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CR-HARMONIC MAPS

GAUTIER DIETRICH

Abstract. We develop the notion of renormalized energy in Cauchy—Riemann
(CR) geometry for maps from a strictly pseudoconvex pseudo-Hermitian
manifold to a Riemannian manifold. This energy is a CR invariant functional
whose critical points, which we call CR-harmonic maps, satisfy a CR covariant
partial differential equation. The corresponding operator coincides on functions
with the CR Paneitz operator.
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81. Introduction

Let (M, g) and (N, h) be two Riemannian manifolds. The Dirichlet energy of a map
w: (M, g) — (N, h) is defined as
1

B(e) =5 [ 1Tl uivol,

When dim M =2, the energy is conformally invariant with respect to g. This is of
considerable usefulness, for example, to construct conformal minimal immersions of
Riemann surfaces [Mil79]. However, in higher dimension, the energy is no longer conformally
invariant.

Critical points of a functional are solutions to a partial differential equation called the
Euler—Lagrange equation of the functional; in other words, they form the kernel of a certain
differential operator. In our case, the critical points of the Dirichlet energy are called
harmonic maps, and harmonic functions ¢ : (M, g) — (R, eucl) coincide with the kernel
of the Laplacian.

In a recent work, Bérard has shown the existence, given two Riemannian manifolds
(M, g) and (N,h), with M of even dimension n, of a functional &' on C*°(M, N),
conformally invariant with respect to g, and equal to the usual energy when n =2 [Bérl3].
This functional is called renormalized energy, and its critical points are called conformal-
harmonic maps. Conformal-harmonic maps generalize harmonic maps; moreover, when
n =4 and N =R, the induced operator coincides with the Paneitz operator.
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CR-HARMONIC MAPS 223

We develop here the notions of Cauchy—Riemann (CR)-harmonicity and renormalized
energy in CR geometry. CR-harmonic maps also generalize CR-holomorphic maps, which
are notoriously hard to come by. When dim M =3 and N =R, the induced operator
coincides with the CR Paneitz operator. This generalizes the recent work of Marugame
[Mar18]. Another extension of the CR Paneitz operator to maps has been proposed by
Chong, Dong, Ren and Yang [CDRY19]. The main result is the following, which summarizes
Proposition 4.1 and Theorem 3.3.

THEOREM 1.1. Let (M*tY H,J ) be a compact strictly pseudoconver pseudo-
Hermitian manifold and (N, h) be a Riemannian manifold. There exists a functional F,

on C®°(M, N) which is a CR invariant, that is, conformally invariant with respect to 6.
For p € C*°(M, N), it reads

(=)™ 0,h oo hyn—1 50,h o.h .
T2 M<(5b VI8, e, 6, T<p>h9/\d0

+ lower order terms (in derivatives of @),

Fu(p) =

where 5g’h is the Webster divergence on Q'(M) ® ¢*TN.
The Euler—Lagrange equation of F, is a partial differential equation of order 2n + 2,
which is itself CR covariant. For ¢ € C*°(M, N), it reads

o

= (5§’hv@*h)”5§’hT<p + lower order terms (in derivatives of ¢).
n!

Moreover, we provide explicit computations of P; and F; in Theorems 3.11 and 4.4,
respectively.

The paper is organized as follows: in Section 2, we recall notions of asymptotically
complex hyperbolic (ACH) geometry. In Section 3, we adapt the classical construction
by Graham, Jenne, Mason and Sparling to obtain a CR Paneitz operator acting on maps,
and we define CR-harmonicity [GJMS92]. We also provide an explicit computation of the
operator in dimension 3. In Section 4, we develop the corresponding notion of renormalized
energy. Section 5 presents computations in higher dimension, which do not allow for an
explicit expression of the operator. Finally, Section 6 gives a correspondence between
CR-harmonic maps on a pseudo-Hermitian manifold and conformal-harmonic maps on its
Fefferman bundle.

We adopt the following convention: small Greek letters will denote indices in {1, ..., n};
capital Greek letters in {1,...,n,1,...,n}; small Latin letters in {0,1,...,n}; capital
Latin letters in {0,1,...,n,0,1,...,7}. Moreover, we use the Einstein summation

convention everywhere.

§2. ACHE manifolds

Asymptotically hyperbolic (AH for short) manifolds are manifolds which admit a
conformal infinity, that is to say, a boundary equipped with a conformal structure which is,
roughly speaking, a generalization of the standard conformal sphere seen as the boundary
of the Poincaré disk. Reciprocally, every compact conformal manifold can be filled with
an AH manifold X" *! whose metric is Einstein, thus called AH-Einstein or AHE, when n
is odd. When n is even, a conformally invariant obstruction to the existence of an AHE
metric that is smooth up to the boundary appears [FG85, GHO05]. Recently, Gursky and
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Székelyhidi have announced that an AHE metric exists locally for all n >3 [GS17]. This
approach provides a correspondence between a Riemannian structure on a manifold and
a conformal structure on its boundary. Information on the conformal infinity can thus be
read on the AHE metric.

The complex counterparts of AH manifolds, ACH manifolds, have been introduced by
Epstein, Melrose and Mendoza [EMMO91]. They generalize the construction by Fefferman,
Cheng and Yau, of asymptotically Bergman metrics, which are Kéhler—Einstein metrics on
bounded strictly pseudoconvex domains of C**!, which are asymptotic to the CR structure
of the boundary [Fef76, CY80]. The regularity of these metrics near the boundary has been
studied by Lee and Melrose [LM82]. To an ACH manifold thus corresponds a CR infinity.
For example, the CR infinity of the complex hyperbolic space CH"*! is S?"*! endowed
with its standard CR structure.

Because of the anisotropy of their structure, pseudo-Hermitian manifolds of odd dimen-
sion N often behave, mutatis mutandis, like Riemannian manifolds of dimension N + 1.
They are sometimes said to have homogeneous dimension N + 1 [JL89]. In particular,
ACH manifolds have been known to share similarities with the “n even” real case. The
asymptotic development of ACH-Einstein (ACHE) and ACH-Ké&hler—Einstein metrics has
been extensively studied by O. Biquard, M. Herzlich and Y. Matsumoto, and obstructions
to smoothness have been identified [Biq00, BH05, Mat14].

Let us consider the sphere S?"*! ¢ C"*! endowed with its standard contact form

Oy = % (Zjdfj — Ejdzj) |s2n+1.
Let 79 = dby(+,i-) be the induced metric on the contact distribution ker 8y. The Bergman
metric on the ball B2"*2 is given in polar coordinates by

go = dt* + 4 sinh? ()02 + 4 sinh? (;) Y-

This metric is Kéhler and has constant holomorphic sectional curvature —1. The space
(B2"+2 | gq) is known as the complex hyperbolic space and is denoted by CH" 1.

More generally, let (M, H,J) be a (2n + 1)-dimensional orientable compact strictly
pseudoconvex CR manifold. Namely, H is an orientable hyperplane distribution in 7'M and
J is a complex structure on H. Let 6 be a compatible positive contact form and v = df(-, J-)
be the induced metric. Let R be the Reeb field. Let V? be the Tanaka—Webster connection
of (M, H, J,0) and 7 be the pseudo-Hermitian torsion. Let X =[0,¢) x M, m: X — M be
the natural projection and r be the coordinate on [0, €). Let X be the interior of X. Let go
be the metric on X

B dr® 0> v
go = TT + 7’72 + ;

A function s € C*(X, Ry ) is called boundary defining if s >0 on X, s =0 and ds # 0
on {0} x M. Equivalently, s = e/r for some f in C*°(X,R). A conformal change of the
boundary defining function corresponds to a conformal change of the contact form. Indeed,
let us consider go as go(r, #), then, for f in C*(X, R),

go(efr, 9) = gO(rﬁ e_f|MH)'

We define an order O, adapted to go. A normal basis with respect to gg is e = (r0,,
rR, rt/ 2T4), where (T)4) is an orthonormal basis for -y, considered as a Hermitian metric. Its

https://doi.org/10.1017/nmj.2019.40 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.40

CR-HARMONIC MAPS 225

dual basis is e* = (r~'dr, r=10, r—1/262, r_1/296). The order O, takes e and e* for reference.

Thus, we have, for example,
y=60%00% = r(r71/29a) o (r71/295) = O¢(r),
where Ao :=AQ u+ u® .

DEFINITION 2.1. [Biq00] A metric g on X is said to be ACH if g — gy = 0¢(1). The CR
manifold (M, H, J) is then called the CR infinity of (X, g).

ExAMPLE 2.2. For A >0,
dr? 1 — A\2r2)2 1—\r)?
=— + %92 + gfy
r T T
is an ACH metric on X. Moreover, if (M, H, J, 0) is Einstein, that is, pseudo-Einstein with
vanishing pseudo-Hermitian torsion, with Ricy (J, 8) =2(n + 1)\y, then g is an Einstein

metric, satisfying
n+ 2

Ric(g) = ——

g.

Indeed, a complex structure J compatible with ¢ on X is given by .J | Hx{r} =J and Jo, =
—R/(1 — X272, that is, dr o J = (1 — A2r2)0. Let 6° := (1/v/2)(1/(1 — X\2r?)dr — if) and let
o:=0" A0 A--- AB" be a section of the canonical bundle.

Then

daz%d@/\@l/M--/\9"—60/\d91/\--~/\9"+---+(—1)"00A01/\~--/\d6”,

7

where the first term vanishes, and since 7 =0, d6* = 6% A wg; hence,
do=—wg No.

The curvature form of o, in the sense of [BHO05], is hence given by —dw® = —%% %, ,z0% A
0% = 2i(n + 1)\df. Moreover,

_ —1)tlpnt2 - ) )
oONT = (1 _()\27«)2)2(1 — Ar)2n (r 1alr) A((1— )\2r2)r 19) A ((1 —\r)r 1/291)
A-e A ((1 _ )\T)rfl/29ﬁ> ‘
Consequently,

rn+2
0|2 = ;
g (1 _ )\21"2)2(1 _ )\T)2n

hence, In [o|> = (n +2) Inr — 2In(1 + Ar) — (2n + 2) In(1 — Ar). We have

or = %(dr —i(1 = \2r?)0);
hence,

- 1— 2..2 - 1— 2..2
D0 = —N2rdr A0 + #d& and  i0r AOr = %dr A6
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The Ricci form of g is then given by

pg = —i0d In \0\3 + idw
= —i00In |o|? + 2(n + 1)Adf

_)\2..2 _ 2
:”+2<1 A g - LA d0>.
2 r T

With this example in mind, one may ask if there is, in general, an ACHE metric on X.
Contrarily to the theorem of Cheng—Yau for domains of C"*!, such a metric may not exist
in general [CY80]. Nevertheless, there are formally determined almost ACHE metrics in
the following sense.

DEFINITION 2.3. In any asymptotic development a(p)r*, the term ay, seen as a
function on M, is called formally determined if it is a universal polynomial on a finite jet
of the CR structure at p € M only.

THEOREM 2.4. [Matl4] There is an ACH metric gg on X, which is Einstein up to
order n + 1, that is,
n+2
2

where O, denotes the order with respect to any basis e orthonormal for go. The metric gg
is formally determined modulo O.(r"*1). Moreover, we have the asymptotic development

Ric(gp) = — 95 + Oe(r™™),

gE =go + @ + 0.(r¥/?),

where

® = —2Schyy (J, 0) + 2v(J7-, -),

where

| Iy (J, 6
Schyy (J,0) = —— (RicW(J, g) — Scalw(J.6) >

2(n+1)
is the CR Schouten tensor.

REMARK 2.5. Note that ® = O.(r).

We thus have a formally determined almost ACHE metric on X. A more convenient
metric for our study would be an almost ACH-Kdhler—Einstein metric on X. We have at
hand the following results.

PROPOSITION 2.6. [BHO5] One can construct on X a formal complex structure Jx,
entirely formally determined by the CR infinity, starting from the almost complex structure
J, which is the extension of J to X with J8, = R. Moreover, an extension V¢ of V? to X
s given by

V9, =VrR = @farrl/QTA =0.

Let T? be the torsion of VO and 7 := gT?. An asymptotic development of Jx is then given
by
Jx =J —2r7 4+ 0. (r°/?).
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THEOREM 2.7. [Fef76, BHO5, Her07] There is a formally determined ACH-Kdhler met-

ric gxgp on (X, Jx), which is Einstein up to order n + %, that is,

. n—+2 3
Ric(gxe) = — 5 YKE + Oc(r"*2).

Moreover, gg and g g coincide up to order n + %

In dimension 2n + 1 =3, the asymptotic development of gx g, and therefore of gg, is
known at order %, which will be essential in Sections 3.4 and 4.2.

THEOREM 2.8. [BHO5, Her07] When n =1, we have the asymptotic development
9rE = go + ®apd? 008 + W 10° 0 01 + W5, 00 0 0" + O, (17),
where . .
i
\IIOT = —\/5 <6SC31W71 — 37'1171> y
and ® is given by Theorem 2.4:

Scalyy
4

b= and P = —iTll.

83. CR-harmonic maps

3.1 Definitions

Let (M, H, J) be a (2n + 1)-dimensional orientable, compact, strictly pseudoconvex CR
manifold and (X, g) be an ACH manifold with CR infinity (M, H, J), where g is the
approximately ACH-Ké&hler—Einstein metric given by Theorem 2.7. Let 7w : X — M be the
standard projection. Let (N, h) be a Riemannian manifold. Let ¢ € C*°(M, N), and let
@ € C*®(X, N) be any extension of o, that is, @[y = .

Let T$ be the tangent map of @. It is a section of the bundle Q'(X) ® ¢*T'N, and its
norm is defined by

IT5 5 = trg(&7h).

The bundle Q'(X) ® @*T'N is canonically equipped with the connection
VI = VI @ lgern + 1oy @ VI,

where V9 and V" are the respective Levi-Civita connections of g and h, and V¢ := @*V".
The divergence 69" is then defined for w € Q'(X) ® @*TN by

59w = ~(VE) ep)

where (e;) is an orthonormal basis of TH°X for g, considered as a Hermitian metric. We
thus have
h 7*h
69w = —=VE M(w(eg)) +w(VY ep).

For p € (0, ¢€), the energy of ¢ in (p, e) x M is the functional

- 1 N
@)=y [ Tl pdvol,
2 Jipeyxm
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An extension ¢ is said to be harmonic if it is a critical point of the energy for all p.
Equivalently, % is harmonic if and only if 69*T% = 0.

Following the ideas of Graham, Jenne, Mason and Sparling, we want to find the
obstructions to the existence of a smooth harmonic extension [GJMS92]. More precisely,
assuming that ¢ is smooth, we want to know if the first terms of the asymptotic development
of ¢ are determined by the data at infinity. By similarity with the real case and based on
the known asymptotic developments of the approximately ACHE metrics, we expect to find
an obstruction at order n + 1, taking the form of a CR covariant differential operator of
order 2n + 2.

Here, the asymptotic development of ¢ will denote, by identification, the asymptotic
development in 7 of U := exp;1 op € C®(X, (pom)*T'N), that is,

Vpe M, Vre(0,e),  @p,r):=expyy (Ulp, 7)),

where, for p € M, the exponential map eXPy(p) 18 a diffeomorphism between a small ball
B(0, ) C Ty) N and its image, which is a neighborhood in N of ¢(p). Note that U(-, 0) = 0.
We denote v :=T'¢(v) for v € TX, and similarly for ¢ on TM, and

VE>1, o= (V5 10,8l —0.
Note that ¢y, is a section of *TN; hence, V¥ "¢y, is a section of Q' (M) ® ¢*T'N.

3.2 Computation of the divergence

We use the notations of Section 2. Let (7,,) be a local basis of T1°M and Ty := T, such
that (T4) is orthonormal for v, considered as a Hermitian metric. Let (64) be the basis
dual to (T4). Let Ty := (0, — iR)/v/2 and 6° := (dr 4 i6)/+/2 be its dual.

LEMMA 3.1. Forw € QY(X) ® @*TN, we have
590y = nrw(9,) — r? (Vghw(Ta) + V%hw(TO» — rV%hw(Tz)
= nrw(0,) — 12V "w(d,) — r*V§ "w(R) — 1V "w(T).

Proof. We have B
go=7r"20°00"+r10% 0 7.

An orthonormal basis of 75X with respect to gg is hence given by
0
(e(() ), e(o)) := (rT, rl/QTa).
The trace of the Levi-Civita connection of gg is given in this basis by the Koszul formula:

0 0) (0); (0)\ (0
Vg?o)e(f) :go([e(j), e(I )], e(j))eg).
I

Let V? be the extension of V? given by Proposition 2.6. We have

@ o0y = 2 (e — 0,

€ 5 €

ey, e =
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[ef), 653)] = 1df(Ta, TB)R.

Then, since tr(7) =0,
vgomeﬁo) (n+ 1)rd,,

and also,
Vfét)?w(e(ﬁo)) + Vz(é:)?w(eéo)) = rw(0y) + T2V£:hw(8r) + 7‘2V“§hw(R),
Vigwler)) = rVE "w(T)
Hence, we have the announced expression for §90-"w. [

Let us denote by (69"w)™®) the remainder of 69w, that is,
(69hw) V) .= §9hyy — 5900,

We prove the following technical lemma, which is crucial for the proof of Theorem 3.3.

LEMMA 3.2. Forw € QY(X) ® ¢*T'N, denoting by Or the order with respect to the basis
(@«T7) in powers of r, we have

(69"w) V) = Op(r?),
and there is no term of order 2 in the remainder of the form r2V§:hw(8T).
Proof. By Theorem 2.4, we have
g—go=P 4 0.(r*?) = ® 4564 0 68 + 0. (r*/?),

where we recall that ® = —2Schyy (J, ) + 2v(J7-,-) and that O, denotes the order with
respect to (ego)). Note that ®4p=®pa. Since ® is real, we have also ®gg :<I>a3 and
(I)EB =P,5.

An orthonormal basis of 719X with respect to ¢ induced from e(® is formally given by
(€0, €a) = ( O 4 el e +e(al)> :
where, by the Gram—Schmidt process, and since @ is horizontal,
e(()l) = 0,(r*/?) and el = 0,(r).
This leads to
(5g’hw)( '= v <0)w( (1)) - Vf:lﬁ‘w( e )) V@mw(eg))

I

+w<Vg(0)e£) Vg?o)e(f)) +w<Vg(0) (1)) +w(Vg(1)e£)> —I—w(V (I1>6’(71))’

all terms of which are in O7(r?) and are not of the form r2vg:hw(8r). [
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3.3 An obstruction to regularity

THEOREM 3.3. Let (M, H,J) be a (2n+ 1)-dimensional orientable, compact, strictly
pseudoconver CR manifold and (X, g) be an ACH manifold with CR infinity (M, H, J),
where g is the approzimately ACH-Kaihler—Einstein metric given by Theorem 2.7. Let w:
X — M be the standard projection. Let (N, h) be a Riemannian manifold, and let ¢ €
C(M, N).

There exists a section U of (o o m)*T N, unique modulo Or(r"+1), such that p = exp,, oU
satisfies

Gl = ¢,
§9hTE = Op(rt?).
The asymptotic development in r of U is

n n+1

U:U1r+-~+Un%+Pn(go) ' log 7 + Op(r™*1),

r

(n+1)

where Uy, ..., Uy, P, are formally determined by ¢, g and h.
P, () is an obstruction to the regularity of U and is given by

Pule) = (V3 dtrg| (VPN VR Re

r=0 r=0
togr (7) (orre)”
r=0
(-1

= 7'(527hvw*h)n5zvhﬂp + lower order terms (in derivatives of ¢).
n!

Proof. For m € N, we have

=0.

< k
§ITE = Op(r™) =  VE<m, (vg,h) 59T
r=0

We recall the notation o
ovi= (V5") 0

r=0
Now, by Lemma 3.1, we have, for w € Q'(X) ® ¢*TN,

V50| =nw(dr)],_o + S0 (wlr—0),

r=0

and, for all 2 <k < n,

1 \E o e\ h—1 S\ E—1 < 1
— (V7 39w =n-k+1) (V] w(0y) + (V5 0w
g (V5) ot (v5") )R]
N 1 N (1)
o &*h @*h - o*h g,h
(k-1 (V5") Vit o+ (Vi) (s20) o
where
Ywo € QY (M) @ ¢*TN, 6g’hwg = —V%Ahwo(Tz)

and

Vwe QX))@ G TN,  §)'w:= -V "w(Ty).

https://doi.org/10.1017/nmj.2019.40 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.40

CR-HARMONIC MAPS 231

Consequently, 69"Tp = Op(r"+1) is equivalent to
0,h
np; = —5b’ T,

~ k—1 .
(n—k+Vpr = — (V5") 5" - Dialy) v2<k<n,

r=0

where
) )"

By Lemma 3.2, Dy_1(¢p) only depends on ¢, ¢1, ..., ¢r—1. This observation comes from
the fact that, although

k=2 .
Dy_1(p) = —(k - 1) (Vg,.h> A

r=0 r=0

(V5 (95 008)] =26

r=

VX,Y €{0,, R, Ty}, (X,Y)#(0,0r), (Vg:h)/KTQVf;hY@)‘T:Odoes not depend on .

By induction, Dy_1(¢p) is thus well defined.

nt1) gives an asymptotic development for ¢ in

In conclusion, requiring 69*T% = Or(r
powers of 7, and this development is unique up to order n with respect to 7'
Assume now that 69"T@ = Op(r™!) and that ¢ admits a Taylor development up to

order n + 1. Then
< n .
67T = Op(r"+2) <= (VE")" 5T

o + Dy (p) =0.

r=
This equality cannot be true in general. Consequently, we introduce a term in 7! log r in
the development of ¢:

n n+1

U:U1T++Un%+Pn(SO) '10gT—|—OT(’[‘n+1).

(n+1)
The coefficient P, () verifies

1 S* n+1
44 ) 59T
n+1 ( Or v

+ Dy ();
r=0

— _Po(p) + (Vg:h)" 5o g

r=0
hence,
N T
69T = Op(r™*?) = Pu(p) = (V5 ") 5)"T¢

. + Dy (o).

r=

This yields the announced obstruction, which only depends on . Since
1
n—k+1

we have the announced leading term. 0

Op = 6g’hV“"*hcpk,1 + lower order terms (in derivatives of ¢),

ProPOSITION 3.4. P, does not depend on whether we take g = gr or gxg on X.

Proof. To compute P,, it is sufficient to be able to compute
Sk \ N1 (1)
(v&") " (o'7e)

that is, by the proof of Lemma 3.2, to know the egl) at order n + 1/2 with respect to e(0),
By the Gram—Schmidt process, it is thus sufficient to know g at order n + 1/2 with respect

I

r=0

to e(0), Hence, by Theorems 2.4 and 2.7, we can equivalently consider gg or gxg. [
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PROPOSITION 3.5. Let f € C®(X,R) and fo:= f|n, and let # =elr be a conformal
change of boundary defining function. Then

Pu(p) = e~ Do p ().

The obstruction P,(¢) to the regularity of ¢ is therefore CR, covariant.
Proof. We have

n n+1

U:U1T++Un%+Pn(80) '10g7“+OT(Tn+1),

(n+1)

Now, since exp,, : (pom)*T'N — N does not depend on 7, neither does U. Moreover, since
M is compact, Yk, Or(#*) = Or(r*). We thus have

N N 2L N f,n+1
U=Uif+---+ Unm + Pn(SO)m log 7 + Op(F")
n n—+1
= [A]lef’l" 4+ 4 Unenf% + Pn(@)e(n+1)fm log r4 OT(T"+1).

Since the function f itself has a Taylor expansion in r, all polynomial terms are mixed.
However, there is only one term with order 7"*!log . By identification, this yields the
result. [

We then introduce CR-harmonic maps as maps for which the obstruction vanishes.
DEFINITION 3.6. If P,(¢) =0, ¢ is said to be CR-harmonic.

EXAMPLE 3.7. Let us assume that (M, H, J, 6) is Einstein with Ricyy = 2A(n + 1)y. We
know from Example 2.2 that

dr? 1 — \2p2)2 1—\r)?
g= 2+( QT)92+( T)7
T T T

satisfies Ric(g) = —((n +2)/2)g. In this case, we can explicitly compute the divergence

891w, for w € Q1 (X) ® g*TN.
Indeed, an orthonormal basis of 719X with respect to ¢ induced from e is given by

(covea) = [ (v, —i— "R}, "2 1)
€0, €a) \= ﬁ TOr Zl—)\QT‘Q 71—)\7’ a |

hence,

1 14 A2%2
[eo, €g] = NS (eg —€o)

e, ea] = 1 1+ )\re

0, €A _2\/51—)\7" As
r
= ———di(Ty,TB)R.
ea, eB] ESTE (Ta, Tp)R
Then

14222 14 M
VgleTZ <n1 2,2 + v 70y,
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and also,
2
<% = 5% T >*h
Ve M(eg) + VE Mw(eg) = rw(dy) + 12V, "w(dy) + mvg w(R),
~k T ¥
VEwled) = 3 VE e (Ta)

The divergence is hence given by

1+ 222 14X
gh, ,
o7 (nl—A2r2+1—/\r

- 1> rw(0y) — r2V§:hw(8T)

7,2

_ @*h r %0,h
7(1 — )\2r2)2vR w(R) + 7(1 — )\7“)25b w.

From Example 3.7, we get the following results.

COROLLARY 3.8. If (M, H, J,0) is Einstein, then subharmonic maps which verify
A% "Ry =0 are CR-harmonic.

Proof. Indeed, let ¢ be subharmonic, that is, 5§’hT<,0 =0, and such that Vgh}hp =0.
Let ¢ be the extension of ¢ given by Theorem 3.3. We thus have ¢, = 0. Moreover, by
Example 3.7, we have

-\ (1 ~ 5% - < .
(6'73)") = a(r), 6 + B(r)VE "RE + 4(r)8) T,
where a(r) = O(r?), B(r) = O(r*) and v(r) = O(r?). Since @1 = V‘ghRgo =0, we get that

(1)
=0.

(n— 1) =~ V5 "5, T
T r=0

VR e g (V) (1)

By induction, we similarly have Vk < n, ¢, =0, which implies that P,(¢) =0. [

COROLLARY 3.9. If (M, H, J, ) is Einstein and (N, h) is a Kdhler manifold, then CR-
holomorphic maps which verify Ry =0 are CR-harmonic.

Proof. Indeed, assuming that T'p o J = Jy o Ty and extending J by taking J(R) =0,
we have

VE " Tap = Vi, I Tap
= JNV“j*TZTmp
= INVE o + J([TTa, Ta) o
=~V " T + iJ ([T, Txl)
— —Va’i;hTago —nJ(R)y;

hence,
ST = nJn(Ryp).
Consequently, ¢ is CR-harmonic by Corollary 3.8. [

ExamPLE 3.10. Let (M, H, J) be a circle bundle over a Riemann surface ¥ admitting
an Einstein contact form. Then the projection 7 : M — ¥ is CR~-harmonic.
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3.4 Explicit obstruction in dimension 3
When n = 1, that is, dim(M) = 3, the asymptotic development of g is given at order % in
¢(®) by Theorem 2.8. Hence, by Proposition 3.4, we can explicitly compute the obstruction.

THEOREM 3.11.  Still denoting vy :=Tp(v) for veTM, and also (V¥ "v)p:=
Ve (vp), we have

Pilp) = =0y oM T — Vi R + 4t (VE" (7T5) ) o - 8 (6" T)

where
Sp(X) = '%él(,TlgoTT(p + %Q,TWTNP-

Proof. An orthonormal basis of 719X with respect to g is given by
(eg, €1) := (eéo) — 7‘3/2\11()16&0), (1—rdq) ego) — T‘<I>11€(T0)) + O, (1%).

We have

1
[e0, e5] = —= (66 —eo — /P Uger + 7“3/2‘1’0161) +0c(r%),

1 1 =
[eo, e1] = 7 <<2 — 7@11) er —rdyjer — Z(Vzoel — T(€1))) + O,(r?),
1 1 . 10 2
leo, e1] 75 (g 7 7% | ex — e - i(Veger — 7(e7)) | + Oc(r?),

ler, eg] = T3/2(‘I)1I,T — Oy )er — ril? (P171 — Pyyg)er + Oclr?).
Hence,
Vier=2r(1-r®73)0,
—1? (V2 + @1 — Opp, ) Ty
— 7’ (ﬁ\pm + Q7 — cI’n,T) 1T+ Or(r*/?).
We also have, for w € Q1(X) ® ¢*TN,
Vi "wleg) + Vi wlen) = rw(@y) + V5 "w(@y) + PV "w(R)
—V2r20 w(Ty) — V2r?Ugw(Tr) + Or(r®/?),
Ve wler) = rV (T = PV (@ (1Y) - VR (@ge(Th)
— 12,7V () — 1?81V w(Ty) + Or(r%).
The divergence is hence given by
89ty = r(1 — 2r® 7) (w(@r) — V(1Y) — v;‘i;hw(n)) —r2V5 " 0(0,) - 12V w(R)
+ 47%Tm <V%*h (TEQJ(Tﬂ)) + Op(r®/?)

= §90hyy — 27“2<I>1TV£:h6g’hw + 47°Tm (Vgh <7'1Tw(TT))) + Op(r°/?).
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Then, by Theorem 3.3, we have
Pi(p) = Vg:hgg’hT@r:o — Vf;thp + 4Im (Vgh (TlTTT)> ®

0,h * *h *h 1
=6,"'V¥ hoy + %31,T1¢TT(P + %ZhTle(p — V% "Ry + 4Im (V% (TllTT>> ©,

hence, since ¢ = —5§’th0, the announced obstruction. 0

Note that on functions, meaning that N =R, P; reduces to a multiple of the CR Paneitz
operator. Since the construction follows the ideas of Graham et al., this was expected. A
similar phenomenon appears in the real case [Bérl3].

EXAMPLE 3.12. Let us consider id: (M, H, J,0) — (M, g:=gJ)-
Since V4R =0 by [DT06, Lemma 1.3], we have, using the Koszul formula,

0y 9Tid = Vi, Ty — V4. T
= —g ([I1, Ty], Th) Tt — g ([T7, Th), T7) Th
—g(RTf,T) R—g([R,Th],Ty) R
—g ([T, R], R) Ty — g ([I1, R], R) Th

hence, B
S 1) g (Im
P (id) = ZJLImVTT (1 T).

Consequently, the identity is CR-harmonic if and only if ImngT(TlTTT) =0. This is, in
particular, verified when 6 is normal, that is, when 7 = 0.

84. Renormalized energy

4.1 Definition
Let o € C>°(M, N) and ¢ be the extension of ¢ constructed in Theorem 3.3. For p in

(0,¢), let
_ 1 _
@)= [ el v,
(p,e)x M

be the energy of ¢ in (p, &) x M. We have
TR0 = for + fir® + - + fur™ + O(r" 2 log r),
where Vk < n, fi, depends only on Uj; for j <k and on g at order k in e and
dvoly = r~""2\/det gdr A O A dO".
Consequently,
T@|2 dvol, = (agr ™ L+ air ™+ -+ apr~t +O0(logr)) dr A A dO™,
g:h 9

where Vk < n, a; depends only on U; for j <k and on g at order k. Hence, £ admits the
development, when p — 0,

E(3,p) =Eo(@)p™" + E1(@)p" " + -+ En_1(0)p™" + Fulp) log p + En(¢) + o(1),
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where Vk <n — 1, Ej, depends only on U; for j <k and on g at order k and F;, depends
only on U; for j <n and on g at order n. The coefficient F},(¢) can be written as

1 1
Falg) == /M anf Ado" = ——— [ ar (7 T@|2 udvol, )|

2n' M T r=0"

By construction, F;, is formally determined by ¢, g and h. Moreover, we have the
following.

PROPOSITION 4.1. F,(¢) is a CR invariant:

Fn(%") = I ().
Proof. The proof is similar to the proof of Proposition 3.5. Indeed, if 7 = e/r, then

‘|T¢H§,hd"01g = (GOT_n + o Fapr Y ang + O(r))dr AO A dO™

1 par
= (ao? "t a1t "+ A+ Qg1 + O(F)) dF A O A O™
hence, when integrating over (r =p,r=¢) x M,

E(@,p) = Eo(¢)p™" + E1(@)p" ™+ + En_1(9)p + Fu(p) log p + En(p) + o(1)
= Eo(@)p™ " + Er1(@)p" ™"+ -+ En_1(p)p ™ + Fulp) log p+ En(p) + o(1).

Again, since the function f itself has a Taylor expansion in r, all polynomial terms are
mixed. However, the only log p term which appears when integrating with respect to 7
comes from the #~! term. Hence, we have the result. 0

The principal term of F, () is the following: since

r"HT|2 dvoly = ((Ta@, Txd),, +rl0-¢lI7) dr A6 A do”

+ lower order (in derivations of ¢) terms,

we have

1 " /n -1

_ 0,h o h -

Fulp) = =55 ; (Z (k) (6, op ), 0> < . ) (Phr1, %—k)h) 0
k=0 k=0

AdO" + 1.0.t.

= ﬂ <(59’hV‘p*h)”_150’hT sohT ), 0 A df"™ + lower order terms
2n12  J 00 b 2P0 SR/ '

DEFINITION 4.2. F,(¢) is called the renormalized energy of ¢.
PROPOSITION 4.3.  The gradient of Fy,(p) is (1/2n!)P,(p), that is to say, for all ¢ €
['(p*TN),
. 1 . n

Proof. Let ¢ € I'(p*T'N). Let (¢1)¢e[—1,1] be a one-parameter family in C°°(M, N) such
that
{ o=,
Iptlt=0 = #-
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Let us equip X x [—1, 1] with the metric g = g + dt? and let £ € C*(X x [~1, 1], N) be the
map

Vpe X, vte[-1,1], &(p,t)=¢(p).
We then have
0Tl = 8 (ITENS 5 — 10:£117)
_ <vg;hT§, T§>§, _ <vg’:"at§, at§>h
= <Vg:h61§, eT§>h
- (s50c),
= <fohat95t7 €7¢t>h
= er (011, epPr ), — <3t<ﬁt, Vf;h€7¢t>h ;
hence,

~ ]- ~ ~ - =k ~
HE(Pt, p)lt=o = B /( eat <€] <6tg0t]t:07 ejgo>h — <8tg0t\t:0, ve hejgo>h> dvoly.
PsE)X

There is no log p term in the second part, and
1 ~ ~ 1 —n ~ ~ n
- er <0t<pt|t:0, 67g0>h dvoly = - p~" (OsPtlt=0, OpP);, 0 N dO
2 J(peyxm 2 Ju
+ lower order terms,

whose log p term is
1

2n!

hence, we have the result. 0

{6y Pu(0))p, 0 N dO™;
M

4.2 Explicit energy in dimension 3
Here again, when n = 1, that is, dim(M) = 3, knowing the asymptotic development of g
at order % in e allows for an explicit computation of the renormalized energy.

THEOREM 4.4. We have

1 0,h T
Fie)==5 | (100" Telf + 1 Relf ~ Atm(eTI1Tyol))0 A do.

Proof. We have

IT@N5 5 = 2 {eop, eg@)y, + 2 (€18, €70),,
= 2r (T, TT90>h
+7% (llealli + | Rellf — 4@ 7 (Thp, Tre), — 2011 | Tyell7 — 2011 (|The|17)
+0(r°/?),
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and
dvoly = (1+2r®,7 + O(r?)) r~2dr A0 A df.
Consequently,
rzHTgéHgdvolg = (2<T1g0, TT90>h

+r(llenlli + 1Rl — 2211 | Trell; — 205 l|Taell7)

+O0(r*%))dr A 6 A do,
and finally,

1 —
Fi(e) =5 [ (lerlf + IRelf — 4t (eI Tyel}))6 1 0. 0

As an example, for id: (M, H, J, ) = (M, g;4), we have
Fi(id) = —3Vol(M, 6).

§5. Further computations in the general case

We give here a more precise computation for §9"w and r”+1||Tg5||§dvolg in the general
case, using Theorem 2.4. We show that this computation does not allow for an explicit
expression of the obstruction and of the renormalized energy respectively.

5.1 Computation of the divergence
By Theorem 2.4, we have

g=go+ Papbt o6 + 0.(r%?),
where, denoting by RaE the components of the Webster Ricci tensor,

1 Scalyy (J, 0) .3
d =——" (R - D5 d  Dyp=—ir?.
of n+2 < of 20n+1) )’ o g

By Proposition 2.6, we can equip {r} x H with a complex structure J, = Jy+ rJ1 +
Or(r?), with
NTo = —20,5T.

An orthonormal basis of 710X with respect to ¢ is given by
(€0, €)= <'r8r —irR, (%E - T(I)aﬁ) rl/QTg - r¢a5r1/2T5> + Oe(r?’/z).
Now, g can be rewritten as
g= (10" 0 (r710%) + (rV20%) o (rV20%) 4 1@ A (rY/204) o (rV/208) + O, (r3/?).

We have, modulo O,(r3/?),

1
€0, €0l = 5 (g —e0)
1 /1 ey
[€0, €a] = Wi 3¢~ r® e — rPagez — i(Viea—T1(ea)) ),

https://doi.org/10.1017/nmj.2019.40 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.40

CR-HARMONIC MAPS 239

1 1 =
[eo, ex] = 7 <26a — r®agez — rOsze5 — Z(Vzoea — T(ea))> ,
[eas eg] = (D5 5 — Pys o) €5 + %7 (Pass — Pgsa) €5,

3/2 3/2
leas 5] = 777 (@55 — Pg5.0)es — 777 (@550 — Pos )5

Hence,
Vies+Viei=1r(n+1-2rPyg) o,

2
- T (2@6575 —&®

P Ty

aB.p aﬁﬁ)
2 5/2
— 122845, — Pop5 — Bu5,4)Ta + O (™),

with @5 = —tr(Sp) = —Scaly /2(n + 1).
Also,

Ve w(eg) + VE w(eo) = rw(@) +r°VE " w(0r) + 12V R "w(R) + Or(r?),
VE w(ew) = rVE (Te) = rPVE ! (Sap(Ty)) - 1* Vi (@g50(T))
— 12,5V " (T) — r%aEVg’lw(Ta) +Op(ro/?).
Coming back to the divergence, we have
690 = r(n — 2r®g)w(d,) — rzvg:hw(&,) — TQVﬁ*h(w(R))
—r(l —2rd,g) (Vﬁhw(Ta) + V?;hw(Ta))
+ 2r2(v§;’l(q>a5w(Ta)) + vii;h (Po5w(Ta)))
+2r% (V" Bgpw(T5) + V7D 5w(Th) — V5. "® s50(Tw) — V5. g50(Ts))
+ Orp(r?).

The term of order 2 is consequently not known, which does not allow for an explicit
computation of P,. Note that

v;‘i;h (Dapw(Ta)) + V5" (Dgw(Ta)) = QIm(Vgh (2w (Tw)))

and that the potentially hidden r? terms are necessarily of the form C%r?w(T,) +
D% 2w(Ty).

5.2 Computation of the integrand of the energy
We have

IT3N2 5 = 2 (0, egB)), + 2 (ap, €ad)y,
= 2r (Tup, T590>h

+72 (el + Rl — 2@as(Tp, Tp),, — 205 (Tocp, Ta),

=20 5 (Tap, Tpp), — 2Pap(Tayp, Tgcp)h>

+0(r?),

https://doi.org/10.1017/nmj.2019.40 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.40

240 G. DIETRICH

and
dvoly = (1+ 2r®agz + O(r¥?))r=""2dr A A d6".

Consequently,
r"HHTg | dvoly = (2(Tap, Tap),
+ T(H@l”% + ||R90Hi2z - 2(ba/3<TESD7 TBSO>}L - 2¢aﬁ<Ta(pa ngD>h

- 2(I)QB<TE§0a TB‘P>h - 2@56<Ta907 TBSO>h + 4(I)o¢6<Ta@a TE‘P>h)
+O(r))dr N A df"™.

The term of order 1 is consequently not known, which does not allow for an explicit
computation of Fj,.

86. Relation with the Fefferman bundle in dimension 3

We describe here the correspondence between the obstruction to CR-harmonicity on a
given CR 3-manifold and the obstruction to conformal harmonicity on its Fefferman bundle.
It generalizes the Appendix B. of [CY13].

Let (M, H,J) be a compact strictly pseudoconvex CR 3-manifold and let (N, h) be a
Riemannian manifold. Let (F, gr) be the Fefferman bundle of (M, H, J). For a detailed
construction of the Fefferman bundle, see [Far86, Lee86, Her09]. Let m: F — M be the
natural bundle projection. Let # be a positive contact form on M and let w be the
Sl-invariant connection 1-form induced by the Weyl structure attached to # on F. The
Fefferman metric attached to 6 on F' is the Lorentzian metric

gr =iwon 0+ ir*y.

By analogy with the Riemannian case [Bérl3], given ¢ € C*°(F, N), the obstruction to
the existence of a smooth harmonic extension of ¢ on the interior of (F, gr) is given by

Pp(p) = — 1= (69707 h59r- M — 5971 (2Ricy, — 2Scaly, )Ty + S(397 " Ty)),

where Ricg, is understood as an endomorphism of T'F, and Ricgy, T'¢ := T (Ricy, (-)), and

4
S(X) = Z %él(,Tcp(ei)Tgp(ei)'

=1
PROPOSITION 6.1. For all ¢ € C*°(M?3, N),
. (89707 0T RT (1)) = 460" 5T,
Ty <(59F’h (2Ricy,, — 2Scal, ) T(w*ga)) = —4v§*hR<p + 161m(V§;h (TETT))%

and for X in TN,
T (S((779)" X)) = 45 (9" X).

Proof. The first and third equalities are straightforward from the expression of gr. The
second equality comes from the fact that, see [Lee86],

Schy, = —w@? — 862 + LSchy — $y(J7,-) + STT 0,

https://doi.org/10.1017/nmj.2019.40 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.40

where

CR-HARMONIC MAPS 241

T= % (%dbSCaIW +i07) and S = 6T — |Schy | + |7]2.

Indeed, since Scalg, = 3Scalyy and Schy = iScalW’y, we have then

2Ricy, — %ScalgFgF = 4S5chy,. — %ScalgFgF

= —4w? — 480% — 2y(J7-,-) + 2TJ 0§ — Scalyiw o 6,

which gives the second equality. [

From the latter comes directly the following.

THEOREM 6.2. For all o € C®°(M3, N),

e (Pr(1*9)) = 3 P1().

In particular, a map ¢ : M — N is CR~-harmonic if and only if 7% is conformal-harmonic.
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