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Abstract  We classify the five-dimensional C°° Anosov flows which have C'*°-Anosov splitting and
preserve a smooth pseudo-Riemannian metric. Up to a special time change and finite covers, such a flow
is C™ flow equivalent either to the suspension of a symplectic hyperbolic automorphism of T4, or to the
geodesic flow on a three-dimensional hyperbolic manifold.
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1. Introduction

Let M be a C*°-closed manifold. A C*°-flow, ¢;, generated by the non-singular vector
field X is called an Anosov flow if there exists a ¢;-invariant splitting of the tangent
bundle

TM=RX®Et®E",

a Riemannian metric on M and two positive numbers a and b, such that
vut € B, Vt>0, |Déxi(u)| < aett|lut,

where £~ and E7T are called the strong stable and strong unstable distributions of the
flow.

In general, E~ and E™* are only continuous. If they are both C*° subbundles of T'M,
then the Anosov flow is said to have smooth distributions. This case is rather rare (see,
for example, [14], [11] and [6]). Although the smoothness of these two distributions is
dynamically so strong a condition, it is still quite weak geometrically. So to arrive at a
classification result, one has to suppose in addition the existence of a smooth invariant
geometric structure. For example, in [6], the existence of an invariant contact form is
assumed.

If an Anosov flow preserves a C* pseudo-Riemannian metric, then by definition, this
flow is called geometric. In this paper, we consider the geometric Anosov flows with
smooth distributions.
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The classical examples of such flows are the suspensions of symplectic hyperbolic
infranilautomorphisms and the geodesic flows on locally symmetric spaces of rank one.
There exist also lots of non-classical algebraic models (see [19]), which makes a possible
classification of such flows quite interesting. In this paper, we obtain the classification in
dimension five.

In general, given an Anosov flow with C*° distributions ¢;, one gets a smooth 1-form
A, such that

MET) =0, MNX)=1.

It is called the canonical 1-form of the flow, which is easily seen to be ¢;-invariant.
Definition 1.1. rank(¢;) := 2(max{k > 0 | AFdX # 0}).

We call this even number the rank of ¢;. Here AFd\ denotes the exterior kth power of
d), and by convention, A°d)\ := 1. Note that rank(¢;) is just the rank of the 2-form dA
(see [16]). If ¢; is topologically transitive and its rank is 2k, then AFd\ vanishes nowhere
on an open-dense subset of M.

For all a € R, denote by [a] the biggest integer, which is smaller than a. If the dimension
of M is m, then the degree of Al™/2+1d\ will be bigger than m. So we have

rank(¢;) < 2[m/2].

In §2, we characterize the classical homogeneous models above by their ranks. More
precisely, we prove the following theorem.

Theorem 1.2. Let M be a C'*° closed manifold of dimension m and ¢, be a geometric
Anosov flow with C* distributions on M, we have

(i) ifrank(¢:) = 0, then up to a constant change of time-scale, ¢, is C*° flow equivalent
to the suspension of a hyperbolic infranilautomorphism;

(i) ifrank(¢:) = 2[m/2], then up to finite covers, ¢, is C*° flow equivalent to a canonical
perturbation of the geodesic flow on a locally symmetric Riemannian manifold of
strictly negative curvature.

A canonical perturbation of a smooth flow with generator X is (by definition) the flow
of the field X/(1 4+ (X)), where « is a C*° closed 1-form such that 1+ o(X) > 0. It
should be mentioned that Theorem 1.2 is just a more or less direct reformulation of the
results of [6], [4] and [17].

Although there exist algebraic models of geometric Anosov flows with rank between 0
and 2[m/2], none of them is of dimension five. In fact, the principal results of this paper
is the following theorem.

Theorem 1.3. Let M be a closed manifold of dimension five and ¢; be a geometric
Anosov flow with C* distributions on M, then

(i) either, up to a constant change of time-scale and finite covers, ¢; is C* flow equiv-
alent to the suspension of a symplectic hyperbolic automorphism of T#;
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(ii) or, up to finite covers, ¢; is C>° flow equivalent to a canonical perturbation of the
geodesic flow on a three-dimensional Riemannian manifold of constant negative
curvature.

In the appendix, two lemmas are proved, which are used in the proof of Theorem 1.3.
Lemma A.1 is about the completeness of a linear connection and Lemma A.2 is about
the time change of an Anosov flow with C*° distributions.

If M admits a geometric Anosov flow, then the dimension of M must be odd (see §2).
In dimension three, an Anosov flow with C'*° distributions is geometric if and only if
it preserves a volume form (see [13]). Such flows are classified by Ghys (see [9]). Here
Theorem 1.3 gives a classification for the case of dimension five. We should mention that
such five-dimensional flows are also studied in [11] with the purpose to understand the
contact case.

Beginning with dimension seven, we can find many algebraic models of geometric
Anosov flows, which are neither contact nor suspensions (see [19]). The situation will
then become much more complex and a classification is still out of reach at the moment.
Indeed, our proof of Theorem 1.3 is quite specific to the case of dimension five.

2. Preliminaries

2.1. Some generalities

Let ¢¢ be an Anosov flow with C* distributions on a C*° closed manifold M. Denote by
X the generator of this flow. For each C*° 2-form w on M, denote by Kerw the kernel
of w,ie Kerw:={y € TM | iyw = 0}. Let us first prove the following lemma.

Lemma 2.1. Under the above notation, ¢; is geometric, if and only if it preserves a C*
2-form with RX as kernel.

Proof. Suppose that ¢; is geometric. Denote by g a C'*° ¢-invariant pseudo-Riemannian
metric. Then by the Anosov property of ¢;, we get

g(X,E¥)=0, g(E* E*)=o0.
Let J be the section of T*M & T'M, such that
J(X)=0, Jwt)==+uF, vVuteE*

Then g(J-,-) is easily seen to be a C* ¢;-invariant 2-form, denoted by w. Since g is
non-degenerate, then so is w|g+qp-. Again by the Anosov property, we get ixw = 0. So
the kernel of w is RX.

Suppose that ¢; preserves a C*>° 2-form 6O, such that Ker ©® = RX. Then there exists
a unique ¢;-invariant symmetric (0, 2)-tensor g, such that

g(X’X):L g(X,ui):(),
g(u+au_) = g(u_au+) = @(u+,u_),

g(u®,vt) =0, VYuE ot e EE
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Since Ker © = RX, then g is non-degenerate. So g is a pseudo-Riemannian metric. Thus
¢¢ is geometric. ([

We deduce that the following Anosov flows with C* distributions are geometric.
(i) Contact Anosov flows with C°° distributions.
(ii) Suspensions of symplectic hyperbolic infranilautomorphisms.

(iii) Three-dimensional volume preserving Anosov flows with C'*° distributions (see
[13]).

In [19], Tomter constructed explicitly a seven-dimensional Anosov flow, which is indeed
geometric. By generalizing his ideas, we can then construct many non-usual algebraic
models of geometric Anosov flows. The following lemma gives another way to construct
such flows.

Lemma 2.2. Under the above notation, if ¢; is geometric, then for each C*° 1-form (3,
such that Lx d =0 and 8(X) > 0, the flow of X/B(X) is also a geometric Anosov flow
with C'* distributions.

Proof. Denoted by ¢f the flow of X/3(X). Then by Lemma A.2 proved in the appendix,
qﬁf is also an Anosov flow with C*° distributions.

Since ¢, is geometric, then by Lemma 2.1, it preserves a C*° 2-form w, such that
Kerw = RX. In particular, we have ¢xw = 0. Then

ide == ,Cxw —dixw =0.
Thus

Lx,w= ixﬁdw-i-dixﬁw =0.

s
So ¢tﬁ preserves also w and Kerw = RXg. Then by Lemma 2.1, ¢f is also geometric. [J

Let ¢; be as above and geometric. Since ¢; preserves a C*° 2-form w, such that Kerw =
RX, then w|g+gp- is non-degenerate. By the Anosov property of ¢;, we get w(E*, E¥) =
0. So Et and E~ are both Lagrangian subspaces of w|g+gp-. We deduce that Et and
E~ have the same dimension, denoted by n. So the dimension of M is odd.

It is easily seen that A A (A"w) is a ¢-invariant volume form. So ¢, is topologically
transitive (see [12]). Denote by v the probability defined by this volume form. Then
by the Multiplicative Ergodic Theorem of Oseledec, there exists a v-conull ¢s-invariant
subset A of M and a decomposition of TM|, into ¢-invariant measurable subbundles,

TM|s= @ Li,

0<i<k

such that for all u; € L;,
1 -1 . = ;
Jim ¢ log [ D6n(,)]| = .
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where L; is called a Lyapunov subbundle and y; its Lyapunov exponent. L; is also denoted
by Ly,.
The following lemma is due to Feres and Katok (see [11]).

Lemma 2.3. Under the above notation, if T is a C*° ¢-invariant tensor field of type
(0,7) and Zl<l<r Xi, # 0, then 7(L;,,...,L; ) =0.

2.2. Proof of Theorem 1.2

Let ¢; be a geometric Anosov flow with C°° distributions and suppose that ET is of
dimension n. Then by the previous subsection, we have m = 2n + 1, where m is the
dimension of M.

If rank(¢:) = 2[m/2](= 2n), then A"dA # 0. So the ¢-invariant C*° m-form A A
(A™d)) is not identically zero. Since ¢; is topologically transitive, then 3¢ # 0, such
that A A (A"dX) = ¢+ A A (A"w). We deduce that AA (A”dA) vanishes nowhere, i.e. Ais a
contact form. Then by the classification of contact Anosov flows with C'*° distributions
(see [6]), case (ii) of Theorem 1.2 is true.

If rank(¢;) = 0, then dA = 0. So ET & E~ is integrable. By Theorem 3.1 of [17], ¢;
admits a global section X' (a global section is by definition a connected closed submanifold
of codimension one which intersects each orbit transversally). Denote by 7 the first return
time function of X. Then the Poincaré map of X' is by definition ¢ := ¢,(.)(-). For the
sake of completeness, we prove in detail the following lemma.

Lemma 2.4. The previous Poincaré map 1 is a C°° Anosov diffeomorphism with C'*°
distributions, topologically transitive and preserving a C*° linear connection.

Proof. Recall that ET @ RX and E~ @ RX are called the unstable and stable dis-
tributions of ¢;. They are both integrable (see [12]). Denote by F™? and F~° their
corresponding foliations. Since X is transversal to X, then F19 N X gives a C™ folia-
tion on Y. Denote by E; its C'° tangent distribution. Similarly we denote by Ey, the
tangent distribution of 770N X.

Since F10 is ¢,-invariant, then the foliation F° N X is ¢-invariant. We deduce that
E; is 1-invariant. Similarly E7, is also 1)-invariant.

Fix a Riemannian metric on M. Since E* |y and EY. are both transversal to RX (along
X)), then we can project E; onto ET|x with respect to RX. Denote this projection by
PT. Since X is compact, then we can find two positive constants M; and Ms, such that

Milul < [PYull < Mellull,  Vu € EY.
For all z € X, take, u € (E;)l Then u splits uniquely as
u=Pf(u)+aX,, ack.
We have

(Dat)(w) = (De7(u) + 0) X y(a) + (Dar(a)) (P u).
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Thus

(le/))(U) = (P'Lzr(x))_l[(DI(ZST(CE))(P:,U)]'

So for all n € N,
(Det™) () = (P (1) ™ (Dabr(ayspr(yn-1a)) (Pa ).

We have a similar formula for Ey,. Now a simple estimation shows that 1 is an Anosov
diffeomorphism with C*° distributions, Eg and Ey..

Since ¢y is geometric, then it preserves a C'*° 2-form w whose kernel is RX. Restrict
w to a C° 2-form wy on Y. Then using the fact that ixw = 0, wy is seen to be
1-invariant. Since wy is non-degenerate, then ¢ preserves a volume form. We deduce
that v is topological transitive.

Now a direct calculation shows the existence of a C'*° t-invariant connection V on X,
such that

Vws =0, VEL CFi,
Vy+ YT = PE[YE YTF], vyt CEL
O

By [4] and the previous lemma, 1) is seen to be C°°-conjugate to a hyperbolic infrani-
lautomorphism. Then by Corollary 3.5 of [17], the integral manifolds of ET @& E~ are
compact. So we can take a leaf of E+ @ E~ as X. With respect to this section, the first
return time function is constant. Then Theorem 1.2 follows.

3. Homogeneity in dimension five

3.1. Remarks about rank 0 and 4

Now we begin to prove Theorem 1.3. Suppose that ¢; satisfies the conditions in The-
orem 1.3. Denote by X the generator of ¢; and by v its invariant volume form. By
Lemma 2.1, ¢ preserves a C 2-form w, such that Kerw = RX, i.e. w|g+gp- is non-
degenerate. Thus by Lemma 2.3, if a is a Lyapunov exponent of ¢; with respect to v,
then so is —a. Since M is of dimension five, then there exist only two possibilities for the
Lyapunov exponents of ¢;:

(i) —a<0<a,and
(i) —a< -b<0<b<a.
Lemma 3.1. Under the above notation, we have dw = 0.

Proof. Since w is ¢;-invariant, then

Lxw =0, ixw = 0.
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So
iX dw = EXw — din = 0,

i.e.

dw(X,-,-) =0.

If ¢; has only one positive Lyapunov exponent, i.e. case (i) above is true, then by
Lemma 2.3, dw = 0.

If case (ii) above is verified, then the Lyapunov subbundles are all of dimension one.
Again by Lemma 2.3, dw = 0. ]

The rank of ¢; can only be 0, 2 or 4. If rank(¢;) = 4, then by Theorem 1.2, ¢; is finitely
covered by a canonical perturbation of the geodesic flow on a three-dimensional locally
symmetric space of strictly negative curvature. But such a Riemannian space must have
constant negative curvature. So Theorem 1.3 is true in this case.

If rank(¢;) = 0, then by Theorem 1.2, up to a constant change of time-scale, ¢, is
finitely covered by the suspension of a four-dimensional hyperbolic nilautomorphism.
But in dimension four, such a hyperbolic nilautomorphism must be (T*, A), where A is
the induced application of an invertible hyperbolic matrix A in GL(4,Z). By Lemma 3.1,
A is in addition symplectic. So Theorem 1.3 is true in this case.

So to prove Theorem 1.3, we need only prove the non-existence of the case of rank 2.
In the following, we suppose on the contrary that there exists a rank 2 geometric Anosov
flow ¢; with C*° distributions on a closed five-dimensional manifold M. In §3.2 below,
this flow ¢; is proved to be homogeneous. Then in §§4-6, all the possible homogeneous
models are eliminated by some dynamical and Lie theoretical arguments.

3.2. Homogeneity in rank 2
Denote by A the canonical 1-form of ¢;. Since rank(¢;) = 2, then

dA#0, dAAdA=0.

Define U := {x € M | (d\); # 0}. Since ¢, is topologically transitive and preserves d,
then U is a ¢;-invariant open-dense subset of M. Denote by 7 the projection of T'M
onto M. We define

Ey={ye EY®E |i,d\=0, n(y) € U}

and
Ef = B, nE*

Since ¢; preserves d\, ET and E~, then E1, Ef’ and E7 are all ¢-invariant.

Lemma 3.2. E; is a two-dimensional C* subbundle of TM|y;. Ef" and E| are both
one-dimensional C* subbundles of TM|y. In addition, Ey = Ei ® E .
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Proof. Since dA\(X,-) = 0, then we view d\ as a section of (ET @& E~)*. For all z € U,
we have (d\), # 0. So near x, we can find C* local sections of ET @& E~, Vi and Vs,
such that

AA(V1, Vo) = 1.

Denote by V' the C°° local distribution spanned by Vi and V5 and denote by V+ the
orthogonal of V' with respect to dA|g+gp--
Since d\|y is non-degenerate, then

Vvt =/{o}.
For all u € E* @ E~, such that 7(u) near z, the following vector is contained in V=:
Pu) i=u—dA(u, Va(r(w))) - Vi(m(u)) = dAA(Vi (7 (w)), w) - Va(m(u)).
So we deduce that locally
EteE =VaeVh

In addition, we see that the projection of ET @ E~ onto V= with respect to this direct
sum decomposition is C*°. So V' must be also C°.
Since d\|y is non-degenerate and dA A d\ = 0, then

d)\|vl =0.

Thus locally
B =V*

In particular, F; is C* and two dimensional. Since dA\(E*, E¥) = 0, then for all u € Ey,
its projections to £+ and E~ are also contained in E;. Thus

E,=Ef ¢ E;.

If for some z in U, (E; ), is of dimension two, then (d)), will be zero, which contradicts
our assumption. Thus Efr and E] are both of dimension one. In addition, they are
evidently C°°. O

Lemma 3.3. Under the above notation, the Lyapunov decomposition of ¢, is smooth.

Proof. By definition, the Lyapunov decomposition of ¢, is called smooth, if there exists
a C> decomposition of TM and a ¢-invariant v-conull subset A of M, such that the
Lyapunov decomposition is defined on A and coincides on A with this C>° decomposition.

If ¢; has only one positive Lyapunov exponent, then its Lyapunov decomposition is
just the restriction of that of Anosov onto a v-conull subset of M. Since ¢, has C*
distributions, then the lemma is true in this case.

Suppose that ¢; has two positive Lyapunov exponents b < a. Then there exists a
v-conull subset A of M, such that

TM|y=L7® Ly @ Ly & L7 ®RX,
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where LT and LF are the Lyapunov subbundles with exponents £b and +a (see §§2.1
and 3.1).

Since U is a ¢¢-invariant open-dense subset and the flow is v-ergodic, then U is v-conull.
Sov(UnNA)=1.

Take z € UN A and IF € (LF),, i = 1,2. By Lemma 2.3, we have

AN({, 1) =0, dA(y,ly) =0.

Since (d\), # 0, then we must have dA(I{,17) # 0 or dA(IF,15) # 0.

Suppose that dA(15,15 ) # 0. Since dA A dA = 0, then we must have dA(I], 1) = 0. So
I € (Ef)s, ie. (L) = (B ). Similarly, we get (L] ). = (B} )z

Since w|p+gp- is non-degenerate and w(lf,l;) = 0, then w(lf,17) # 0. We deduce
that (dA A w), # 0. So A A dA A w is not identically zero. Then by the topological
transitivity of ¢;, 3¢ # 0, such that

ANAdAANw=c- A wAw.

So A A dA A w is nowhere zero. We deduce that d\ vanishes nowhere and U = M. In
particular, F; and E1i are all C'*° subbundles of T'M.
So, by the arguments above, for all z € A, (E), = (LT), or (LF),. Define

Ai={ye A| Ef(y)=LF(y)}, i=1.2.

Then A; and Ap are both measurable and ¢;-invariant. So one of them is v-conull.
Suppose that v(A;) = 1. Then we have Eif|, = LE|4,.
By Lemma 2.3, we have on A,

LT = [Ker(v — w(LT,v))] N E*.
Define two ¢;-invariant C'°*° subbundles of T'M as follows,
Ef = [Ker(v — w(EF,v))] N E*.

Then we have E2i |4, = L2i| A, - S0 the Lyapunov decomposition coincides on a conull set
with a C*° decomposition of T M.
If v(Ay) = 1, then a similar argument works. O

Remark 3.4. If ¢; has two positive Lyapunov exponents, then by the proof of
Lemma 3.3, we have four C*° line bundles on M, EF and E3. We shall call

TM =RX @ Ef ® Ef @ Ef ® E;

the C*° Lyapunov decomposition of ¢;. The Lyapunov of the corresponding Lyapunov
subbundles of Elij are called, respectively, the Lyapunov exponents of Elﬂfz. EljE are also
denoted by E =, where af are the Lyapunov exponents of Eli If a is not a Lyapunov
exponent of d)t: then by convention, E, := {0}.

If ¢; has only one positive Lyapunov exponent, then the C*° Lyapunov decomposition
of ¢y means TM = RX §ET ¢ E~.
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Now we can construct a C° connection V, adapted to our situation.
If the flow has two positive Lyapunov exponents, then there exists a unique C*° con-
nection V on M, such that

VX=0, Vw=0, VEfCE
VysYF = PRV Y, vi,j € {1,2},
ViV = (X YE £aYE, W C L,
where a; denotes the Lyapunov exponent of Ej and Pii represent the projections of T M
onto E.

If ¢+ has only one positive Lyapunov exponent a, then we get a similar C*° connection
V, such that

VX =0, Vw =0, VE* C E*,
Vy:YT = PTYE YT,
VxY* = [X,Y¥]£aY*, VYT CE*
where P* represent the projections of TM onto E*.

If a transformation of M preserves X, w, and the C°° Lyapunov decomposition, then
it preserves also V. In particular, V is ¢;-invariant.

Lemma 3.5. Under the above notation, if K be a C*> ¢,-invariant tensor field of type
(1,1) on M, then K(E,,,...,FEs,) C Eq,+...tq,, where a1, ..., a; are arbitrary Lyapunov
exponents of ¢,. In addition, we have VK = 0.

Proof. By the same arguments as in Lemma 2.5 of [5], we get for arbitrary Lyapunov
exponents, ai,...,a,
K(ECLU R} Eal) g Ea1+...+al.

Now let Z1,...,Z; be the sections of the smooth subbundles, E,,,..., E,. We have
(VxK)(Z1,...,2))
=Vx(K(Zy,...,2Z))) — Z K(Zi,...,.NxZs,...,2Z))

1<Kl

= X, K(Z1,.... 7)) + ( 3 ai>K(zh...,Zl)—K([X,Zl]+alzl,.,,)+...

1<il

= X, K(Z1,...,2)) = Y K(Zi,....[X.Zi],..., Z)

1<l
= (LxK)(Z1,..., %) =0.

So Vx K = 0. Since VK is a ¢-invariant tensor of type (1,1 + 1), then we have

(ano K)(Eau AR Eaz) - an+~“+az'
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Since for all a € R, VE, C E,, then
(Ve K)(Eays- -3 Eay) C Eaytootay-
So if ag # 0, we have VEQOK = 0. We deduce that VK = 0. O

Denote by T the torsion of V and by R its curvature tensor. Then by the previous
lemma, we have

VI=0, VR=0, T(Eas Ea)C< Eqta,-

If a1 + as # 0, then
R(E,,,E,,) =0.

Denote by M the universal cover of M and by V the lifted connection of V. Then we
have the following lemma.

Lemma 3.6. Under the above notation, the group of V-affine transformations of M,
which preserve X, @, and the lifted C'*° Lyapunov decomposition, is a Lie group acting
transitively on M.

Proof. By Proposition 2.7 of [5], the V-geodesics, tangent to ET or E~, are complete,
i.e. defined on R. Since VI' = 0 and VR = 0, then by Lemma A.1 proved in the appendix,
V is complete. So V is also complete.

Recall that F, := {0}, if a is not a Lyapunov exponent of ¢;. For all a € R, denote
by P, the projection of TM onto E,. Since VE, C FE,, then P, is @—parallel. Thus
{X , W, Pa}aeR is a family of @—parallel tensor fields. In addition, an application preserves
{Pa}aeR, if and only if it preserves the lifted C*° Lyapunov decomposition. So the lemma
follows from the following classical result (see [15]).

Let N be a simply connected manifold, V1 be a complete connection on N and S be a
family of parallel tensor fields. If ViRYV* = 0 and VTV* = 0, then the group of V1-affine
transformations which preserve S is a Lie group and acts transitively on N. |

In the sense of the previous lemma, ¢; is called homogeneous. In particular, we deduce
that d\ vanishes nowhere. So on M, we have always two C'°° ¢;-invariant line bundles
Ef and Ey, which are quite essential for the following discussions.

4. The case of two positive Lyapunov exponents

4.1. Preparations

Now we begin to eliminate the possible homogeneous models. In this section, we suppose
that ¢; has two positive Lyapunov exponents. Then by Remark 3.4, we have

TM =RX@®Ef ® Ef ® E] @ E; .

Up to a constant change of time-scale, we suppose that the Lyapunov exponents of Efr
and B are, respectively, 1 and a.
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In this case, the underlying geometric structure of our system is
g = (X,Ef,Ef B[ Ey,w).

Let G’ be the isometry group of §; and I' be the fundamental group of M. By Lemma 3.6,
G’ acts transitively on M. The group I is contained as a discrete subgroup in G’. Fix
z € M and denote by H’ the isotropy subgroup of z. Let H ! be the identity component
of H'. Then we have the linear isotropy representation

H' <& GL(T,M)
h s Dyh.

Since each element of H' preserves V, then i is injective. For all h € H/,
Dh(X,) = Ko, Duh(EF) C B

So in the following, we identify i(h) with its restriction to (E+ @ E™),.
Take a basis (I3, 11,15 ,17) of (E+ @ E7),, such that lfQ € (EfEQ)x Since each element
h of H! preserves g, then we have

0 0 0 1/

So i(H!) is contained in a closed subgroup of GL(T, M), which is isomorphic to R2. So
we can identify H! with i(H.) and we deduce that H/ is isomorphic to 0, R or R?. In
any case, we have m (H.) = 0.

Let G’ be the connected component of the identity of G’. Then it acts also transitively

on M. Using the long exact sequence of homotopy, we get easily
H =H NG, m(GL) =0.

Since M = G'/H’, then M admits naturally a real analytic structure. Since the geo-
metric structure g; is G'-invariant, then g; is real analytic. Thus by [1] (see also [7]), the
local Killing fields of g1 can be extended to global ones. Since V is in addition complete,
then H' is easily seen to have finitely many connected components. We deduce that G’
has also finitely many connected components. So up to finite covers, we can suppose that
I CaG..

Denote by g’ and b’ the Lie algebras of G’ and H'. For all u € g’, we have an induced
C* Killing field on M,

Y*: M — TM,

tu

a— —| e
dtl,_,
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Since V is complete, VR = 0 and VT = 0, then we have the following classical identifi-
cation of vector spaces (see Theorem 28 of [15, Chapter X])

jigd S T,May
urs (Y2), (Vyw — Lyw)|a),

where b’ has been identified with Di(h’) under Di. )
Pushing forward by j the Lie algebra structure of g’ onto T, M @ §’, we have for all
u,v € T,M and A, B € §’,

[u,v] = =T (u,v) — RY (u,v),
[A,u] = Au,
[A,B]=AoB—BoA.

Denote by u the generating vector of the 1-parameter subgroup {qzt}teR of G’. Then
Y* = X. Under the identification j, we have

u=X, + (P — P +aPy —aPy)cT,Ma¥.
If Lo :=u — X, then Ly € h’. We deduce that h’ =R or R2.
Lemma 4.1. Under the above notation, E; ®E; and Ef ®Ey ®RX are both integrable.
Proof. Let Y, Z be two C™ sections of E}” @ E, then
0=d\Y,Z) = -\[V, Z2)).
So [Y, Z] is a section of ET & E~.

’L'[yz]d)\ = (Lyiz —izLy)dA
= —’iz(diy + iy d) dA
=0.

So [Y, Z] is also a section of Ef" @ Ey . Thus Ef” @ Ey is integrable.
Since Ey and E, are both ¢s-invariant, then [X, E] C EX. Define two tensor fields
K* of type (1,2) on M, such that

K*(Y,2) = PE|PS(Y), Py (Z)], VY,ZCTM.
Then K* are both ¢-invariant. By Lemma 3.5, K*(E;, E; ) C RX. So we have
[Ey,E5| C ESf @ E; ®RX.
Thus By @ E; ©RX is integrable. g

Up to finite covers, we suppose that £t and E~ are both orientable. The connection
V induces a connection V*t on A2E™*. Denote by 27 its curvature form and by 3% its
connection form. Then we have

Q+('a ) = TI‘(R(~, ')‘E”r)a d/6+ =0t
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Lemma 4.2. dAAA QT =0, 2T ANRT =0, 2T Aw=0.

Proof. Since 27 is ¢-invariant and the flow is topologically transitive, then there exists

a constant ¢, such that
ANAANART =c- AN wAw.

So

c/ )\/\w/\w:/ AAAIA 2T
M M

:-/ AV A dAA G
M

= AANAAA BT
oM
=0.
So ¢ = 0. We deduce that
AAA2T =ix(AAdAA2T) = 0.

In the same way, we get 21 A 27 = 0.
FANQTAw=5-AAwAuw, then

s/ )\/\w/\w:/ BT AN w.
M M

IEANAAAWw =6 - AAwAw, then

BTAAANAw=6-BTANwAw
=6 BT XA AwAw.

By the same argument as in Lemma 2.3.3 of [6], we get
/ BHX)AAwAwW = 0.
M

Sos=0,ie 2Tt Aw=0. O
Lemma 4.3. Under the above notation, we have 27 = 0.

Proof. In the direction of X, the situation is always clear. So in the following, we
consider only the restrictions onto E+ @ E~ of the forms and endomorphisms.

Since w|p+gp- is non-degenerate, then we can find a section ¢ of End(E+ & E ™), such
that

Q+('7 ) = WW()’ )

For all y € M, take lf2 € (Elig)y such that (13,1, 15,1;) forms a dual basis of w,, i.e.

w(l;',l;) = w(l;r’ll_) =1, w(lg_vll_) = W(l;r’l;) =0.
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If 4, (1) = 0, then in this basis, we get

¢y:

oo W
oo oo
[l el )
oy o o

Since 27 Aw = 0, then Trey = 24 = 0. By Lemma 2.3,

0= 02 (13,17)
= w(l,17)
=B -w(f,Iy).

So B = 0. Thus v, = 0.
Now suppose that ¥, (I]) # 0. Since 2+ A 27 = 0, then det(¢p,) = 0. So

Jyi = aly + 015, a#0,

such that v, (y;") = 0. Then in a dual basis with respect to wy, (y;, 1, y7,27), we have

d)y:

co W

oo oo
N o o o
Do oo

As above, we have Tr(¢,) = 2B = 0. By Lemma 2.3,

0=027(7,1)

= w(Ay;r, l;)
=A-a- -w(f,ly)
=A-a.
So A = 0. We deduce that ¢ =0, i.e. 27 =0. O
Define the following map
g SR,

Since 21 = 0, then Y is a character of g’. So the kernel of  is an ideal of g’, denoted

by g,
We have seen that b’ is isomorphic to R or R2. In the following, these two cases are

considered separately.
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4.2. dim b’ =

In this subsection, we suppose that dim b’ = 1. To prove the non-existence of such a
flow, we shall at first calculate explicitly g’ using the lemmas established in the previous
subsection. Then we shall get a contradiction via the non-existence of co-compact lattice
in R? x SL(2,R).

Since Lo € b (see §4.1), then h’ = RLg. To simplify the notation, we identify T, M
with T, M. Thus we have

9/ =T,M oY,

Denote by g the kernel of x (see §4.1). Then g is an ideal of g’. Since x(Lg) =1+a > 0,
then we have g = T, M. Recall that the Lyapunov exponents of Ef’ and E; are 1 and a.
Now we can find explicitly g as follows.

Since g (= T, M) is an ideal of ¢, then for all u,v € T, M,

[u,v] = —=T(u,v) — R(u,v) € T, M.
Thus R(u,v) =0 and [u,v] = =T (u,v).
Take a basis of T, M, (X, 13,1, 15,17), such that I, € (Ef,), and dA(I3,1;) = —1.
Extend le to local sections of EfQ, denoted by l_lig. By the definition of V, we get

[(Xo, 5] = —T(X.,15) = FIF.

Similarly,
(X, 5] = Fal3.

Since Ef' @ L7 is integrable by Lemma 4.1, then we get

=— (P [If 7]+ PO, ) = 10 15))
=0.

Similarly, we get
[l;’ lQ_] = Xa.

Lemma 4.4. Under the above notation, we have 1 < a.
Proof. Suppose that 1 > a. Then by Lemma 3.5, we have
T(Ef,Ey) C E1_,.
If 1 —a#a, then [If, ;] = =T(lf,l;) = 0. If 1 — a = a, then 3b € R, such that
17.15) = b1f.

So in any case, 3¢ € R, such that [I{,1;] =c- 3.
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Since T(E;{, Ey) C E14q = {0}, then [I],15] = 0. By the Jacobi identity of I], [J and

5, we get
0= [ I 05T+ 0 0 8]+ D 060
= [, e I+ [T, - X,
= —l?_7
which is absurd. O

Since a > 1, then we can suppose that [If,1;] = ¢ and [I],1F] = d-If. Again by
the Jacobi identity of I], I and I;, we have

So ¢-d = —1. Now replacing I; by (1/c)l; and I by c- 1, we get the following bracket
relations of g:

[Xo, ] = U, [Xaly] = Faly,
[l;r’ll_] =0, [ZT’ZQ_] = ll_a
[ll_’l;_]zflih [l;—’l;]:Xﬂﬂ'

The brackets, which have not appeared in these bracket relations, vanish by Lemma 3.5.
Since [If7,1;] = 7, then E;_, # {0}. We deduce that a = 2. Thus by the bracket
relations above, we get clearly
g = R? xs((2,R),

where the semi-direct product is given by matrix multiplication.
It is easily seen that the centre of g’ is R(X, + Lo). Thus we have the following direct
product decomposition
g 2 g R(X, + Lo).

Let G be the connected subgroup of G, integrating g. Since G’ is simply connected
(see §4.1), then G is also simply connected and G, = G xR, where R integrates R(X,+Ly)
in G.,. Thus we get

—_~—

G = R? x SL(2,R).

It is easily seen that G acts tramsitively on M. Then by the long exact sequence of
homotopy, G N H is seen to be connected. So G N H, = {e}, i.e. G acts freely on M.
Thus G is identified to M.

Up to finite covers, we have I' C G. (see §4.1). Let I be the projection of I" into
G, with respect to the direct product G, = G x R. Since 21 = 0, then by the general
arguments of § 5 of [5], I} is seen to be a co-compact lattice of G. Now we eliminate this
case by proving the following lemma.

—_~—

Lemma 4.5. R? x SL(2,R) has no co-compact lattice.
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Proof. Suppose that there exists a co-compact lattice, denoted by A. Define A; :=
ANR? and denote by A, the projection of A to SL(2,R). Then by Corollary 8.28 of [18],
Ay is a co-compact lattice of R? and A, is a lattice of SL(2,R).
Denote by 7 the natural projection of SL(2,R) onto SL(2,R). Then 7(As) preserves
the lattice Ay for the linear action. So m(As) is conjugate to a subgroup of SL(2,Z).
Since A is co-compact, then m(Asg) is also co-compact. We deduce that SL(2,Z) is
co-compact in SL(2,R), which is absurd. O

4.3. dimbp’ =2

In this subsection, we suppose that dim§’ = 2. To prove the non-existence of such a
flow, we shall at first find g’. Then we shall study the action of the fundamental group
of M on the space of lifted weak unstable leaves to deduce a dynamical contradiction.

Define S := P;* — P;t — Py + P;. Then b’ is generated by S and L (see §4.1). Since
x(S) =0, then we have g = RS & T, M.

As in the previous subsection, we suppose that the Lyapunov exponents of Ef“ and
Ef are 1 and a. Take a basis of T, M, (X,,l3,l{,15,17), such that lfz € Efz and
d\(3,l1;) = —1. Suppose at first that a > 1. Then by the same argument as in
Lemma 4.4, we can find ¢ and d, such that

[lrvlg]zc'lf’ [lf,l;]Zd-lf.
By the Jacobi identity of S, [ and I, , we get

0=1[S, [, N+ 17, 15, 81 + 12, [S, 1))
=3c-1.

Thus ¢ = 0. Similarly we get d = 0. If a < 1, then we can find ¢’ and d’, such that
[lf,l;]:c/~l;, [ll_al;]:d/'lz_'

Thus by the Jacobi identities, we get as above ¢’ = d’ = 0. We deduce that

[lfJ;]ZO, [l;7l;r]20'
Now by similar arguments as in the previous subsection, we get the following bracket
relations,
[Sv lli] = :Flliv [Sv l2i] = iléta
(Lo, 1] = £, [Lo,l5] = +al3,

[X:m lit] = :Flitv [an lg:] = :Falg:a
(15,05] =X, —S.

The brackets, which have not appeared in these bracket relations, vanish. Define three
elements:

a._L()‘FS 6._L07a5 5_X7;*S
T oa41’ Tooa+1 Toa+1
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Then g’ is decomposed as a direct product of three ideals,
g = (R oRlf ©RB) @ (Rif @ Ri; ®RS) dR(J + ).
Then by the bracket relations above, we get
g = (R* xR) x sl(2,R) x R,

where the semi-direct product, R% xR, is given by the linear action on R? of the order-two
diagonal matrices of trace zero. Since GY, is simply connected, then we have

—_~—

G = (R? xR) x SL(2,R) x R.

Now we begin to study the action of I" on the space of lifted weak unstable leaves. Let
us recall at first some notation.

Let ¢y be a C> Anosov flow on a closed manifold N. Denote by v its lifted flow
on the universal covering space N. Denote by FT the lifted foliation of F+: and by
N /‘7}*0 the space of lifted weak unstable leaves with the quotient topology. Thus the
fundamental group 71 (V) acts naturally on N / FH+0 The following lemma has appeared
in some special contexts (see, for example, [6] and [3]). For the sake of completeness, we
prove it in detail.

Lemma 4.6. Under the above notation, if v € w1 (N) and v # e, then each ~-fixed point
of N/F+9 is either contractive or repulsive.

Proof. Suppose that W;’O is fixed by . Then 3t € R, such that
W =W,

If t = 0, then we can take a curve [ in W+, such that [(0) = z and [(1) = yz. If s < 0,
then ¢, (7 (1)) will be tiny, where 7 denotes the projection of N onto N. Thus ¢ (m (1)) is
homotopically trivial. We deduce that 7(l) is also homotopically trivial, i.e. v = e, which
is a contradiction. So t # 0.

By replacing v by y~! if necessary, we suppose that ¢ < 0. We can see as follows that
W0 is y-contractive.

Fix a C*° Riemannian metric g on N. Denote by g the lifted metric on N. By [2], the
induced metrics on the leaves of 10 are all complete. Thus with its induced metric, W
is a complete metric space. Since v acts isometrically, then v~ o gb?nt is a contraction of
W;‘ , if n > 1. Thus it admits a unique fixed point in W; , denoted again by x. So we
get

YT = ¢,
i.e. the orbit of x is fixed by ~.

Denote by U the saturated set of VV; with respect to F1:0. Then by the local prod-
uct structure of qNSt, U is open. Thus the projection of WI_ into ]\7/}"*"0 is an open
neighbourhood of W;°, denoted by U. For all y € W, we have

nyr/+,0 _ 171 +.,0
VW =W e )
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Since vz = ¢z, then (é_nt oy™)(z) = x. So

(—nt 0™ (¥) el

We deduce that

So «y contracts on U. O

Now return to our geometric Anosov flow ¢;. Denote by P! the stabilizer of W in G..
Then H! C P! and P! is easily seen to be connected. So G,/ P/ is identified to M /F+0.
Define

pt :=RX, ®h ORI @RI

Then pT is the Lie algebra of P, and P! is seen to be closed in G. Since G, is simply
connected (see §4.1), then by the long exact sequence of homotopy, we get 71 (G~ /P.) = 0.

Define G := (R? x R) x SL(2,R) x R and denote by P! the connected Lie subgroup
of G! with Lie algebra pT™. Then G!/P! is naturally identified to R! x S'. Denote by =

the projection of G, onto G and by P! the group 7~ (P2). Then we get
G./P! =G./P} =R' xS\

We deduce that G /P, 2 R! x RL.

Since ¢; preserves a volume form, then the periodic points of ¢, is dense in M. Take
gH! € G'/H! (= M), such that its projection in M is of period T. If ¢r(gH.) = gH_,
then each orbit of ¢, is periodic by the homogeneity of ¢;. We deduce that each ¢-orbit
is periodic, which contradicts the topological transitivity of ¢;. So &T(gH;) # gH!.

Now take v € I' (C G), such that v(gH.) = ¢r(gH’). Then we have v # e and
3h € H], such that

v = g(h-exp(T(X, + Lo)))g "

Since ~ fixes the orbit of gH, then it fixes gP, and gP/. So by Lemma 4.6, the y-action
on G /P! admits at least an isolated fixed point. Then by some direct calculations, the
corresponding y-action on R! x St (=2 G /P!) must be as follows:

R! x S' L R! x S!,
(%)

(y; [u]) = (™Y + d, [Au]),

where ¢ # 0 and A is a matrix with two different positive eigenvalues. Here S* is viewed
as the set of directions, i.e.

St {ju] |[ueC*, u~v & u=tv, t>0}.

Then GL(2,R) acts on S* by matrix multiplication.
Up to an isomorphism of covering spaces, the projection of G,/P. onto G. /P! is as
follows:

R! x R! — R x S,
()

(z,0) = (=, [e"]).
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Since the vy-action on G. /P, is just a lift of the y-action on G, /P/, then by (x) and (xx),
we clearly see that on G.,/P!, v admits either a saddle or no fixed point. We deduce that
~ admits a saddle on G,/ P/, which contradicts Lemma 4.6.

5. The case of one positive exponent and dA A w Z 0

5.1. Preparations

In this section, we suppose that ¢; has only one positive Lyapunov exponent and dAAw #
0. Up to a constant change of time-scale, we suppose that this positive exponent is 1. By
Lemma 3.6, d\ A w vanishes nowhere. So w|E;r@E1— is non-degenerate. As in Lemma 3.3,
we define
Ef = [Ker(v — w(EF,v))] N E*.
Then Fy and Ej are both ¢-invariant C* line subbundles of TM.
In this case, the underlying geometric structure is

go = (X, BT, B w).

Denote by G’ the isometry group of o. Then by Lemma 3.6, G’ acts transitively on M.
Fix z € M and denote by H’ the isotropy subgroup of z. Because of the existence of E;E,
some arguments of §4.1 pass through without change. In particular, we get that H. is
isomorphic to 0, R or R? and G, is simply connected.

Denote by g’ and §’ the Lie algebras of G’ and H'. By using the connection corre-
sponding to the case of one positive Lyapunov exponent, we have a similar identification
of g/ and T, M ® ¥ as in §4.1. To simplify the notation, we identify T, M with T, M. If
Ly := Pt — P~ then we get Ly € h’. So b’ =2 R or R2.

Lemmas 4.1 and 4.2 are also valid here. But the proof of Lemma 4.3 does not pass
through in the current case.

5.2. dimbp’ = 2
In this subsection, we suppose that §’ is of dimension two. So if we define
S:=P —Pf—-P; + P,
then b’ is generated by S and L.
Lemma 5.1. Under the above notation, we have 21 = 0.

Proof. As before, we consider only the restrictions onto E* @& E~ of the forms and
endomorphisms. Take a dual basis with respect to wz| g+ g g+, (15,11 ,15,17), such that
lfQ € EﬁQ and d\(Il7,l;) = —1. Extend locally these vectors to the sections of Ei27
denoted by l_li’z. Then we have

=d\(I, 1) - X,
=0.
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Similarly, we have T'(I{,17) = 0 and T(l5,l5; ) = —X,. Thus we get the constants, such
that

[lrvl;] = G’S+ bLOa
[lf,l;] =ad'S+b Ly,
(15,15] =X, +a"S+V'Ly.

As before, we have
[lita lg:] =0, [Xfﬁv lit,Q] = :Flit,Q'

By the Jacobi identity of I], I and I, we get

0= 0, G+ 03 0 1)+ s, 11 5]
=, Xe +a"S+b0"Lo) + [I5,—a'S — V' Lo
=1+ad" =)+ (d + V).

So a’ +b' = 0. By the Jacobi identity of I5, I and I, we get a’ — b = 0. So [I],15] = 0.
We deduce that 2% (I,1;) = 0.

Define ¢ as in Lemma 4.3. View v, as a matrix in the basis above, then we get
(V)10 = 2F(],15) = 0. Since 21 A QT = QT Aw =0, then det) = Trep = 0. So we
get

wz:

oo myo
oo oo
oo oo
oo o

For all h € H!, h preserves 27 . If 1, # 0, then the matrix of D,k must have the following

form:
c 0 O 0
d ¢ 0 0
D,h =
* 0 0 1/c —d/c?
00 0 1/c

But h preserves also the subbundles, EfQ. So d = 0. We deduce that dim b’ = 1, which
is a contradiction. So we get ¥, = 0, i.e. 27 = 0. Then by homogeneity, 21 = 0. O

With the help of the previous lemma, we can define as in §4.1 a character x of g'.
Then by similar calculations as in §4.2, g’ is seen to be the same as that of §4.3, except
that @ = 1 here. But in §4.3, we have found three elements, «, # and 9, which have
eliminated the effect of a on the structure of g’. So we get here the same G, and H/ as
in §4.3. Thus the same arguments prove the non-existence of this case.
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5.3. dimp’ =1

In this subsection, we suppose that dimb’ = 1. So g’ = RLg ® T, M. Take a basis
(X, 13,1 ,15,17) of T, M, such that Ii, € (Ef,), and dA(lf,l;) = 1. Since Ef and
E5 are both of dimension one, then there exists a well-defined smooth function f, such
that

d)‘|E;@E; = f'W|E;@E;-
Since d\, w and E2i are all ¢;-invariant, then f is also ¢;-invariant. We deduce that f is

constant. So if we multiply w by a constant, (l;‘,lf‘, l5,17) can be supposed to be dual
with respect t0 wy|p+q - Using the Jacobi identities, we get directly (see §4.2)

(Lo, 1T5) = +IT,,
(Xo, 1E5] = Fis,
[15,15] = — X, — L.

The brackets, which have not appeared in these bracket relations, vanish.
Define o := X, + Ly and

g=Ra® Ry ORI ORI, ORI .
Then we get
g/ =g x RLg.

Denote by G, the connected Lie subgroup of G’ with Lie algebra g. Since G, is simply
connected, then so is G.. Thus by the bracket relations above, we get

G, = R? x Heis,

where ‘Heis’ represents the three-dimensional Heisenberg group. In addition, we have
GL = G, x H.. So G, is naturally identified to M as follows:
P Ge ™ M,
g gx.
Define wy := ¢*w. Then w; is a left-invariant 2-form on G.. View lfQ as left-invariant
vector fields on G.. Then RIS @ RI] and RI; @ RI; are identified to E+ and E~. The

corresponding flow on G, is given by the left-invariant field . So the corresponding
geometric structure on G, is given by

g3 = (o, RIf @RI RI] @RIy, w1).

In addition, by the identification of g’ with b’ @ T, M, (I3, 1,15 ,17) is dual with respect
to wq.
For all ¢,d € R, define an endomorphism of g, pj, such that

p4(IF) = e*°If,
py(ly) = ey,
pala) =a
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Then {pS}c der gives a two-parameter family of Lie algebra automorphisms of g. The
corresponding isomorphisms of G, form a Lie group isomorphic to R2. Then we observe
easily that its action on G, preserves gs and fixes e. We deduce that dim(H/) > 2, which
is contradictory to the assumption that dim b’ = 1.

6. The case of one positive exponent and dA A w =0

6.1. Preparations

In this section, we suppose that ¢; has only one positive Lyapunov exponent and dA A
w = 0. As before, we suppose that this positive exponent is 1. Since dA A w = 0, then
w| Efopr = 0. So in this case, we have no more the canonically defined subbundles E;‘
and E; as before (see §5.1). Here the underlying geometric structure is

=(X,ET, E™,w).

Denote by G’ the isometry group of g4. Fix # € M and denote by H’ the isotropy sub-
group of z. Then we have M = G'/H'.

To simplify the notation, we identify T, M with T, M. Take a dual basis of Efo E;
with respect to wz|ptep- (y*, 15,1 ,y7), such that lli € Efﬁ and d\(y*,y”7) = 1.
Denote by ¢ the section of End(ET & E™), such that

dAC, ) = w(er ).

B
For all h € H., D,h preserves d\;. So in the basis above, the matrix of D,h must be of
the following form:

Since dA A w = 0, then Trp = 0. So 3B # 0, such that

o oy o
oo oo
oo oo
oo o

c 0 0 0
d ¢ 0 0
D,h =
* 0 0 1/c —d/c?
00 0 1/

So H! is abelian and isomorphic to 0, R or R?. Then as in §4.1, G is seen to be simply
connected.

Denote by g’ and b’ the Lie algebras of G’ and H’. Then we get a similar identification
of g/ and T, M ® b as in §5.1. In particular, if Ly := P™ — P~, then Ly € h’. We deduce
that h’ = R or R2.

Lemma 4.2 is still valid here. But the proofs of Lemmas 4.3 and 5.1 do not pass through
in the current case.
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6.2. dimbp’ =

In this subsection, we suppose that dimb’ = 1. Then g’ = RLy ¢ T, M. By the Jacobi
identities of g/, we get the following relations with respect to the dual basis in the previous

subsection:
[Lo.y*] = +y*,  [Lo, i) = +if,
[X:vayi] = :Fyia [XCE7 lit] = :Flitv
[v*,y7] = —X, — Lo.

The brackets, which have not appeared in these bracket relations, vanish.
As in §5.3, we define o := X, + Ly and

g:=Ra® Ryt ®Ry~ o RI] ORI .

Thus g’ = g x RLj. Denote by G, the connected Lie subgroup of G/, with Lie algebra g.
Then G, is naturally identified to M under 9 (see §5.3) and the corresponding geometric
structure on G, is given by

g5 = (o, RIf @ Ry*, RIy &Ry, ¢*w).

In addition, (y*,1],1;7,y7) is dual with respect to ¥*w.
For all ¢,d € R, there is a unique Lie algebra automorphism of g, p§, such that

Their corresponding isomorphisms of G, forms a Lie group isomorphic to R?. Then we
observe easily that its action on G, preserves g5 and fixes e. So dim(H)) > 2, which is a
contradiction.

6.3. dimp’ =
In this subsection, we suppose that dim ' = 2.
Lemma 6.1. Jc < 2, such that 27 = c-d\.
Proof. Let ¢ and ¢ be the same endomorphisms as in §§4.1 and 6.1. Take I € (E]),.
Thus ¢, (1) = 0.

Since 2% A 27 =0, then det ), = 0. So if 1, (1) # 0, then there exists y* # 0, such
that 1, (y*) = 0. Extend y* and /] to a dual basis, (y*, 1], 27, y7). Then in this basis,

we get
a 00 0 0 A 0 0
[p 000 o B 0 0
=10 0 a bl YTlo o o0 o
00 0 0 00 A B
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Since 27 Aw = 0 and dAAw = 0, then Tr = Tre = 0, i.e. a = B = 0. Since dAAAR2T = 0,
then b- A = 0. So we get A =0, i.e. 1, (I]) = 0, which is a contradiction.

We deduce that 1, (I{7) = 0. Extend []” to a dual basis (y;, 1], y;,27). Thus in this
basis, ¢, and 1, are proportional. Then by homogeneity, we deduce the existence of ¢,
such that 27 = c- d\.

Denote by A the canonical 1-form of ¢, and by J the section of End(T'M), such that

We introduce another ¢;-invariant connection
V:i=V- %c/\ ® J.
Thus
VxVE = [X, Y] £ (1-Le)Y™.

Denote by 27 the curvature form of the induced connection V*t of V on A2E+. Then
from the definition of V, we easily get

Nt =0.

Fix a nowhere-vanishing section w® of A2ET. Then with respect to w™, the connection
form of V¥ is given by
Vot =gt wt.
So we have dgT = 21 =0.
Suppose that ¢ > 2. Then 1 — %c < 0. Define

IR
o = f/ =BT ds.
tJi
By the arguments in §4.4.2 of [6], if ¢ < 0, then we have

Thus fix t < 0 and denote this a; by a. Since f+ is closed, then so is a. Define YV :=
X/a(X). By Lemma 2.2, the flow of Y, ¢}, is also a geometric Anosov flow with smooth
distributions.

Since A is ¢;-invariant, then

0= Ex)\ = ’iX d\ = OZ(X)(ZY d)\)
So
Ly d)\ = iy d(d)) 4 diy d\ = 0,

i.e. d)\ is ¢) -invariant. Since « is easily seen to be the canonical 1-form of ¢} and da = 0,
then rank(¢) ) = 0. Thus by §3.1, ¢} is finitely covered by the suspension of a hyperbolic
automorphism of T4, which is given by a hyperbolic matrix in GL(4,Z). Then by a direct
calculation, using the Jordan form of this matrix, A is seen to be closed (see [10] for the
details). We deduce that rank(¢:) = 0, which is a contradiction. O
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We can see that Lemma 3.5 is also true for V defined in the previous lemma. So, in
particular, we get

VR =0, VT =0, T(Eq, Ey) C Eqgs,

and if a +b # 0, R(E,, ) = 0, where T and R are the torsion and curvature tensors of
V. Since the V-geodesics tangent to ET or E~ are also complete, then by Lemma A.1
in the appendix, V is complete. Thus as in §4.1, we get the following identification via
V:

o S TMay,

u — (YU(CU), (vyu — ,Cyu)|x)

Since 2 =0, then we can define a character x of g’ as in §4.1. Thus y~1(0) is an
ideal of g’, denoted again by g. By the same type of arguments as before, we easily get

g = R3 xsl(2,R).

Denote by G. the connected Lie subgroup of G/, with Lie algebra g and define H, :=
H! N G,. Since G, is simply connected, then so is G, (see §4.1 of [5]). Thus by some
direct calculations, G, and H. can be realized as follows,

G. =R x S0y(1,2),

where SOq(1,2) is the identity component of the isometry group of the quadratic form:
fd/acf_tdy%rdz? The semi-direct product is given by the composition of the projection of
SO0(1,2) onto SOy(1,2) and the linear action of SOy(1,2) on R3. Let ((0,0,1),0) €
R3 xs0(1,2). Then H, is just the 1-parameter subgroup generated by this vector, denoted
also by R.

Since 27 = 0, then the same argument as in § 4.2 of [5] works in our case, if we replace
the metric entropy there by 2(1 — %c) Thus the general argument of §5 of [5] gives a
discrete subgroup of G., acting freely, properly and co-compactly on G./H,. Now we
finish the proof by proving the following lemma.

Lemma 6.2. R3 x S0¢(1,2) admits no discrete subgroup, which acts properly, freely
and co-compactly on (R? x SOq(1,2))/R.

—_~

Proof. Recall that R denotes H, and G, denotes R? x SOy(1,2). Suppose the existence
of a subgroup I satisfying the conditions in the lemma. Denote by I" the Zariski closure
of I' in G.. (Here the Zariski topology of G. means the lifted topology of the Zariski
topology of R3 x SOy(1,2) by the canonical projection.)

If I is solvable, then I is also solvable. Then by [18], there exists a connected closed
subgroup H of I', such that I' C H and H/I" is compact. Let cd(-) denote the co-
homological dimension of a group. Since I" acts co-compactly on G, /R, then c¢d(I") = 5.
We deduce that cd(H) = 5. So H is a closed solvable subgroup of G, of dimension five.

https://doi.org/10.1017/51474748005000083 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748005000083

360 Y. Fang

Then the single possibility is R3 x AN (where KAN is the Iwasawa decomposition of
S0p(1,2)). But R3 x AN is not unimodular. So it has no co-compact lattice. We deduce
that I is not solvable. Then I" must contain S0y(1,2).

Since I" acts co-compactly on G./R, then SOo(1,2) ¢ I'. We deduce that I' N R3 # 0.
Since the representation of SOg(1,2) on R3 is irreducible, ‘@g}/ﬁ must be G, i.e. I’
is Zariski-dense in Ge. Let A be the projection of I" into SOp(1,2), then by [18], A is
discrete in SOg(1,2). We deduce that I" MR3 # 0. Since the semi-direct product is given
by an irreducible representation, I' N R3 is in fact co-compact in R3.

Since I' acts properly on G./R, then I' N R? acts properly on R?/R which is a closed
subset of G./R. We deduce that R? acts also properly on R3/R. But it is absurd. O

Appendix A.

At first, we prove the following elementary lemma, which is used in the proof of
Lemma 3.6.

Lemma A.1. Let V be a smooth linear connection on a connected manifold M of dimen-
sion n. Let X;,..., Xy be complete fields on M and E1, ..., E; be smooth distributions
on M, such that

(1) VX, =0,V1<i<k, VE; CE;,V1<j<|,

(2) TM =RX: & ORX; ©®E @ & B,

(3) VR=0, VT =0,

(4) v j <, the geodesics of V, tangent to Ej;, are defined on R,

then V is complete.

Proof. For the terminology below, our reference is Volume I of [15]. For all 1 < i < k,
since X; is complete and parallel, then any geodesic tangent to RX; is defined on R. So
without any loss of generality, we suppose that k = 0.

Let F(M) be the frame bundle of M and = the projection of F (M) onto M. The linear
connection V gives a horizontal distribution H on FM and FM is foliated by holonomy
subbundles. H is tangent to each holonomy subbundle, then so is any standard horizontal
field. For all w € F M, denote by P(u) the holonomy subbundle containing u. The induced
fields on P(u) of the standard horizontal fields of F M are also called standard horizontal.
By [15], V is complete, if and only if for all x € M, Ju € 7~ *(z), such that the standard
horizontal fields of P(u) are all complete.

Take z € M and u € 7~ !(z), such that

_ 1 1 ! !
U= (V] ey Vi UL, U,

where {v],..., vfj} is a basis of Ej(x), V1 < j < . For all £ € R™, the standard horizontal
field on P(u) corresponding to ¢ is denoted by B*(¢) and the canonical basis of R is
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denoted by (ey,...,e,). Take v € P(u). Because of assumption (1), v has the same form
as u. Then for all 1 < m < n, the integral curve of B*(e,,), beginning at v, is just the
horizontal lift, beginning at v, of the geodesic tangent to Pr,,(v). By assumption (4),
such a geodesic is defined on R. We deduce that B*(e,,) is complete.

Fix a basis of the holonomy algebra of V and denote the corresponding vertical fields
of P(u) by {V1,...,Vs}. By assumption (3), the fields

{W,...,Vs,B%(e1),...,B%(en)}

generate a Lie algebra. Since these fields are all complete, then this Lie algebra must
be induced by the smooth action on P(u) of a simply connected Lie group. Thus for
all § € R", the field B*(§) (= ,¢;c, &B"(ei)) is complete. We deduce that V is
complete. O

The following lemma is used in the proof of Lemma 2.2.

Lemma A.2. Let ¢; be an Anosov flow with C*° distributions on a closed manifold M.
If f is a smooth positive function on M and the flow of fX (X is the generator of ¢,) has
also C*° distributions, then there exists a C°° 1-form o on M, such that Lx da = 0 and
f=1/a(X). Conversely, if « is a C*° 1-form on M, such that Lx da =0 and «(X) > 0,
then the flow of X/a(X) has also C* distributions.

Proof. Recall at first that a C°° time change of an Anosov flow is also Anosov. Let fX
be a time change of ¢; with smooth distributions. Denote by q’){ X the flow of fX and by
A1 its canonical 1-form. Then A (fX) = 1, i.e. f = 1/A(X). Since Ay is ¢/~ -invariant,
then i¢x dA\; = 0. So ix dA\; = 0. We deduce that Lx d\; = 0.
If hX is a smooth time change of ¢, then its strong stable distribution is given by (see
Lemma 1.2 of [8])
Ex ={Y"+p¥ )X |Y" € Ex},
where E, ,, denotes the strong stable distribution of hX and 3 is a C° section of (Ey)*,

such that

Lx(h™*B) = h~?dh. (%)
Denote by A the canonical 1-form of ¢;. If a is a smooth 1-form on M, such that
Lxda = 0 and a(X) > 0, then by a simple calculation, —(a — A\)/a(X) satisfies the
previous Equation (%) about 8 with h := 1/a(X). So EY o(x) is smooth. Similarly,

E;/Q(X) is also smooth. O
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