequence of ordinals, ¢. Then
T (p1) is the image of T (po) under the map ¢ — m o t.
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a < y be arbitrary, and we shall show that py, (o) = pis(a). Write f = sup(DsN7y).
Clearly. f € D,NDsand D, N = Ds N f.

» If o < . then there exists some ' € (D, N Ds N (f + 1)) for which pgs(a) =
max{otp(Ds N a), pes(f’)} and po,(a) = max{otp(D, N «).po,(B’)}. Since
otp(Ds Na) = otp(Ds N fNa) = otp(D, N fNa) = otp(D, N a), we infer
that p1,(a) = pis(a).

» If § < a <y, then min(Cs \ @) = 7. Consequently pi5(a) = max{otp(Cs N
a), p1,(a)}. By definition, we have py,(a) > otp(C, Na). As C, 3 Cs Ny, we have
otp(C, Na) > otp(Cs Ny Na) = otp(Cs N ), and hence pi5(a) = p1, ().

(3) Let P denote the collection of all partial specializing functions of size < A.
That is, p € Piff it is a function with dom(p) € [T (p1)]<*. Im(p) C 4. such that
p(y) # p(z) forall y C z in dom(p). Clearly, Pis (< A)-closed. It remains to verify
that IP has the A*-cc.

Towards a contradiction, suppose that P admits an antichain of size ™. Then by
J<* = ), and a standard A-system argument, one could find some cardinal u < A
and a family 7 C [T (p1)]* consisting of A™ many pairwise disjoint sets with the
property that for every two distinct a, b € F, there exist x € a and y € b such that
x and y are comparable. For all « € F. let {a(i) | i < u} be some enumeration
of a. For every 6 € E/’F, pick a; € F such that min{dom(x) | x € a} > 4,
and define f5 : u — %/ by stipulating f5(i) = a(i) | 6. Then, for all .6 € E/"
there exist 7, j < u such that £, (i) and f5(;) are compatible. For all § € E}", let
Dy = {& <0 | 3i < ulf5(1)(E) # pia(&)]}. By Clause (3) of Fact 4.9, |D,| < . By
2<% = ), we may find a stationary set S C E/ for which

{((f5(0) I Ds) i< u).(pis | Ds)) |6 €S}
is a singleton. Consequently, {pis | 6 € S} forms a chain in 7 (p;). contradicting
the fact that 7 (p;) is Aronszajn. =

If one is willing to give away the respecting feature of the preceding, then it is
possible to relax [3]% to just O (AT):

COROLLARY 4.13.  Suppose that *(A*) holds for a given infinite cardinal J. = 1<*.
Then there exists a C-sequence for which the corresponding trees T (po) and T (p1)
satisfy Clauses (1)—(3) of Corollary 4.12.

Notice that the same ideas of this section provides a proof to the following, which
unlike Corollary 4.12, also apply to the case of A singular:

COROLLARY 4.14. If[Q); holds for a given uncountable cardinal A, then there exists
alX; (Eéfzz))-sequence which is respected by the corresponding trees T (po) and T (p1).
Moreover:

1. T(po) is a special J.*-Aronszajn tree:

2. T(p1) is a nonspecial J.*-Aronszajn tree.

4.3. Kurepa.

THEOREM 4.15. Suppose that ). is an uncountable cardinal, and ((Cy. No, fo) |
a < ) is a0l -sequence. Denote A = {a < 2™ | otp(C,) = A}
Then, there exist a;(A)-sequence D = (D, | oo < 3*) and T C <*" 2 such that:
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o for every stationary S C A, there are 6 € S and y € nacc(Ds) NS such that
D5 N Y C Dy;

o T isaX;(A)-respecting A"-Kurepa tree, as witnessed by D.

PrOOF. Let ((Co. Ny, fo) | @ < A7) witness [0]. Use ((Ca. fo) | @ < AT) to

construct the sequence D = (D, | a < i*) exactly as in the proof of Theorem 4.11.
Then:

1. ojp(Da) = otp(C,) and acc(D, ) = acc(C,) forall a < AT

2. Dis aX;(§)-sequence for every stationary § C A;

3. for every stationary S C A, there are § € S and y € nacc(Ds) NS such that

Dsny ED,.

Let § = {a < A1 | f4 is surjective}. Then, § is a stationary subset of A. Denote
k = AT.and

e B={ber2|Va<kl[(b|a)e Ny}

e T={bla|beB.a<k}.

Then T C <*2 is downward closed, and |7, | < [N,| < 4 < & for all @ < k. For
all a < k, since N, is rud-closed and o € N,,. we know that the constant function
from a to {0} belongs to T'. and so {dom(f) | f € T} = k.

We have shown that 7" is a k-tree. Let us show it is Kurepa.

Cram 4.15.1. T has at least k™ many cofinal branches.

Proor. For all a < k. since o € N, and the latter is rud-closed, a subset of « is
N, iff its characteristic function is in N, . Thus, it suffices to show that the following
set has size > k:

A:={ACk|Va<k[(AdNa) € Ny}

Suppose not. Then we can find an enumeration (possibly with repetitions) {4y |
p < } of A. Consider the club Z = Ay, acc™ (4y). That is,

Z={{<r|VB<{(sup(dgn{) =)}

Pick aclub D C & such that forevery a € D, wehave {DNa, ZNa} C P(a)NN,.
Then E := Z N D isaclub. Let {{s | f < x} be the increasing enumeration of E.
For all § < . we have f < {p < (3.1 and {1 € Z. and hence sup(A/f Nlps1) =
{pe1 > (g = sup(E N {ps1). Consequently, 4y # E for all f < . and there must
exist some o < k such that E Na € N,. Fix such an «, and let o’ := sup(E N a).
As (E Na)\ o is a finite subset of «, it is an element of N, . Since N, is closed
under unions, the set £ N o’ must be outside of N,. In particular, it is nonempty.
and o’ € acc(E) C D. But then, {DNa’.ZNa'} C Ny C N, and since N, is
closed under intersections, we get that E Na’ = (D Na’) N (Z Na')isin N,. This
is a contradiction. -

Next, we show that T is respecting D, by defining (b* : T | Dy — 2 | a < k). as
follows. Given a < k., let w, : D, <> C, denote the order-preserving bijection, and
let g, : D, — “2 be such that for all f € D,. g.(f) is the characteristic function of

falwa(p)).
Now, forall x € T | D,, let

b*(x) = ga(dom(x)).
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Suppose that @ € acc(D,). Then & € acc(C,) and ysz C y,. so that for all
B € Da. falwa(B)) = falwa(p)) N & and ga(B) = ga(B) | &. Consequently.
b%(x) =b%(x) | aforallx € T | Dg.

Finally, leta € §, and we shallshow that 7, C Im(b%).Lety € T, bearbitrary. By
definition of T', we have y € N,. Since N, is rud-closed, the set {y < o | y(y) = 1}
isin N,, and so by a € §, there exists some f € C, such that f,(8) = {y < a |
y(y) = 1}. Let / = w;'(B). Then g,(f’) = y. Now, put x := y | . Then
x € T | D,. and by definition of b%, we have b®(x) = y, as sought. -

COROLLARY 4.16. Suppose that I holds for a given uncountable cardinal J.. Then

. i
there exists a X, (ch(/i)

Proor. The construction of all involved objects is identical to that of the proof
of Theorem 4.15. but this time we consult with a }—sequence rather than [Q]7.
Consequently. the reflection argument of [5, Theorem 2] shows that the A *-Kurepa
tree will contain no A-Aronszajn subtrees. -

)-respecting AT -Kurepa tree that has no /.- Aronszajn subtrees.
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