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This paper is concerned with the existence, non-existence and qualitative properties
of cylindrically symmetric travelling fronts for time-periodic reaction—diffusion
equations with bistable nonlinearity in R™ with m > 2. It should be mentioned that
the existence and stability of two-dimensional time-periodic V-shaped travelling
fronts and three-dimensional time-periodic pyramidal travelling fronts have been
studied previously. In this paper we consider two cases: the first is that the wave
speed of a one-dimensional travelling front is positive and the second is that the
one-dimensional wave speed is zero. For both cases we establish the existence,
non-existence and qualitative properties of cylindrically symmetric travelling fronts.
In particular, for the first case we furthermore show the asymptotic behaviours of
level sets of the cylindrically symmetric travelling fronts.
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1. Introduction

This paper is concerned with the following time-periodic reaction—diffusion equa-
tion:

%u(:&t) = Au(z,t) + f(u(x,t),t), xeR™ t>0, (1.1)

where m > 2. Throughout this paper, we assume that f € C%!(R? R) satisfies the
following hypotheses.
(H1) There exists T' > 0 such that f(u,t) = f(u,t +T) for all (u,t) € R%

0

(H2) The period map P(«) := w(a,T) has exactly three fixed points o, " and

at satisfying o= < a® < a™, where w(a, t) is the solution of
wt:f(w,t), tG]R, w(a’o):aeR

Furthermore, they are non-degenerate and the a® are stable, i.e.

d + d 0
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(H3) There exists vy > 0 such that v + v~ + f,(WE(t),t) > 1j for any ¢ € [0, T7,
where

vt = —;/OT fu(WEN), NN, WE(E) = w(a®, 1)
and
WO(t) := w(a®,t).

(H4) There exist constants 7o > 0 and € € (0, mingejor)(W°(t) — W(t))) such
that

f(u,t) = rou(e —u) for any u € (0,¢) and t € [0, 7],
1) = fWO(t), 1) — FWO(t) — u, ).

It is known from [1] (see also [34,35]) that if f(u,t) € C*}(R x R) satisfies
hypotheses (H1) and (H2), then there exists a unique solution pair (¢,U) to (1.1)
in one-dimensional space satisfying

Ut:Unn_CUn+f(Uat)v (nvt) €R27
- 1 _wt
U(foo,t) = lim U(nt)=W=(t), teR, (1.2)

where f(u

U(,-+T)=U(--), U(0,0) =a’,

where the function U(+,-): R x R — R is the wave profile and the constant ¢ € R is
the wave speed. In addition, (¢, U) has the following properties.

(i) U(-,t) is increasing with respect to the moving coordinate for each ¢. Namely,
Up(-,)>0in R x R.

(ii) There exist positive constants C; and (; satisfying

UEn, ) = WE@O)| + Uy (0, )] + |[Upy (£n,1)] < Cre™™, 920, teR.
(1.3)
That is, U exponentially approaches its limits as n — +o0.

A typical example of f satisfying (H1)—(H3) is the cubic potential f(u,t) :=
(1—u?)(2u—p(t)), where p(t) € (—2,2) is T-periodic. In this case, W*(t) = 1 and
—1 < WO(t) < 1for any t € [0, T]. In addition, if we restrict max,c(o,77 |p(t)| < 2V/5,
then f(u,t) := (1 —u?)(2u — p(t)) satisfies assumption (H4). Here we give a simple
proof. For any t € R, we have

FOVO(),t) — FWO(t) — u,t)
= 2u(1 — u?) — 6WO()u(WO(t) — u) + (2WO(t) — u)p(t)u
= u[2(1 —u?) — 6WO () (WO(t) —u) + (2WO(t) — u)p(t)].

Let g(u,t) :=2(1 — u?) — 6WO(t)(WO(t) —u) + 2WO(t) — u)p(t). It follows that
9(0,8) = 2[1 = 3(W°(t))* + W(t)p(t)].
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Let t1,t3 € [0, T] satisfy

WO(t1) = min WO(t) and WO(ty) = wWO(t).
() = min W(Z) an (£2) = max W)
Since (d/dt)WO(t) = (1 — (WO(¢))?)(2WO(t) — p(t)), we have that WO(t1) = £p(t1)
and WO(t2) = 1p(tz). Therefore, maxycpo,r) |WO(t)| < 4 maxyepo,r) |p(t)]. Conse-
quently, we have
5 2
> _ 2
9(0.1) > 2(1— § max |o(0)*) >0
if max,e(o,77 |p(t)] < 2v/5. Thus, we have that (H4) holds.
In fact, f(u,t) := (1 — u?)(2u — p(t)) is a particular case of the following more
general example (see [1])

f(u,t) = p(u)(=p'(u) — p(1)),

where p € C! and p € O3 satisfy p(-+T) = p(-), and p(£1) = 0, p(-) > 0in (-1, 1).
In this case, the wave speed ¢ can be directly calculated from

1 /7
C:T/o p(t) dt.

Recently, Wang and Wu [43] and Sheng et al. [37] studied two-dimensional V-
shaped travelling fronts and high-dimensional pyramidal travelling fronts of (1.1)
under assumptions (H1)—(H3) and established the existence, uniqueness and sta-
bility of the travelling fronts. We note that the results established by [37,43] for
the non-autonomous equation (1.1) can be regarded as an extension of the results
established by [22,31,32,39,40] for the autonomous Allen—Cahn equation. Besides V-
form travelling fronts and pyramidal travelling fronts, here we would like to mention
that there have been many studies concerned with cylindrically symmetric travelling
fronts in the autonomous Allen—Cahn equation (see [3,4,12,14,16-18,41]). Moreover,
we refer the reader to [7,11,13, 15,19, 20, 26, 30, 38,42] for more results on multi-
dimensional travelling wave solutions. For the non-autonomous reaction—diffusion
equation, we would like to mention more results on one-dimensional travelling wave-
fronts; see [8,34-36] for bistable nonlinearity and [21,23,24,28, 29] for monostable
nonlinearity. However, there is no contribution on cylindrically symmetric travel-
ling fronts of time-heterogeneous equations in multi-dimensional space, even for the
time-periodic case. Resolving this issue is the main purpose of our current study.

The study of this paper contains two parts: the first part is concerned with the
case in which ¢ > 0 and the second part is concerned with the case in which ¢ = 0.
Assume that ¢ > 0. For any s > ¢, a cylindrically symmetric travelling front of (1.1)
means a classical solution u(x,t) = v(x’, x,, + st,t) such that

0
preh Av — saxmv—l—f(v,t), x=(z',2y) = (1,...,7,) ER™, t €R,
V(x], Ty t) = 0(Th, Ty, t) Vi, 2y € R with |2)| = |2, 2m €R, t €R,
v(x,t+T) =v(x,t) Ve eR™ teR,

lim (@, zy,,t) = WE(t) V' e R™! teR.

T —> 00

(1.4)
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In the following we give the main results of this paper. The first part is concerned
with the case in which ¢ > 0.

THEOREM 1.1. Assume that (H1)-(H4) hold. Suppose that ¢ > 0. Then for any
s > c there ezists a function W (x,t) satisfying (1.4). In addition, one has:

(i) W(x',xm,t) = W(x",2pm,t) fort € R, z,,, € R and x', 2" € R™1 with
2’| = |="];
(ii) for any (x(,z,,) € R™ with x,, = m.|x(|,
W (z' + x(, T, t) < W (' 20 +2),,t) V(z',2,) ER™, t €R,

where m, = Vs2 — 2 /c;
L 0
(iii) WW(”” t) >0 for any € € R™ and t € R;

0
8%1'

W(x,t) >0 onx; € (0,00),i=1,2,...,m—1;

(v) we have

lim (W (e, 2m, t) = W) | c@m-1) = 0

T, —> 00

and

lim [[W(,zm,t) =W~ ()llc.@m-1) =0

Ty —>—0O0

uniformly on t € R;

(vi) 2VV(:B, t) >0 for any x € R™ and t € R, where

ov
1
v= —71(1/1,y2, ey Um—1,1)
I+ 200 v
satisfies
1
2, 2 2
< )
Vi +13+ 02 p—
Define
VU(p,z,t) = V(|| 2, t) = W(x,t) (1.5)

for any (', z,,) € R™ and t € R, where p = |2'| and z = z,,,. Define a function
¢(p) by

W(pv ¢(P), 0) = 0o,

where 0y € (a™,a’) is a given constant. By a shift, let U(0,0) = §p. We then have
the following theorem.
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THEOREM 1.2. Assume that (H1)-(H4) hold. Assume that ¢ > 0. Let ¥(p, z,t) be
defined by (1.5). Then ¥ (p, z,t) satisfies

0 0? 0? m—2 0 0
W= UV —— Vs U4 (P R, t € R.
5l =520 ol 5,7 5%, +f(@(p,2,1),t) YVp>0, zeR, te

Moreover, one has

0
—U(p,z,t) >0 Vp>0, zeR, teR,

dp
2W( z,t) >0 Vp=0, zeR
az p? ) p = k) )
LiEn 1@, 2,t) = W™ ()llcqow) =0  uniformly int € R for any w >0,
. . _ + — . .
ZEIEOO (- 2,t) = WT(t)|lc(o4+00)) =0 uniformly in t € R,

0
au'/(p,z,t) >0 Vp>0, 2>0, teR,

lim ¢/(p) = =My,
p—>00
CIM

pli_glo Wp(pa¢(p)70) = s U,,(0,0),

lim . (p. 6(p).0) = U, (0,0)

p—r00
and
e ¢ Cioe (R xR)
1 ZAN . L 1
where vV = ————— is a given constant vector with v’ > — .
V 1 + (V/)2 1 M

THEOREM 1.3. Assume that (H1)-(H4) hold. Assume that ¢ > 0. Let s > ¢ > 0
and denote W(x,t) defined in theorem 1.1 by W*(x,t). Let W*(0,0) = U(0,0).
Then one has

lim [[W*(2,t) — U(zm, t)|lcz_@m) =0

sS—cC
uniformly in t € R.

THEOREM 1.4. Assume that (H1)-(Hj) hold. Assume that ¢ > 0. For s > ¢ > 0
there is no function W(x,t) satisfying

0 0
“W=AW —

BtW w S(‘?mm
for any (z,t) € R" xR, W(z,t + T) = W(x,t) for any (z,t) € R™ x R,
limg,, 400 W(0,2p,t) = WE(t) uniformly in t € R, and

W+ f(W,1)

2
@W(w,t) <07 221,27,m—1

7 x’=0

iW(m, t) >0,

0T,
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THEOREM 1.5. Assume that (H1)-(H4) hold. Assume that ¢ > 0. For s < c¢ there
is no function W (x,t) satisfying
0 0
W= AW —
o =W,
for any (z,t) € R™ x R, W(x,t + T) = W(x,t) for any (x,t) € R™ x R,
limg, 400 W(0, Zpn, t) = WE(t) uniformly int € R, and
0 o?

- t 2 , -
UG ORI

W+ f(W,t)

W(x,t) >0, i=12,....m—1
x’=0
In the following we consider the case in which ¢ = 0. In this case, we furthermore
assume that the following condition holds.

(H5) There exists a sequence of T-periodic functions { f,,(u,t)} C C*!(R?,R) such
that the following hold.

(1) For each n € N, f,, satisfies (H1)—(H4). In particular, for each n € N the
periodic map P, (a) := wy(a, T) has exactly three fixed points a,, a2,
af with a;; < a? < o;f, where w,(a, t) is the solution of

wy = fu(w,t), teR, w(a,0)=ack.
Furthermore, they are non-degenerate and the a;F are stable, i.e.

d d

— P, (at)y <1< —P,(a0).

P <1< Lp )

(2) There hold limy, 00 || fn (-, <) = f (- )ller (= m,m)x[0,77) = 0 and a;; — o™,
a¥ — a% and of — ot as n — oo, where

- — +
M = ma{ mas fuwn (o, 0)], max fwa(o 0]} (16)
Consequently, WE(t) — W*(t) and W2(t) — WO(t) uniformly in t € R
as n — 00, where WE(t) = w, (ot 1) and W2 (t) = w,(al,t).

(3) Let (cn, Uy,) be the unique travelling wave solution defined by (1.2) with

fn(u,t), which connects two periodic solutions W (¢). Suppose that c,, >
0 and that ¢,, — 0 as n — oo.

We note that f(u,t) = (1—u?)(u—p(t)) with fOT p(t) dt = 0 satisfies (H5), where
p(t) € (=2,2) is T-periodic. Let f,,(u,t) = (1—u?)(2u—(g/n+p(t))) for some small
e>0.Let ¢, = (1/T)f0T(5/n + p(t))dt = ¢/n > 0. Clearly, ¢, — 0 as n — co. By
the previous argument, we have W7 (t)| < e/n+ max;e(o 1) |p(t)| for any ¢ € [0, T].
Up to the extraction of a subsequence, let

W2(t) — W2(t) uniformly in t € [0,7] as n — oo.

Then (d/dt)W0(t) = f(W2(t),t). It is clear that —1 < W0(t) < 1. Therefore, we
have W(0) = a® and W2(t) = WO(¢).
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THEOREM 1.6. Assume that (H1), (H2), (H4) and (H5) hold. Suppose that ¢ = 0.
Then for any s > ¢ = 0 there exists a function Wy(x,t) satisfying (1.4). In addition,
one has:

(i) Wo(z',xm,t) = Wo(x",2m,t) fort € R, z,, € R and «’, 2" € R™ 1 with

2| = [&"];

(i) %Wo(ac,t) >0 for any x € R™ and t € R;

0
(iii) 3 Wo(x,t) >0 onx; € (0,00),i=1,2,...,m—1;
z;

(iv) we have

lim [[Wo(, Zm, t) = W ()|l omm-1) =0

Ly, —> 00

and

im ([ Wo(-, 2m,t) = W™ ()|l ¢pe@m—1) = 0

Ty —>— 00
uniformly on t € R;
(v) the conclusions of theorems 1.3—1.5 remain valid for Wy(x, t).

This paper is organized as follows. In §2 we list some preliminaries on two-
dimensional V-shaped travelling fronts and three-dimensional pyramidal travelling
fronts of (1.1), which are needed for the proof of theorem 1.1. In § 3, we prove the-
orems 1.1-1.5. To get the expected cylindrically symmetric travelling front, we use
the results of Sheng et al. [37] to construct a sequence of pyramidal travelling fronts
of (1.1), and then take a limit for the sequence of pyramidal travelling fronts. Thus,
the limit function is just the expected solution. Consequently, we show qualitative
properties of the cylindrically symmetric travelling front by a series of arguments
with contradictions. In §4 we prove theorem 1.6. In § 5 we give a discussion to end
the paper.

2. Preliminaries

In this section we state the existence results on two-dimensional V-shaped travelling
fronts and three-dimensional pyramidal travelling fronts of (1.1) when ¢ > 0, which
were established by Wang and Wu [43] and Sheng et al. [37], respectively. Moreover,
we show some properties of the pyramidal travelling fronts that are very important
when establishing the cylindrically symmetric travelling fronts in next section. Let
(c,U) be defined by (1.2). Assume that ¢ > 0.

2.1. Two-dimensional V-shaped travelling fronts

Let 9(&,n,t;T9) be the solution of the following Cauchy problem:

By = Vge + Oy + F(0,1) V(E,m) € R, t > 0,}

5(&,m,0) =Bo(&m) V(& n) € R (2.1)

https://doi.org/10.1017/50308210515000268 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000268

1060 Z.-C. Wang
The following theorem and lemma were established by Wang and Wu [43, theo-
rem 1.1, lemma 3.4].
THEOREM 2.1. Assume that (H1)-(H38) holds. For any § > c there exists a unique
V(§,n,t;3) satisfying
Vi = Vee + Vipy — 8V + F(V, 1) V(€,m) €R%, t€R,
V(Ent+T;8) =V(Ent3) V(En) eR? teR,

(14221 ) < Pienn) e eR? e R

“(

lim sup
R—o00 £24n2>R2

wm o

and

. N
V(€ nt; 5)—U(§ (n+$cc|€>,t>’ =0 uniformly int € R.

Furthermore, for any initial function vo(&,n) € C(R?) with

lim sup |09(&,7n) — f/(&n, 0;8)] =0,
R— o0 £24n2>R2

we have

LEMMA 2.2. There exists a positive constant 6, > 0, a positive constant p suffi-
ciently large and a positive constant 3 small enough such that, for any ¢ € (0,04],
wT and w™ defined by

o (&, t) = V(E,n+ 5t £ pd(1 —e P 1) + da(t)

are a supersolution and a subsolution of (2.1), respectively, where

a(t):exp{<y++u-—VE)H/Otfu(W+(T),T)dT+/Otfu(w-(T),T)dT}

and the constants vy, vt and v~ are defined in (H3).

REMARK 2.3. Following Wang and Wu [43], we have that the positive constant d.
depends only on the nonlinearity f. In addition, we have that V (&, n,t; §) further-
more satisfies

V(f,ﬂat) = V(fgﬂ%t) V(fﬂ?at) € RSa

Ve(€.m,1) >0 V(E,n,t) € (0, +00) x R?,
(&m,t) >0 V(& n,t) € R?

i

and

~ - . 1/§2 _02
V(g +§O7nat) < V(£777+7707t) V(Sﬂ?;t) € Rsa 50)770 € R with Mo = f|£0|
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2.2. Three-dimensional pyramidal travelling fronts

Fix s > ¢ > 0. Assume that the solutions travel towards the —x3 direction
without loss of generality. Take

U(:I},t) = ’U(ZB/,Cﬂg + st, t)v x' = (xlax2)7 T = (wlax3) = (xlax2vm3)'

We then have the initial-value problem

0 0
&v(:c,t) = Av(z,t) — sa—xsv(w,t) + flv(z,t),t), (2.2)
v(z,0) = 1}0($),

where & € R3, ¢ > 0.
Let n > 3 be a given integer and let

my. =\ 82 —c2/ec.
Let {A; = (A;, Bj)}}—, be a set of unit vectors in R* such that
Aij+1—Aj+1Bj >0, 7=12,...,n—1, A,B; — AB, > 0.

It is obvious that (m,A;,1) € R3 is the normal vector of {x € R3 | —z3 =
my(Aj,x')}. Let

. AN . / N . AN . /
hi(@) = m.(A;,@) and h(e') = max (@) = m. max (A;.a)

for 2’ € R?. We call {z = (2, x3) € R® | —x3 = h(z)} a three-dimensional pyramid
in R3. Letting
25 ={z' e R? | h(z') = hy(2)}

for j =1,...,n, we have R? = U;Zl £2;. Denote the boundary of {2; by 042;. Let

Set
S; ={x € R®| —x3 = h;(x') for =’ € 2;}

for j=1,...,n, and call U;Zl S; C R? the lateral faces of the pyramid. Let
Fj:Sijj+1, r,=5,ns, j=1,...,n—1.

Then I' := |J"_, I'; represents the set of all edges of a pyramid. Define
j=1"J

v (x,t) = U(C(x3+h(w’)),t> ~ max U(c(x3+hj(m')),t>.

s 1<5<n s
Define
D(y) = {:c €R3

dist (a:, U Fj) > 'y} for v > 0.
j=1
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t;v7) be the solution of (2.2) with v% = v~. There then exists a function

Let v(x,
) € C?1(R3 x R) such that

V(x,t
V(x,t) = lim v(x,t 4+ kT;07).
k— o0

The following theorem comes from Sheng et al. [37, theorem 1.1].

THEOREM 2.4. Assume that s > ¢ > 0 holds. Then, under assumptions (H1)-(H3),
there exists a function V(x,t) such that V(x,t +T) = V(x,t) for any (z,t) € RY,
U((e/s)(xs + h(x')),t) < V(x,t) < WH(t) for any (z,t) € R*, (0/0z3)V (x,t) >0
for all (z,t) € R* and

Ve, t) — U(C(x3+h(x’)),t>' —0, (2.3)

lim sup -
S

Y7+X zeD(v), teR

%V(w,t) = AV(x,t) — S%V((B,ﬂ + f(V(x,t),t) Y(x,t) € R

If we furthermore assume that

volx) — U(E(xg + h(z')), o> ‘ ) (2.4)

lim  sup
VT geD(y)

holds, then the solution v(x,t;vg) to (2.2) satisfies
i [o( 1) = V1o =0
or equivalently

lim |jo(-,- +kT) =V (-, )[lo@s xr) = 0.

k—+oo

Using (1.2), (2.3) and U((c/s)(z3 + h(z')),t) < V(z,t) < WH(¢t) for (z,t) € R4,
we furthermore obtain

Jim V(oo )W B oy =0 and L[V (@5, 0)- W (0)cy.qz2) =0

(2.5)
uniformly on ¢ € R. The next two lemmas show the monotonicity of the pyramidal
travelling front V. The proofs are very similar to those of Taniguchi [41, lemmas 2.5

and 3.4] and we omit them.
LEMMA 2.5. For any (zo, Yo, 20) € R with 2o = h(xo,v0), one has
V (w1420, 24y, 13, 1) < V(21,22,23+20,1)  for any (z1,22,23) € R® and t € R.

LEMMA 2.6. Let
1

1

V= ——o=—o-T—|1n

Vi+vi+us \ g
be a given constant vector with \/v? + v3 < 1/m.. Then one has

9
$V(m7t) >0 VxeR? teR.
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Let w(t; M) be the solution of the following equation:

w'(t) = f(w(t),t), >0,
w(0) =M € R.

Since the Poincaré map P(a) is monotonic and has only three fixed points with ot
being stable, P(a) > « for all @« < o™, and P(a) < « for all a > a™ (see also [1]).
Then for any M, M~ € R with M~ <o~ <at < MT, we have

lim w(t+ kT; M*) = W*(t) uniformly for ¢ € [0, T7.

k—o0

By the comparison principle (see [5, theorem 25.6]), we have
w(t; M™) <oz, t) <w(t; M),
and hence
W= (t) < liminf inf v(x,t+ kT)

k—oo xeR3

< limsup sup v(x,t + kT)

k—oo xeR3

<SWH()

provided that M~ < v%(x) < M for any x € R3.

In the following lemma we show that if the initial value v° is even on z1, then
the solution v(z,t;v°) is also even on 7. Furthermore, if v° is non-decreasing in
x1 > 0, then the solution v(z,t;v°) is also non-decreasing in x; > 0. The proof is
completely similar to that of [45, lemma 2.5].

LEMMA 2.7. Assume that v°(x) € C(R3,R) is even on x1, uniformly continuous
and bounded in x € R, and non-decreasing in z1 € [0,00). There then ezists a
unique solution v(zx,t) € C(R?x [0,00), R)NC*(R3 x (0,00),R) of (2.2) such that
v(x,t) is even on x1 and non-decreasing in x1 € [0, 00).

COROLLARY 2.8. Suppose that v~ (x) is even on x1 € R and x5 € R, respectively.
Then the pyramidal travelling front V (x,t) defined by theorem 2.4 satisfies

V(l‘l,.l?g,l‘:g,t) = V(—xl,l‘g,l‘g,t) Yx € RS, te R,
V(x1,xe,x3,t) = V(x1, —22,23,t) VI € R3, t € R,

iV(sc,t) >0 Ve (0,+0) xR* t R,
6951

0
87V($,t)>0 VwGRX(O,—I—oo)xR, t e R.
2

3. Cylindrically symmetric travelling fronts when ¢ > 0

In this section we prove theorems 1.1-1.5. We first give the details of the proof in
R3, then generalize the result to R™ with m > 4 and m = 2.
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3.1. Proof of theorem 1.1 in R3

In this section we prove theorem 1.1, namely, we establish the existence of time-
periodic cylindrically symmetric travelling fronts of (1.1) in R3. The method is
to take the limit of a sequence of pyramidal travelling fronts. Subsequently, we
show some important qualitative properties of the cylindrically symmetric travelling
fronts.

Let

20 —1 200 —1
hk(xl,xg):m* max {$1COS(2)7T+$QSiH(Z)7T}, k=1,2,....

1<ig2k

It is not difficult to show that the plane
( 26— . 20— 1)7r>
T3 = My | 1 COS ————— + To S1N —————

is tangent to the rotating surface

/.2 2
T3 =My 2] + 25

for any k¥ € N and 1 < i < 2*. Replacing h(x') by h¥(z’) in theorem 2.4, we obtain
a sequence of time-periodic pyramidal travelling fronts of (1.1), namely,

|70 I VL

where
VF(a,t) = lim v(a,t + kT ), v () = U<z(m3 + hk(sc’)),o).

Denote the edge of the pyramid x3 = h¥(z’) by I'* and

2k:
dist (a:, U Ff) > 'y} for v > 0.

DF(y) = {x eR3
j=1

Since vy " (2, 0) is non-decreasing in z; € (0, 00) and in x5 € (0, 00), and is even on
z1 € R and on x5 € R, by theorem 2.4, lemma 2.6 and corollary 2.8, we obtain

VI<V2< o <VE<.. Ve eR3 teR,
0
—V¥@,t) >0 Vze (0,00) xR, t €R,
8%‘1
iV"“'(:c,t)>() Ve e Rx (0,00) xR, t € R,
6372
0

avk(m,t) >0 Ve eR? teR,

where

1 1
v=———-(1v1,v9,1) satisfies \/m < — .
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Since

hk( )_ hk ™ + . ™ . ™ + ™
T1,x2) = X COSF T S11 2](:771’ I SIHF To COSF 5

we have
VE(x,t) = VE(a' 23, t) = VF(Bra' 23,t) Yx € R3 t R,
where
™ .
COS F S 2](:771

By =

. ™
— Sin 2k7—1 COS 27{:7—1

Take 2§ € R such that =% > 251 and V*(0,0,2%,0) = 6y, where 6 € (a—,a)
is a given constant. Let

VF(x,t) = VFa' o3+ 25t) Y eR3 teR.

By (2.5), lemmas 2.5 and 2.6, and corollary 2.8 we have that V’“(m, t) satisfies the
following.

(a) V*(0,0) = 6.

(b) (8/0v)VE(x,t) > 0 for any « € R?, t € R, where k € N and

1 1
v=—r—(vy,1n,1) satisfies Vv +1v3 < — .
1+v? +v2 m «

(¢) For any (z0, 0, 20) € R? with 2y > h¥(x0, o), there holds

‘N/k(xl + g, X2 +y0,.’)337t) < Vk(l'l,l‘g,x;; + Zo,t) V(l‘hl‘g,xg) S R37 t e R.

(d) VH(a!,25,t) = VF(Bya!,a5,t) for all z € R?, t € R.

(e) There hold (8/dz1)V*(x,t) > 0in z; € (0,00) and (8/dxs)VF*(x,t) > 0 in
x9 € (0,00), where k € N.

(f) V*(x,t) = VF(x,t +T) for all z € R?, t € R.
(g) We have
. 7k
Jim [VE(2s,) — WH)lo@e) =0

and

Hm  [[VE(, 23,t) = W (8)]l oy (m2) = 0

Tr3——00

uniformly on t € R.
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Since V¥ satisfies W~ (t) < V*(x,t) < W(t) and

%f/k(az,t) = AVF(x,t) — saix?)f/k(w,t) + f(VF(x,t), 1)

for any £ € R? and t € R, using an argument similar to that of Wang et al. [44,
proposition 4.3] we have that there exists a positive constant K7 such that
IVEC D) lcrmsy < K1 Yk €N, t € [T,27].
By the periodicity of V*(z,t) in t € R, we have
IVEC Dllcrmsy < K1 VEEN, teR.

Applying [27, theorems 5.1.3 and 5.1.4] we have that there exists a positive constant
K such that R
HV’“(~, ')HC2+0<,1+0</2(]R3><R) < K VkeN (31)

for some a € (0,1). There then exists a function W (z,t) € C*1(R? x R) (up to the
extraction of some subsequence) satisfying

VF(x,t) » W(x,t) in |- ”Cﬁ;cl(RsXR) as k — oo.

Furthermore, we have the following theorem for the function W(z,t) € C%1(R? x
R).

THEOREM 3.1. Assume that (H1)-(H4) hold. Suppose that ¢ > 0. Then for any
s> ¢ > 0 there exists a function W(z,t) € C*1(R? x R) satisfying W (x,t +T) =
W(z,t) and

%W(sc,t) =AW (x,t) — S%W(:c,t) + f(W(x,t),t) (3.2)

for any £ € R? and t € R. In addition, one has:
(i) W(O, 0) = bo;

(ii) W(xh,zs,t) = W(xh,z3,t) for all ',z € R? with |x}| = |z}, 73 € R,
teR;

(iii) for any (wo,y0,20) € R® with 29 = m.\/2% + y2, there holds

W (z1 + zo, 22 + Yo, 23, 1) < W (21,22, 3 + 20, ) V(21,22,73) € R?;

(iv) 8%W(:lf:,t) > 0 for any ¢ € R3 and t € R;
3

() o

Lg

W(xz,t) >0 forz; € (0,00), z; ER, 23 e Randt € R, 4,5 =1,2, i # j;
(vi) we have

lim [[W(-,23,t) = W ()]l o@e) =0

Tr3—>00
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and

lim HW(',I.?”t) - Wﬁ(t)||cloc(R2) = 0

Tr3——00

uniformly on t € R;

(vii) 2VV(ac, t) > 0 for any € R® and t € R, where

ov
1 1
V= (v, 1,1) with Vvi+vi< .
V1+vE+ 13 T

It is easy to show that W(x,t) satisfies (3.2) and theorem 3.1(i). In view of
hE (21, 20) < ma/2? + 23 for any (z1,72) € R? and h¥(z1,22) — ma/2? + 22 in
Cloc(R?) as k — 400, we can easily prove theorem 3.1(ii) and (iii). In the following
we prove theorem 3.1(iv)—(vii) by a sequence of lemmas. Following from properties
(a)—(g) of V¥(x,t), we have:

(I) a%W(x,t) >0 for x € R3 and t € R;
3
(IT) we have that
9 2
a—le(O,xg,xg,t) =0 for (z3,23) € R* and t € R,
and
0

a—W(xl,O,xg,t) =0 for (z1,23) € R? and t € R;
T2

(II1) (8/0z1)W (z,t) = 0 for x € (0,4+0) x R? and ¢ € R and (9/dx2)W (z,t) > 0
for x € R x (0,4+00) x R and ¢t € R.

LEMMA 3.2. W(-,0) £ 6.

Proof. On the contrary, we assume that W (-,0) = 6. Since W (x,t) satisfies (3.2)
and W(z,t + T) = W(x,t), we have that W (x,t) is independent of = € R?® and
W(t) = W(a,t) is a solution of the following equation:

wy = f(w,t).

In particular, we have W(T) = W(0) = 6y, which implies that the period map
P(a) := w(a, T) has a fixed point 6y that is different from o, a® and a*. This is
a contradiction.

Thus, we complete the proof. O

LEMMA 3.3. (0/0x1)W (x,t) > 0 for any = € (0,+00) x R? and t € R, and
(0/0x2)W (x,t) > 0 for any x € R x (0,+00) x R and t € R.

Proof. We note that there hold (9/0x1)W (z,t) > 0 for any & € (0,+00) x R?
and ¢t € R, and (0/0z2)W (x,t) > 0 for any @ € R x (0,400) x R and ¢t € R. We
first show that (9/0x1)W (zx,t) > 0 for any z; € (0,+00) x R? and ¢t € R. For a
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contradiction, we assume that there exists some (x°,ty) € R* with 2§ > 0 such

that

9 0
aimW(w 7t()) =0.

Due to the parabolic strong maximum principle (see [33, ch. 3, theorem 5]) we have

0
6—W(x,to) =0 fort<tyand & € R® with z; > 0.
1

Since W (xy, 2o, x3,t) = W(—x1, 2, 23,t) for any € R3 and t € R, we have

0
— W(x,t)=0 fort<tyandxc R
(91'1

By theorem 3.1(ii), we also have

iW(ac,t) =0 fort<tyandx € R>
8332

It follows from the T-periodicity of W (x, -) that

%W(w,t) =0 for (z,t) € R* and i = 1,2,
which implies that W (x,¢) only depends on 3 € R and ¢ € R. We rewrite W (x, t)
as W(zs,t) and denote W (x3,t) by W(z,t) with z = x3. By lemma 3.2, we have
W (z,0) # 6y and W(0,0) = 6, which implies that (0/02z)W (z,t) Z O on (z,t) € R%
It follows from the parabolic maximum principle (see [33]) that (d/dz)W (z,t) > 0
for any (z,t) € R2.

Let

W(—o00,t) =w™ (1), W(+o0,t) = w+(t)7
W= (t) <w (t) <wh(t) K WT(2)
for all ¢ € R. In particular, we have w™(0) < fy. In this case we rewrite (3.2) as

0 02 0
aW(z,t) = @W(z,t) - S%W(z,t) + f(W(z,t),t).
Obviously, w™ (t) and wt () are two solutions of the following ordinary differential

equation:
Wy = f(’LU(t),t)

In particular, we have o~ < w™ (T) = w™(0) < Oy < w™(0) = w'(T) < a. There-
fore, we have either w™(t) = W~ (¢) and w™(t) = WT(t), or w™ (t) = W (¢) and
wT(t) = WO(¢) for any t € R. We first show that it is impossible that w=(t) = W~ (t)
and w'(t) = W (t). Otherwise, (1.1) admits a one-dimensional periodic travelling
front W (z+st,t) with wave speed s > ¢ connecting two stable equilibria W~ (¢) and
W (t), which contradicts the uniqueness of the one-dimensional periodic travelling
front (U, c) of (1.1).
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It remains to show that the case in which w™(t) = W~ (t) and w(t) = WO(¢t) is
also impossible. Suppose on the contrary that w=(t) = W~ (¢) and w*(t) = WO(t)
for all t € R. Let ¥(z,t) = WO(t) — W(—2,t). Then we have

2

0 0 0
V() = 550zt +s5-0(z1) - FOVO @) = (z,t),t) + fF(WO(t), 1) (3.3)

and
Y(—o0,t) =0, Y(do0,t) = WO(t) — W™ ().

Equation (3.3) implies that the reaction—diffusion equation

0 0?

au(:c,t) = @u(x,t) — fOWVO(t) —u(a,t),t) + F(WO(t), 1) (3.4)
admits a time-periodic travelling wavefront ¢ (x — st,t) connecting 0 and WO (¢t) —
W= (t). In particular, we have (0/0z)9(z,t) > 0 for any z € R and t € R.

Let Q; denote the solution semi-flow of (3.4) and let Q7 denote the corresponding
Poincaré map. Let 3 = W%(0) =W ~(0) and Cs = {u(-) € C(R): 0 < u(z) < BVr €
R}. It follows from assumptions (H1) and (H2) that the Poincaré map Qr: Cz — Cg
satisfies assumptions (A1)—(A5) of [24]. Thus, it follows from [24, theorem 2.1] that
there exists a positive number v*, which is called the asymptotic speed of spread
of the Poincaré map Qr, such that for any v € (0,v*/T) and o € (0, 3) there is a
positive number 7, such that if u € Cg and u(z) > o for x € [-r,, 7], then

. . . 0 . _ _
Jim it (Quful(@) ~ (W(6) ~ W (1) = 0.
Now we specially take o9 = (/2. Let u(:) € Cagy3 satisfy u’(z) > o¢ in z €
[~T00, 7o) and suppu®(-) is compact. We then have

w(0,t;u%) — WO(t) =W~ (t) ast— +oo, (3.5)

where u(z,t;u’) = Q;[u’](x). On the other hand, there exists an o > 0 such
that (z + 29,0) > u’(x) for any * € R. By the comparison principle (see [5,
theorem 25.6]), we have u(z,t;u’) = Q;[u’](z) < ¥(x + 2o — st,t) for any z € R
and ¢t > 0, which implies that

u(0,t;u’) < h(xg — st,t) =0 ast — +oo.

This contradicts (3.5), which implies that the case in which w™(t) = W~ (¢) and
wt(t) = WO(t) is impossible.

Finally, we conclude that (9/0z1)W (x,t) > 0 for any = € (0,+00) x R? and
(0/0x2)W (x,t) > 0 for any € R x (0,400) x R. The proof is complete. O

Following lemma 3.3, we have W(x1,22,0,t) > W(0,0,0,¢) for any z; > 0,
x9 > 0 and t € R. By theorem 3.1(iii), we have that

W(0,0,z3,t) = W(x1,22,0,t) > W(0,0,0,t) for any xz3 > m*m >0,

which implies that (9/0x3)W (z,t) > 0 and (9/0z3)W (z,t) # 0 on = € R3. Fur-
thermore, the parabolic maximum principle (see [33]) yields that (0/0x3)W (x,t) >
0 for z € R? and t € R. Thus, we have proved theorem 3.1(iv) and (v).
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LEMMA 3.4. One has

lim [[W(, - 23,t) = W™ (t)|lc,.r2) =0 uniformly int € R

r3—r—00

and

lim |[W(, - 25,t) = WH(t)|cezy =0  uniformly in t € R.

xr3—+00

Proof. Since
W= (t) < W(x,t) <WT(t) and W(x,t+T)=W(ax,t) forany (z,t) € R

using an argument similar to that of [44, proposition 4.3], we have that there exists
a positive constant K5 such that

[W(,t)llormsy < K2 VEER.

Applying [27, theorems 5.1.3 and 5.1.4], we have that there exists a positive constant
K > 0 such that

W, ) e2tantarzmsxry < K (3.6)

for some a € (0,1). By theorem 3.1(iii)—(v), we have that
W(0,0,23,t) < W(xy,z2,23,t) < W(0,0, 23 + ma/ 23 4+ 22, 1) (3.7)

for any (z1,22,73) € R® and t € R. In view of (9/0x3)W (z,t) > 0 for any (x,t) €
R%, we take

W= (t):= lim W(0,0,z3,t), W*(t):= lim W(0,0,z3,t) VteR.

T3—>—00 T3—400

It follows from (3.6), (3.7) and the periodicity of W(z,t) in ¢ € R that

lim ||W(,-, x3,t) — W_(t)HClDC(Rz) =0 uniformly inteR

Tr3——00
and

lim ||W(,-, z5,t) — W+(t)||C(R2) =0 uniformly in t € R.

xr3—+00

It follows that there exist two sequences {z}} and {z, } with 2z} — +oo and
z, — —00 as n — oo such that

lim |[|[W(z1, 22,23 + 2, ,t) — Wﬁ(t)HCﬁ;Cl(RS‘xR) =0

n—-+oo

and

lim |W (21,29, 73+ 2, ,t) — W+(t)||cz,1(RsxR) =0.

n—-—4o00 loc
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For any ¢(z1,z2,73) € C§°(R3,R), we have

/ [W(x1,x2,23 + 2, ,t + At) — W(x1, 22, 23 + 2, ,)|d(21, T2, 23) dz1 dg das

t+AL
/ / —W (x1,22, 23 + 2, ,7)d(x1, T2, 3) doy dro dzg dr
R3

t+AL o B
/ /]R's [( 8:1: 88963>W(£C1,$2,563+2n77‘)}

X ¢(x1, X9, x3) doy deg das dr

AL
+ / FW (1, 2,23+ 2,7 ,7),r)p(21, 22, 23) dy dg dzg dr
¢ R3

t+At 3 32 5
:/t /Rs [(i_18:ﬁ+sm)¢(xl’x2vx3)]

x W(x1,xe,x3 + 2, ,7)dey des dzg dr
t+AL
+ / FW (1, 2, 23 + 27 ,7),7) (21, T2, 3) Ay drg das dr,
t R3
Letting n — oo, we obtain

/S[Wi(t -+ At) — W7 (t)}gﬁ(.%l, T, l’g) d$1 d£172 dl’g

t+At 3. g2 5
- /t /R3 K £ Oa? + 38903>¢(x1’ zQ’z?’)} ~(r)dzy dza dzzdr

t+At 5
+/ fW=(r),r)é(z1, 22, 23) dz1 dwa dag dr,
t RS

which implies that the function W™ (t) satisfies

~ R tHAL

W (t+ At) — W (1) :/ FOW=(r),r)dr Vt€R, At €R,

t

Then W~ (t) satisfies W~ (t) = W~ (t + T) and

dtW (t) = f(W—(t),t) VteR.

Similarly, W (t) satisfies W*(t) = W*(t + T) and

&Wﬂ Y= f(WH(t),t) VteR.

Since = < W(0,0) = 6y < a°, we have a~ < W=(0) < 6y < a® and 6y <
W*(0) < at. Tt follows from (H2) that either W~ (0) = o~ and W*(0) = at,
or W=(0) = a= and W+(0) = . If the former holds, then the lemma has been
proved. In the following we show that the latter is impossible.
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_Assume to the contrary that W=(0) = o= and WH(0) = a°. We then have
W= (t) = W= (t) and W*(¢t) = WO(t). Therefore,
W=(t) < W(z,t) <WO(t) Y(x,t) € R
Let
W (xy, 29, 23, t) := WO (t) — W (1, 20, —x3,t) V(x1,20,23,1) € R

Then W (x1, o, 23,t) satisfies

0 = - 0
aW(CB,t) - AW(CIZ,t) + sa—x?’W(m,t) + f(W(:B,t),t),

where f(u,t) = f(WO(t),t)— f(WO°(t)—u,t), which implies that W (1, x9, 3 —st, t)
is a time-periodic travelling wavefront of the following equation:

aﬁ(az,t) = Au(z,t) + f(a(z,t),1). (3.8)

It is obvious that

%W(ﬂfl,l'g,l'g,t) <0 for x; >0 and (x9,x3,t) € R3,
1

9
%W(xl,xg,xg,t) <0 for xy >0 and (z1,23,t) € R,
2

0 -
a—W(xl,xg,xg,t) >0 for (x1,x2,x3,t) € R*,
Zs3

W<_.’L'1,$2,.'L'3, )

t (21,29, 23,t) for (z1,x9,x3,t) € R*,
W(l'l,*xQ,xSat)

=W
= W(x1,22,23,t) for (x1,29,23,1) € RY,
V(0,0,0,0) = a” — 6.

Let

W (x1, 72, 23,t) = min{W (z1, 2, 3 — st,t), W (1,9, —x3 — st, 1)}
= W(x1, 29, —|73] — st,1)

for any (21,72, 23,t) € R Then W(zl,xg,x?,,t) is a supersolution of (3.8). In
particular, we have

lim W(:Cl,arg,scg,t) =0 uniformly in (21,29, z3) € R3. (3.9)
t—+o0

Let ug(x) € Co(R?) satisfy 0 < ug(x) < W(x,0) for & € R3, where C(R?) denotes
the set of all continuous functions in R? with compact supports. By the comparison
principle (see [5, theorem 25.6]), we have that

0 < a(z, t;uo(-)) < W(a,t) for any & € R3, t > 0.
Due to (3.9), we have

lim @(zx,t;up(-)) =0 uniformly in 2 € R®, (3.10)

t——+o0
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Therefore, there exists a ky € N large enough such that
0 < afx,t+koT;uo(-)) <e VxeR3 t>0,

where € > 0 is defined in assumption (H4). In addition, it follows from (H4) that

%ﬂ(w,t +koT) = Au + f(u(zx,t + koT),t + koT)
= At + f(u(z,t + koT), 1)
> At + rot(x, t + koT) (e — a(x, t + koT)),

which implies that 4(x,t) = @(x,t + koT;uo(+)) is a supersolution of the following

equation:
0
&v(w,t) = Av + rov(x, t)(e — v(x, t)). (3.11)
Tt is due to (3.10) that
. N _ . . 3
tl}rﬁloou(w,t) =0 wuniformly in € R°. (3.12)

Let vo(x) € Co(R?) satisfy 0 < wvo(x) < a(x,0) < e. The comparison principle
(see [5, theorem 25.6]) yields that

0 < v(z,t;v0(-)) < a(x,t) for any x € R® and t > 0,

where v(z,t;vo(-)) denotes the solution of (3.11) with initial value vo(z) € Co(R3?).
Using (3.12) yields

lim v(z,t;v0(-)) =0 uniformly in & € R, (3.13)

t—+oo

However, using the result of Aronson and Weinberger [2, corollary 1], for any 0 <
v < V¥ = 24y/rge, we have

tllinoo |I1\Ig1/t ’U(w7 t; ’UO(')) =€

which implies that

tl}in v(x,t;v9(-)) = € locally uniformly in & € R®.

This contradicts (3.13). This contradiction implies that
WHt)=WT(t) forteR.
The proof is complete. O

The proof of theorem 3.1(vii) directly follows from property (b) of V¥, the fact
that (9/0v)W (x,t) # 0 and the parabolic strong maximum principle, where

1 1
v=—(v1,1n,1) with Vv? + 15 < .
V1+vi+v2 My

Here we omit the details of the proof. The following theorem gives a proof of
theorem 1.3 in R3.
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THEOREM 3.5. Let s > ¢ > 0 and denote the cylindrically symmetric travelling
front W(z,t) defined in theorem 3.1 by W*(x,t). Let U(0,0) = W*(0,0) = 6y €
(a=,a®). Then one has

SEICQFO [W*(z,t) — U('r3at)“clz(;§(]l§4) =0.

Proof. Observing estimate (3.6) for W (x,t), we note that there exists K > 0 such
that

W20 M eztantarzmsxry < K

for any s € (¢, c+1), where « € (0, 1] is a constant. Let {s,,} satisty s, < sp41 < c+1
and let s,, — ¢ as n — co. There then exists a function U(-,-) € C?1(R?) such that

w#»(0,0,-,-) = U(-,-) under the norm || - HCf’l(R2) as n — oo.
By theorem 3.1(iii), we have
W (0,0, z3,t) < W (21, 20, 23,t) < W (0,0, 23 + m\/ 7 + 22, 1)

for all (x1,72,23) € R3 and t € R, where m? = /(s2 — c2?)/c. Since m” — 0
as n — oo, we have that W*n (1,29, x3,t) converges to U(xg,t) uniformly in any
compact subset of R* as n — oco. Consequently, we have that W*(xy,z2,23,1t)
converges to U(xs,t) in the sense of || - HClzo’cl (R3xR) 8 n — 00. Thus, we have that
U(-,-) € C*(R?) satisfies

0 ~ 0?

ot
In view of U(0,0) = 6y and (8/9x)U (x,t) > 0 for any (z,t) € R?, similar to the
proof of theorem 3.1, we can show that U(+oo,t) = WH(t), U(—oo,t) = W~ (t)
and (9/0x)U(x,t) > 0 for any (x,t) € R2. It then follows from the uniqueness of
one-dimensional time-periodic travelling fronts of (1.1) connecting two T-periodic
solutions W (t) and Wt (t) that U(z,t) = U(x,t) in (x,t) € R2. This completes
the proof. O

Ulx,t) — c({%U(%t) + f(t,U(x,t)) VzeR, teR.

3.2. Proof of theorem 1.2 in R3
By theorem 3.1(ii), we define
U(p,z,t) =¥(|2'|, x3,t) := W(a,t) (3.14)

for any (x',23) € R? and t € R, where p = |z'| and z = z3.

THEOREM 3.6. Let ¥(p, z,t) be defined by (3.14). Then W(p, z,t) satisfies

0 02 0? 10 0

—V=—U4 V4 -——V—-—s—VU v R R.

ot 8p2 +az2 +pap SaZ +f( (p,Z,t),t) VP>0, FASH |\ t e
(3.15)

https://doi.org/10.1017/50308210515000268 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000268

Cylindrically symmetric travelling fronts in a periodic R—D equation 1075

Moreover, one has

0
—P(p,z,t) >0 V¥p>0, zeR, teR,

dp
éLZ/( z,t) >0 VYp=0, zeR
az p’ ) p = ) )
EI_D 1@(-2,t) =W~ (t)|lcqow)) =0 uniformly int € R for any w > 0,
zErJPoo 1@ (-, 2,8) = W ()l c(o,400)) =0 uniformly in t € R
and
0
QW(p,z,t) >0 Vp>0, 2>0, teR,
1 v . . : /
where Vv = ———— 18 a given constant vector with v/ > —— .
1+ (V)? 1 M«

Theorem 3.6 directly follows from theorem 3.1, we omit the details of the proof.
Now we give an estimate for W(p, z,t). Applying an argument similar to that of
[44, proposition 4.3], we have that there exists a positive constant K/ such that
W (-, t)llcmsy < K7 for all t € R. Since (0/02)¥(p, z,t) = (0/0x3)W (x,t) and
[(0/0p)¥ (p, z,t)| < |(8/0z1)W (x,t)| + |(0/Ox2)W (x,1)|, applying the interior LP
estimate of parabolic differential equations (see [25, proposition 7.18]) we have that
there exists a positive constant K} such that

1%(--) HW,?’I(Q((pg,z0,4(1+T)),2\/1+T)) < Ké

for any (po,z20) € (14 2v1+T,400) X R, where p > 1 is a constant, and

Q((po; 20, t0), R)
={(p,z,t) €R>: \/(p—po)? + (z — 20)2 < R, |t —to|"/? < R, t < to}.

Differentiating (3.15) twice, once with respect to p and once with respect to z, and
applying the above argument to the equations for (9/0p)¥ and (0/0z)¥, respec-
tively, we have that there exists a positive constant K% such that

!

|| D; Lp(" .)HW;EJ(Q(po,ZO)) S K3

for any (po,z0) € (1 4+ 2v/1+T,400) x R, i = 1,2, where p > 1 is a constant,
D, :=0/0p, Dy := 0/0z, and
Q(P07ZO) = Q((p()’ Z0a4(1 + T))7 v1+ T)

Fix p > 4. Using the embedding theorem (see [46, theorem 1.4.1]), we have that
there exists a constant K > 0 such that

ng(’ .)||Cl+a1(1+a)/2(Q(PU=ZU)) < KL/L and || Dz Q/(’ -)||01+a‘(1+a)/2(Q(p0720)) < KL/L

for any (po,20) € (1+2V1+T,+00) x Rand i = 1,2, where l + o =2—-4/pisa
constant. In view of the arbitrariness of (po, z0) € (1 +2v1+ T, +00) x R and the
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periodicity of ¥(p, z,t) in t € R, applying [27, theorem 5.1.20] to (3.15) we have
that there exists a positive constant K’ such that

[Z(-s Ml czrantara(14oyTFT o) xrxr) < K- (3.16)

We now list a very useful lemma on the Harnack inequalities of cooperative
parabolic systems, which was given in [9] and is needed in what follows.

LEMMA 3.7 (Féldes and Poldcik [9] and Zhao and Ruan [47]). Let the differential
operators

n 2 K0 0
S v DL net (LI
ZTiYTj i—1 ZTq

ij=1 i= i

be uniformly parabolic in an open domain (1, M) x 2 of (t,x) € R x R™, that is,
there is ag > 0 such that aﬁj (t,x)&&; = ao Yoy &2 for any n-tuples of real numbers
(&1,82,..., &), where —co < 7 < M < 400 and 2 is open and bounded. Suppose
that ak . b € C((1,M) x 2,R) and

1,70 71

(tafﬂ)err(1737o1\(/1)xQ| i (6 2)| + ai; ()] < Bo

for some By > 0. Assume that
w = (wy,wa,...,w) € C((t,M) x 2,R) N CY2((1, M) x 2,R")

satisfies
l
>t m)ws + Lywi <0, (H®) € (M) x 2, k=1,2,...,1, (3.17)

s=1
where &% € C((1, M) x 2,R) and c** >0 if k # s, and

k,s
(L, <
R oo PPN
(k,s = 1,2,...jl) for some vy > 0. Let D and U be domains in {2 such that
D cc U, dist(D,0U) > g, and |D| > € for certain positive constants o and €. Let
0 be a positive constant with T+ 460 < M. There then exist positive constants p, wq
and wy determined only by oo, Bo, Yo, 0, €, n, diam §2 and 0, such that
inf wi = wi|[(w) T Lo ((rao» — wo Mmax su w;)~

(74+360,7+460)x D k 1H( k) ||L ((7+6,7420)x D) 2jzls-'wkap((T,T—‘rlZ@)XU)( J)
Here (wy)™ = max{wy, 0}, (wr)~ = max{—wg,0} and Op((1,7 +40) x U) = 7 x
UU[r,74460] x OU. Moreover, if all inequalities in (3.17) are replaced by equalities,
then the conclusion holds with p = co and with w1, ws independent of €.

We now prove the remainder of theorem 1.2. Define a function ¢ € C?([0,0),R)
by ¥(p,#(p),0) = by for any p € [0,00), where 0y € (a™,a’) is a constant and
satisfies g < ™ + ., where J, > 0 is defined in lemma 2.2. We then have

—m* < ¢'(p) <0 Vp € (0,00),
¢(0) = 907 QZ/)/(O) = Oa
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and

oy (0/0p)%(p, (p),0) ~
Y0 = = Glanupapn0) P00

In the following we show the asymptotic behaviour of the level set ¢(p) as p — oco.
Here we use a strategy similar to that in [41].

LEMMA 3.8. One has
lim sup ¢’ (p) < 0.

p—00

Proof. We prove the lemma by way of a contradiction argument. We assume that
there exists a sequence p; € (0, 00) such that lim; o, p; = +00 and lim;_, ¢'(p;) =
0. Consequently, we have lim;_,o ¥,(p;, ¢(p;),0) = 0. For any given r > 1 we take
N € N so that p; > r+ 1 when 4 > N. Direct calculation yields

0 02 2 10 0 1
=2 L s, = (f W) - = |W
<5t dp? 922 pdp +532> ’ (f"( ?) p2> 8
for any (p,z,t) € (0,00) x R x R. Note that ¥,(p,z,t) > 0 for any (p,2,t) €
(0,00) x R x R. Applying lemma 3.7 to the last equation with § =T and 7 = —T,

we obtain
0< sup v,(p,z,t) < C inf v, (p,z,t
B((pi,#(pi));r)x(0,T) o2 1) OB((Piv‘b(ﬂi))”’)X(2T73T) o(p:2,1)
=Cy min Y, (p,z,t)

B((pi,¢(pi))ir) X [2T,3T]
< Cowp(piv ¢(Pi)7 O)a

where Cjy > 0 is a constant independent of i and

B((z0,20);7) = {(z,2) € R? | /(z — x0)2 + (2 — z)2 < r}.
Note that ¥(p, z,t+T) = ¥(p, z,t) and ¥, (p, z, t+T) = ¥, (p, 2, t) for any (p, z,t) €
(0,00) x R x R. Letting ¢ — oo (up to extraction of a subsequence if necessary), we

have that there exists a function @(p, z,t) that is C? both in p > 0 and 2z € R, is
C' in t € R and satisfies

U(p+ pi,z+ ¢(pi), t) = B(p, z,t) locally uniform in C%1((0,00) x R x R, R)
as 1 — o0o. Since

0< sup V,(p, z,t) < CoWy(pi, #(pi),0) = 0
B((pi,d(pi));r)x(0,T)

as ¢ — 0o, we have that the limit function @ is independent of p > 0. Therefore, we
denote @(p, z,t) by &(z,t). In addition, we have

0(0,0) =0y, D.(2,t) =0, P(z,t+T)=d(z,t) VY(zt) R
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For any ¢(p, z) € C§°((0,00) x R, R), we have

0
[ St pi+ 60, 06l dpz
(0,00) xR

,/ <32+52+ 1 0 .0
"~ Jooyxr \9p? 922 ptpidp "0z

4 / F@ o+ pis =+ dlpi), 1), lps 2) dpd=
(0,00) xR

0y \OP2 022 papidp 0z (prp)?)T
X W(p+ pi,z+d(pi),t)dpdz

s @ gz 000, 06(0,2) dpd
(0,00) xR

)W(p + pis 2+ ¢(pi), t)p(p, 2) dpdz

Letting ¢ — oo, we obtain

/ g@(z t)o(p,z)d dz—/ <82 +7a2 +56) (p,2)®(z,t)dpdz
oy 217D 2) o ooeren 87 T 922 T8 )9 ) dp
+ / F(@(z1), D)p(p, 2) dpdz,
(0,00) xR

which implies that the function ¢(z,t) satisfies

2
%fﬁ(z,t) = %@(z,t) - s%@(z,t) + f(P(2,1),t) V(z,t) € R2

Due to ¢(0,0) = 0y and P,(z,t) > 0 for any z € R and ¢ € R, we have that &(z,t)
is a travelling wave solution of (1.1) either connecting two periodic solutions W~ (t)
and WO(t) with wave speed s > 0 or connecting two periodic solutions W~ (t) and
W (t) with wave speed s > 0. Similar to the proof of lemma 3.3, we conclude that
both cases are impossible. Hence, we have

limsup ¢’ (p) < 0.

p—>00

This completes the proof. O
LEMMA 3.9. One has lim inf M =—-m".

p—00 P
Proof. Note that

1 P
0> o) _ f/ ¢'(p)dp = —m.
P P Jo
We prove the lemma by way of a contradiction argument. Assume on the contrary
that
—My < —T 1= liminfM < 0.
p—00 p
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There then exists a positive and increasing sequence {p;} satisfying ¢(p;)/p;i = —7
and p; — 400 as i — +00. Set s, € (¢, s) such that

\/s?kj/c =T
Define
(x,z,t;p1) = P(ps + ,0(pi) + z,t) Y(x,2,t) € (—pi, +00) x R x R.
It is obvious that there holds

0. 0*. 9*. 1 0. 9. -

7Y =92l t2? VstV v t;pi),t),

ot 22" " 922 +Pi+m8$ "0z + (@@, 2,8 pi),1)
@(0’070) = 0o,

for any (z, z,t) € (—p;, +00) x R xR. Then there exists a function ¥, € C2!(R%xR)
such that : ~
@ (z,2,t; p;) = Po(z,2,t) in CEHR? x R,R)

loc

as i — 0o (up to extraction of a subsequence if necessary). In particular, ¥(z, z, t)

satisfies
0 - 9? 9% - 0
5![’0 ax2!p0+62 0—8a !170+f(!P0(xzt) )
WO(O,an) = 90,

for any (z,z,t) € R3. Since (9/02)¥(z, z,t; p;) > 0 and (8/92)¥(z, z,t; p;) > 0 for
any (z,2,t) € (—p;, +00) x R?, we have

0 - 0 -
%Wo(x,z,t) >0 and aﬂlo(x,z,t) >0 VY(z,z,1t) €R.
In the following we show that

g@o(a@z,t) >0 and g@o(x,z,t) >0 VY(x,z1t) R
z

Firstly, due to ¥(0,0,0) = 6y and Wy(z, z,t) = Wy (x, 2, t+T) for all (z, z,t) € R3, we
have that it is impossible that both (8/8x)%(z, z,t) = 0 and (8/92)¥(z, z,t) = 0
on (z,2,t) € R®. We consider the other two cases:

J - 0 - - 3
(1) %Wo(x,z,t) # 0 and %Wo(z,z,t) =0on (z,z1t) € R,
9, 0 3
(2) a—!llo(at z,t) =0 and a—Wo(m z,t) Z0on (z,2,t) € R%.
T

Assume that (0/0z)¥(z,z,t) # 0 and (9/92)¥o(z,z,t) = 0 on (z,z,t) € R®.
Then we have (8/9x)¥o(x, z,t) > 0 on (z, z,t) € R* due to the parabolic maximum
principle (see [33]). Denote ¥y(z, z,t) by Po(x,t). Then we have

Ottty = Lyt )+ FOFo(a 1)),

¥(0,0) = 6o,

ot
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for any (z,t) € R?. Since (0/0x)Wy(z,t) > 0 on (z,t) € R?, there exist two
T-periodic functions W=*(t) € C1(R,R) such that

WE(t) = lim Wy(x,t), teR,

z—+oo

SWEW) = F0VH0. 1), 1eR,
and

W=(0) < 6y < WH(0).

Following assumption (H1), we have either W~ (t) = W~ (t) and W+(t) = W(¢),
or W (t) = W—(t) and W+(t) = WO(t), which implies that Wy(z,t) is a time-
periodic travelling wave solution of (1.1) with wave speed ¢ = 0 either connect-
ing two periodic solutions W~ (¢) and W™ (t) or connecting two periodic solutions
W= (t) and WO(t). As discussed in lemma 3.3, they are all impossible. Therefore,
we can rule out the case that (8/0x)Wy(x,z,t) #Z 0 and (9/02)¥(z,z,t) = 0 on
(w,2,t) € R3.

Assume that (9/0z)%(z, z,t) = 0 and (9/02)¥(z, z,t) # 0 on (x, z,t) € R3. We
have (8/82)@0(96, z,t) > 0on (r,z,t) € R? due to the parabolic maximum principle
(see [33]). Denote Wy (z, z,t) by Wo(z,t). We then have

2
%Wg(z,t) = %!T/o(z,t) - s%i’o(z,t) + f(Po(z,t),1),
¥(0,0) = 6o,

for any (z,t) € R2 Since (9/0z)¥y(z,t) > 0 on (z,t) € R?, there exist two
T-periodic functions W=*(t) € C1(R,R) such that
WEt) = lim ¥(z,t), teR,

z—+o0
SWED) = FOVE(0),0),  teR,

and ) .
W=(0) < 6p < WH(0).

Following assumption (H1), we have either W~ (t) = W~ (t) and W(t) = W+ (t)

or W= (t) = W~ (t) and W*(t) = WO(t), which implies that Wy(z,t) is a periodic

travelling wave solution of (1.1) with wave speed s > ¢ > 0 either connecting two

periodic solutions W~ () and W (t) or connecting two periodic solutions W~ (¢)

and WO(t). As discussed in lemma 3.3, they are impossible. Therefore, we can rule

out the case that (8/0x)W(x,z,t) = 0 and (8/9z)W(z, z,t) Z 0 on (z, z,t) € R3.
Consequently, we have

0 - 0 -
%Wo(x,z,t);‘éo and Ewo(x,z,t)géo

on (z,z,t) € R?. Using the parabolic maximum principle (see [33]) yields

0 - o - ,
%Wo(x,z,t) >0 and ag/o(l“,zﬂf) >0 V(z,zt) R
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Let
lim Wy(z,z,t) =¥y (x,t) for any fixed (z,t) € R2.

Z——00

We then have )

0 - 0% = =
a!%‘(a:,t) = @W(]_(Iat) + f(y?()_('r’t)7t)

and

_ 0 ~_
Y5 (0,0) < 6o, %% (z,t) = 0.
Similar to the argument above, we have that
@y (x,t) = W (t) for any fixed (z,t) € R?.

Define a function o(z) on z € R by Wy (z, o(x),0) = fy. Due to the strict mono-
tonicity of ¥y(x, z,0) on = and z, the function g(x) is strictly decreasing. In partic-
ular, o(0) = 0. Since

¢(p) o (pi)

liminf —~ = —7 and lim = —

p—00 p i—o0 Py ’

it follows from the definition of the function Wy(z, z,t) that lim;_,e(d(z + p;) —
@(pi)) = o(x) for any € R and o(z) > —7x for any > 0 (see [41, p. 1035]). Take
z* > 0 large enough so that U((¢/s)z*,0) + d, > at. Consequently, we obtain

Py(z,2,0) < U<Sc(z+z* +T|1‘|),0> +6, < V(x,z+2%,0;8,) + 06, V(zx, 2) e R

where V(:r, z,t; 84) is the two-dimensional V-shaped travelling front defined by the-
orem 2.1 with § = s,. Using lemma 2.2, we have

Gy (x, 2+ st,t) < V(x, 242" + 5.t 400, (1—e P, t;5,)+0.a(t) V(z,z) € R ¢ >0,

where the positive constants p and 3, and the function a(¢) are defined in lemma 2.2.
Keeping z + skT = 0 and z = 0 and letting t = kT — +o00, we have @0(0,0, 0) =
W~(0) = o, which contradicts the fact ¥,(0,0,0) = 6y > a. This completes the
proof. O

Following the above discussion, we have 0 > ¢'(p) > —m, for any p > 0 and

p
1iminf/ ¢ (r)dr = —m..
0

p—00

Following from [41, p. 1036, (32)], we have that there exists an increasing sequence
{pi} C (0,+00) such that
lim p; =co,  lim ¢'(p;) = —m.,  sup|piy1 — pi| < cc.

11— 00 ieEN

i—00

Let
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We then have

0
lim ~—(p, z,0) =0
i—o0 J1 (p,2)=(pi,P(pi))

Following from theorem 3.6, we have

0
—¥(p,2,0) >0 forall p>0andzeR.

3u0
Direct calculations yield
0 o2 02 10 0 0 1
— - — = — — fu(Ut) | —¥ ==V¥,>0 3.18
<8t Op? 022 p8p+58z ful t)> vy p? b= (3.18)

for any p > 0, 2 € R and ¢t € R. Applying lemma 3.7 to (3.18), we have that for
any given r > 1 there exist positive constants p > 0 and C” > 0 such that

‘ iLT/ <’ inf iW(p,z,t)
2 L (B((ps,d(p:));r) % (0,T)) B((pi,(pi));ir) x (2T,3T) Ovg
0
< 0/871/()@(0% ¢(pi), 0)

—0 asi— oo.

Due to the fact that sup;ey |pi+1 — pi| < 00, taking r > 1 large enough we obtain

9y

_ 1
e 0 (3.19)

Lr(B((p,¢(p));r) % (0,T7))

lim
p—00

for any r > 1 with some p > 0.
LEMMA 3.10. One has

lim ¢I(p) = TMx,
p—r00

CMy

pll)ngo Wp(pagb(p)ao) = s U,,(0,0),

lim . (p, 9(p),0) = U, (0,0)

p—00

and
lim @(p+ x,P(p) + z,t) = U(s(z + m*x),t> in CEl(R? x R).
p—r00 c

Proof. For p > 0 we define (£,71) € R? by

1 M
T —p V1 +m?2 V1+m?
<Z—¢(p)> =8 me 1

1+ m?2 V1+m?

In view of (3.16), for any increasing positive sequence {o;} with o; — 00 as i — o0
there exists a subsequence (still denoted by {o;}, without loss of generality) such
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that there exists a function U(€,n,t) € C*>1(R? x R) satisfying

i |6 00— (o + EET ot + ZEE )

=0.
Chl(R2XR)

We then have
6 ~ 82 ~ 62 ~ 8 ~ ~ 3

Here we claim that (6/8§)U(§, n,t) = 0 in R3. Otherwise, suppose that

5 (f 7,t) >0 and (%f](f,n,t);éO in R3.

Using the parabolic maximum principle (see [33]) yields that (8/9¢)U(&,n,t) > 0
for all (&,n,t) € R3. We then have

where ¢ > 0 is a constant and p is given in (3.19). Since

>q,
Lv(B 0,0):1)x (0,T))

hmH O n )_ < —£+m.m b(oi) + m.& +n > ~0
i || D€ ’ Vi+m?’ ViEm2 eg@em
there exists I € N such that
a * *
w( AT o )+m“” ) >1>0
V1i+m Vv1i+m LP(B((0,0);1)x(0,T))

for any i > I. However, this contradicts (3.19). This implies that U is independent
of ¢ and that (8/9¢)U (&, n,t) =0 in R,
Still denote U (&, n,t) by U(n,t). Consequently, we have

Ly 82U ﬁﬁ+f(f]( t),t) V(n,t) e R?
8t 82 can 77? ) 77?

and

5 9 -

U(0,0) =6 € (o™, a?), a—U(mt) >0 for any (n,t) € R%
Similar to the arguments in § 3.1, we have that (9/0n)U 7(n,t) > 0 for all (n,t) € R?
and lim,,_,+ U(n,t) = W*(t). In particular, we have U(, -+T)=U(-). Then the
uniqueness of the one-dimensional travelling front gives U(-,-) = U(:,-). Following
the arbitrariness of the sequence of ¢;, we conclude that

. 7 —§ +mun m.§+n
i [0 (4 R o0+ )

This furthermore implies that

=0. 3.20
21 (R2xR) ( )

loc

lim @ (p+ x,p(p) + z,t) = U(Z(z + m*x),t) in C1!(R? x R).

pP—00
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Finally, we show that lim,_,~ ¢'(p) = —m.. Following from (3.20), we have that

plggo(il‘pp(pa ?(p),0) + m.¥.(p, ¢(p),0)) =0

and

lim (m.%,(p, $(p), 0) + - (p, d(p), 0)) = ~U,(0,0) > 0.

p—r00 C

Hence, we obtain that

CMy

lim ¥ =
Jim @, (p, 6(p), 0) = ——Uy(0,0),
. c
pli>nc}o q/z(pa d)(p)a O) - ;U’U(Ov O)

. 7, (p. 5(0).0)

lim ¢'(p) = — lim 2\ PP),E) — M.

) = 0, 0(0),0)
This completes the proof. O

3.3. Non-existence of cylindrically symmetric travelling fronts

In this section we prove theorems 1.4 and 1.5, which imply the non-existence of
cylindrically symmetric travelling fronts. Here we give only the proof of theorem 1.4.
Theorem 1.5 can be proved similarly. In addition, we only consider the case in which
m=3.

Proof of theorem 1.4. . We prove it by way of a contradiction argument. Contrary
to the statement of theorem 1.4, we assume that for s > ¢ > 0 there exists a
cylindrically symmetric travelling front W (x,t) satisfying

0]

W(x,t+T)=W(x,t) VY(x,t) € R xR,
lim W(0,23,t) = W*(t) uniformly in t € R

r3—Foo
and

0 9?
- M/ t 2 , -

t
axg W(m7 )

<0, i=1,2.

x’'=0

Let ﬁ(mg,t) = W(0,0,x3,t) for any (x3,t) € R% Then we have

D g, t) = L O (at) + 520 () — F(0 (s, 0),)
o rs, 8x§ 3, S&E3 x3, €3,1),
2

)
Oz

2

+87$§

ZE1:12:O

W(z,t) W(z,t) <0,

ZE1:JZ2:O

which implies that v~ (z,t) = U(z + st, t) is a subsolution of the following equation:
2

—u(x,t) = %u(w,t) + f(u(x,t),t), x€R, t>0. (3.21)
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On the other hand, following [43, lemma 4.2] (see also [34,35]), we obtain that the
function
ut(z,t) = Uz + ct + F 4+ 06(1 — e P t) + da(t)

is a supersolution of (3.21), where o, 0, [ are appropriate positive constants, a(t)
is defined in lemma 2.2 and £ € R is an arbitrary number. In view of

ut(2,0) =U(x+£1,0) +6, u (—00,0)=a” and u (+00,0) =a™,
there exists a sufficiently large £+ > 0 such that
u” (z,0) <ut(z,0) Vo eR.
Applying the comparison principle (see [5, theorem 25.6]), we have
Uz + st,t) =u (x,t) <u'(2,t) VxR, t>0.
Note that s > c. It follows that
a” <U(0,0) = u~ (—skT, kT)
<ut(—skT,kT)
=U((c— 8)kT + €7 + ps(1 — e P*T) kT) + Sa(kT)
—a  ask— +oo,
which is a contradiction. This completes the proof of theorem 1.4. O

REMARK 3.11. Due to theorems 3.1, 3.5 and 3.6, lemma 3.10 and the proof of
theorem 1.4, we have proved theorems 1.1-1.5 for the case in which m = 3. In this
remark we consider the case in which @ € R™ (m > 4). Let

k
hil,ig ’’’’’ im_l(wl,xg,...,xm,l)

1 — 1 i1 — 1 o — 1
—m. (xl (%J ¢ esin (112]%1)# uzkil)ﬂ

(’il - 1)7‘1’ . (ig - 1)7T (ig - 1)7T

+ 3 sin R 1 STy COS Ty + -
. ’L‘lf].’lT, Z.Qf].ﬂ' . Z._gf].’lT 2’L‘_2717T
+xm—gsm( 2k—1) sm( 2k—1) ~~~sm(ka_1 ) cos (im o )
(G —m . (io— )7 . (s — )1 . 2(tp—o — )7
+ Typ—1 510 ( 12k71) sin ( 22,“71) -+ -sin ( m;cil ) sin (im 22k ) )
and let
PR (zy, 20, ) = max hfl imin (1, T2, T 1),
1in e im—g<2R™, T
1<im—2<2"
where k € N. The hyperplane
k
Tm = hil,ig,...,im_l(th% e Tp—1)

is tangent to the rotating surface

2 2 2
xm:m*\/xl +932+"'+«Tm_1
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for any k € N, 1 < iq,...,0m-3 < 2" and 1 < 4,,_o < 2*. Following from [37,
theorem 5.2], we know that there exists a sequence of periodic pyramidal travelling

fronts of (1.1), namely,
|70 VI VL

where
VE(x,t) = klim v(x,t + ET;0%7), b (x,t) = U(z(xm + hk(w’)),t)
e el

In particular, V¥(x,t) is even on x; (1 < i < m — 1), increasing in z; € (0, +00)
(1 <i < m—1) and increasing in x,,, € R. In particular, (9/0v)V*(zx,t) > 0 for
x € R™, where

1
VItvE+vd+ -+ 12,

v (V17V2;-~-7Vm7151)

satisfies \/V% +v3 + - +v2_; <1/m,. Using arguments similar to those in the
R3 case, we can easily show that theorems 1.1-1.5 hold in & € R™ (m > 4).

For the case in which m = 2, combining the proof of [43] and the previous
arguments for the case in which m = 3, we have that theorems 1.1-1.5 remain valid
for two-dimensional V-shaped travelling fronts V defined in theorem 2.1 in R2.

4. Cylindrically symmetric travelling fronts when ¢ = 0

In this section we show the existence of time-periodic cylindrically symmetric trav-
elling fronts of (1.1) in R™ (m > 2) when the planar wave speed ¢ = 0, namely, we
prove theorem 1.6. In the following we only consider the case in which m = 3, the
proofs for m = 2 and m > 4 are similar and we omit them. The main method is to
take the limit of a sequence of cylindrically symmetric travelling fronts with planar
wave speeds ¢, > 0.

Assume that assumption (H5) holds. Fix s > 0. Consequently, for any § > 0, due
to ¢, — 0, we have that there exists N € N such that 0 < ¢, < s for any n > N.
Without loss of generality, we assume that 0 < ¢, < s for n € N. By theorem 3.1, we
have that there exists W, (z,t) € C*1(R? x R) satisfying W,,(z,t +T) = W,(z,t)
and

0 0
EWn(m,t) =AW, (x,t) — sa—xSWn(w,t) + fu(Wh (2, 1), 1)

for any (z,t) € R® x R. In addition, one has:

— 40
(i) Wa(0,0) = 6, = 2220,
(i) Wy (x),z3,t) = W, (xh, z3,t) for all =i,z € R? with |z}| = |z}, 23 € R,

teR;

iVVn(ac,t) > 0 for any = € R? and t € R;

(iii) B

13
— Wy (x,t) >0 for z; € (0,00), z; E R, z3 € Rand t € R, 4,5 = 1,2, i # j;

(iv) oz,
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(v) we have that

lim ||W,,(-, z3,t) — W7 ()| c@ey = 0

Tr3—>r00

and

lim ([Wo(,2s5,t) = W, (t)llcye2) = 0

r3——00
uniformly on t € R.

In view of assumption (H5), especially,
Jim ([ £ (50) = FCs)llor - aanxgor) =0,

and the fact that —M < W, (t) < Wy (x,t) < WS (t) < M for any (z,t) € R® x R

n

(see (1.6) for the definition of the constant M), by an argument similar to that of
Wang et al. [44, proposition 4.3], we have that there exists a positive constant K7
such that

||Wn('at)HC1(]R3) < Ki/ VneN, te [T, QT].

Since we have that W, (z,t + T) = W, (x,t) for any (z,t) € R® x R, we have
[Wa (-, )]l o1 sy < K{ for any n € N and ¢ € R. Consequently, applying [27, theo-
rems 5.1.3 and 5.1.4] and using the assumption

Jim |[fa(s o) = FCs)ller-man <o) = 0,
we have that there exists a positive constant K’ > 0 such that
||Wn(, ')HC2+a,1+a/2(R3XR) < K" Vne N,

where o € (0,1) is a constant. It follows that there exists a function Wy(x,t) €
C?1(R3 x R) (up to extraction of a subsequence if necessary) satisfying

(Wo(z,t) — Wn(w’t)||ci;j(ﬂ§3><ﬂ§) =0 asn— oo

Following the properties satisfied by W, (x,t), we conclude that Wy(x,t) satisfies
the following.

(I) For any € R? and ¢ € R there holds Wy(z,t) = Wy(x,t + T) and

D Wl t) = AWo(a, 1) - saimwow) T (Wolat).1).

ot
— 140
(IT) Wo(0,0) = 6 := %
(1) Wo(xh, x3,t) = Wo(xh, z3,t) for all ¢, x) € R? with |z}| = |z}], 3 € R,
teR

9 3

(IV) gwo(m,t) > 0 for any ¢ € R® and t € R.
3

0 . .

(V) (%E‘Wo(:c,t) >0 for z; € (0,00), ; ER, z3 € Rand t € R, 4,5 =1,2, 9 # j.
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Now using arguments similar to those in § 3, we can prove that the function Wy (xz, t)
satisfies the conclusions in theorem 1.6 in & € R3. This completes the proof of
theorem 1.6.

5. Discussion

In this paper we have established the existence and non-existence of time-periodic
cylindrically symmetric travelling fronts of (1.1) with time-periodic nonlinearity in
x € R™ (m > 2) for both of the cases ¢ > 0 and ¢ = 0; see theorems 1.1 and 1.3-1.6.
For the case in which ¢ > 0, we have also established the asymptotic behaviour of the
level set of cylindrically symmetric travelling fronts; see theorem 1.2. Furthermore,
it is worth mentioning that when ¢ < 0, the existence of time-periodic cylindrically
symmetric travelling fronts of (1.1) with wave speed s < ¢ in & € R™ (m > 2) can
also be obtained by an argument similar to that in [43, theorem 1.2].

However, the property and shape of level sets of cylindrically symmetric travelling
fronts of (1.1) with time-periodic nonlinearity when ¢ = 0 remain open. As pointed
out in the introduction, the level set and uniqueness of cylindrically symmetric trav-
elling fronts of autonomous scalar equations with balanced nonlinearity (namely,
c=0and f(u,t) = f(u) in (1.1)) have been studied by Chen et al. [4] and Gui [10],
respectively, where the variational method was used. However, due to the influence
of time heterogeneity, it seems a difficult problem to study the level set and unique-
ness of time-periodic cylindrically symmetric travelling fronts of (1.1) when ¢ = 0.
In addition, Del Pino et al. [6] have found some new types of multi-dimensional
travelling wave solutions for the Allen-Cahn equation with balanced nonlinearity
(namely, f(u) =u(l —u?) in (1.1)). Naturally, it is very interesting to find similar
travelling wave solutions for a time heterogeneous (1.1) when ¢ = 0. A simple and
interesting problem is to consider the nonlinearity f(u,t) = (1 — u?)(2u — p(t)),
where p(t) € (—2,2) is T-periodic and satisfies fOT p(t)dt = 0.

Besides the problems mentioned above, the stability of cylindrically symmetric
travelling fronts of (1.1) is also a very important topic and remains open.
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