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Abstract Let £5 (s, 7, st) be a partial £-function of degree 7 of a cuspidal automorphic representation
7 of the exceptional group G,. In this paper we construct a Rankin—Selberg integral for representations
having a certain Fourier coefficient.
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1. Introduction

Until the late 1980s it was believed that a Rankin—Selberg integral must unfold to a unique
model of the representation in order to be factorizable. By a unique model we mean one
for which the space of functionals on the representation space with certain invariance
properties is one dimensional. The commonest example is the Whittaker model, but
other unique models such as the Bessel model have also been used.

In their pioneering work [14], Piatetski-Shapiro and Rallis interpreted an integral,
earlier considered by Andrianov [1], as an adelic integral that unfolds to a non-unique
model. Although the functional is not factorizable, the integral is, since the local integral
produces the same L-factor for any functional with the same invariance properties applied
to a spherical vector.

There are many examples of adelic integrals that unfold with non-unique models. Only
a few of them have been shown to represent £-functions. Some more examples are detailed
in [2, 3]. All of the examples rely on the knowledge of the generating function for the
L-function considered.

In this paper we consider a new Rankin—Selberg integral on the exceptional group G,
and prove that it represents the standard £-function £ (s, 7, s5t) of degree 7 for cuspidal
representations having a certain Fourier coefficient along the Heisenberg unipotent
subgroup. The candidate global integral was suggested by Dihua Jiang in the course of the
work on [8] and he also performed the unfolding. However, since the generating function
for the L-function was not known, the unramified computation was not completed. It
is only now that we have found a way to overcome this difficulty. To the best of our
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knowledge this is the first time that the unramified computation has been performed
without explicit knowledge of the generating function.

The integral introduced here binds the analytic behaviour of L5 (s, 7, st) with that
of a degenerate Eisenstein series of Sping which was studied in [8]. In the last section
we use information on the poles of this Eisenstein series to show that for a cuspidal
representation m having a certain Fourier coefficient, the non-vanishing of the theta lift
of 7 to the finite group scheme S3 is equivalent to the L-function having a double pole
at s = 2.

The Rankin—Selberg integral for the standard L-function of generic representations
of G, was constructed by Ginzburg in [9]. Recently Ginzburg and Hundley [10] have
established the meromorphic continuation of £5 (s, 7, st) for any cuspidal representation
7 using a doubling construction. Their integral representation shows that the set of poles
of L5 (s, , st) is contained in the set of poles of a degenerate Eisenstein series on the
exceptional group of type Eg.

2. Preliminaries

Let k be a number field and P be its set of places. For any v € P denote by k, the local
field associated with v. If v < co denote by O, the ring of integers of k, and by ¢, the
cardinality of the residue field of k,,. Let A denote the ring of adeles of k.

2.1. The group G;

Let G be the split simple algebraic group of the exceptional type G, defined over k with
maximal torus T and Borel subgroup B. Fix a root system of G and denote by « and 8
the short and the long simple roots respectively. The Dynkin digram of G has the form

o
S0
and the set of positive roots is
&t = {a, B, a+ B, 20+ B, 30 + B, 3a +28).
The fundamental weights are denoted by
w) =20+ 8, @ =3a+28.

For any root y fix a one-parametric subgroup x, : G, — G. For any simple root y denote
by w, the simple reflection with respect to it, that is an element of the Weyl group of
G. Also define the coroot subgroups h, : G,;, — G such that for any root ¢,

e (hy (1)) =1'7",

2.2. The partial £-function

The dual Langlands group “G of G is isomorphic to G»(C). Denote the irreducible
seven-dimensional complex representation of G,(C) by st. For an irreducible cuspidal
representation 7 = ®,mr,, unramified outside of a finite set of places S, the standard
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partial L-function of 7 is defined by
1

LS Lad t = .
(S T,5 ) l_[ det (I —ﬁt(tn,))qV_S)

V¢S

Here t;, is the Satake parameter of m,.

2.3. Fourier coefficients

The group G contains a Heisenberg parabolic subgroup P = M -U. The Levi part M
is isomorphic to GL, generated by the simple root «, while U is a five-dimensional
Heisenberg group. We parametrize the elements of U by

u(ry, ra, 3, ra, rs) = xg (r1) Xa+p (r2) Xoa+p (r3) X30+p (r4) xX30+2p (rs) .

The group M acts naturally on U and hence on Hom (U, G,). It was shown in [12] that
for any field F of characteristic zero the M (F)-orbits of Hom (U (F), F) are naturally
parametrized by isomorphism classes of cubic F-algebras.

Fixing an additive complex unitary character ¥ = ®,v, of k\A this gives rise to the
correspondence between M (k)-orbits of complex characters of U (k) \U (A) and cubic
algebras over k. Let us denote by W, the character corresponding to the split cubic
algebra k x k x k and call it the split character. More explicitly,

W (u (1,72, 13, 74,75)) =¥ (r2+713) .

Its stabilizer Sy, in M (k) is isomorphic to S3 and is generated by w, and
he (—=1) xo (=1) x—o (D).

Denote by A (G) the space of automorphic forms on G. For any form ¢ in A (G) and
complex character W of U (k) \U (A), define the Fourier coefficient of ¢ with respect to
(U, ¥) by

Ly (¢)(g) = / @ (ug) ¥ (u)du.
URN\U (D)
For any g € G this defines a functional Ly (-) (g) in Homya) (A (G), Cy).

For an automorphic representation m of G (A) we say that m supports a (U, ¥)
coeflicient if there exists a function ¢ from the underlying space of 7 such that Ly (¢) # 0.

It was shown in [6, Theorem 3.1] that for any cuspidal representation 7 there exists an
étale cubic algebra such that 7w supports a Fourier coefficient with respect to this algebra.
Conversely, in [8] it was shown that for any étale cubic algebra there exists a cuspidal
representation supporting the Fourier coefficient corresponding to it. In this paper we
consider only representations that support the split Fourier coefficient.

For a finite v € P denote by K, the maximal compact subgroup G (O,) of G (k,) and
by H, the corresponding spherical Hecke algebra. Given a complex character W of U (k)
define

M\p={fiG(ku) - C‘f(ugk) =WV @w/f(g) Yuel(k), ke Ku}

MO ={f:G(ku)—>(C‘f(sugk)=\ll(u)f(g) VueU(kv),seS\y,keKU}.
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For f € H, define its Fourier transform f¥ with respect to the character ¥ by
o= funvwd
U (ky)
Obviously f¥ belongs to M?y-

2.4. The group Sping
Let H be a simply connected split algebraic group of type D4. We label its simple roots
according to the following diagram.

ol a a3

Oo—0—=~0

oy

The group of outer automorphisms of H is isomorphic to S3. Fixing one-parametric
subgroups, x, : G, — H defines a splitting of the sequence

1 > H - Aut (H) — Out (H) — 1.

In particular the semidirect product H x S3 can be formed. It is well known that the
centralizer of §3 in H % §3 is isomorphic to the group G. We identify G with a subgroup
of H in this way. The group H contains a maximal Heisenberg parabolic subgroup Py =
MgUpg such that P = Py NG, given by

My ~ {(gl, 82,83) € GLy x GLy x GLy|det(g1) = det(g2) = det (g3)} .
The modulus character of Py is given by 8p, (g1, &2, g3) = |det (g1)|5.

2.5. The Eisenstein series

Consider the induced representation Iy (s) := Indglix)(S},H. All induced representations

in this paper are not normalized. For any K-finite standard section f; define an Eisenstein
series
E@ 0= Y, fie.
Y €Py (K)\H (k)
It has a meromorphic continuation to the whole complex plane. The behaviour at s = 4/5
was studied in [8].

Proposition 2.1 ([8], Proposition 9.1). For any standard section fs, the Eisenstein series
E (g, f5) has at most a double pole at s = %‘. The double pole is attained by the spherical

section fso. Also, the space
4\ 2
Spanc (S - §> E (g, fs)

_4
=5

s isomorphic to the minimal representation Il of H.
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It is customary to define the normalized Eisenstein series

E*(g. f) =j () E(g. fy),
where
J () =¢(55)¢(5s— D¢ (105 —4).

3. The zeta integral

Let m = ®u,, be an irreducible cuspidal representation of G (A). For ¢ € 7w and a standard
section f; € Iy (s) we consider the following integral:

G\GA)
Since ¢ is cuspidal, and hence rapidly decreasing, the integral defines a meromorphic
function on the complex plane. Our main result is the following.

Theorem 3.1. Let m1 = ®,m, be an irreducible cuspidal representation supporting the split
Fourier coefficient. Let ¢ = @,¢, € w, fs = @, fs,v € Iu (s) be factorizable data. Let S C
P be a finite set such that if v ¢ S then
ev [2,3 00,
o U, is of conductor O,,
e ¢, is spherical,
o fi is spherical.
Then
Z (s, 9, )= L5 (s, 7,50 ds (5, 95, f5) .-
Moreover for any so there exist vectors s, fs such that ds (s, ¢s, fs) is analytic in a

neighbourhood of sg and ds (so, ¢s, fs) # 0.
In particular the partial L-function L£3(s, 7, st) admits a meromorphic continuation.

Remark 3.1. If 7 does not support the split Fourier coefficient, the zeta integral vanishes
identically. However if 7 supports a Fourier coefficient corresponding to an étale cubic
algebra E there is a similar integral, using an Eisenstein series on the quasi-split form of
Sping corresponding to E, that is expected to represent the same L-function. We plan
to study these integrals in the near future.

The proof of the theorem will occupy the rest of the paper. In this section we will
explain the main ideas, deferring the technical part to later sections and appendices.

Theorem 3.2 (unfolding). For Re (s) > 0 we have

Z(s.p. f) = / Lu, (0) (8) F* (g, 5) dg, (3.1)
UM\GA)

where

F*(g,9) =] (S)/I;fs (wawsx—a, (1) Xarp (1) ¥ () dr.
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This computation was performed by Dihua Jiang, but since his proof was never
published we include it in section 4.
The function F* (g, s) is factorizable whenever the section f; involved is. In particular,

F*(g.5) =TI, F} (8v.5).

where
Fy (g, 8) = jv (S)/k Js.w (w2w3x—a| (1) xa+p () g) Yy (r) dr,

and for almost all places f;,, = ffv € Indg:z”ki)(Si)H is a spherical vector with fgv (1) =1.

Note that as the space Homy () (7, Cy, ) is usually infinite dimensional, the functional
Ly, is not necessarily factorizable. Nevertheless it will be shown that the integral
Z (¢, f,s) is factorizable. The factorizability of the integral follows from the next
surprising local statement, that replaces the unramified computation.

Theorem 3.3 (unramified computation). Let m, be an irreducible unramified
representation of G (k,) and let vy be a fized spherical vector in m,. Assume that
Homy ) (nv, (Cq,w) # 0. There exists so € R such that for any Res > sg and any [ €
Homy ) (JTV, (Cq;w) it holds that

/ I (my(8)vo) F) (g,5)dg = L (55 — 2, m,,s) [ (vo), (3.2)
U ko)\G (k)

where F¥ (g, s) is the function corresponding to the normalized spherical section f.

The identity in Theorem 3.1 follows from eq. (3.2) using standard argument as in [14].
For the sake of completeness of presentation the argument is included in section 5. This
argument also defines dgs (s, ¢s, fs) explicitly.

The proof of Theorem 3.3 is the most non-trivial part of the paper and can be found in
section 7. In fact the proof is quite amusing. Following the ideas of [14] it boils down to
proving the identity between F) (-, s) and a Fourier transform of the generating function
A of L (s,m,,st). We could not find the explicit formula for A, which must be very
complicated. Instead we have proven that the two functions become equal after being
convolved with a third function. Both sides are evaluated explicitly (appendices A and B).
Finally we show in Proposition 7.2 that the latter convolution is in fact an invertible
operation.

Theorem 3.4 (ramified computation). For any sg € C there exist a datum ¢s and fs such
that ds (s, vs, fs) is holomorphic and non-vanishing in a neighbourhood of so.

This theorem is proven in section 8.

4. Unfolding

The proof of Theorem 3.2 is fairly standard. First we introduce some more notation that
will be used in this section and also in section 8

Denote by Q = LV the maximal parabolic subgroup of G other than P. The Levi part
L >~ GLj is generated by the root 8. The unipotent radical of the Borel subgroup of L

https://doi.org/10.1017/5147474801300039X Published online by Cambridge University Press


https://doi.org/10.1017/S147474801300039X

The Rankin-Selberg integral with a non-unique model for the standard L-function of G2 155

will be denoted by Ng. The unipotent radical V of Q is a three-step nilpotent group.
Denote its commutator [V, V] by R. It is generated by the subgroups x2¢ g, X304 and
X3a+28-

The following fact will be used [15, Theorem 5]:

@ (rg)dr = Wy (@) (vg), 4.1
/R(m\R(A) Z v (4-1)

veNg (k)\L (k)

where Wy, (@) is the standard Whittaker coefficient of ¢.
There are five G (k)-orbits of Py (k) \H (k). The representatives of the orbits and their
stabilizers are given in the next lemma [13, Lemma 2.1].

Lemma 4.1. The following is a list of representatives of G (k)-orbits in Py (k) \H (k) and
their stabilizers:

(1) w =1, and the stabilizer G* = P.
(2) u = wrwi, waws, wowya, and the stabilizer G* = LR.

(3) u=wrwsx_o, (1) is a representative of the open orbit. The stabilizer of
Py (k) uG (k) is G* =T"-U* where
ri € k}

T" = {h3a+2ﬁ ()

tekx}, Uu* = {M (r1, 12, 12,74, 75)

PROOF OF THEOREM 3.2. For PRe (s) > 0 it holds that

f ¢ () E(g. fy)dg = / 0@ Y.  fi(redg
G\G(A) G(\G(A) yePu(O\H (k)
= > I (o, ),
e Py (k)\H (k)/ G (k)
where
Lo fo = [ 0 () fs (ng) dg.
GH(K)\G(A)

Next we show that I, (¢, f;) = 0 unless u is a representative of the open orbit.

(1) w=1. Then

Iy (o, f5) Z/

P(\G(A

- / £ (@ / ¢ (ug) dudg =0,
M (k)U (A)\G (A) U(k)\U(A)

)fﬂ (8) fs (g)dg

since ¢ is cuspidal.
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(2) U= wrwi, waws, wawy4. Then

1 (o, fy) zf @ (8) fs (ug) dg

L) RI\G(A)

= / fs (ug) f @ (rg) drdg.
L()R(A)\G(A) RUD\R(A)

Using eq. (4.1) this equals

/ £ (1) Z Wy (¢) (vg)
L(k)R(A)\G(A) veNg(k)\L(k)

Js (ng) Wy (¢) (8) (/N ¥ (n) dn) dg =0.

v/Nﬂ(A)R(A)\G(A) B(K)\Npg(A)

Now let us compute the contribution from the open orbit. For p = wywzx_g, (1) it

holds that
I (@, f) = / ( / o (ug) du) fr(ug) dg.
THE)UH(A\G(A) UH(K)\U*(A)

Expanding the function given by an inner integral along the root o + 8 and collapsing
the sum with the outer integration, the above equals

/ / @ (ug) Vs (u) du fs (ug) dg. (4.2)
urNGA) JUk\U @)

Since U = U* - x4 we bring the integral to its final form

/ / ¢ (ug) %, @) du / £ (xasp (1) 8) W () dr dg
UMA\GA) JU)\U(A) A

F* (g,
=/ Ly, (¢) (g) ﬁdg- O (4.3)
UM\G(A) J(s)

5. Derivation of the Main Theorem from Theorem 3.3 and 3.4

ProOOF OF THEOREM 3.1. Let u = wow3x_g, (1). By definition,

Z(s,¢, f)= lim Ly, (9) (8) F§ (g, 5) dg (5.1)
seonp ! UBa\Gh)g

1] <00

where G (A)g = [],cq G (k) and
Fi(g.s) = jals) /k i (uas s (DV () dr.

Fix so € R such that the right hand side of eq. (3.1) converges for PRes > so. The integrals
of the right hand side of eq. (5.1) must also converge there. Also fix s; € R such that
eq. (3.2) holds for Res > s1. For a finite set § € Q and v ¢ Q we have

/ Lu, () () F&,, (3. 5) dg
UA)qupy\G (M) aupy
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/ / Lu, (©) (8g0) Fiy, (0. 5) dgv dg
UA)Q\G(A) g JU (ky)\G (k)

/ F5(g,s) Ly, (¢) (ggv) F) (8v,5) dg,dg
UM)g\G(A)g U (k)\G (ky)

ZE(SS_ZaT[U’Ht) L\I/S ((0) (g)Fé(g7S) dga
UM)\G(A)g

where the last equality is due to Theorem 3.3. A priori the last equality holds only
for Res > max {so, 51}, but since L (5s — 2, 7, st) is a meromorphic function the equality
actually holds for Res > s9. Plugging this into equation (5.1) we get

Z (5.9, )= lim Ly, (p) (g) FS (g, s) dg
seanp I UBR\G)

1Q]<oco

= lim ] £Gs—2.m,59 Lu, 0) () F} (3, 9) dg
ScQCP VEQ\S UM)s\G(A)s
|Q2]<oo

=L5(5s —2, 7, 5t) Ly, (p) (g) F§ (g,s) dg.
UB)s\G(A)g

We finish the proof by fixing our datum according to Theorem 3.4 and taking

ds (s, ¢s, fs) = / Ly, (¢) (8) Fg (g.5) dg. O
UM)s\G(A)s

6. The generating function

Let F =k, with the ring of integers O and uniformizer @ for some v ¢ S. By abuse of
notation we drop v from the notation and write in this section, and in section 7 and
appendices A and B, & for m,, ¥ for ¢, etc.

Recall that G (F) contains the maximal compact subgroup K = G (O). We fix on G
the Haar measure pu such that wu(K) =1. Let H =H (G, K) be the spherical Hecke
algebra of G. In this section we construct a generating function A € H [[q_s ]] for the
local L-function L (s, 7, st).

Recall that the Satake isomorphism is an isomorphism of C-algebras H = Rep(:G).
Denote by Aj; € H the elements corresponding to SymJ (st) under the Satake
isomorphism. In particular, for any unramified representation 7= and a K-invariant vector
vo € 7 it holds that

fG A (@) 7 () wodg = 1r (Sym (9 (1)) vo. (6.1)

where t; is the Satake parameter of .
For any unramified representation m the Satake isomorphism induces an algebra
homomorphism that sends f € H to the complex number f () such that

/Gf (&) 7 (g)vodg = f (1) vo.
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In particular for f1, fo € H it holds that m = fl . fz. The homomorphism f — f ()
can be extended linearly to a map of formal power series algebras H[[T]] — C[[T]]. Let
T =q".

Theorem 6.1. There exists a generating function A(g,s) € Hllg™*1]l, uniformly
converging on a tight half-plane, such that for any unramified representation m with
a spherical vector vg and any functional Il on m, it holds that

fG A(g, )1 (m (g)vo)dg = L (s, m, )1 (vo) (6.2)

for Res > 0.
Proof. We must show that there exists A with A (r,s) = L (s, m, st). The construction

is formal. By the well known Poincaré identity,

7
1 s -1
L) = ) = [T —a7"st@)ui)

i=1

Z g7 st (1)) Ztr (Sym? Gtn))q™

where #; is the Satake parameter of mw. The series converges absolutely for PRes > 0.
Plugging eq. (6.1) into the previous equality gives

o

Il
1 :]\1

o0

L(s, 7,51 (v) =1 Z(fGA,-(g)n(g)voq—deg> : (6.3)

j=0

Ignoring for the moment the convergence issue and exchanging formally the sum and the
integral, we obtain

comsoln =1 [ (Y4 @a | wtomde
j=0

for Re (s) > 0. The assertion then holds for A (-, s) = Y% =0Aja —Js for any unramified
representation m. Uniqueness follows from the fact that the action of the spherical
functions of unramified representations gives rise to a spectral decomposition of H.

It remains to justify the exchange of the sum and the integral in eq. (6.3).

Let us introduce some standard notation. Let A denote the cocharacter lattice of g
and for any y € A denote by 1, its representative in the maximal torus 7. Let AT denote
the set of dominant coweights. There is a partial order on A™: y < A if and only if A — y
can be written as a non-negative combination of the positive coroots. Let p be half of
the sum of all the positive roots.

Making use of the Cartan decomposition G = KATK we obtain

o

Z(/ Aj (g)-n(g)vodg> A —Z Y Aj(ty) - oxtn (K1, K) g o,

Jj=0 G j=0yeA+
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where wy (g) = (vg , w(g)vo) is the normalized spherical function. Here vg is the K-fixed
vector in " such that (v, vo) = 1.

Let us show that this double series converges absolutely for any m and hence it is
possible to interchange the order of the summations. For this purpose we shall produce
a bound for each term.

Lemma 6.1. (1) For any j >0,
Hy e AT

(2) A; (ty) =0 unless y < [j,0].
(3) Assume that y < [j,0]. Then there exist constants Cy, Ca, C3,z > 0 such that

V<[j,0]” SU+D@Ej+D.

4 () < j?
on (1)] < C2a:
7 (KtyK) < C3q%.

Proof. For any dominant coweight A, that can be simultaneously regarded as a dominant
weight of the dual group, denote by A, € H the function corresponding to the highest
weight irreducible representation V; of XG via the Satake isomorphism.

Let y = na¥ +mBY. Then y < [j,0] = n < j,m < 2j. Obviously, the number of such
roots y is bounded by (j 4+ 1) (2j + 1); this proves (1).

Recall from [15, page 836] that the j-symmetric algebra of st decomposes as follows:

_ J
Symisy = P Vo

k=0
k=j(mod 2)

Hence Aj(g) = Zj im0 Afk,01 (g). According to [11, §4],
k=j(mod 2)

~op <A
q ny (@)Y <
A (ty) =
0 otherwise,

where P, , is an affine Kazhdan-Lustigue polynomial of degree at most (A —y, p) with
non-negative integral coefficients. (2) follows immediately.
We now prove (3). In particular, for y < A it holds that

0< A5 (ty) =4~ %" Pry (@) < Py (D) = dim Vi (y) < dim V..
By the Weyl character formula

)\' ’
dim Vk — Ha>om,
(p,a)
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there exists C1 > 0 such that dim Vo1 < C1k®. In particular, for y < [/, 0] one has
J
Ajy)= ) A(y)<ca’.
k=0
k=j(mod 2)

This proves the first bound in (3).

Let us prove the second bound in (3). Assume that the unramified representation 7 is
a constituent of Indg x where yx is an unramified character. There exists a constant z > 0
such that for any w € W one has

lwx (he @), |wx (hg (@))] < ¢°.

Then for y = na¥ +mpY < [}, 0] one has |wy (t,)| < g% ¢%/% = g3/,
Hence by Macdonald’s formula [4, Theorem 4.2] there exists C» > 0, z > 0 such that

o (1) < Cog™-

Finally it is known that for y = na” +mpBY one has u (KtyK) = C3¢¥"?™ for some
constant C3 > 0. For y < [J, 0] it is bounded by C3¢% and hence (3) is proven. O

Taking all the bounds into account we obtain

>3 145 ()] o )] (K1, K) ol [~

j=01,eA+
o
<O 2 14 (0] () 1 (K1, K) llvoll g /7
j=0y<1/.0]
o o
<Y Y G CagE e C3q® g gl < €Y 0 g OO g
J=0y<l[j.0] Jj=0

which converges absolutely for e (s) > 0.

Bounds in the lemma ensure that for fRe (s) > 0 the series Z?o:o Aj(g)q’js converges
absolutely and uniformly (in G) and hence the function A (g, s) is defined for any s in
some right half-plane. O

7. Unramified computation

In this section we prove Theorem 3.3. For any I € Homyr) (7, Cy,) one has
L(s,m, st l(v) = / I (m(g)vo) A (g,s)dg = / 1(m (g) vo) AV (g, 5)dg.
G U\G

Thus, in order to prove that for all unramified = and all / € Homy (7[, (C\yx) eq. (3.2)
holds, it is enough to show that for SRes > 0,

AYs (g,55—2) = F*(g,s). (7.1)
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Remark 7.1. Recall that the integrand of
/ I(mr (g)vo) F (g.s)dg
U\G

is U-invariant and / € Homy (7, Cy, ); hence F (g, s) € My,.

While the right hand side of eq. (7.1) is given explicitly, we do not have an explicit
formula for the generating function A (g, s).

To overcome that difficulty we introduce a new function D € ‘H [[qfs]]. Recall the
Cartan decomposition G = KTTK where

T+:{zeT

|y(r>|<1Vye<I>+}.

The function D is the bi-K-invariant defined on the torus T+ by
D(t,s) = o)t vieTT.

The relation between D and A can be seen from the following proposition.

Proposition 7.1. There exists P (-, s) € H [q’y] and so € R such that for Res > sq it holds
that
D(,s)=A(C,5—=2)%xP(,s).
More precisely,
Py (¢>7) Ao — Py (¢*7) Ay

P = e T Dt Gs t D e G —2)'

where
z 11\ 5 22 (1 22
P@)=>5+5+-)o+—+(=-+1)z+1, P@)=—.
q q q q q q
Proof. Let vg¥ € 7V be the unramified vector such that (vov, vo) =1 and let w, be the

normalized spherical function associated with 7 given by

wr (8) = (vo", 7 (8) vo).

For any functional [ of 7 one has
/ D (g, )1 (n(g)vo) dg =1 (vo) f D (g,s) wx (g) dg.
G G

Using Macdonald’s formula [4, Theorem 4.2] for w,, this integral turns into a sum of
geometric progressions that converges for fes > 0. A direct computation yields

ﬁ(”’s):f”g’s)wﬂ(@ dg = L(55—2, 7,510 (r.5). (7.3)

G

Here - .

PR X Ui i Coid LA CULCO)
t(5s—DCGs+1)¢(5s—2)

On the other hand, £ (55 —2, 7, st) = A (m,5s —2) and obviously Q (m,s) = P (m,s).
Since eq. (7.3) holds for any unramified 7, the proposition follows. O

(7.4)
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Since the Fourier transform is a map of H modules, we have the following corollary:

Corollary 7.1.
DY (s) = AY (55 =2) % P (s).

The basic identity Remark (7.1) will follow once we prove
DY = F*x P (7.5)

and:

Proposition 7.2. There exists so such that f * P (-, s) = 0 implies f =0 for any f € My,
whenever Res > s

Indeed from eq. (7.5) we get
(A% (.55 =2 = F*(.9))* P (n5) = (DY = F*)x P =0

and hence by Proposition 7.2 we have A% = F* for Res > 0. We now turn to proving
Proposition 7.2 and eq. (7.5).
The following observation is useful for the proof of Proposition 7.2.

Remark 7.2. We note that H can be completed into a C*-algebra # as a closed subspace
of the reduced group C*-algebra of G. One way to do this is to use the action of H
on L?(K\ G/K) by convolution. This is a separable Hilbert space and H admits an
embedding into B (L2 (K\ G/K)) in which we complete it with respect to the operator
norm. In fact, for our needs we only need to know that a C*-norm and such a completion
exist.

PROOF OF PROPOSITION 7.2. We will show a stronger statement: there exists sg such
that for any fRe (s) > so the element P (-, s) is invertible in H. For Re (s) > 0 this is
equivalent to showing that

f)1 (q275s)
Ao— 75 Al
Po (477
A 2-5s
is invertible. Since H is a C*-algebra it will suffice to show that %A 1| < 1. We
have
Pl (qZ—SS)A Pl (q2—5s ”A ”
Py (g25) R (q>5) !
and since

lim Py(g>>*)=1 and lim  Pi(g>™>) =0,

Re(s)—o00 Re(s)—o0

there exists 5o such that for $Re (s) > 59 we have

Pl (qQ—SS)
Py (quSs)

1
< .
A
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It remains to verify eq. (7.5). We shall evaluate both functions explicitly and
miraculously get the same answer. Recall that Sy, = Staby (Vs) > S5 is generated by
Wy and hy (—1) xq (—1) xg (1).

Theorem 7.1. For all g € G(F) and Re(s) > 0,
D¥(g,5) = (F* % P) (g ) (7.6)

More precisely, both functions vanish outside of Sy, UTK. For t = ho(t1)hg(t2) € T the
values of both functions at t equal

- 2
1+l]1 5s t_2 5¢ t_l
tostDy || 1 5] <1

_5s 55 2
T L
CGs+D) |11 1 |7

1-5s 2
1+2¢g It |5s+1 ol _ 1
Gs+D) 11 S

if ty, ;—T € O and zero otherwise.

For the right hand side of equation (7.6) we first compute explicitly the function

F; = ]};—f) and then perform the convolution. This tedious, but quite straightforward,
computation is performed in appendix A.

Now let us explain how to evaluate the left hand side. Let SO7 be the special orthogonal
group viewed as a subgroup of GL7, preserving the split symmetric form (§; 7—;). Fix an
embedding ¢ : G (F) — SO7 (F) as in [13]. In appendix B we give a realization of this
map. Define a function I' : G (F) — R by

T (g) = il
(&)= max_|ug)ijl
The following result is easily checked.

Lemma 7.1. T is a bi-K -invariant function and fort e T,
L) = o)™
Thus D (g,5) = Y e Di (8) g~ tD5 where

_[LT@ =4
D (g) = {0, otherwise.
For any g € G define Uy (g) = {u eU:T(ug) < qk} and let

1.T (g) < 4¢*
0, otherwise.

Ek(g)={

Obviously,
Dy (8) = Ex (8) — Ex—1(8)
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and, in particular,
o
W, W —
DY (g.5) =Y (E" (&)= E.” (9)g~ Dk,
k=0

where

EY (5) = f 10,0 (1ug) Wy () dut = / W, () du.
U Ui (g)

The computation of E;(y“' (g) can be further reduced to a calculation of volumes of

certain sets. For a given g there are at most two values of k for which E,;I' *(g) #0. The
detailed computation is performed in appendix B.

8. Ramified computation

In this section we prove Theorem 3.4.
Recall from Theorem 3.2 that for the representative of the open orbit pu,

ds (s, 9. m=/

Us\Gs

Lo, 0 @ F @) dg =7 6) [ Lo, 0)(0) £ (u9) d.
U§\Gs

For p € G, (ky) define
QS —1
Xs (p) = 8p, (upp™).
Since u generates the open double coset in H, there is an inclusion

.. 1G(ks) H(ks)
i: deﬂ(ks)XS < IndPH(kS)Sf,H

defined by i(fy) (pug) = S;H (p) fs (g), and i (f) vanishes on all other double cosets
P (ks) /' G (ks).
For any ¢s € S (ks) define an action of ¢g on 7w by

Ps*kp = A b5 (r) s (X2a4p (1)) @ dr.
S

It is easy to see that
Ly, (s (30428 (1) (s % @) = s (1) Ly, (s (R3a428 (1) @),

where ¢g is a Fourier transform of ¢g.
Let us write

Is (s, 9) = fk Ly, (9) (0) 1> d*t.

N

Lemma 8.1. For any so € C and any ¢ € w such that Ly, (¢) # 0, there exists ¢s € S (ks)
such that Jg (s, ¢s * @) # 0 around sg.

Proof. One has

/X Ly, (ps*¢) (011 d*1 = /k $s (1) Ly, (9) (0) 1 d*1.
S N

ks
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Since the image of kSX inside kg is locally closed we may choose ¢s such that 435 is
supported on a relatively compact neighbourhood of 1 € k. Choose ¢g such that the

support of qASS is sufficiently small to ensure the non-vanishing of Jg (s, ¢s * ¢) around
50 O

Consider the decomposition

Gsng-TSC-U§~K5, T§={Xﬁ(l‘) le;}, U§={xa(r1)xa+ﬁ(r2) r,‘Eks}.
For any Schwarz function ®g on (T¢-U°- K)g define fs (Pg) € indgﬁ Xs by
S
fs (@s) (8u8) = x5 (1) Ps ().
Then for any ¢ € 7 it holds that
ds (s, ¢, f (®)5) = Js (5, Ps x¢) (8.1)

By the Dixmier—Malliavin theorem [5] there exists a Schwarz function ®s on
(T°-U°-K)g and ¢ €  such that Ly, (Ps*¢) # 0. Then for any ¢s5 € S (ks),

ds (s, ps x @, [ (Pg)) = Js (5, Ps % (P x¢)).

By Lemma 8.1 there exists a Schwarz function ¢g€ S(ks) such that
ds (s, ps * @, fs (Og)) is an entire function and does not vanish in a neighbourhood of
S0-

9. Application — the ©-lift for the dual pair (S3, G7)

The theta correspondence ®g for the dual pair (83, G2) in the group H x S3 has been
studied in [8]. The minimal representation IT of H can be extended to the group H x S3.
A cuspidal representation m belongs to the image of ®p if

/ v F(gdg#0
G(\G(A)

for ¢ in the space w and F in the space of the minimal representation I1. It was proven
in [8] that any such representation 7 supports the split Fourier coefficient. Besides, 7 is
a non-tempered representation and £5 (z, s, st) has a double pole at s = 2. Taking the
residue (of depth 2) at s = 2 for the main equality, we obtain the converse, i.e. the double
pole of the standard L£-function at s = 2 characterizes the image of ®@g. In other words:

Theorem 9.1. For a cuspidal representation w of G (A) that supports the split Fourier
coefficient, the following statements are equivalent:

(1) £5 (s, 7, s5t) has a double pole at s = 2.
(2) ©p (1) #0.
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A. Computing F (-,s)*x P (-, s)

Recall that
PyAog+ P1Ay

tGs—1D¢Gs+1)¢(5s—2)

P(s) =

and by [11, p. 231]

Ag=1kx, A1 =g (1K +1Kw2v(w)K> ;
hence

F*(,8)%P(-,s)
(Po() =g Pi(q™)) F(o$) =g Pi(q> ) F (-, 9)* lkoy @k ()
EGs—=DeGs+1D)E(5s—2)

=j ) (A1)

We shall compute each summand separately. In this section we prove the following result.

Proposition A.1. The following hold for (F (-,s)* P (-, 5)).
(1) (F*(,9)% P (,5) € My, .
(2) (F*(,s)* P (-,5))(g) =0 unless g € Sy, UTK.
(3) Let t = hy (1) hg(2) € T. If 11, ;—f € O it holds that

g5 n| 55 |10
tGstn o | 17 7] <1
_ 5s 2
* _ 144" | 7
(F*C.)%x P (-,5) (1) = 65t || Il |5 =15 (A2)
142¢' 7% sepr |1
T T | =1

otherwise (F* (-,s)* P (-, 5)) (t) = 0.

A.1. The spaces My,, ME)I/S

In this subsection we list some properties of the spaces My, and ./\/lg,s, defined in
section 2, which will be used in this section and in appendix B. By Iwasawa decomposition
any function H € My, is determined by the values that it attains on By /(By NK),
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i.e. on the elements

g =hy (1) hg (©2) x4 (d) ,
where d € F/O. In this appendix if d € O we choose d =1 as a representative. In
appendix B if d € O we choose d = 0 as a representative.

Note that for any positive root y and |d| > 1 one has

x_y(d) = x, (d"Hhy (d Dk
xy(d) = hy (d) x_y (d) K, (A3)

for some k, k' € K.
Using the invariance properties one easily checks the following lemma.

Lemma A.1. Let g = hq (1) hg (12) Xo (d).
(1) Let H € My,. Then H (g) = 0 unless

t t
n, dn +t—2, 2dt—2+d2t1 cO. (A4)
1 1
(2) Let H € M?Ps' Then H (g) = 0 unless
t t
tl,—z,d2t1,d—2€(’). (A5)
I i

Proof.
(1) Note that for any u € UNK it holds that

H(g)=H (gu) = H (u8g) = W (uf) H (g).

So if H (g) # 0 then
Y, (u®) =1 VueUNK.

Note that for u (r1,rp, r3,r4,r5) € UNK it holds that

dn n  d*n
ut =ury, ==ri+—=ry, —ri+diira+tirs, ry, rs |,
2t 1 4

for some r{, ry, r5. Applying Wy to uf yields

dt d2t1 1)
\IJs(ug)z‘I’s(<2—tl+T ry+ E+dt1r2 rotnr3|.
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In order that Wy (u8) # 1, the coefficients of ry, rp and r3 must belong to O. It then
follows that

dty d’t t
Wy (u8) = Vr, €0 = 24+ 24 dn,1 €0,
2H 4 1
(2) This follows from the previous item by applying wy-invariance. O

The following lemma will be useful in the computation of the second summand of
eq. (A1).

Lemma A.2. Let H e My,, t € T and 1g;x be a characteristic function of the double
coset KtK. Then
Hx1kik (9) =Y H(gh; "),
i

where KtK =[] Kb;. Note that the representatives b; can be taken in the Borel subgroup
B of G.

A.2. Computation of F;
Proposition A.2. Assume that g = h (11) hg (2) Xo (d) € M satisfies eq. (A5). It holds

that
Ss—1
t
1-5s 2
1— ‘w <d2i +d> j—f

For g € M violating eq. (A 5), we have F (g,s) = 0.

£(5s—1) Ss
e Nl

L}
n

21}
d i+d <1

F(g,s)=
£Gs=1) |l‘]|5s

213
TG d=g; +d

Lo}
n

5s—1>

2
d2%+d > 1.

Proof. We recall that
F(g,s)= /F fs (xasp (r) g) ¥ (r)dr,

where f; here is the spherical section such that f; (1) = 1. For g as above we have

F(g,S)=/Ffs (wawsx—g, (1) Xa4p (r) ha (1) hg (12) Xo (d)) ¥ (r) dr

t2
= |t1 |5S ﬁ fY <w2w3x—(11 (é) xa2+a3 (%r) -xOll (d) -xOl3 (d)> 1/’ (l") dr'

. . . ot . . .
Making a change of variables r’ = é and conjugating w3 to the right we get

t12 / t2 / /
/ Js | wox—a; | — | Xar (r)xa; (d) X—a3 (d) | ¥ (—V ) dr'.
F t2 N tl

F(g,s)=Inl*

15}
n
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Due to eq. (A 3) we have

F (m,s)
tlz / -1 —1 L, /
fs W2X—q | == xaz(r )xoq (d) xa3(d )ha3(d )| ¥ <—V ) dar’.
F 1) t

Conjugating the elements associated with a3 to the left and using a similar equality for

5]
5
=P |-

o1 yields
Fg.o=" i 2 5 (wzxal (g) e (%) Y (d)) " (%r) ar’
=12 | i ; f 5 (wzxal (g) Ya (%) oy () X (d)) v (%r) ar’
=|n |5S 2 ﬁ (wz)co,z(r’)x_o,l <d2 —|—d>) ¥ (%r’) dr'.
If dzg~|—d‘ < 1 we have

F(g.s)=n> |2

/fs w2xa2(r))l/f(1 )dr

The integral is evaluated by separation to O and F \ O and once again using eq. (A 3).
It holds that

fﬁ uzzzco,2<r>)v,u<1 )d’
= [, (e ))‘”( )d’ +f k (wzxm(r/))w(’—zr’) ar’
F\O n
= 1+/ IF| 7>y (t—zr’) dr’
O 151
t —5s
- / v (r)dr

=1+ > q—5’“/ ¥ (r)dr —

_k
1<gk <‘ ﬂ ri=a
_tGs= (| o -1
DN n '
And hence S
55— 1 t 0 [>T
F gy = S0 Dy 5|2 1“”’_2 '
¢ (59) ] 1
2 2
Assume now that d2;—12 +d| > 1 and define p = dzi—lz +d. It holds that

F(g,s)=1nl>

;_2‘ / fs W2y (") xey (P~ Dty (P~ )Y (t—zr’> dr'
nlJr f
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Ss

t t ! t !
= a 2 / fs <w2xa2 (1)) w (—21’/) dr’ (r// — r_>
p n|Jr p n p
151 3 n 5]
=|—| |p= / fs (wzxa2 (r”)) ¥ (—pr”) dr”.
p nl|Jr N

If |p%| < 1 then, as in the previous case,

S5s—1
_tGs—=1) s

n
n

1-5s l2 ;
1— 'w (d2—1 +d> 2
15 131

If on the other hand | p%l > 1, like for the previous cases it holds that

/ fs (wzxol2 (r)) W (t—zpr> dr = / W <Z—2pr> dr—}-/ |r|75S v <t—2pr> dr =040,
F n o\ F\O 1

> 1, eq. (A D) is violated. O

2
t

>t +d
5]

since ¥ is of conductor O. Note that when ‘ P

Corollary A.1. (1) F ()€ M?I/S'
(2) F(,9)%P (.)€ My, .
Proof. In order to prove (1) it is enough to prove
F(wg,s)=F(g,s)

for any g = ho (t1) hg (12) Xo (d) and any generator w of Sy,. Recall that Sy, is generated
by wg and w = hy (—1) x4 (—1) x_g (1).
Note that for g = hy (11) hg (2) x« (d) it holds that

ha (=1) Xo (=1) x—o (1) gWa = ha (_%> hg (t2) x—q <_ <d+ %>> |
i

Now, note that g € Sy, UTK if and only if d + [t—% € O; when |d| > 1 it holds that
1

19}

7
4

—|d|.

In particular, one may write

2 2

t 15 dt 15
Lyl =2 +1=ld+ 3| <1

15} ]k I

Case 1 —g e T. For g = hy (t1) hg (t2) it holds that
_ t
wahg (11) hg (1) wy ' = he (f) hp (12) = ho (1))hp (13).

It then holds that F (g,s) = F (wo,gw;l,s) = F (wyg, s) since

2
n
/
)

5]
2
1
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and
/ / 12
b L 4 n
1= =Iul, < =\
f 1ot f
Also,

~ 1% t
Why (1) hg (02) we = hy <_E) hg (t2) X« (_t

1) 2
n
5]

| S
N———

n
2
f

If

< 1 then x_g4 (—:—%) € K and also
1

~ 15
Dgwe = he (—f) hp () = ha()hp ().
Then F (g,s) = F (Wgwg, s) = F (wyg, s) follows from

2
o
/
)

5]
2
4

and
/

/ 2
! h | _
1 /

/
1 b

5]

= |ul,
|21 t1

2
2

1

L3

t
7
1

If, on the other hand,

> 1 then x_, (—t—2> ¢ K and hence

7
h

WEWy = hy (1) hﬂ (2) Xo (_l%> = ha(t{)hﬂ(té)xa(d/)'
1

Note that

2
2 2
d’ZtL_{_d’: L .tL_t_ZZOEO’
/ 2 2
h ) o

and hence F (g,s) = F (Wgwy, s) = F (wyg, ) is automatic since t{ =
2
i

t
t; and té =t and

P < 1.

2
Case2 - g ¢ T. Let g = hy (t1) hg (12) xo (d) ¢ Sy, UTK. In particular, |d|, |dz§—12 +d|,

d+2)> 1.
4l
Note that
5]
WegWa = Ny (_> hﬂ (12) xq (d) K,
dt;
for some k € K. We write
15}
hy (E) hg (12) xo (d) = ha(1)hp(15)xa(d').
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Hence F (g, s) = F (wg, s) follows from the fact that

12

t t
d?Lvd | =ld+ 2| > 1
) 4
and
1. ! = h é d/zf—i-d/ :l‘_z. dzi_;’_d
! d/ztt,jer, d2?+d’ 1 1} f 5]
2 2
Also,

-~ t t
WEgWy = hy S hg (1) X4 (— (d—l—t—i))k
t (d-i—;—l%) !

for some k € K. We write

he R hg (12) xo (— (d + ;—;)) = ho(1)hg(t))xe(d").
n (d + :—%) 1
1

Hence F (g, s) = F (wg, s) follows from the fact that

t/2
d?L yd'|=1dl > 1
)
and
1 t t 12 t 1?
n—rs == t—3~(d/2%,+d/ — 72 Ldl).
21 24 1 2
d tlé +d’ d*7-+d 1 2
This completes the proof of (1). Item (2) follows immediately. O

A.3. Decomposition of ng(w)K into left K cosets

We recover the list of left K cosets in Kwy (@)K from [7, Propositions 13.3 and 14.2].
The decomposition of Kw; (w)K = [[b;K as a union of right K cosets is described there;
after listing them we will make them into left cosets. Write b; = u;b; where u; € U ,

bi € BN M. Fix Y to be Teichmiiller representatives in O of O/ (@) (or any other set of
representatives) and Z to be a set of representatives in O of O/(w?).
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te Kyy\M/Ky; : #uibiK C szv(w)K . representatives u;b;
UK N KoY (@)K # 0 bi € KytKy)
h—gw, (@) 1 h—gw, (@)
6 u(ry,ry, r3, r4, rs) hey, (o)
hfﬂ(w) q r,r, 13,714 €Y, r5€Z
u(r1,0,0,0,0) hq (@) h_g ()
r eY;
ho (@) hp () 4@+D 1 (0,0,0, 14, 0) xq (2) h_p ()
r4,2€Y
u(ry,r2,0,0,r5) hg (o)
Y, ri €Z
h 4 ra,rs €1, ri 5
v (@) ¢ @+ 1 (0,0, 73, 14, 75) Xq (2) hey () hg ()
r3,r5,2€Y, rq €2
1 (0,0,0,0, 2)
rs f Y, r5 # 9;
1
| S-1 u(z,0,0,0,3)

ri,rs €Y, rp #0;

" (y& yroynon LS)
o W W wo’w
ri,rs,yeY, rp #0
We need now to make the right coset representatives {b;} into left coset representatives.
Let wo = wowgwawgwgewg € K be the longest element in the Weyl group of G. Recall
that wg sends y to —y for all y € ®. Also note that {wobl’.} is also a full set of
representatives of right cosets.
Denote by 6 the Cartan antiinvolution, fixing the torus T such that 6(x,, (r)) = x_, (r).

Let wp € K be a lifting to G of the longest Weyl group element such that 6 (wg) = wy.
Then

KoY (@)K =6 (Kwy (@)K) =6 (]_[ wob;K> =[[k0(®)wo=]] Kt ni. (A6)

1

Fixing b; = tl-_lni gives a set of left coset representatives of Kw; (w) K.

A.4. Convolution

Combining eq. (A 1), Proposition A.2 and eq. (A 6), the computation of the convolution
F*(-,s)* P(-, s) is straightforward. We shall present the computation for toral elements
only, thus proving eq. (A 2). The vanishing F*(-, s) * P(, s) outside of Sy, UTK is proved
similarly.

By Lemma A.2 we have

(F 9% Ikugimr ) @) = D Flgb '),

< 1.

Assume that g =t = hy (t1) hg (12). By Sy,-invariance we may assume that %

2
The case % > 1 follows by symmetry from |-L| < 1, since F (-, s) € M?I,x. We can write
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(F (-, 8) * 1Kw2V(w)K) (1) as follows:

(F (-, 5) % 1Kw2v(w),<> ()= F (h—ow, (@)1, 5)+qF (e, (@)1, 5)
+qF (h—g (@) h_g (w)1,s5)
M 4
+q Z F (h_ﬂ (D)t x4 (—g) , s) +q'F (hﬂ () t, s)

yeO/(w)
gt Y F(ha(w)h,g(w)txa(—l),s)
w
yeO/(m)
y (B
+1la > v(-=(=v+n)r)-1]|F@s. (A7)
w \ 11
r,yeO/(w)

We separate this computation into four cases depending on the absolute value of #; and
t;. All the following results follow by applying Proposition A.2 to the summands in eq.
(A7). Define || = ¢~ and |f2| = ¢~

(1) Assume that 5] = |f] = 1:
q6—10s +q5—5S +3q4—5S +2q2_1

(F )% Iuyor ) (0 =

¢ (55)
and also |
F(,s)= TG
Plugging this into eq. (A 1) yields
. B 1+2q1—5s
(F*C,5)* P (,9) (1) = G D)

2
0.

15)

(2) Assume that || < |71] and

cGs—1) q1+5S—n—5ns qS—Ss—n—Sns qz_n_sns
(F (5 8) % 1Kw;(w)K> ) =

(Gs) \ cGne) T tGmiDs) LG

4—n—-5(n+1)s —n—>5ns

A SN B
TGt T TV ey

2q 1—n—>5ns ) q2—n—5(n+1)s
+q|2t—+ @ -2
I\ T4 G-y

. q—n—S(n+1)s ql—n—S(n+2)S
p B B Y ——
4 ( cGurhy 9T G ))

_ —n—5ns
F(t’S)ZC(SS ) ¢ '
¢Gs) ¢Gm+1s)

and also
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Plugging this into eq. (A1) yields

1 + 2q1—55 |t1 |55‘+1

(F*C.5)* P (,9) () = I

(3) Assume that |5| < |#1] and < 1:

b
5]

¢ (5s—1) [g'tds—min=3ns g~ Ss—m+n=5ns
+
¢ (5s) (S (m—n)s) (B (m—n+2)s)
1—m+n—5ns+5s

(F o9 Leuyr ) 0 =

q q375ns7m+n

+§(5(m—n—|—1)s)+§(5(m—n+2)s)

ql—Snx—m—i-n q2—5s—m+n—5ns
+q | T+~ D

¢ (S(m—n)s) {GSm—n—1)s)
n—m—5s—5ns 1—10s—m+n—>5ns
4 4q 4
i (; Gm—ntns 1TV Em—m) )
n—m-—5ns
3 q
+@ =Dy (5(m—n+1)s)>

and also S
F(I,S)ZK(SS—I) q .
¢Gs) ¢Bm—n+1)s)

Plugging this into eq. (A1) yields

l +q1753
c(5s+1)

n

5s
= lnl
I

(F* ()% P (,5) (1) =

2
q

% < 1:

(4) Assume that || = |f1| and

c 5s—1) 5—5s—5ns 14+-5s—5ns 3—5ns
(F('ys)*lezv(w)K) (1) = q q q

t(10s—2) TcGs—1) Tz (10s—2)

¢ (5s)
4—55—5ns —5ns
4 o1
HICET l)g(ss—n)

and also S
F(M)ZC(Ss—l) q .
¢Gs) ¢Gs—1)

Plugging this into eq. (A 1) yields

1+q1—5s |t |55'

(F (',S)*P(',S)) (t) = m
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B. Computation of Dy,
Recall from §7 that our aim is to compute

E) () = / Ly (8) Wy (u) du = / W, (u) du,
U Ur(g)

where
Uk (®) = Uk (9) = [ue Ui Twg) <}
We treat first the case where g € Sy, UTK and then the case where g ¢ Sy, UTK.
We note the following helpful fact that will be used repeatedly through out this section.

Lemma B.1. Fora,b,c € N with a+b > c it holds that

w {(x, W] Ixl < g% Iyl < g” lxyl < qc} =q¢‘(U+@+b—c)1—g "),
where u is the Haar measure on G such that u (K) = 1.

B.1. Toral elements

For t = ho(t1)hp(t2) and u = u(ry, 2,73, ra, rs),

1 0 rn r LI E R EA é
2 2 2
0 { . ry —r3 rir3— "22 rir4 —2rr3 —rs
2 2 2
twH=19 o0 1 0 0 3 r4
2 2
0 0 0 1 0 —ry —r3
0 0 0 0 1 —r —ry
0o O 0 0 0 1
0O O 0 0 0 0 1
1]
n
n
7
15}
: (B1)
n
ff
A
15}
"

Consider an element g € T and denote it by t = hy(t1)hg(t2). Define |t1| = ¢~ and || =
q~™. By eq. (Ab), Ex (t) =0 unless |t1], |%| < 1. Recall from §2 that E:"Y € M(\;,J; hence
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2 ? 2
we may assume that |« (7)| = |i| < lor || |%|. The case |é| > 1 follows from |i| <1

<
by we-invariance. Also, U (f) = @ unless |t;] > ¢~*. To sum up we have to compute E,* ()
for t1, tp and k satisfying
5]

—k
q " <l <
n

< 1.

We may exchange integration over Ui (f) to integration over a smaller and simpler set,
namely:

Lemma B.2.

ES (1) = /7 W, (u) du,

Uy (1)
where

Up (1) = {M (r1,r2,13,74,15) € Up (1)

[r2l, |r3] < Q}~

Proof. For any x,y € F define

Uk(x’y) () = {u (r1,r2, 13,14, 75) € U (1)

rzzx,razy}

and note that for s1, 50 € O%,
U (1) = h (1,5 USY 0™ (s152),

where
h (s1,52) = hg (s1) hagtp (s2). Since 8p (h(s1,52)) =1 it follows that M(U,f““”) (t))

=u (U,ix’y) (t)) which means that it depends only on ¢, |x| and |y|. In particular, if

Ix| = ¢', |y| = g/ we denote u (Uk(x’y) (t)) by pn (U,ﬁ’j (t)).

Thus
E} (1) :/ Wy (u) du = / " (U,fx*” (t)) v (x+y) dxdy
Ur(t) FxF
o PR
=Y ww o [ v v
i,j=—00 [x[=q' [yl=q’
Since flzI:ql Y (z)dz =0 for [ > 1, the proposition follows. O

Remark B.1. We can describe Uy (t) by giving a short list of inequalities. Namely, u €
Uy (¢) if and only if
k>n

Iral, Ir3] < g
rirz — I‘22| < qk+n—m
k—n

[r1l, 2l |3l [rars + 15,

Iral, (73l ral, [rars — P3| lrira — 2rrs — 15| < g
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Corollary B.1.
EF 0 =n(0°0)-n (U ©)-n (U 0)+e (vl 0).
Proof. We first note that for every i,i’ <0, j < 1 and k it holds that
w(U ©)=n (U ©), w(UFo)=uvi’ ).

‘We also recall that
v(r)=1, Y (r)=-1

Irl<1 Irl=q
The claim then follows by a simple computation:
et ..
Ef 0= Y w@l@®) | @) dx /| Y (y) dy

i j=—00 |x|=q* yl=q/

—u(0) [ vwar [ voa
lx|<1 lyI<1

(@ o) [ vwar [ woa
lx|<1

[yl=q
—u(Wo) [ v [ voa
|x|=¢ lyI<1
+u(U o) [ vwax |  wordy

[x|=¢ [yl=¢

=u (U 0) = (U )= (U ©)+u (v ). O

Proposition B.1. For ¢ as above, with |t;| = q~", it holds that:

(1) E (1) =0 fork #n,n+1.
v 1 ja®l=1 _w, . 24> e =1
@ B 0=y ol < 1, 540 gt ot o) <1

Proof. We separate the proof into sections according to the absolute value of « (¢).

2
= 1.

I
15}

o Assume that |a ()| =1, i.e.
(1) Assume that k = n; then u € Uy (¢) if and only if
el 2l dr3l s ral Irs] < 1.
In this case U,?’l @, Ukl’0 ®, Ukl’1 (t) =0 and U,?’O (1) = ©3. Hence
EV (9) =1
(2) Assume that k = n+1; then u € U (¢) if and only if

71l lral s |73l Iral < g
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2, lrira—2rr3 — 15| < g

|ror3 +rs],

We demonstrate the measurement of U ,ij (t) in this case as an example to indicate
the calculation carried out in all other cases. Assume that |rp], |r3] < 1; then
u € Ui (1) if and only if

Irils lral, sl riral < g

and hence, by Lemma B.1,
Iz (U,?‘O (t)> =q(q+@—1)=2"—q.

Assume that |rp| = ¢ and |r3| < 1. Then |r1r3| q but also |r1r3 —r2| q which
Contradlcts the fact that |r2 | = ¢?. Hence U P (t) = (), and by a similar argument
Y =

Assume that |r2|, |r3] = q. Let us parametrize Ulg’l (#) in the following way:

X+ r22
r =
r3
y+r3
rqg =
r
rs =2z —rrs.
The domain of integration for the new variables is |x|, |y, |z] < ¢g. Also

d d
dri =2 ar =2 drs=dz.
q q

Note that now

x+r22.y—|—r32

r3 r2

RORY NS B3 B
o110 4 Jo-'0 9 Jo-

Combining the computed u ( i (t)) yields
Eviy 0= (U 0) = (U0 0) = (U0 0) - n (v o)
= (Zqz—q) —0-0+qg = 2q2.

(3) Assume that k > n+ 1; then u € Uy (¢) if and only if

xy+ xr32 + yr22
lrira —2rar3 —rs| = —_— -

N

—rnr—=z

rar3

Hence

72, I3l < g

Iril s Iral s Irsl s Iraral s sl (riral < g%

Hence, according to Lemma B.1,

i (U,?’O (t)) = g2k=m (1 +k—n) (1 _ q*‘))
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,u(Ukl’O(t)): ( (r)) PRI ")(1+(k—n—1)(1—q*1))
w (Ul @)= (14 6-n-2)(1-47")),

and then
ES () =0.
Evaluating D% at ¢ yields
P¥ (=g EY 0+ (BN 0= EV ) +a72EN @)

_ 142¢'% 11751
c(Gs+1)

e Assume that | (f)] < 1, i.e. i—'z < 1.

(1) Assume that k = n; then u € Uy (¢) if and only if

|2l rsl, |ral, lrirs —rs| < 1

il sl < g
By making a change of variables r5 = x + rir4, this is equivalent to

Il I3l lral s |x] < 1

1l Iriral < g2

Hence, according to Lemma B.1,

w (U0 ) =g
w(U )=k (0 0)=n (v ) =

E) (0)=q""".
(2) Assume that k = n+ 1; then u € Uy (¢) if and only if

and then

,rira —2rar3 —rs| < g
2n—m+1

[r2l, |73l lral,
Iril, sl lrirsl < g

Hence, according to Lemma B.1 and arguments similar to those for case 2 with
o ()] =1,

u( (t)) anmmt2 (1+(1—q’1)), ( (t)) g
w (U @)=0, w(Ul®) =g,

and then

v, _
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(3) Assume that k > n+ 1; then u € Uy (g) if and only if

lr2l, |r3l < g
< k+n—m

[r1l, Irsl, |rirs] <

ral, Iraral, Irira —rs| < gF=".

By making a change of variables r5 = x + ryr4, this is equivalent to

lr2l, lr3l < ¢q
Iril, Iriral s rirs] < gkt
ral, raral , x| < g%

Hence, according to Lemma B.1,

" (U,?’O (t)) k=n gktn—m (1 +(k—n) (1 _q—1))
(Ut ®) =g g = (14 =n=1) (1-47"))

(U ©) =g g (14 k=n—=1) (1-¢7"))
( (

)
Ukl’l(t)) gk (14 (k—n —2) (1—q—1)),

n
and then
E (1) =0.
Evaluating D¥s at ¢ yields
1 1-5s t
p¥ =L |2lypr O
C(Gs+1) |t

B.2. The non-toral case

This case is technically more involved than the case of the toral elements, but all the
ideas for the toral elements can be carried over to this case as well. We will prove the
following result.

Proposition B.2. E,g’s (g) =0 for g ¢ Sy, UTK.

Let g = txq(d), where t = hq (t1) hpg (©2) and |d| > 1. Since g ¢ Sy, UTK it holds that
|d2a @) —|—d| > 1. By eq. (A5) Ex (t) = 0 unless

1)
dztl, = e0.
l‘1 1

< 1; the dual

2
Since Ek S e M?y it is enough to compute E, s (g) when |da (t)| = ‘ L

case follows by wg-invariance.

https://doi.org/10.1017/5147474801300039X Published online by Cambridge University Press


https://doi.org/10.1017/S147474801300039X

182 N. Gurevich and A. Segal

The matrix ¢ (x4 (d)) has the form

Define |t1| = ¢, |t2] = ¢ and |da (1)| = g'. With this notation, Uy (g) = ¥ when k < n
and so we may assume that k > n.

We now reduce the domain of integration. The proof of this lemma is similar to the
proof of Lemma B.2 and is omitted.

Lemma B.3.

Ef (1) = fA W, () du,
Uk(g)

where

Uk (g) = {M(Fl,rz,rs, ra,15) € U (g) | Ir2 +13] < t]} .

2 —
Remark B.2. Define b = d%. When |da (£)| < 1, we have u € Ui (g) if and only if
k>n
lra+r3l < ¢

rirs — r22| < qk+n—m

71l |2l |73l |r2rs 475,

lbry —ral, |bra —r3l, |brs —ra] < g* ="

|r2r4 — r32 —bryry — br5} , |r1r4 —2rr3 + br22 —brir3 —rs| < qkf".

We are now ready to prove Proposition B.2.
Proof. e Assume that |b| < 1, i.e. [ < 0. Note that under this assumption,
Ui (9) = Uk ()
and thus
£l @ = (U @) - (0} @) - (U @)+ (v ©).
(1) Assume that k = n; then u € (m if and only if

Il < ¢
Iril, sl < g
|73l ral . |bri — ral | [rara = brs| , |rirg — 2rar3 + bry — briry —rs| < 1.

2n—m
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Hence, according to Lemma B.1 and arguments given for the toral case,
0,0 — 1,0 -
w (U @)= (U @®) =47

n(U @) =0, u(ul'®)

0,

and then
E () =0.
(2) Assume that k =n+1; then u € m if and only if
ril < ¢!
2l Ir3l, Iral, [rara —r§ — brs|, |rirs — 2rars — brirs — rs| < q.

Hence, according to Lemma B.1 and arguments given for the toral case,
1 (V@)= (1+(1-¢7). 1 (v @) =*" (1+(1-47"))
1 (U,?’1 (g)) =(U-Dg*(g=q7"). 1 (Ukl’1 (g)> =(1-0g"! (61 —q_1> :
and then
E () =0.
(3) Assume that k > n+ 1 and define x = rp +r3. Then u € U/k-@ if and only if
x| < ¢
o= s =] < 450
brs+rirg — (b+ 1)r32| , |r1 (ra—br3)+ b +2) r32 —2xr3 —r5| < gk,

ral, |bril,
The set @ is invariant under the change of variables
(r1,x,r3,r4,1s) — (rl,x + w_l, r3, r4,rs + 2r3w_]) .
Making this change of variables in the integral yields

EL (@) =y (@ )E" (9.

and hence
Wy
E;" (g) =0.
2
e When |b| = d% = 1 the calculation is more involved and is omitted. Nonetheless E ,:y s
vanishes on such elements and hence DY also vanishes. O
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