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Abstract. We prove several general conditional convergence results on ergodic averages for
horocycle and geodesic subgroups of any continuous SL(2, R)-action on a locally compact
space. These results are motivated by theorems of Eskin, Mirzakhani and Mohammadi
on the SL(2, R)-action on the moduli space of Abelian differentials. By our argument
we can derive from these theorems an improved version of the ‘weak convergence’ of
push-forwards of horocycle measures under the geodesic flow and a short proof of weaker
versions of theorems of Chaika and Eskin on Birkhoff genericity and Oseledets regularity
in almost all directions for the Teichmiiller geodesic flow.
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1. Introduction

It has been conjectured that push-forwards, under the forward Teichmiiller geodesic flow,
of ergodic probability measures for the unstable Teichmiiller horocycle flow, and similarly
of measures uniformly distributed on unstable horocycle arcs or on arcs of the circle action,
converge (to an SL(2, R)-invariant measure). To the best of our knowledge, Veech was the
first to ask this question, after his work [V98] on Siegel measures (now called Siegel-Veech
measures).

Bainbridge, Smillie and Weiss have proved this conjecture for certain invariant orbifolds
in the stratum H (1, 1) of Abelian differentials with two simple zeros on genus-two surfaces
(see [BSW, Theorems 1.5 and 12.7]).

The main purpose of this note is to prove that up to removing a set of times of zero
upper density the general conjecture is in fact a corollary of results of Eskin, Mirzakhani
and Mohammadi (see [EM] and [EMM])).
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Our argument is based on the idea of lifting a family of (probability) measures on
a compact space to measures on the space of probability measures and then to derive
restrictions from the well-known extremal property of ergodic probability measures with
respect to the subset of all invariant measures.

The same argument applies to limits of push-forwards under the Teichmiiller geodesic
flow of the Lebesgue measure on Teichmiiller horocycle orbit segments or on arcs of circle
orbits. In particular, our conclusion that push-forwards for circle orbits converge to an
SL(2, R)-invariant measure after removing a set of times of zero upper density implies, by
the work of Eskin and Masur [EMa], a correspondingly improved version of the asymptotic
for the counting function derived in [EMM] and [EM] (see [EM, Theorem 1.7]).

The first section (§2) of this note is devoted to the proof of the above-mentioned results
for limits of push-forwards of horocycle measures and horocycle and circle arcs.

A similar argument gives a short proof of a weak version of a theorem of Chaika and
Eskin, according to which, for all points in the moduli space of Abelian differentials,
almost all directions are Birkhoff generic for the Teichmiiller geodesic flow with respect
to the unique absolutely continuous probability affine measure on the orbifold SL(2, R)x
(see [CE, Theorem 1.1]). We are unable to give a proof of the theorem of Chaika and
Eskin. In our version, we prove convergence of ergodic averages outside a subset of times
of zero lower density. The second section (§3) of this note is devoted to the proof of
our partial result on Birkhoff genericity in almost all directions for general actions of
SL(2, R). The third section (§4) contains a similar approach to Oseledets regularity in
almost all directions for uniformly Lipschitz irreducible cocycles over SL(2, R) actions.
Finally, in the last section (§5) we derive an equidistribution result for the push-forwards
of an arbitrary horospherical leaf under the Teichmiiller geodesic flow.

In fact, our results are in principle not limited to the action of SL(2, R) on the moduli
space of Abelian differentials and hold more generally for general continuous actions on
locally compact topological spaces.

For this reason, we present below abstract results, which can then be applied to the
action on moduli spaces thanks to the celebrated theorems of Eskin, Mirzakhani and
Mohammadi (see [EM] and [EMM)).

Let
(¢ 0 b (V1 and gy — (€080 sinf
&=\ et) " T o 1 =\ —sin6 cosh

denote the diagonal subgroup (the geodesic flow), the unstable unipotent flow (the unstable
horocycle flow) and the maximal torus (circle) of SL(2, R). For all 7, s € R, we have the
commutation relation

grohs =hgo0g;.

We will consider below an arbitrary continuous (left) action of SL(2, R) on a locally
compact space X. Let v be any of the following types of Borel probability measures on X:

(1) a horocycle probability invariant measure, that is, a Borel probability measure
invariant under the action of the unipotent subgroup AR on X;
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(2) a(normalized) horocycle arc, that is, a measure of the form

1 S
3 / (hs)«(8x) ds  forsome (x, S) € X x RT:
0

(3) a(normalized) circle arc, that is, a measure of the form

®

1
5 (re)«(85) d6  for some (x, ®) € X x RT.
0

Our first result, on push-forwards of horocycle invariant measures, and of horocycle and
circle arcs, can be stated as follows.

THEOREM 1.1. Let v be any Borel probability measure in the above list. If the weak*
limit
1 T
= 1 — dt
po= lim o fo (8% (V)

exists and is hr-ergodic, then there exists a set Z C R of zero upper density such that in
the weak™ topology

lim(g)+ () =

Our second result, on Birkhoff genericity, is as follows.
Let I C T be acompact subinterval. Let 8£o denote the Dirac mass at the point at infinity
of the one-point compactification S; of the semi-infinite cylinder [1, +00) x I.

THEOREM 1.2. For any sequence (1) of probability measures converging to the Dirac
measure (Séo, the following holds. Let us assume that in the weak™* sense

. I

p=lim / = / (g1 019)x(8x) dt dmy (T, 0);
n—+oo Jg T Jo

then there exists a set Z C [1, +00) x I with lim,_, s 7,(2) = 0 such that in the weak*

topology we have

Sy) dt =
<m>¢sz (g1 0 r)x (55)

As a consequence of Theorem 1.1 we can derive the following.

COROLLARY 1.3. Let v be a horocycle invariant measure, or the probability measure
uniformly distributed on a horocycle or circle arc on the moduli space. Let u be the
unique affine probability SL(2, R)-invariant measure supported on the affine suborbifold
SL(2, R)(supp(v)). Then there exists a set Z C R of zero upper density such that

}igrg(gz)*(V) =

CONJECTURE 1.4. Corollary 1.3 holds with exceptional set Z = (.
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As mentioned above, this conjecture has been proven by Bainbridge, Smillie and Weiss
for certain invariant orbifolds in the stratum H (1, 1) of Abelian differentials with two
simple zeros on genus-two surfaces (see [BSW, Theorems 1.5 and 12.7]). Chaika, Smillie
and Weiss have recently announced that the Teichmiiller horocycle flow (in genus two) has
orbits which are not contained in the support of their limit measures and orbits which have
no (unique) limit measure. These results however do not contradict our conjecture.

By the argument of [EMa], we can also derive the following improved version of the
‘weak asymptotic formula’ for the counting function of cylinders in translation surfaces
and rational billiards (compare [EM, Theorem 1.7] or [EMM, Theorem 2.12]). Let O be a
rational polygon and let N(Q, T') denote the number of cylinders of periodic trajectories
of length at most 7 > 0 for the billiard flow on Q.

COROLLARY 1.5. There exist a constant C (a Siegel-Veech constant) and a set Zgp C R
of zero upper density such that

. N(Q.é€")
lim ———= =

Co.
1¢Z9 e Q

For horospherical measures, we can prove a stronger result. By a horospherical measure
we mean any measure supported on a leaf of the strong stable foliation of the Teichmiiller
geodesic flow, absolutely continuous with continuous density with respect to the canonical
affine measure on the leaf, and with conditional measures along horocycle orbits equal to
one-dimensional Lebesgue measures (see §5).

THEOREM 1.6. Let v be any horospherical probability measure supported on the stable
leaf at x € H, and let p denote the unique SL(2, R)-invariant affine ergodic probability
measure supported on SL(2, R)x. In the weak* topology, we have

tllToo(g’)*(”) =u
Theorem 1.2 has the corollaries stated below.

COROLLARY 1.7. Let x € X and let I C T. If the weak™ limit

He= T‘>+OOT/ |1| /(gtorﬁ) (5)d9dt

exists and is gr-ergodic, then for Lebesgue almost all 6 € I there exists a set Zg C R of
zero lower density such that we have the weak™ limit

W= Tlggg = / (gr 0 rp)«(8y) dt.

Corollary 1.7 has been recently proven by Khalil (see [Kha, Theorem 1.1]) in greater
generality by a different, direct argument. Khalil’s argument is based on an ‘adaptation of
the weak-type maximal inequality and follows similar lines to the proof of the classical
Birkhoff ergodic theorem’. We believe that our indirect argument can be generalized to
yield a result identical to that of Khalil.
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In the motivating case when X = H, is the moduli space of Abelian differentials on
Riemann surfaces of genus g > 2, the results of Eskin, Mirzakhani and Mohammadi
(see [EM] and [EMM]) prove that for every x € H, there exists a unique probability
SL(2, R)-measure, absolutely continuous on the affine orbifold SL(2, R)x, such that the
hypotheses of Theorem 1.1 and Corollary 1.7 hold (see [EMM, Theorems 2.6 and 2.10]).
In this case the Birkhoff genericity in almost all directions, which corresponds to the
statement of Corollary 1.7 with exceptional sets Zy = @, for almost all § € T, was proved
by Chaika and Eskin (see [CE, Theorem 1.1]) by a different method based on ideas and
results from [EM] and [EMM].

By our method, we can establish Birkhoff genericity in almost all directions in an
abstract setting only under a stronger hypothesis.

COROLLARY 1.8. Let x € X and let I C T. If the weak™ limit

1 T

p:= lim / —/ (81 0 r9)«(8x) dt dn (T, 0)
T8l Js, T Jo

exists as w varies over all compactly supported, absolutely continuous probability

measures on S; with smooth density, and if | is gr-ergodic, then for almost all 6 € T

we have the weak* limit

T
= TETOO % fo (gr 01r9)+(8y) dt.

Our results on the Oseledets theorem in the generic direction are formulated below. We
consider an action of the group SL(2, R) on a continuous vector bundle in the setting of
the paper by Bonatti, Eskin and Wilkinson [BEW]. We recall briefly the main hypothesis
of their work. Let H — X be a continuous vector bundle over a separable metric space
X with fiber a finite-dimensional vector space. Suppose that SL(2, R) acts on H by linear
automorphisms on the fibers and a given action on the base which preserves a probability
measure u on X. Assume that H is equipped with a Finsler structure (that is, a continuous
choice of norm | - |, on the fibers of H). For any g € SL(2, R), let

18 (V) g
gl = sup £
veH {0} |VIx
A cocycle is called uniformly Lipschitz with respect to the Finsler structure if there exists
a constant K > 0 such that for (x,7) € X x R,

log [l g:llx < K.

We remark that all uniformly Lipschitz cocycles trivially satisfy the integrability
condition of [BEW]:

/ sup log [Ig:llx du(x) < +oo0.
X te[-1,1]

The cocycle is called irreducible with respect to the SL(2, R)-invariant measure @ on X if
it does not admit non-trivial p-measurable SL(2, R)-invariant sub-bundles.
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Let I C T be a compact subinterval. Let Séo denote the Dirac mass at the point at infinity
of the one-point compactification Sy of the semi-infinite cylinder [1, +00) x I.

THEOREM 1.9. Assume that the SL(2,R) cocycle on H is uniformly Lipschitz and
irreducible with respect to the SL(2, R)-invariant probability ergodic measure p on X.
Let ), denote the top Lyapunov exponent of the diagonal cocycle gﬂg on H with respect
to the measure y on X. For any sequence (ww,) of probability measures converging to the
Dirac measure Séo, the following holds. Let x € X be any point such that (in the weak*
topology) we have

n—-+00

) 17
= lim f —/ (g1 0 o)« (8x) dt dmy (T, 9).
s T Jo

It follows that there exists a set Z C [1, 400) x I with lim,_,~ 7,(Z) = 0 such that,
forallv € H, \ {0}, we have

) 1 H
(t,lel)rgz 7 log lg:" ro (Vg (rp e = A

Theorem 1.9 has the corollaries stated below.

COROLLARY 1.10. Assume that the SL(2, R) cocycle on H is uniformly Lipschitz and
irreducible with respect to the SL(2, R)-invariant probability ergodic measure i on X. Let
Ay denote the top Lyapunov exponent of the diagonal cocycle glfg on H with respect to the
measure 1 on X. Let x € X be any point such that (in the weak* topology) we have
li L 1/( )x(8x) dO dt
= lim = — or .
e NERTTIN /e

It follows that, for Lebesgue almost all 6 € I, there exists a set Zg C R of zero lower
density such that, for all v € H, \ {0}, we have

.1 H
tlél%le - log |g;" (re (M) g (rg(x)) = Apu-

In the motivating case when X = H, is the moduli space of Abelian differentials on
Riemann surfaces of genus g > 2, Oseldets genericity in almost all directions, which
corresponds for the top exponent to the statement of Corollary 1.10 with exceptional sets
Zg = @, for almost all 6 € T, was also proved by Chaika and Eskin (see [CE, Theorems 1.2
and 1.5]) by an argument based on [EM] and [EMM].

By our method, we can establish Oseledets regularity in almost all directions in an
abstract setting only under a stronger hypothesis.

COROLLARY 1.11. Let x € X and let I C T. If the weak* limit

1 T
w:= lim / —/ (g1 019)+(8y) dt dn (T, 0)
s T Jo

1
T—>85

exists over all compactly supported, absolutely continuous probability measures w on Sy
with smooth density, and is gr-ergodic, then for almost all 6 € T and for allv € H, \ {0},
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we have

. 1 H
t_l)l?@ ; log [g;” (ro(V)g, (rg(x)) = Apu-

Whenever Theorem 1.9 and its corollaries can be applied to all exterior products of the
cocycle, it implies results for all Lyapunov exponents. In the special case of the action of
SL(2, R) on the moduli space of Abelian differentials, the theorem can indeed be applied
(as in the paper by Chaika and Eskin [CE]) to all exterior powers of the Kontsevich—Zorich
cocycle by reduction to the irreducible component thanks to the semi-simplicity theorem of
Filip [Fi]. The uniform Lipschitz property of the Kontsevich—Zorich cocycle with respect
to the Hodge norm was proved by the author in [Fo] (see also [FMZ]).

2. Limits of geodesic push-forwards of horocycle measures
In this section we prove Theorem 1.1.

Proof of Theorem 1.1. We begin by explaining the argument in the case of push-forwards
of horocycle invariant probability measures. The other cases can be treated similarly and
require some additional considerations.

Let By be the set of all Borel measures of total mass at most one on the one-point
compactification X of the locally compact space X and let N : R — By be the map defined
as N(t) = (g)«(v) for all ¢ € R. The range of the map N is contained in the closed
subspace of probability measures, invariant under the (unstable) horocycle flow, since we
are assuming that v is invariant under the (unstable) horocycle flow.

The space Bp, endowed with the topology of the weak* convergence, is a metrizable
(separable) compact space. The map A : RT — By is clearly continuous. In fact, every
continuous function on X is bounded and all measures (g1)«(v) are probability measures.

Let u7 denote the uniform measure on [0, T']. The push-forward NV (u7) defines a Borel
probability measure on the compact metric space Bj, that is, for any continuous function
F on the space B (with respect to the weak* topology on Bj1), we have

1 T
Ni(ur)(F) := T/(; F((gr)«(v)) dt.

Let U denote any weak* limit of N (u7) as T — o0 in the space of probability measures
on the compact metric space B;. We claim that U is a delta mass §,, at the probability
measure & € By. We remark that, as v is horocycle invariant, since the subset of horocycle
invariant probability measures is closed with respect to the weak* topology, the measure
U is supported there.

For any continuous (compactly supported) function f on the locally compact space X,
the function Fy defined as

Frv) =v(f) forallve By

is continuous with respect to the weak* topology on Bj (by definition of the weak*
topology). By our assumptions, for all functions F'r, we have that

U(Ff) = pn(f).

https://doi.org/10.1017/etds.2020.87 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.87

Limits of geodesic push-forwards of horocycle invariant measures 2789

In fact, for every continuous function f with compact support on the space X, we have that

1 T
Ni(ur)(Fy) = T /0 [(g)«WI(f) dt — p(f).

Since u is ergodic with respect to the horocycle flow and U is supported on the subset of
horocycle invariant measures, from the identity

U(Fy) = / Fr(v) dU(v) = / V() dU) = u(f) (1)

we derive that v = p for U-almost all v € By. This in turn implies that the probability
measure U, as a probability measure essentially supported on the singleton {u} C By, is
equal to a Dirac mass §,.

It follows that, for every open neighborhood V of u in the (metric) space Bi, we have

lim sup l Leb{r € [0, T]: (g:)«(v) ¢ V} = 0. 2)
T—+00 T

In fact, let us assume that the above statement does not hold. It follows that there exist an
open neighborhood V of 1 in B; and a diverging sequence {7}, } such that

lim i Leb{t € [0, T,,] : (g)«(v) € V} =c¢ > 0.

n—-+oo [y,

There exists a continuous non-negative function Fy, on the compact metrizable space B
such that F) =1 on the complement of V (a closed set) and Fy,(u) = 0. It follows
that

1 Tn
F / Fy((g)«())dt = c > 0;
n Jo

hence, for every weak limit U of the sequence of measures N (u7,), we have U (Fy) >
¢ > 0, while §,(Fy) = 0, which is a contradiction.
We conclude that there exists Z C R of zero upper density such that

ligznzl(g,)*(v) = in the weak* topology. 3)
t

Let {V,} be a basis of neighborhoods of the measure p in B;. By the formula (2), for every
sequence {¢,} of positive numbers, converging to zero, there exists a diverging, increasing
sequence {7} such that

sup = Leb{r € [0, 7] : (g1)s(v) & Va} < €n.
T>T,

Let Z be the set defined as follows:

7 = U{t S [Tn, Tn+1] : (gt)*(v) ¢ Vi’l}

neN
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Let us find under what conditions Z has zero upper density. For any T > 0 sufficiently
large, there exists n € N such that T € [T},, T,+1]. We have
n—1
Leb(Z N[0, T]) <Y Leb(Z N [Tk, Tx41]) + Leb(Z N [T, T1)
k=1
n—1

= Z €Tt +e€,T.
k=1

It is therefore enough to choose the sequences recursively so that

1 n—1

— Z €xTi+1 + €, — O.
T k=1

It is clear by the definition of the set Z C R that the formula (3) holds.

For the cases when v is a probability measure supported on a horocycle arc or an arc of
circle, the argument is similar but we have to prove that any weak™® limit U of N, (ur) as
T — +o0 is supported on the subspace of horocycle invariant measures.

Let U be a weak* limit of the measures Ny (ur) with support not contained in the
subspace of the horocycle invariant measures. There exists a measure vy € supp(U) which
is not invariant under the (unstable) horocycle flow and hence there exist a function
fo € C8 (X) and a real number t # 0 such that

ffoohr dVO#/fodVO~

Since vp € supp(U) and since Bj is a locally convex metrizable space, there exists a closed
convex neighborhood C C By such that U (C) > 0 and U (dC) = 0 and, by continuity,

ffooh,dvyéffodvo forall v e C.

Let vc denote the measure

1
vcszcvdU(v) e C.

We claim that v¢ is invariant under the horocycle flow, which is a contradiction. In fact,
since U is a weak® limit of the family {N,(u7)}, there exists a diverging sequence (7},)
such that N, (ur,) — U and since, by assumption, U(dC) = 0, we have

UCve = lim /de*(uTn)(v).
n—+oo Jo

Now, by construction, for all f € C8 (X), we have

1 Tn
[./c v dN*(uT,I)(V)} (foh:t—f)= T /0 xc((@)sv)v(f ohy — f)dr.

n

It is therefore enough to prove that the right-hand side in the above formula converges to
zero. When v is the uniformly distributed measure on a horocycle arc {h;(x)|s € [0, S},
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we have, uniformly with respectto r € R,

1

S
5 / (f o he — f)gihyx) ds
0

1 S
= 3 / (fohe— f)(h,go0gix)ds
0

1 S+e2z et
- / f(hygogx)ds — f flhpgo0gx)ds | — 0.
S 0

S

When v is the uniformly distributed measure on a circle arc {rg(x)|6 € [0, ®]}, it is a
standard argument that the push-forward of a circle arc can be well approximated by a
union of horocycle arcs. We include the argument for completeness.

There exists a constant C > 0 such that, for all 6 € [—n /4, w/4] and for all t € R, we
have

dist(g; o rg, g o hg) < C(e' + e~

As a consequence, for any o € (1/2, 2), we can approximate the push-forward of a circle
arc {rgx | @ € [0, ®]} by a union of at most @e*’ push-forwards of horocycle arcs of length
£, € [e7*, 2¢~*']. By the above estimate, the error in computing the integral of a continu-
ous function f, of unit Lipschitz constant with respect to the SL(2, R) action, will be of size

40C(e" + e e < 8CO! " — 0.

The claim is thus reduced to prove that for any family of intervals {[a;, b;]}, we have

1o
lim — (fohy — f)(gthsx)ds =0 uniformly on x € X.

t—00 @t a

The proof of the above limit is straightforward since

1
7 (fohe — f)(gthsx) ds
t J,

1
=%

t

bite 2 ai+e 2t
/ f(hpug0gix)ds — / f(hogogix)ds|;
by a

hence, as £, > e~ %" with a < 2, it follows that for any f € Cg (X), the above averages

converge to zero, uniformly with respect to x € X.
We have thus completed the proof of the claim that v¢ is in all cases invariant under the
horocycle flow and, since vz € C, we have reached a contradiction. O

3. Birkhoff genericity in almost all directions
In this section we prove Theorem 1.2 and Corollaries 1.7 and 1.8.

Proof of Theorem 1.2. Given x € X, let us consider the map G : [1, +00) x I — Bj to
the space of measures on X of total mass at most one, given for every T > 1, for every
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0 €l C Tandforevery f € C 0(X) by the formula

1 T
G0 = [ g dr
0
For any compact interval I C T, let us consider the family of push-forwards
{G () for all probability measure 7 on [1, +00) x I}.

Let IT be any weak* limit of the above family in the following sense. There exists a
sequence (1) which converges in the weak* topology to the delta mass at the one-point
compactification S; of the cylinder [1, +00) x I such that

Gyi(my) — 11

in the weak™ topology on the space of measures on Bj.
We claim that IT is a Dirac mass supported at ;. By our hypotheses, for all functions
Fy we have

H(Ff) = pn(f).

In fact, by hypothesis we have
400
Gy (mn)(Fr) = /1 / Fy(G(T,0)) dmp(T, 0)
I

+oo 1 T
=/ / —/ f(girox) dt dmn(T, 0) — u(f).
i 1 T Jo
It the follows that, for all f € C°(X),
k() =TF) = [ () dni) @)
We claim that the support of IT is contained in the closed subspace of B; of probability
measures invariant under the geodesic flow. Let us assume that it is not the case. It follows

that there exists a measure vy € supp(IT) which is not invariant under the geodesic flow.
There exist a function fj € Cg(X ) and a real number 7 # 0 such that

/foogr dVO#/fodvo-

Since vp € supp(I1) and since B is a locally convex metrizable space, there exists a closed
convex neighborhood C C Bj such that I[1(C) > 0 and I1(dC) = 0 and, by continuity,

/foogfdv;é/fodvo forallv € C.

Let ve denote the measure

1
vcszcvdl'[(v) e C.
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We claim that v¢ is invariant under the geodesic flow, which is a contradiction. In fact,
since IT is a weak™* limit of the family {G(7,)} and I1(dC) = 0, we have

MC)ve = lim /vdG*(rrn)(v).
n——+o00 C

Now, by construction, for all f € C8(X ), we have

[ /c y dG*(nn)w)} (foge—f)

1 1 r
= — / — (/ (fogr— f)grex) dt) dm, (T, 9)
1] Jg-1cy T \Jo

1 1 T+t T
- / — (/ f(grox) dt —/ f(girox) dt) dm,(T,6) — 0.
1| J-1cy T \Jr 0

The claim that ve is invariant under the geodesic flow follows and, since ve € C, we
reached a contradiction. It follows that IT is supported on the subspace of gr-invariant
measures.

From the formula (4) and from the ergodicity of the measure p with respect to the
geodesic flow, it follows that IT = §,, is a Dirac mass at ;. We have thus proved that

i G =

From the above conclusion we immediately derive that, for every neighborhood V of u in
the (metric) space Bi, we have

ligl 7, ({(T, 0) € [1,+00) x I | G(T,0) ¢ V}) =0. (5)

n—1+0oo

Since m,, ({o0}) = 0, it follows that for every € > 0 there exists 7 > 1 such that
T,({(T,0) € [Te, +00) x I | G(T,0) ¢ V}) <e foralln € N.

Let (V) be a basis of neighborhoods of w in B; and let (¢;) be any summable
sequence of positive real numbers. There exists an increasing diverging sequence (7} ) such
that

T, ({(T,0) € [Tk, +00) x I | G(T,0) € Vi}) <€ foralln e N.
Let then Z be the set such that
ZN0 [Tk, Tiyr) = (T, 0) € [Tk, Try1) x 1| G(T, 0) € Vi)
It is clear that by construction we have

lim G(T,60)=u.
(T.0)¢Z

Finally, since 7, — Séo, it follows that, for any k € N, we have

Iim m,([1,Tx) xI) =0,

n——+0o
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while, by construction, for all n € N, we have

Jim (20 ([T +o0) x D) < lim ;k € =0.

The statement of the theorem follows. O

Proof of Corollary 1.7. Let (t,) be any sequence of probability measures on [1, +-00)
which converges to the Dirac mass at the point at infinity. Let ®; denote the normalized
Lebesgue measure on the interval / C T and let then (7r,) be the sequence of probability
measures on [1, +00) x I defined as

T, =T, x ®; foralln € N.

By the hypothesis of the corollary that
li Lt /( )«(6x) dO dt
= lim — — o ,
° T—l>+OOT 0 |I| [gt 76)x(0x
it follows that the hypothesis of Theorem 1.2 holds for the sequence (i, ). Therefore, there
exists a set Z such that lim,_, 4 o 7, (Z) = 0 and such that in the weak* topology we have

1
lim G(T,60)= Ilim

T
= T 8y) dt = .
T0H)22 T0gz T /0 (810 79)+(8x) H

From the above conclusion we derive that, for every sequence of probability measures
(t,) weakly converging to the delta mass at +o00 € [1, +o00] and for every neighborhood
V of u in the (metric) space B, we have

nEToo(T” xON{(T,0) €1, +00) x I | G(T,0) £V} =0. ©6)

We claim that for every V), there exists a full-measure set /1) C [ such that for all 6 € Fy,,
we have

lim inf % Leb({T € [1,7T1| G(T, ) € V}) = 0.

T—+oo
Otherwise, there exists a positive-measure set Py, C I such that for all 6 € Py,

o]
%1341_1;2 ?Leb({T e[, T]11G(T,0) ¢V} > 0.

By the Egorov theorem, it follows that there exist a sequence of times (7,) and a
positive-measure subset P}, C Py, such that the sequence

1
inf —Leb({T € [1, G(T,0 )%
M (T €1, T G(T,6) €V}
converges uniformly to a continuous positive function on 73{). It is then possible to
construct a sequence (t,) of probability measures on [1, +00), weakly converging to

the delta mass at +00 € [1, +00], which contradicts the conclusion in the formula (6).
Hence, the above claim is proved.
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Let (V,) be a basis of neighborhoods of & in By and let F; denote the full-measure set
defined as

Fr = ﬂ an'
neN
From the above claim it follows that for all & € F; and for all n € N, we have
1
liminf —Leb({T € [1,7]| G(T,0) ¢ V,}) =0.
T—+o00 T

In particular, for any sequence (€,) of positive real numbers converging to zero, we have
that there exists an increasing diverging sequence (7,) C [1, +00) such that

Ti Leb({T € [1,T;1| G(T,0) & V) < en.

n
Such sequence can be constructed recursively as follows. For any finite increasing sequence
{Tx|k < n} and for any 7;’;1 > 0, there exists 7,41 > 7;1*“ such that

1 Leb({T € [1, Tur1]1 | G(T, 6) € Vu}) < €ny1.
n+

Let Zy be the set defined as follows:
Zg = | JIT € [Ta, Tas11: G(T,6) & V).
neN

Let us find under what conditions Zy has zero lower density. We have

n—1 n—1
Leb(Zg N[0, Tal) < D Leb(Zo N [T, TexiD) < ) exs1Tar1.
k=1 k=1

It is therefore enough to choose the sequences recursively so that

-2

1 n

T Z €k+1Tk+1 + €, — 0.
" k=1

It is clear by the definition of the set Zg C R that, for 6 € F;, we have

lim G(T,0) = pu.
T¢Zy
The argument is therefore complete. (]

Proof of Corollary 1.8. For all (T, 0) € [1, +00) x T, let d(T, 6) denote the distance
from the measure G(T,6) to u with respect to any metric which induces the weak*
topology. Let us assume by contraposition that there exists a positive-measure set P C [
such that, for all & € P, we have

lim sup d(T,0) > 0.

T—+o0
This implies that there exist € > 0 and a set P, of positive Lebesgue measure such that for
all 6 € P, there exists a sequence (7,,(0)) such that, for all n € N,

d(T,(0),0) > €.
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By a straightforward argument, for any continuous function f € C%(X) and forany & € R,
we have

h
WG(T +h. 0) = G(T, O] = 21 f L.

It follows that there exists § > O such that, for all T € [(1 — §)T,(0), (1 +38)T,(0)], we
have

d(T,0) > ¢/2

and hence it is possible to construct a sequence of compactly supported measures 7, on
[1, 400) x I with smooth bounded density and conditional measure on T equal to the
Lebesgue measure, such that

Jam 7y (T, 8)/d(T, 0) = €/2}) > 0.

This contradicts the conclusion of Theorem 1.2 and hence the corollary is proven. (]

4. Oseledets regularity in almost all directions
In this section we prove the Oseledets regularity result stated in Theorem 1.9.

Proof. Let P'(H) denote the projectivization of the irreducible bundle H over the separa-
ble metric space X. Let x € X satisfy the hypothesis with respect to the SL(2, R)-invariant
measure p on X. Let us recall that there exists a sequence {0y} of continuous functions
o¢ : P'(H) — R such that the following holds. For any g]{g -invariant probability measure
v on P'(H) which projects to the gg-invariant probability measure 1 on X, and for any
£ € N, we have

/ oe(v) dv(v) < Ay. @)
P1(H)

If, in addition, the measure v is supported on the Oseledets subspace of the top Lyapunov
exponent A, of g]g with respect to the measure p on X, then we have

/ og(v) dv(v) = Ay. (8)
PI(H)

Finally, since the cocycle is uniformly Lipschitz, for any x € X and any v € P!(H,),
uniformly with respect to T > 1, we have

1 [T "
m o / oe(gt (v) dt. ©)
0

1 H i
T log IgT (V)|gT(X) = e_li-f-oo

The functions o, : P1(H) — R can be defined as follows: for all £ € N, for all x € X and

for all v e PL(H,), let

lgH, ()]
o¢(v) := tlog <WTW(") .
X
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It is immediate to verify that, for all L € N, by telescopic summation we have

18 W) 15
L gL(x) | _ H
log (T) =7 Z o0(gj7e (V).

Jj=0
By the uniform Lipschitz property, we also have the estimate

tL—-1

1 1 [t
= el - 7 /0 oe(gt () di| <

j=0

K
7

The above claims (7), (8) and (9) follow from Birkhoff ergodic theorem and Oseledets’
multiplicative ergodic theorem.

By a result of Bonatti, Eskin and Wilkinson (see [BEW, Theorem 1.3]) under the
irreducibility assumption, any P-invariant probability measure v on P! (H) which projects
to the SL(2, R)-invariant probability measure @ on X is supported on the Oseledets
subspace of the top Lyapunov exponent and hence the identity (8) holds.

Let x € X be any point satisfying the assumption of the theorem. For any v € P! (H,),
let us consider the measures v, on P! (H) given, for all f € Cg (PY(H)), by the formula

1 T
v (f) = / T / f & (ro(v)) dt dmy (T, 6).
St 0

Let v be any weak* limit point (along a subsequence) of the above family of measures. The
measure v is P-invariant (invariant under the action of the maximal parabolic subgroup
generated by the diagonal subgroup and the unstable unipotent) and, by the hypothesis on
x € X, it projects to ;1 under the canonical projection P! (H) — X and hence the identity
(8) holds.

Let us now consider the map £ : I — Bj from the cylinder S; to the space of measures
on the compactification p! (H) of the bundle P'(H), given for every f € C O(I@’] (H)) by
the formula

1 T
L0 = fo Fe (ra(v)) dt.

Let Lo be any weak* limit of the push-forwards £, := (L), (7r,;) under the above maps.
By construction, for all £ € N, we have the identity

/ Fo dlo = lim [ F,, dL,

n——+00

1 T
= lim f —/ o0 (gt (ro(v)) dt drrn(T,H):/og dv =)y
s T Jo

n——+00

We claim that L, is supported on the closed subset C of g]{g -invariant probability measures
v on the sub-bundle P! (H) such that

/ opdv=Ax, forallfeN. (10)
P! (H)

In fact, by an argument similar to that of §3, it can be proved that L, is supported on
the set of all gﬂg -invariant measures on P! (H) which project to 1 under the projection
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P!(H) — X and, since Ay is the top Lyapunov exponent, for all such measures v on
P!(H), we have the inequalities in the formula (7), that is,

/U@dl)f)\.u forall £ € N.
It follows by definition that F,;, < A, on supp(Ls) and since, as proved above,
/ Fo,dLloo =Xy forall € e N,

it follows that L, is supported on the set C, as claimed.
From the above conclusion we immediately derive that, for every neighborhood V of
the closed subset C in the (metric) space B, we have

lilf o ({(T,0) € [1,+00) x I | L(T,0) £ V}) =0. (11)
n—+0o0
Since 1, ({oo}) = 0, it follows that for every € > 0, there exists T > 1 such that

1, ({(T,0) € [Te, +00) x I | L(T,0) ¢ V}) <€ foralln € N.

Let (Vx) be a basis of neighborhoods of  in By and let (¢x) be any summable sequence of
positive real numbers. There exists an increasing diverging sequence (7}) such that

7T, ({(T, 0) € [Ty, +00) x I | L(T,0) € Vk}) < ¢ foralln € N.
Let then Z be the set such that
ZN0 [T, Teg1) ={(T,0) € [Ty, Tyy1) x I | L(T, 0) € Vi}.

It is clear that by construction all weak limits of the family {£(T, 0) | (T, 0) ¢ Z} belong
to the closed set C (see its definition in the formula (10)) and hence, for all £ € N,

1 T
lim — Hyovy dt = Ay
a7, o¢(g, " rev) “

Finally, by the uniform approximation property stated in formula (9), we have

1
lim — log |gf = Ay
(im, 7 log 187 Wlgrx) = Au

It remains to prove that the limit of the sequence {r,(Z)} is equal to zero. Since 7, — (Séo,
it follows that, for any k € N, we have

lim m,([1,Ty) xI) =0,
n—+00
while, by construction, for all n € N, we have

li ZN0 ([T, N < 1l = 0.
k_ffoo”"( ([k+00)><))_k_:rfoojz>:k61

The statement of the theorem follows. O

We conclude the section by proving Corollaries 1.10 and 1.11.

https://doi.org/10.1017/etds.2020.87 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.87

Limits of geodesic push-forwards of horocycle invariant measures 2799

Proof of Corollary 1.10. The argument is similar to the proof of Corollary 1.7.

Let (7,) be any sequence of probability measures on [1, 4-00) which converges to the
Dirac mass at the point at infinity. Let ®; denote the normalized Lebesgue measure on the
interval / C T and let then () be the sequence of probability measures on [1, +-00) x [
defined as

T, =1, x ®p foralln € N.

By the hypothesis of the corollary that

’ 1)
w T—>+OOT/ |]| /(gtorG)*(x)dgdl

it follows that the hypothesis of Theorem 1.9 holds for the sequence (i;,).
Therefore, there exists a set Z such that lim,_, 4 7,(Z) = 0 and such that, for all
v € H, \ {0}, we have

1
li 1 =
(Jm log g/ (ro (V) g, (ry () =

From the above conclusion we derive that, for every sequence of probability measures (t,)
weakly converging to the delta mass at +o00 € [1, +00] and for every § > 0, we have

n—+

1
hm L (T X ®1)<{(t, o) | " log 18/ (ra (") lg, )y & o — 85 Ay + 5)}) =0. (12)

We claim that, for every § > 0, there exists a full-measure set F5 C I such that, for all
6 € Fs, we have

1 1

hgi{g Leb({t e[l,T]] " log |gf{(r9(v))|gt(r9(x)) E Ay —06,A, + 8)}) =0

Otherwise, there exists a positive-measure set Ps C I C T such that, for all 6 € P,
o1 1

lim inf —Leb({t e[l,T]| - log |g,H(r9(v))|gt(,9(x)) Ay —8, Ay + 8)}) >0
T—~+00 t

By the Egorov theorem, it follows that there exist a sequence of times (7,) and a
positive-measure subset Py C Ps C I such that the sequence

TinLeb({f €1, T,]| ; log |g;H(r9(V))|g,(r9(x)) g (hy — 38, Ay +8)}>
converges uniformly to a continuous positive function on Pj.

It is then possible to construct a sequence (t,) of probability measures on [1, +00),
weakly converging to the delta mass at +o0o € [1, +o00], which contradicts the conclusion
in the formula (12). Hence, the claim is proved.

For any (fixed) sequence (8,) converging to zero, let F; denote the full-measure set

defined as
]'-1 = ﬂ ]:5".
neN
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From the above claim it follows that, for all & € F and for all n € N, we have
| 1
lim inf —Leb<{t e[, T]| - log |g,H(r9(v))|g[(,9(x)) & Ay — Sns Ay + Bn)}> =0.
T—+o00 T t

In particular, for any sequence (€,) of positive real numbers converging to zero, we have
that there exist an increasing diverging sequence (7;) C [1, +o00) such that

1 1
F Leb({t €1, T, ; 10g |gtH(r9(V))|g,(r9(x)) ¢ ()"/,L — S, )LM + 3n)}) < €pn.
n

Such sequence can be constructed recursively as follows. For any finite increasing sequence
{Tx | k < n} and for any T,;“H > 0, there exists T, 11 > Tn*—i-l such that

1
: Leb({t e[l, Tn+1] | ? 10g |g{{(70(v))|g,(r9(x)) & ()"[L — On, )\p, + 8n)}> < €p+41-
n+

Let Zy be the set defined as follows:
1 H
Z@ = U T e [Tm Tn+1] : ; 10g |g; (rG(V))|g,(r9(x)) ¢ ()Lu. - 8}1» )"M + Sn) .
neN
Let us find under what conditions Zy has zero lower density. We have

n—1 n—1

Leb(Zs N[0, Ty]) < > Leb(Zg N [Tk Teg1])) < Y €1 Tir1.
k=1 k=1
It is therefore enough to choose the sequences recursively so that
1 n—2
— Z €x+1Tk+1 + €, — 0.

T,
n k=1

It is clear by the definition of the set Zy C R that, for 6 € F;, we have
.1 H
,lél?g 7 log 18" (ro (V)lg, ry (1)) = -

The argument is therefore complete. ]

Proof of Corollary 1.11. Let us assume by contraposition that there exists a positive-
measure set P C I such that, for all & € P, we have

> 0.

) 1

lim sup ‘— 1og |8/ (ro (V) g,(rs (x)) —
t——+00 t

This implies that there exist € > 0 and a set P, of positive Lebesgue measure such that the

following holds. For all 6 € P, there exists a diverging sequence (#,) = (#,(8)) such that,

for all n € N, we have

1
— log 187 (ro (V) gy, (o) — Au| = €.
n
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Since the cocycle is by hypothesis uniformly Lipschitz, there exists § > 0 such that, for all
te[(1=258)t0), (14 81,(0)], we have

>€/2

1
‘; 1og 187" (ro (V) g, (ry(x)) = M
and hence it is possible to construct a sequence of compactly supported measures 7, on

[1, 400) x I with smooth bounded density and conditional measure on T equal to the
Lebesgue measure, such that
> € /2}) > 0.

This contradicts the conclusion of Theorem 1.2 and hence the corollary is proven. (|

. 1
Er}rloo ﬂn<{(T, 0)/ ‘; log 12/ (re (V)| g o)) — Aie

n

5. Limits of geodesic push-forwards of horospherical measures

Let X be a stratum of the moduli space of Abelian differentials. Let {x denote the set of

all compactly supported probability measures on X supported on a leaf 7* (x) of the stable

foliation of the Teichmiiller geodesic flow such that the following properties hold:

(1) the measure is absolutely continuous with continuous density with respect to the
canonical affine measure on F*(x);

(2) almost all of its conditional measures along the stable Teichmiiller horocycle are
restrictions of Lebesgue measures along horocycle orbits.

In particular, we may consider the restriction of the canonical affine measure to a compact

subset of a leaf of the stable foliation.

By the results of Eskin, Mirzakhani and Mohammadi (see [EM] and [EMM]) and by
condition (2) above, we can deduce that for any horospherical probability measure v € Hy
there exists a unique SL(2, R)-invariant affine ergodic probability measure pu on X such
that, in the weak* topology, we have

1 T
lim — dt = .
P /O (8)+(V) g
By the argument explained in §2, we can then deduce that there exists a set Z C R of zero
upper density such that, in the weak™* topology, we have

};rrzl(gr)*(V) = 1. (13)

Our goal in this section is to prove Theorem 1.6.

Let ||-|lx denote the Hodge norm on the tangent space TX of an (affine)
SL(2, R)-invariant suborbifold X of the moduli space of Abelian differentials and let
dx : X x X — R denote the corresponding distance function. Let Lip(X) denote the
space of Lipschitz continuous functions with respect to the metric dx on X endowed with
the norm

/() = FO) |
11 = 1o + sup % forall f € Lip(X).
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We recall that by the Ascoli—Arzela theorem, for any compact set K C K aball Lip(X, R)
of radius R > 0 in Lip(X) maps under the restriction map Ry : CY%X) - CY%K) into a
compact subset.

Let F° denote the strong stable foliation of the (Teichmiiller) geodesic flow. For all
x € X, let D*(x, r) C F¥(x) denote the stable disk

D’(x,r):={y € F'(x) | dx(x,y) <r}.

Let Z7 : C%(X) — C%X) denote the averaging operator along the stable disks with
respect to the Hodge volume vol® on stable leaves, that is,

s — 1 s 0
Z,(Hx) := Yl D ) o fdvol® forall f e C'(X).

Let F"* denote the weak-unstable foliation of the geodesic flow. Let Lip”*(X) denote
the space of continuous functions which are Lipschitz along the weak-unstable foliation,
that is,

Lip"™*(X) := {f eC¥x) | sup sup LD SO +oo},
xeX yeFm(r)  dx(x,y)

endowed with the norm

I flLipew := [ flcocx) +sup  sup 1) = fFOI

for all f € Lip”“(X).
xeX yeFwu(x) dx(x,y)

We have the following immediate result.

LEMMA 5.1. For every r > 0, the averaging operator I} maps Lip”" (X) continuously
into Lip(X) and hence for any compact set K C X the composition

T¥ o Rk : Lip”"(X) — CY(X)

is a compact operator.

Proof. We can prove by an immediate estimate that the averaging map 7} maps the
Banach space Lip"*(X) continuously to the Banach space Lip(X) and, for any compact
set K C X, it maps Lip"*(K) := Lip”*(X) N C%K) into Lip(K) :=Lip(X) N CY(K).
By the Ascoli-Arzela theorem, the embedding Lip(K) into CY(K) is a compact operator.
Finally, the composition of a continuous (bounded) operator and a compact operator is a
compact operator. O

We finally prove the convergence of push-forwards of horospherical measures.

Proof of Theorem 1.6. By Lemma 5.1, the operator Z? o Rk : Lip**“(X) — C?(X) is
compact and hence the dual operator
(T o Rx)* : CY(K)* — Lip““(X)*

from the space CB (X)* of linear continuous functionals on C? (X) to the space Lip"* (X)*
of linear continuous functionals on Lip"“(X) is also compact. In particular, for any
weakly converging sequence (v,) C M(X) of probability measures on X, the sequence
R% (Z3)*(vy,) is (strongly) convergent in Lip”* (X)*. By construction, we have that for all
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t > 0, the pull-back operator (g—,)* : Lip”“(X) — Lip**(X) is a weak contraction, in the
sense that

If o g—tllLipwe < Nl fllLipwe  forall f € Lip™*(X)
and hence the dual operator (g;), : Lip”“(X)* — Lip"“(X)* defined as
(g)«W(f) :==v(fog—,) forallv € Lip”(X)* and for all f € Lip”*(X)
is also a weak contraction with respect to the dual norm || - ||fipwu on Lip"*(X)*:
18« Wl jpou < IVIfjpuee  forall v € Lip™ (X)™.

Let v be any horospherical measure supported on the stable leaf F*(x) at a point x €
X. Let pu denote the unique affine probability measure supported on the orbit closure
SL(2, R)x. As we have remarked above, see the formula (13), there exists a sequence (f,)
such that

(81,)+(v) = n in the weak™ topology.
Since v is a horospherical measure, it follows that
t_ljgrnoo 1(Z)*(gr)+(v) — (gt,,)*(V)II}iipwu =0
and hence, for any compact set K C X, we have
Jim IR (85)40) = Ry () [0 = 0.

Since (g;)« is a weak contraction on Lip”*(X)*, uniformly with respect to t > 0, we have
that

lim 1180« R (81,)(0) = Ry o) l[Ligee = 0.

Finally, since the set of all probability measures supported on horocycle arcs is tight (see
[MW] and [EMa]), for any € > 0 there exists a compact set K. such that

1(g)« R (81,5 (V) = (8144, M Mmex) = IRk, (81,05 (V) — (81,) Ml M) < €

and hence the measure u is the unique weak* limit of the set {(g;1s,)«(v)}, as
claimed. [l
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