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We study the Cauchy problem for the degenerate and uniformly parabolic equations
with gradient term. The local existence, global existence and non-existence of
solutions are obtained. In the case of global solvability, we get the exact estimates of a
solution. In particular, we obtain the global existence of solutions in the limiting case.

1. Introduction and statement of the main results

We will consider the non-negative solutions of the following Cauchy problem:

ut − div(|Du|p−2Du) = |Duq|σ in ST = R
N × (0, T ), (1.1)

u(x, 0) = u0(x) on R
N , (1.2)

where p � 2, q > 0, 0 < σ < p, T > 0, N � 1 and u0 ∈ L1
loc(R

N ) is non-negative.
Concerning the case p = 2, the equation is typified as a viscous Hamilton–Jacobi

equation. It has been proposed as an appropriate model for surface growth by
ballistic deposition, and specifically for vapour deposition and the sputter deposition
of thin films of aluminium and rare earth metals (see [24–27,31]). The problem (1.1),
(1.2) has attracted much interest (see [1–4, 6–8, 10–16, 21, 23]) in recent years. In
the earliest of these papers [6], the existence and uniqueness of a classical solution
was proven under the assumption that q = 1, σ = 1 and u0 ∈ C3

0 (RN ). In [4],
the existence of a suitably defined weak solution, when u0 is a Radon measure,
was investigated. In [2], the existence of a unique classical solution was proven
under the hypothesis that q = 1, σ > 1 and u0 ∈ C2(RN ) ∩ W 2,∞(RN ). More
recently, attention has focused on the questions of existence and uniqueness of
suitably defined weak solutions when q = 1, σ > 0 and u0 ∈ Lp(RN ), for some
1 � p < ∞ or u0 ∈ C(RN ) ∩ L∞(RN ) or for when u0 is a bounded measure
(see [1, 9–12,21,22]).

For the case p > 2, with q = 1 and 1 � σ � p − 1, the Cauchy problem (1.1),
(1.2) has a local solution (see [28]) and the condition on initial data is that

sup
x∈RN

∫
Bρ(x)

uh
0 dx < ∞,

643
c© 2013 The Royal Society of Edinburgh

https://doi.org/10.1017/S030821051100103X Published online by Cambridge University Press

https://doi.org/10.1017/S030821051100103X


644 H. Shang

where h � 1 and ρ is any fixed positive number. We remark that this optimal
condition was first used in [5]. For qσ � p − 1, the local existence of solutions was
studied in [17,30] with measures as initial data.

Here, for all q > 0 and 0 < σ < p, we study the local existence, global exis-
tence and non-existence for the equation (1.1), with initial data in a suitable space
Lh

loc(R
N )(h � 1), motivated by the ideas in [4,5]. The results contained in this paper

have the following new features. Firstly, we give the local existence of solutions.

(i) For p = 2, Andreucci [4] obtained the local existence of solutions of problem
(1.1), (1.2) under optimal assumptions on the initial data for qσ � 1; here we
generalize this result to the case 0 < qσ < 1.

(ii) For p > 2, we generalize the local existence results in [28] to (1.1), (1.2).

Secondly, our interest is focused on the global existence and non-existence of solu-
tions. Andreucci and Di Benedetto, in a fruitful paper [5], considered the Cauchy
problem for the porous medium equation with strongly nonlinear source ut−∆um =
uσ, where a Fujita-type result was obtained and the critical exponent was σc =
m + 2/N . Later, Zhao [32] (see also [28]) generalized the results in [5] to the evolu-
tion p-Laplacian equation ut − div(|Du|p−2Du) = uσ, where the critical exponent
was σc = p − 1 + p/N . Here, in the spirit of [5], we also obtain a Fujita-type result
for (1.1), (1.2) and the critical exponent is

σc =
(N + 1)p − N

qN + 1
,

i.e.
N

κ

(
σ(pq − p + 1)

p − σ
− 1

)
= 1,

where the definition of κ is as below. Moreover, the existence of local and global
solutions in the limiting case

N

κh

(
σ(pq − p + 1)

p − σ
− 1

)
= 1

is also considered. The method here can be used to study the limiting cases σ =
m + 2h/N [5] and σ = p − 1 + ph/N [32]. As far as we know, the results given in
the present paper are new.

Definition 1.1. A non-negative measurable function u(x, t) defined in ST is called
a weak solution of (1.1), (1.2) if, for every bounded open set Ω, with smooth bound-
ary ∂Ω,

u ∈ Cloc(0, T ; L1(Ω)) ∩ Lp
loc(0, T ; W 1,p(Ω)) ∩ L∞

loc(ST ), |Duq|σ ∈ L1
loc(ST )

and
∫

Ω

u(x, t)ϕ(x, t) dx +
∫ t

s

∫
Ω

[−uϕτ + |Du|p−2DuDϕ] dxdτ

=
∫

Ω

u(x, s)ϕ(x, s) dx +
∫ t

s

∫
Ω

|Duq|σϕ dxdτ (1.3)
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for all 0 < s < t < T and all ϕ ∈ W 1,∞
loc (0, T ; L∞(Ω)) ∩ Lp

loc(0, T ; W 1,p
0 (Ω)). More-

over,

lim
t→0

∫
K

|u(x, t) − u0(x)| dx = 0 ∀K ⊂⊂ R
N . (1.4)

Weak subsolutions (respectively supersolutions) are defined in the same way
except that the ‘=’ in (1.4) is replaced by ‘�’ (respectively ‘�’) and ϕ is taken
to be non-negative.

We make use of the norms in [5] and set

|‖f |‖s ≡ sup
x∈RN

‖f‖s,Bρ(x),

γ−1 sup
x∈RN

‖f‖s,B1(x) � |‖f |‖s � γ sup
x∈RN

‖f‖s,B1(x),

where s � 1, f ∈ Ls
loc(R

N ), ρ > 0 and γ = γ(N, s, ρ). We also define κs =
N(p − 2) + ps, κ = κ1 = N(p − 2) + p.

We use γ(a1, a2, . . . , an) to denote positive constants depending only on specified
quantities a1, a2, . . . , an.

First we state our main existence results as follows.

Theorem 1.2. Let |‖u0|‖1 be finite, 0 < qσ < p − 1 and q > (p − 1)/p. Then, there
exists a solution to (1.1), (1.2) defined in R

N × (0, T0), where T0 = T0(N, p, q, σ),
such that for all 0 < t < T0 we have that

|‖u(·, t)|‖1 � γ(|‖u0|‖1 + 1), (1.5)

‖u(·, t)‖∞,RN � γt−N/κ(|‖u0|‖p/κ
1 + 1), (1.6)

where γ = γ(N, p, q, σ), κ = N(p − 2) + p.

Theorem 1.3. Let qσ � p − 1 and let |‖u0|‖h < ∞ with h � 1 satisfying

N

κh

(
σ(pq − p + 1)

p − σ
− 1

)
< 1, (1.7)

where κh = N(p − 2) + ph. Then, there exists a constant γ = γ(N, p, q, σ, h) and a
positive time T ′

0 = T ′
0(N, p, q, σ, h) such that problem (1.1), (1.2) has a non-negative

weak solution u in the strip ST ′
0
, satisfying

|‖u(·, t)|‖h � γ|‖u0|‖h, (1.8)

‖u(·, t)‖∞,RN � γt−N/κh |‖u0|‖ph/κh

h (1.9)

for all 0 < t < T ′
0.

Remark 1.4. The proofs in §§ 2 and 3 show that theorems 1.2 and 1.3 hold in the
following two cases.

(1) u0 can be of variable sign.

(2) If h = 1 is admissible in (1.7), u0 can be replaced by a σ-finite Borel measure
µ in R

N , satisfying
|‖µ|‖ = sup

x∈RN

µ(B1(x)) < ∞.
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Remark 1.5. In [28], Lian et al . only considered the case of p > 2, 1 � σ � p − 1,
and proved local existence of solutions with initial data in some Lh

loc(R
N ) (h � 1).

Here, we extend their results to the case of q > 0 and 0 < σ < p.

In the limiting case, we have the following local existence result.

Theorem 1.6. Let

N

κh

(
σ(pq − p + 1)

p − σ
− 1

)
= 1,

N

κ

(
σ(pq − p + 1)

p − σ
− 1

)
> 1 (1.10)

and let

‖u0‖Lh(RN ) < γ0, (1.11)

where γ0 = γ0(N, p, q, σ, h) is sufficiently small. Then, there exists a positive time
T ′′

0 such that the Cauchy problem (1.1), (1.2) has a solution u in ST ′′
0

and u satis-
fies (1.8), (1.9) for all 0 < t < T ′′

0 .

Remark 1.7. The dependence of T0, T ′
0 and T ′′

0 on the quantities specified in the
statement of theorems 1.2, 1.3 and 1.6 can be made explicit. We refer to the proofs
of lemmata 2.3, 3.3 and theorem 1.6.

Lastly, we state the global existence and non-existence results.

Theorem 1.8. Let

N

κ

(
σ(pq − p + 1)

p − σ
− 1

)
> 1 (1.12)

and let

‖u0‖h,RN + ‖u0‖1,RN < γ0, (1.13)

where h > 1 satisfies (1.7) and γ0 = γ0(N, p, q, σ, h) is sufficiently small. Then, the
Cauchy problem (1.1), (1.2) has a solution in S∞ = R

N × (0,∞), and

‖u(·, t)‖∞,RN � γt−N/κ

(
sup

0<τ<t

∫
RN

u(x, τ) dx

)p/κ

, (1.14)

sup
0<τ<t

∫
RN

u(x, τ) dx � γ

∫
RN

u0 dx (1.15)

for all t ∈ (0,∞).

Theorem 1.9. Let

N

κh

(
σ(pq − p + 1)

p − σ
− 1

)
= 1,

N

κ

(
σ(pq − p + 1)

p − σ
− 1

)
> 1 (1.16)

and let

‖u0‖h,RN + ‖u0‖1,RN < γ0, (1.17)

where γ0 = γ0(N, p, q, σ, h) is sufficiently small. Then, the Cauchy problem (1.1),
(1.2) has a solution in S∞ = R

N × (0,∞).
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Theorem 1.10. Let
N

κ

(
σ(pq − p + 1)

p − σ
− 1

)
< 1. (1.18)

Then there cannot exist a global non-trivial non-negative solution to the Cauchy
problem (1.1), (1.2).

This paper is structured as follows. In § 2, we give the proof of theorem 1.2. In
§ 3, we finish the proof of theorem 1.3. In § 4, we prove theorem 1.6. In § 5, we give
the proofs of theorems 1.8 and 1.9 and in § 6, we give the proof of theorem 1.10.

2. A priori estimates and proof of theorem 1.2

In this section, we let 0 < qσ < p − 1 and q > p − 1/p.
Set

T ∗ = min{T, 1}.

First, we give the L∞ estimate.

Lemma 2.1. Let u be a non-negative continuous weak subsolution of (1.1) in ST ∗ .
Assume that there exists a time 0 < T ′ < T ∗ such that

t‖u(·, t)‖p−2
∞,RN � 1 ∀0 < t < T ′. (2.1)

Then we have that

‖u(·, t)‖∞,RN � γt−N/κ|‖u(·, t)|‖p/κ
1 + t ∀0 < t < T ′, (2.2)

where γ = γ(N, p, q, σ), κ = N(p − 2) + p.

Proof. Let ε ∈ (0, 1
2 ) and x0 ∈ R

N be fixed. For n = 0, 1, 2, . . . , set

Bn = Bρn
(x0), ρn =

1
2

+
ε

2n+1 , kn = k − k

2n+1 ,

Qn = Bn × (tn, t), tn =
t

2
−

(
ε

2n+1

)p

t, 0 < tn < t � T ′,

where k � t is to be chosen. Let ζn(x, τ) be a smooth cut-off function in Qn with
0 � ζn(x, τ) � 1, such that

ζn ≡ 1 in Qn+1, 0 � ∂ζn

∂τ
� γ

2(n+2)p

εpt
, |Dζn| � γ

2n+1

ε
.

Taking ϕ = (u − kn+1)+ζp
n as a test function in (1.3), we get that

1
2

∫
Bn

(u − kn+1)2+(x, t′)ζp
n dx +

∫ t′

tn

∫
Bn

|D(u − kn+1)+|pζp
n dxdτ

+ p

∫ t′

tn

∫
Bn

(u − kn+1)+ζp−1
n |Du|p−1DuDζn dxdτ

=
p

2

∫ t′

tn

∫
Bn

(u − kn+1)2+ζp−1
n ζnτ dxdτ +

∫ t′

tn

∫
Bn

|Duq|σ(u − kn+1)+ζp
n dxdτ,

(2.3)
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where tn < t′ < t. By Young’s inequality, we obtain
∣∣∣∣p

∫ t′

tn

∫
Bn

(u − kn+1)+ζp−1
n |Du|p−1DuDζn dxdτ

∣∣∣∣
� 1

4

∫ t′

tn

∫
Bn

|D(u − kn+1)+|pζp
n dxdτ

+ γ

∫ t′

tn

∫
Bn

(u − kn+1)
p
+|Dζn|p dxdτ, (2.4)

∫ t′

tn

∫
Bn

|Duq|σ(u − kn+1)+ζ2
n dxdτ

� 1
4

∫ t′

tn

∫
Bn

|D(u − kn+1)+|pζp
n dxdτ

+ γ

∫ t′

tn

∫
Bn

uσ(pq−p+1)/(p−σ)(u − kn+1)+ dxdτ. (2.5)

If u > 2kn, then
(u − kn)2+ � 1

2u(u − kn+1)+.

If kn+1 � u � 2kn, then we have that

(u − kn)2+ � (u − kn)+(kn+1 − kn) � 2−n−3u(u − kn+1)+.

Hence,

∫ t′

tn

∫
Bn

uσ(pq−p+1)/(p−σ)(u − kn+1)+ dxdτ

� 2nγ

∫ t′

tn

∫
Bn

uσ(pq−p+1)/(p−σ)−1(u − kn)2+ dxdτ. (2.6)

Since qσ < p − 1 and q > (p − 1)/p, we have that

σ(pq − p + 1)
p − σ

< p − 1.

If

0 � σ(pq − p + 1)
p − σ

− 1 < p − 2,

by virtue of (2.1), we get that

uσ(pq−p+1)/(p−σ)−1(x, τ) �
(

1
τ

)(σ(pq−p+1)/(p−σ)−1)/(p−2)

� 1
τ

<
4
t
, (2.7)

since 0 < τ < 1 and τ > tn � 1
4 t.

If
σ(pq − p + 1)

p − σ
− 1 < 0,
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then we have that

uσ(pq−p+1)/(p−σ)−1(x, τ) �
(

1
kn+1

)1−σ(pq−p+1)/(p−σ)

� 2
t
, (2.8)

since q > (p − 1)/p and k � t.
Combining (2.4)–(2.8) with (2.3), we obtain

sup
tn<τ<t

∫
Bn

(u − kn+1)2+ζp
n(x, τ) dx +

∫∫
Qn

|D((u − kn+1)+ζn)|p dxdτ

� γ
22n

εpt

∫∫
Qn

(u − kn)2+ dxdτ. (2.9)

Here we also use (2.1). Then, by the recursive inequality (2.9), following the iterative
process in [30, lemma (2.2)], we can obtain

‖u(·, t)‖∞,B1/2 � γt−(N+p)/κ

( ∫ t

0

∫
B1

u dxdτ

)p/κ

+ t. (2.10)

The above inequality implies (2.2).

Now we give the estimate of gradient term |Duq|σ.

Lemma 2.2. Let u be a non-negative continuous weak subsolution of (1.1) in ST ∗ .
If p > 2, we have that
∫ t

0

∫
B1/2(x0)

|Du|p−1 dxdτ

� γ|‖u(·, t)|‖1(t1/κ|‖u(·, t)|‖(p−2)/κ
1 + t(p−1)/p) + γt|‖u(·, t)|‖1/p

1 . (2.11)

If p = 2, we have that∫ t

0

∫
Bρ/2(x0)

|Du| dxdτ

� γ(t1/2−Nh0/2|‖u(·, t)|‖1 + t1/2+h0/2|‖u(·, t)|‖1−h0/2
1 + t|‖u(·, t)|‖(1−h0)/2

1 ),
(2.12)

where γ = γ(N, p, q, σ) and h0 > 0 is a constant such that the exponents in (2.12)
are positive.

Moreover, for all p � 2, the following two statements hold.

(1) Let σ(pq − p + 1)/(p − σ) � 1 and let (2.1) hold, then we have that

∫ t

0

∫
B1/2(x0)

|Duq|σ dxdτ

� γ(t1−σ/p−Nσr0/pκ|‖u(·, t)|‖σr0/κ
1 + tr0)(|‖u(·, t)|‖1 + 1), (2.13)
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where 0 < t < T ′ (T ′ is as in lemma 2.1), γ = γ(N, p, q, σ) and r0 =
r0(N, p, q, σ) such that the exponents in (2.13) are positive.

(2) Let σ(pq − p + 1)/(p − σ) > 1, assume that a time 0 < T ′′ < T ∗ is given such
that

t‖u(·, t)‖p−2
∞,RN + t‖u(·, t)‖σ(pq−p+1)/(p−σ)−1

∞,RN � 1 ∀0 < t < T ′′. (2.14)

Then, we have that

∫ t

0

∫
B1/2(x0)

|Duq|σ dxdτ

� γ|‖u(·, t)|‖1{t1−σ/p−(N/κ)((σ(pq−p+1)−p+σ)/p)|‖u(·, t)|‖(σ(pq−p+1)−p+σ)/κ
1

+ t1−σ/p+σr1/p−(N/κ)((σ(pq−p+1)−p+σ−σr1)/p)

× |‖u(·, t)|‖(σ(pq−p+1)−p+σ−σr1)/κ
1

+ tσ(pq−p+1)/p−(σr1/p)(N/κ+1)|‖u(·, t)|‖σr1/κ
1 + tσ(pq−p+1)/p},

(2.15)

where 0 < t < T ′′, γ = γ(N, p, q, σ) and r1 = r1(N, p, q, σ) such that the
exponents in (2.15) are positive.

Proof. Here, we only prove (2.11)–(2.13). The proof of (2.15) is similar to (2.13)
and we omit the details.

Firstly, we prove (2.11). Set B1 = B1(x0). Take

ϕ = tpβ/(p−1)u1−1/(p−1)ζp,
N(p − 2)

κp
< β <

1
p
,

as a test function in (1.3), where ζ is a piecewise smooth cut-off function in B1,
such that

0 � ζ � 1 in B1, ζ = 1 in B1/2, |Dζ| � γ.

Thus, we obtain

(
1 − 1

p − 1

) ∫ t

0

∫
B1

τpβ/(p−1)u−1/(p−1)|Du|pζp dxdτ

� γ

∫ t

0

∫
B1

τpβ/(p−1)−1u2−1/(p−1) dxdτ

+ p

∫ t

0

∫
B1

τpβ/(p−1)ζp−1u1−1/(p−1)|Du|p−1|Dζ| dxdτ

+
∫ t

0

∫
B1

τpβ/(p−1)u1−1/(p−1)|Duq|σζp dxdτ. (2.16)
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Young’s inequality implies that

p

∣∣∣∣
∫ t

0

∫
B1

τpβ/(p−1)ζp−1u1−1/(p−1)|Du|p−1|Dζ| dxdτ

∣∣∣∣
� 1

4

(
1 − 1

p − 1

) ∫ t

0

∫
B1

τpβ/(p−1)u−1/(p−1)|Du|pζp dxdτ

+ γ

∫ t

0

∫
B1

τpβ/(p−1)up−1/(p−1) dxdτ, (2.17)

∫ t

0

∫
B1

τpβ/(p−1)u1−1/(p−1)|Duq|σζp dxdτ

� 1
4

(
1 − 1

p − 1

) ∫ t

0

∫
B1

τpβ/(p−1)u−1/(p−1)|Du|pζp dxdτ

+ γ

∫ t

0

∫
B1

τpβ/(p−1)up/(p−σ)(qσ−σ+1)−1/(p−1) dxdτ.

(2.18)

Since qσ < p − 1 and
p(qσ − σ + 1)

p − σ
− 1

p − 1
> 0,

then we have that

u(p/(p−σ))(qσ−σ+1)−1/(p−1) � up−1/(p−1) + 1. (2.19)

Combining (2.17)–(2.19) with (2.16), together with (2.1), (2.2), we get that
∫ t

0

∫
B1

τpβ/(p−1)ζpu−1/(p−1)|Du|p dxdτ

� γ

∫ t

0

∫
B1

τpβ/(p−1)−1u2−1/(p−1) dxdτ + γtpβ/(p−1)+1

� γ|‖u(·, t)|‖1

∫ t

0
τpβ/(p−1)−1‖u(·, τ)‖1−1/(p−1)

∞,B1
dτ + γtpβ/(p−1)+1

� γ|‖u(·, t)|‖1(tpβ/(p−1)−N(p−2)/κ(p−1)|‖u(·, t)|‖p(p−2)/κ(p−1)
1

+ tpβ/(p−1)+(p−2)/(p−1)) + γtpβ/(p−1)+1.
(2.20)

Next, we estimate, by the Hölder inequality, that

∫ t

0

∫
B1

|Du|p−1ζp−1 dxdτ

�
( ∫ t

0

∫
B1

τpβ/(p−1)u−1/(p−1)|Du|pζp dxdτ

)(p−1)/p( ∫ t

0

∫
B1

τ−pβu dxdτ

)1/p

.

Combining this inequality with (2.20), we obtain (2.11).

https://doi.org/10.1017/S030821051100103X Published online by Cambridge University Press

https://doi.org/10.1017/S030821051100103X


652 H. Shang

Secondly, we prove (2.12) and (2.13). Take ϕ = tβurζp as a test function in (1.3),
where ζ is as above and β > 0, r > 0 are to be chosen. Thus, we obtain

r

∫ t

0

∫
B1

τβur−1|Du|pζp dxdτ

� β

1 + r

∫ t

0

∫
B1

τβ−1u1+rζp dxdτ

+ p

∫ t

0

∫
B1

τβurζp−1|Du|p−1|Dζ| dxdτ

+
∫ t

0

∫
B1

τβurζp|Duq|σ dxdτ. (2.21)

Young’s inequality implies that

p

∫ t

0

∫
B1

τβurζp−1|Du|p−1|Dζ| dxdτ

� r

4

∫ t

0

∫
B1

τβur−1|Du|pζp dxdτ + γ

∫ t

0

∫
B1

τβup−1+r dxdτ, (2.22)

∫ t

0

∫
B1

τβurζp|Duq|σ dxdτ

� r

4

∫ t

0

∫
B1

τβur−1|Du|pζp dxdτ + γ

∫ t

0

∫
B1

τβuσ(pq−p+1)/(p−σ)+r dxdτ

� r

4

∫ t

0

∫
B1

τβur−1|Du|pζp dxdτ + γ

∫ t

0

∫
B1

τβu1+r dxdτ

+ γ

∫ t

0

∫
B1

τβ dxdτ, (2.23)

since σ(pq − p + 1)/(p − σ) � 1.
Substituting (2.22) and (2.23) into (2.21), recalling (2.1), (2.2), we obtain

∫ t

0

∫
B1

τβur−1|Du|pζp dxdτ

� γ

∫ t

0

∫
B1

τβ−1u1+r dxdτ + γ

∫ t

0

∫
B1

τβ dxdτ

� γ|‖u(·, t)|‖1

∫ t

0
τβ−1‖u(·, τ)‖r

∞,B1
dτ + γ

∫ t

0

∫
B1

τβ‖u(·, τ)‖r
∞,B1

dxdτ

� γ(tβ−Nr/κ|‖u(·, τ)|‖pr/κ
1 + tβ+r)(|‖u(·, t)|‖1 + 1), (2.24)

provided that

β − Nr

κ
> 0. (2.25)
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Now, we prove (2.12). For 0 < β < 1, we choose 0 < r < min{1, 2β/N}. By (2.24)
and (2.2), we obtain

∫ t

0

∫
B1

τβur−1|Du|pζ2 dxdτ

� γ

( ∫ t

0

∫
Bρ

τβ−1ur+1 dxdτ + tβ+1
)

� γ|‖u(·, t)|‖1

( ∫ t

0
τβ−1−Nr/2 dτ |‖u(·, t)|‖r

1 +
∫ t

0
τβ−1+r dτ

)
+ tβ+1

= γ|‖u(·, t)|‖1(tβ−Nr/2|‖u(·, t)|‖r
1 + tβ+r) + tβ+1. (2.26)

Next, by the Hölder inequality,

∫ t

0

∫
B1

|Du|ζ dxdτ

�
( ∫ t

0

∫
B1

τβur−1|Du|2ζ2 dxdτ

)1/2( ∫ t

0

∫
B1

τ−βu1−r dxdτ

)1/2

. (2.27)

Also, estimate the last integral by the Hölder inequality,
∫ t

0

∫
B1

τ−βu1−r dxdτ �
∫ t

0
τ−β

( ∫
B1

u(x, τ) dx

)1−r

dτ � γt1−β |‖u(·, t)|‖1−r
1 .

(2.28)
Then, collecting (2.26)–(2.28), we prove (2.12).

We now prove (2.13). By the Hölder inequality, we have that
∫ t

0

∫
B1

|Duq|σζσ dxdτ

�
( ∫ t

0

∫
B1

τβur−1|Du|pζp dxdτ

)σ/p

×
( ∫ t

0

∫
B1

τ−βσ/(p−σ)uσ(pq−p+1−r)/(p−σ) dxdτ

)(p−σ)/p

. (2.29)

Assume that
pq − p + 1 − r > 0, (2.30)

since
σ(pq − p + 1 − r)

p − σ
<

σ(pq − p + 1)
p − σ

� 1,

then Young’s inequality implies that
∫ t

0

∫
B1

τ−βσ/(p−σ)uσ(pq−p+1−r)/(p−σ) dxdτ �
∫ t

0

∫
B1

τ−βσ/(p−σ)(u + 1) dxdτ

� t1−βσ/(p−σ)(|‖u(·, t)|‖1 + 1), (2.31)
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provided that

1 − βσ

p − σ
> 0. (2.32)

Substituting (2.24) and (2.31) into (2.29), we obtain (2.13). It is left to prove that
β and r can be chosen such that (2.25), (2.30) and (2.32) hold. We first fix β such
that (2.32) holds. Then we can fix r = r0 such that 0 < r0 < min{pq−p+1, βκ/N}.
The proof is complete.

Finally, we give an a priori bound of solutions to (1.1) in terms of the initial
data.

Lemma 2.3. Let u � 0 be a bounded and uniformly continuous solution to (1.1),
(1.2) in ST ∗ . Then the following statements hold.

(1) If σ(pq − p + 1)/(p − σ) � 1, then there exists T0 = T0(N, p, q, σ) < T ∗ such
that

|‖u(·, t)|‖1 � γ(|‖u0|‖1 + 1) ∀0 < t < T0 (2.33)

and (2.1), (2.2) hold for all 0 < t < T0, where γ = γ(N, p, q, σ).

(2) If σ(pq−p+1)/(p−σ) > 1, then there exists T01 < T ∗ such that (2.33), (2.14)
and (2.2) hold for all 0 < t < T01.

Proof. Here, we only prove the case σ(pq − p + 1)/(p − σ) � 1 and p > 2; the proof
of other cases are similar. Define

t0 = sup{0 < T ′ < T ∗ | (2.1) holds}.

Choose 0 < t < t0 and let B1 = B1(x0). Take ζ as a test function in (1.3), where ζ
is as in lemma 2.2. Direct calculation shows that∫

B1/2

u(x, t) dx

�
∫

B1

u0 dx + γ

∫ t

0

∫
B1

|Du|p−1 dxdτ +
∫ t

0

∫
B1

|Duq|σ dxdτ

�
∫

B1

u0 dx + γ|‖u(·, t)|‖1(t1/κ|‖u(·, t)|‖(p−2)/κ
1 + t(p−1)/p) + γt|‖u(·, t)|‖1/p

1

+ γ(t1−σ/p−Nσr0/pκ|‖u(·, t)|‖σr0/κ
1 + tr0)(|‖u(·, t)|‖1 + 1) (2.34)

for all 0 < t < t0; here we use (2.11) and (2.13). Since x0 ∈ R
N is arbitrarily chosen,

we have that

|‖u(·, t)|‖1 � |‖u0|‖1 + γM1(t)|‖u(·, t)|‖1 + γt|‖u(·, t)|‖1/p
1 + γM2(t)(|‖u(·, t)|‖1 + 1),

(2.35)
where the meanings of M1(t) and M2(t) are obvious. Set

t1 = sup{0 < t < T ∗ | tp/κ|‖u(·, t)|‖p(p−2)/κ
1 + M1(t) + M2(t) + t|‖u(·, t)|‖1/p

1 < δ},
(2.36)

where δ > 0 (small) is to be chosen. Note that t1 is well defined because the stipu-
lated assumptions ensure that |‖u(·, t)|‖1 is continuous in [0, T ∗], and the exponents
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of t in (2.36) are positive. By lemma 2.1 and (2.36), it is easily seen that t1 < t0,
by a suitable choice of δ. Then, if we choose δ < 1/4γ, we obtain

|‖u(·, t)|‖1 � γ(|‖u0|‖1 + 1) ∀0 < t < t1. (2.37)

Therefore, all the claims hold. The number t1 is still only qualitatively known. A
quantitative lower bound T0 can be found by substituting (2.37) into the defini-
tion, (2.36), of t1.

Proof of theorem 1.2. Consider the approximating problems

unt − div(|Dun|p−2Dun) = min{|Duq
n|σ, n} in Bn × (0,∞),

un(x, t) = 0 in ∂Bn × (0,∞),
un(x, 0) = u0n(x) on Bn,

⎫⎪⎬
⎪⎭ (2.38)

where Bn = {x ∈ R
N | |x| < n} and u0n ∈ C∞

0 (RN ) is non-negative and has
compact support in Bn, which satisfies

lim
n→∞

∫
K

|u0n − u0| dx = 0 ∀K ⊂⊂ R
N

and

|‖u0n|‖1 � γ|‖u0|‖1.

The existence and Hölder continuity of solution un for (2.38) follow from [19,27,29].
Then, theorem 1.2 can be proved by lemmata 2.1–2.3, following the methods in [4,5]
(see also [30]).

3. Proof of theorem 1.3

In this section, we let qσ � p − 1. This implies that σ(pq − p + 1)/(p − σ) > 1. To
prove theorem 1.3, we firstly prove several lemmata.

The following supremum estimate will play an important role in proving the
existence result.

Lemma 3.1. Let u be a non-negative continuous weak subsolution of (1.1) in ST .
Also, assume that a time 0 < T ′′ < T is given, such that

tρ−p‖u(·, t)‖p−2
∞,B2ρ(x0)

+ t‖u(·, t)‖σ(pq−p+1)/(p−σ)−1
∞,B2ρ(x0)

� 1 ∀0 < t < T ′′. (3.1)

There exists a constant γ = γ(N, p, q, σ, h) such that, for every ball B2ρ(x0),

‖u(·, t)‖∞,Bρ(x0) � γt−(N+p)/κh

( ∫ t

0

∫
B2ρ(x0)

uh dxdτ

)p/κh

∀0 < t < T ′′, (3.2)

where κh = N(p − 2) + ph, h � 1 and x0 ∈ R
N is fixed.

Proof. Let ρ > 0, ε ∈ (0, 1
2 ) and k > 0 is to be chosen. For n = 0, 1, 2, . . . , set

Bn = Bρn(x0), ρn = ρ +
ε

2n+1 ρ, kn = k − k

2n+1 ,

Qn = Bn × (tn, t), 0 < tn < t � T ′′, tn =
t

2
−

(
ε

2n+1

)p

t.
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Let ζn(x, τ) be a smooth cut-off function in Qn with 0 � ζn(x, τ) � 1, such that

ζn ≡ 1 in Qn+1, 0 � ∂ζn

∂τ
� γ

2(n+2)p

εpt
, |Dζn| � γ

2n+2

ερ
.

Take ϕ = (u − kn+1)h
+ζp

n as a test function in (1.3). We get that

1
h + 1

∫
Bn

(u − kn+1)h+1
+ (x, t′)ζp

n dx

+ h

∫ t′

tn

∫
Bn

(u − kn+1)h−1
+ |D(u − kn+1)+|pζp

n dxdτ

+ p

∫ t′

tn

∫
Bn

ζp−1
n (u − kn+1)h

+|Du|p−2DuDζn dxdτ

=
p

h + 1

∫ t′

tn

∫
Bn

(u − kn+1)h+1
+ ζp−1

n ζnτ dxdτ

+
∫ t′

tn

∫
Bn

|Duq|σ(u − kn+1)h
+ζp

n dxdτ, (3.3)

where tn < t′ < t. By Young’s inequality, we obtain

p

∣∣∣∣
∫ t′

tn

∫
Bn

ζp−1
n (u − kn+1)h

+|Du|p−2DuDζn dxdτ

∣∣∣∣
� h

4

∫ t′

tn

∫
Bn

(u − kn+1)h−1
+ |D(u − kn+1)+|pζp

n dxdτ

+ γ

∫ t′

tn

∫
Bn

(u − kn+1)
p−1+h
+ |Dζn|p dxdτ, (3.4)

∫ t′

tn

∫
Bn

|Duq|σ(u − kn+1)h
+ζp

n dxdτ

� h

4

∫ t′

tn

∫
Bn

(u − kn+1)h−1
+ |D(u − kn+1)+|pζp

n dxdτ

+ γ

∫ t′

tn

∫
Bn

upσ(q−1)/(p−σ)(u − kn+1)
h+σ/(p−σ)
+ dxdτ. (3.5)

If u > 2kn, then

(u − kn)h+1
+ � 1

2u(u − kn+1)h
+.

If kn+1 � u � 2kn, then

(u − kn)h+1
+ � (u − kn)h

+(kn+1 − kn) � 2−n−3u(u − kn+1)h
+.
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Hence,

∫ t′

tn

∫
Bn

upσ(q−1)/(p−σ)(u − kn+1)
h+σ/(p−σ)
+ dxdτ

� 2nγ

∫ t′

tn

∫
Bn

uσ(pq−p+1)/(p−σ)−1(u − kn)h+1
+ dxdτ. (3.6)

Substituting (3.4)–(3.6) into (3.3), we obtain

sup
tn<τ<t

∫
Bn

(u − kn+1)h+1
+ ζp

n(x, τ) dx

+
∫∫

Qn

|D((u − kn+1)
(p−1+h)/p
+ ζn)|p dxdτ

� γ
2np

εpt
(1 + M)

∫∫
Qn

(u − kn)h+1
+ dxdτ, (3.7)

where

M = sup
0<τ<t

(τρ−p‖u(·, τ)‖p−2
∞,B2ρ(x0)

+ τ‖u(·, τ)‖σ(pq−p+1)/(p−σ)−1
∞,B2ρ(x0)

).

By an iteration process similar to [30, lemma (2.1)], we obtain

‖u(·, t)‖∞,Bρ/2 � γ

(
1 + M

t

)(N+p)/κh
( ∫∫

Q0

uh dxdτ

)p/κh

. (3.8)

This implies (3.2), since (3.1) holds.

We also need the estimates of |Duq|σ, which are as follows.

Lemma 3.2. Let the assumptions of lemma 2.1 and (1.7) hold. Then, for every
B2ρ(x0) ⊂ R

N , 0 < t < T ′′. If p > 2, σ � 1 or p = 2, σ > 1, then the following
statements hold.

(i) If h = 1, then

∫ t

0

∫
Bρ

|Duq|σ dxdτ

� γt(p−σ)/p−(N(σ(pq−p+1)−p+σ))/pκG1+(σ(pq−p+1)−p+σ)/κ(t), (3.9)

where
G(t) = sup

0<τ<t

∫
B2ρ(x0)

u(x, τ) dx, γ = γ(N, p, q, σ).

(ii) If h > 1, then

∫ t

0

∫
Bρ

|Duq|σ dxdτ

� γt(p−σ)/p−N(σ(pq−p+1)−p+σ)/pκhρN(h−1)/hφ1/h+(σ(pq−p+1)−p+σ)/κh(t),
(3.10)
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where

φ(t) = sup
0<τ<t

∫
B2ρ(x0)

uh(x, τ) dx, γ = γ(N, p, q, σ, h).

If p = 2, σ = 1, we have that∫ t

0

∫
Bρ/2(x0)

|Du| dxdτ � γt1/2−Nh1/2ρNh1/2G(t), (3.11)

where γ = γ(N, p, q, σ) and h1 > 0 is a constant such that the exponents in (3.11)
are positive.

Proof. Set B2ρ = B2ρ(x0). We only prove (3.9) and (3.10); (3.11) can be proved
similarly to (2.12) and we omit the details. Take ϕ = tβurζp as a test function
in (1.3), where ζ is a piecewise smooth cut-off function in B2ρ, such that

0 � ζ � 1 in B2ρ, ζ = 1 in Bρ, |Dζ| � γ

ρ

and β > 0, r > 0 are to be chosen. As in the proof of (2.24), together with (3.1)
and (3.2), we obtain∫ t

0

∫
B2ρ

τβur−1|Du|pζp dxdτ

� γ

∫ t

0

∫
B2ρ

τβ−1u1+r(τup−2 + τuσ(pq−p+1)/(p−σ)−1) dxdτ

� γ

∫ t

0

∫
B2ρ

τβ−1u1+r dxdτ

� γG(t)
∫ t

0

∫
B2ρ

τβ−1‖u(·, τ)‖r
∞,B2ρ dxdτ

� γG(t)tβ−Nr/κhφpr/κh(t), (3.12)

where
φ(t) = sup

0<τ<t

∫
B2ρ(x0)

uh(x, τ) dx,

provided that

β − Nr

κh
> 0. (3.13)

By the Hölder inequality, we have that∫ t

0

∫
B2ρ

|Duq|σζσ dxdτ

�
( ∫ t

0

∫
B2ρ

τβur−1|Du|pζp dxdτ

)σ/p

×
( ∫ t

0

∫
B2ρ

τ−βσ/(p−σ)uσ(pq−p+1−r)/(p−σ) dxdτ

)(p−σ)/p

.

(3.14)
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Then, by Young’s inequality and (3.2), we have that

∫ t

0

∫
B2ρ

τ−βσ/(p−σ)uσ(pq−p+1−r)/(p−σ) dxdτ

� G(t)
∫ t

0

∫
B2ρ

τ−βσ/(p−σ)‖u(·, τ)‖σ(pq−p+1−r)/(p−σ)−1
∞,B2ρ dxdτ

� γG(t)t1−βσ/(p−σ)−(N/κh)(σ(pq−p+1−r)/(p−σ)−1)φ(p/κh)(σ(pq−p+1−r)/(p−σ)−1)(t),
(3.15)

provided that

σ(pq − p + 1 − r)
p − σ

− 1 > 0, (3.16)

1 − βσ

p − σ
− N

κh

(
σ(pq − p + 1 − r)

p − σ
− 1

)
> 0. (3.17)

Substituting (3.12) and (3.15) into (3.14), we obtain

∫ t

0

∫
Bρ

|Duq|σ dxdτ

� γG(t)t(p−σ)/p−N(σ(pq−p+1)−p+σ)/pκhφ(σ(pq−p+1)−p+σ)/κh(t). (3.18)

Hence, if h = 1, (3.18) implies (3.9). If h > 1, applying the Hölder inequality
in (3.18), we obtain (3.10). It is left to prove that β and r can be chosen such
that (3.13), (3.16) and (3.17) hold. Fix

0 < β <
p − σ

σ
. (3.19)

Then, by (1.7), we easily find r such that (3.13), (3.16) and (3.17) hold.

Lemma 3.3. Let u � 0 be a bounded and uniformly continuous solution to (1.1),
(1.2) in ST and let (1.7) hold, then there exists T ′

0 = T ′
0(N, p, q, σ) < T such that

|‖u(·, t)|‖h � γ|‖u0|‖h ∀0 < t < T ′
0 (3.20)

and (3.1), (3.2) hold for all 0 < t < T ′
0, where γ = γ(N, p, q, σ).

Proof. Let ρ � 1 be fixed and let t0 be the largest time satisfying

tρ−p‖u(·, t)‖p−2
∞,B2ρ(x0)

+ t‖u(·, t)‖σ(pq−p+1)/(p−σ)−1
∞,B2ρ(x0)

� 1 (3.21)

for all 0 < t < t0. By lemma 3.1, we have that

u(x, t) � γt−N/κhφ(t)p/κh . (3.22)
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Let ζ � 0 be a piecewise smooth cut-off function in B2ρ(x0), with ζ = 1 on Bρ(x)
and |Dζ| � γ/ρ. We take uh−1ζp as a test function. If h > 1, we obtain

∫
B2ρ(x0)(x)

uh(y, t)ζp dy + h(h − 1)
∫ t

0

∫
B2ρ(x0)

uh−2|Du|pζp dy dτ

�
∫

B2ρ(x0)
uh

0 (y)ζp dy + ph

∫ t

0

∫
B2ρ(x0)

uh−1|Du|p−1ζp−1|Dζ| dy dτ

+ h

∫ t

0

∫
B2ρ(x0)

|Duq|σuh−1ζp dy dτ. (3.23)

Applying Young’s inequality in (3.23), and using (3.22), we have that
∫

Bρ(x0)
uh(y, t) dy

�
∫

B2ρ(x0)
uh

0 (y) dy + γ

∫ t

0

∫
B2ρ(x0)

up−2+h dy dτ

+ γ

∫ t

0

∫
B2ρ(x0)

uσ(pq−p+1)/(p−σ)−1+h dy dτ

� |‖u0|‖h
h

+ γφ(t)
( ∫ t

0
τ−N(p−2)/κhφp(p−2)/κh(τ) dτ

+
∫ t

0
τ−N(σ(pq−p+1)/(p−σ)−1)/κhφp(σ(pq−p+1)/(p−σ)−1)/κh(τ) dτ

)

� |‖u0|‖h
h + γM1(t)φ(t), (3.24)

where

M1(t) = tph/κhφp(p−2)/κh(t)

+ t1−N(σ(pq−p+1)/(p−σ)−1)/κhφp(σ(pq−p+1)/(p−σ)−1)/κh(t).

If h = 1, by lemma 3.2 and (3.22), we get that

∫
Bρ(x0)

u(y, t) dy �
∫

B2ρ(x0)
u0(y) dy +

γ

ρ

∫ t

0

∫
B2ρ(x0)

|Du|p−1 dy dτ

+
∫ t

0

∫
B2ρ(x0)

|Duq|σ dy dτ

�
∫

B2ρ(x0)
u0(y) dy + γt1/κG(t)1+(p−2/κ)

+ γt(p−σ)/p−N(σ(pq−p+1)−p+σ)/pκG1+(σ(pq−p+1)−p+σ)/κ(t)

� |‖u0|‖1 + γM2(t)φ(t), (3.25)
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where

M2(t) = t1/κφ(p−2)/κ(t)

+ t(p−σ)/p−N(σ(pq−p+1)−p+σ)/pκφ(σ(pq−p+1)−p+σ)/κ(t).

Set
t1 = sup{t > 0 | M1(t) + M2(t) < δ}, (3.26)

where δ > 0 is to be chosen. Note that for 0 < t < t1, by (3.22), we have that

t‖u(·, t)‖p−2
∞,B2ρ(x0)

+ t‖u(·, t)‖σ(pq−p+1)/(p−σ)−1
∞,B2ρ(x0)

� γ(tph/κhψp(p−2)/κh(t)

+ t1−N(σ(pq−p+1)/(p−σ)−1)/κhφp(σ(pq−p+1)/(p−σ)−1)/κh(t))
� γδ

< 1
2 ,

where δ is chosen sufficiently small. By the definition of t0 and t1, noting that ρ � 1,
the above inequality implies that t1 < t0. Also, possibly by choosing δ even smaller,
noting that x0 ∈ R

N is arbitrarily chosen, by (3.24) and (3.25), we have that

|‖u|‖h
h � γ|‖u0|‖h

h ∀0 < t < t1. (3.27)

A quantitative lower bound T ′
0 of t1 can be found by substituting (3.27) into the

definition of t1 in (3.26). Therefore, all the claims made in the lemma will follow,
using the supremum estimate (3.27).

Now, we use lemmata 3.1–3.3 to prove theorem 1.3.

Proof of theorem 1.3. Considering the same approximating problems (2.38), the
only difference is the approximation process to the initial data. Here u0n ∈ C∞

0 (RN )
is non-negative and has compact support in Bn, which satisfies

lim
n→∞

∫
K

|u0n − u0|h dx = 0 ∀K ⊂⊂ R
N

and

|‖u0n|‖h � γ|‖u0|‖h.

The existence and Hölder continuity of solution un for (2.38) follow from [18, 19,
27,29]. Then, by lemmata 3.1–3.3 we can prove theorem 1.3, following the methods
in [4, 5] (see also [30]).

4. Proof of theorem 1.6

We again consider the approximating problems in the proof of theorem 1.3. In fact,
if we can only prove the uniform estimates of (1.8), (1.9) to un, then theorem 1.6
can be proved in a similar way to the proof of theorem 1.3. Let ρ � 1 be fixed and
let t0 be as in (3.21). Note that (1.10) implies h > 1. Then by lemma 3.1 we also
have (3.22).
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Let un be the solution of the approximating problem in the proof of theorem 1.3.
Take uh−1

n as a test function. Then by direct calculations we get that

1
h

∫
Bn(x0)

uh
n(y, t) dy +

h − 1
2

(
p

p + h − 2

)p ∫ t

s

∫
Bn(x0)

|Du(p+h−2)/p
n |p dy dτ

� 1
h

∫
Bn(x0)

uh
n(y, s) dy + γ1

∫ t

s

∫
Bn(x0)

uσ(pq−p+1)/(p−σ)−1+h
n dy dτ,

(4.1)

where 0 < s < t < T , γ1 = γ1(N, p, q, σ, h). By (1.10), we get that

σ(pq − p + 1)
p − σ

> p − 1.

By the Gagliardo–Nirenberg inequality in [27], we have that
∫

Bn(x0)
uσ(pq−p+1)/(p−σ)−1+h

n dy

� γ2‖un‖σ(pq−p+1)/(p−σ)−p+1
Lh(Bn(x0))

‖Du(p+h−2)/p
n ‖p

Lp(Bn(x0))
, (4.2)

where γ2 = γ2(N, p, q, σ, h). Hence, (4.1) and (4.2) imply that

1
h

∫
Bn(x0)

uh
n(y, t) dy

+
∫ t

s

{
h − 1

2

(
p

p + h − 2

)p

− γ3‖un(τ)‖σ(pq−p+1)/(p−σ)−p+1
Lh(Bn(x0))

}

× ‖Du(p+h−2)/p
n (τ)‖p

Lp(Bn(x0))
dτ � 1

h

∫
Bn(x0)

uh
n(y, s) dy, (4.3)

where γ3 = γ1γ2. Choose γ0 in (1.11) sufficiently small, such that

‖u0n‖h
Lh(Bn(x0))

� γ‖u0‖h
Lh(Bn(x0))

< γγ0

�
(

h − 1
2γ3

)h/(σ(pq−p+1)/(p−σ)−p+1)(
p

p + h − 2

)ph/(σ(pq−p+1)/(p−σ)−p+1)

.

(4.4)

Since ‖un(t)‖h
Lh(Bn(x0))

is continuous in [0, T ], (4.3) and (4.4) thus imply that
‖un(t)‖h

Lh(Bn(x0))
is non-increasing in 0 � t < T , i.e.

‖un(t)‖h
Lh(Bn(x0)) � ‖u0n‖h

Lh(Bn(x0)) � γ‖u0‖h
Lh(RN ) (4.5)

for all 0 < t < T . Since, for any ρ � 1, there exists a natural number n0, such that,
for all n � n0, we have B2ρ(x0) ⊂ Bn(x0), (4.5) implies that

‖un(t)‖h
Lh(B2ρ(x0)) � γ‖u0‖h

Lh(RN ) (4.6)

for all 0 < t < T . Hence (4.6) and (3.22) imply (1.8) and (1.9).
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Therefore, we are left with the task of estimating below t0 � T ′′
0 . This can be

accomplished at once by substituting (4.6) and (3.22) into (3.21), the definition
of t0.

5. Proof of theorems 1.8 and 1.9

Proof of theorem 1.8. In what follows we drop the index n, denoting un, u0n as u,
u0, respectively. If we prove a priori L∞-estimates for all t > 0, the existence of
global solutions will follow at once by reasoning as in § 3. Set

G(t) = sup
0<τ<t

∫
RN

u(x, τ) dx,

G(0) =
∫

RN

u0 dx,

T = sup{t : t‖u(·, t)‖σ(pq−p+1)/(p−σ)−1
∞,RN � 1},

TG = sup{G(t) � 2G(0)}.

Let ρ = ∞ in lemma 3.1. Then, for all s � 1, we obtain

‖u(·, t)‖∞,RN � γt−N/κs sup
0<τ<t

‖u(·, τ)‖p/κs

s,RN ∀0 < t < T, (5.1)

where γ = γ(N, p, q, σ, s).
Thus, to obtain the uniform L∞-estimates for all t > 0, it will suffice to show

that TG � T and T = ∞. We divide the proof into three steps.

Step 1. We claim that min{TG, T} > 1.
We prove this assertion by contradiction. We set

Tφ = sup{t : φ(t) < 2φ(0)},

where

φ(t) = sup
0<τ<t

∫
RN

uh(x, τ) dx, φ(0) =
∫

RN

uh
0 dx,

and divide the proof into three subcases.
Firstly, in (i) and (ii), we prove that min{T, Tφ} > 1.

(i) Case Tφ < T . Take uh−1ζp as a test function, where ζ is as in the proof of
lemma 3.2. Then, we get that

1
h

∫
B2ρ

uh(x, t)ζp dx + (h − 1)
∫ t

0

∫
B2ρ

uh−2|Du|pζ2 dxdτ

� 1
h

∫
B2ρ

uh
0 (x)ζp dx + p

∫ t

0

∫
B2ρ

uh−1|Du|p−1ζp−1|Dζ| dxdτ

+
∫ t

0

∫
B2ρ

uh−1|Duq|σζ2 dxdτ (5.2)
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for all 0 < t < Tφ. Applying Young’s inequality in (5.2), together with (5.1),
we have that

sup
0<t<Tφ

∫
Bρ

uh(x, t) dx

�
∫

B2ρ

uh
0 (x) dx + γρ−p

∫ Tφ

0

∫
B2ρ

up−2+h dxdτ

+ γ

∫ Tφ

0

∫
B2ρ

uσ(pq−p+1)/(p−σ)−1+h dxdτ

� φ(0) + γφ(Tφ)
∫ Tφ

0
(ρ−p‖u‖p−2

∞,B2ρ
+ ‖u‖σ(pq−p+1)/(p−σ)−1

∞,B2ρ
) dτ

� φ(0) + γφ(Tφ)

×
∫ Tφ

0
(ρ−pτ−N(p−2)/κhφ(τ)p(p−2)/κh

+ τ−N(σ(pq−p+1)/(p−σ)−1)/κhφ(τ)p(σ(pq−p+1)/(p−σ)−1)/κh) dτ

� φ(0) + γφ(Tφ)(ρ−pT
p/κh

φ γ
p(p−2)/κh

0

+ T
1−N(σ(pq−p+1)/(p−σ)−1)/κh

φ γ
p(σ(pq−p+1)/(p−σ)−1)/κh

0 ),

since (1.13) holds. Letting ρ → ∞ in the above inequality, we have that

φ(Tφ) � φ(0) + γφ(Tφ)T 1−N(σ(pq−p+1)/(p−σ)−1)/κh

φ γ
p(σ(pq−p+1)/(p−σ)−1)/κh

0 .
(5.3)

Let Tφ � 1 and choose γ0 sufficiently small that

γγ
p(σ(pq−p+1)/(p−σ)−1)/κh

0 � 1
4 .

Hence,

γT
1−N(σ(pq−p+1)/(p−σ)−1)/κh

φ γ
p(σ(pq−p+1)/(p−σ)−1)/κh

0 � 1
4

holds by virtue of (1.7). Then, (5.3) implies φ(Tφ) � 3
4 , in contradiction with

the definition of Tφ.

(ii) Case Tφ � T .

Let us suppose T < ∞. Hence, by the definition of T , we get that

1 = sup
0<τ<T

{τ‖u(·, τ)‖σ(pq−p+1)/(p−σ)−1
∞,RN }

� γT 1−N(σ(pq−p+1)/(p−σ)−1)/κhγ
p(σ(pq−p+1)/(p−σ)−1)/κh

0 . (5.4)

If T � 1, then, choosing γ0 sufficiently small, such that

γγ
p(σ(pq−p+1)/(p−σ)−1)/κh

0 � 1
2 ,

we get a contradiction. Thus, from (i) and (ii) we obtain min{T, Tφ} > 1.
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(iii) If TG � min{T, Tφ}, then the claim is obvious. Assume TG < min{T, Tφ} and
take u/(u + ε)ζp (ε > 0) as a test function. Then we have that

∫
B2ρ

∫ u(t)

0

z

z + ε
ζp dz dx +

∫ TG

0

∫
B2ρ

ε

(u + ε)2
|Du|pζp dxdτ

�
∫

B2ρ

∫ u0

0

z

z + ε
dz dx + p

∫ t

0

∫
B2ρ

u

u + ε
|Du|p−1ζp−1|Dζ| dxdτ

+
∫ t

0

∫
B2ρ

u

u + ε
|Duq|σζp dxdτ (5.5)

for all 0 < t < TG. Let ε → 0 in (5.5), together with (3.18). Then we have

sup
0<t<TG

∫
Bρ

u(x, t) dx

�
∫

B2ρ

u0 dx

+ γG(TG)
(

1
ρ
T

h/κh

G φ(p−2)/κh(TG)

+ T
(p−σ)/p−N(σ(pq−p+1)−p+σ)/pκh

G φ(σ(pq−p+1)−p+σ)/κh(TG)
)

� G(0) + γG(TG)
(

1
ρ
T

h/κh

G γ
(p−2)/κh

0

+ T
(p−σ)/p−N(σ(pq−p+1)−p+σ)/pκh

G γ
(σ(pq−p+1)−p+σ)/κh

0

)
,

since (1.13) holds. Let ρ → ∞ in the above inequality. Then we obtain

G(TG) � G(0) + γG(TG)T (p−σ)/p−N(σ(pq−p+1)−p+σ)/pκh

G γ
(σ(pq−p+1)−p+σ)/κh

0 .
(5.6)

If TG � 1, then, choosing γ0 sufficiently small such that

γγ
(σ(pq−p+1)−p+σ)/κh

0 � 1
4 ,

it follows from (5.6) that G(TG) � 3
4G(0), in contradiction with the definition

of TG. Hence the claim holds.

Step 2. We claim that TG � T .
Assume that TG < T and the claim is obvious otherwise. Take u/(u + ε)ζp as a

test function again and, using a similar proof as in (iii), we have that

G(TG) � G(0) + γG(TG)(γ(σ(pq−p+1)−p+σ)/κh

0

+ T
(p−σ)/p−N(σ(pq−p+1)−p+σ)/pκ
G γ

(σ(pq−p+1)−p+σ)/κ
0 )

� G(0) + γG(TG)(γ(σ(pq−p+1)−p+σ)/κh

0 + γ
(σ(pq−p+1)−p+σ)/κ
0 ), (5.7)

where we use (3.18), (1.7) and (1.12). Hence, if γ0 is chosen small enough, such that

γ(γ(σ(pq−p+1)−p+σ)/κh

0 + γ
(σ(pq−p+1)−p+σ)/κ
0 ) � 1

4 ,

then (5.7) implies a contradiction with the definition of TG. Thus the claim holds.
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Step 3. We claim that T = ∞.
Assuming, on the contrary, that T < ∞, then we have that

1 = sup
0<τ<T

{τ‖u(·, τ)‖σ(pq−p+1)/(p−σ)−1
∞,RN }

� sup
0<τ<1

{τ‖u(·, τ)‖σ(pq−p+1)/(p−σ)−1
∞,RN } + sup

1<τ<T
{τ‖u(·, τ)‖σ(pq−p+1)/(p−σ)−1

∞,RN }

� γ(γp(σ(pq−p+1)/(p−σ)−1)/κh

0 + γ
p(σ(pq−p+1)/(p−σ)−1)/κ
0 ), (5.8)

since (5.1), (1.7) and (1.12), (1.13) hold. If we choose γ0 sufficiently small, then (5.8)
implies a contradiction with the definition of T . The proof of theorem 1.8 is com-
plete.

Proof of theorem 1.9. Theorem 1.9 can be proved similarly to the proof of theo-
rem 1.8 and we omit the details.

6. Proof of theorem 1.10

We proceed by contradiction and consider a solution u 	≡ 0 in R
N × (0,∞). Then,

by [20, theorem 3.1] (see also [30]), we get that

u(x, t) � γ0t
−N/κ, |x| < γ0t

1/κ, t > 1, (6.1)

where γ0 = γ0(N, p, u). Using a similar proof to that of [17, theorem 1.2], which
was strictly based on [3, lemma 4.1], we can obtain

∫
Bρ

uε(x, t) dx � γ1 max{ρεσ/(qσ−1)+N t−ε/(qσ−1), ρ−ε(p−σ)/(qσ−p+1)+N}, (6.2)

where 0 < ε < 1, ρ = γ2t
1/κ. Then (6.1), (6.2) imply that

γε
0t

−Nε/κρN � γ1 max{ρεσ/(qσ−1)+N t−ε/(qσ−1), ρ−ε(p−σ)/(qσ−p+1)+N}, (6.3)

i.e.

γ0 � γ2 max{t−(1−N/κ(σ(qσ−p+1)/(p−σ)−1))/κ(qσ−1),

t−(1−N/κ(σ(qσ−p+1)/(p−σ)−1))/κ(qσ−1)}. (6.4)

Due to (1.18), this clearly leads to an inconsistency as t → ∞, and theorem 1.10 is
proved.
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