
Laser and Particle Beams

cambridge.org/lpb

Research Article

Cite this article: Petrov G et al (2018).
Development of mini-undulators for a table-
top free-electron laser. Laser and Particle
Beams 36, 396–404. https://doi.org/10.1017/
S0263034618000423

Received: 31 August 2018
Revised: 13 September 2018
Accepted: 21 September 2018

Key words:
Electron beams; laser accelerators; plasma;
undulators

Author for correspondence:
K. Krushelnick, Center for Ultrafast Optical
Science, University of Michigan, Ann Arbor,
MI 48109, USA, E-mail: kmkr@umich.edu

© Cambridge University Press 2018

Development of mini-undulators for a table-top
free-electron laser

G. Petrov1, J. Davis1, W. Schumaker2, M. Vargas2, V. Chvykov2, B. Hou2,

A. Maksimchuk2, V. Yanovsky2, A. G. R. Thomas2, K. Krushelnick2, A. Garraud3,

D. P. Arnold3, B. A. Peterson4 and M. G. Allen4

1Plasma Physics Division, Naval Research Laboratory, Washington, DC 20375, USA; 2Center for Ultrafast Optical
Science, University of Michigan, Ann Arbor, MI 48109, USA; 3University of Florida, Gainesville, FL 32611, USA and
4University of Pennsylvania, Philadelphia, PA 19104, USA

Abstract

The development of laser wakefield accelerators (LWFA) over the past several years has led to
an interest in very compact sources of X-ray radiation – such as “table-top” free electron
lasers. However, the use of conventional undulators using permanent magnets also implies
system sizes which are large. In this work, we assess the possibilities for the use of novel
mini-undulators in conjunction with a LWFA so that the dimensions of the undulator become
comparable with the acceleration distances for LWFA experiments (i.e., centimeters). The use
of a prototype undulator using laser machining of permanent magnets for this application is
described and the emission characteristics and limitations of such a system are determined.
Preliminary electron propagation and X-ray emission measurements are taken with a
LWFA electron beam at the University of Michigan.

Introduction

Ultrashort pulse X-ray radiation sources have become indispensable tools for a broad range of
scientific disciplines, including physics, biology, materials science, chemistry, and medicine.
The most common sources are synchrotrons, which are particularly useful because they pro-
duce high-quality X-ray beams to many users simultaneously. Current state-of-the-art sources
are X-ray free-electron lasers (FELs), which operate on a similar principle to synchrotrons but
produce X-ray beams via stimulated emission and which are coherent and can be very intense.
FELs can generate ultrashort X-ray pulses of extremely high brightness, temporal coherence,
and wavelength tunability and also provide a unique tool for probing matter with excellent
spatial and temporal resolution. They are ideal for studying processes that occur on short time-
scales, such as, for example, the dynamics of chemical reactions and bio-molecular systems.
The first FEL was reported in 1977 at long wavelengths (Deacon et al., 1977) and now
many FEL facilities exist worldwide (McNeil and Thompson, 2010; Di Piazza et al., 2012).
Several operate (or are planned to operate) in the X-ray regime such as Linac Coherent
Light Source (LCLS) at Stanford Linear Accelerator Center (SLAC) in the USA (Young
et al., 2010), XFEL at DESY in Germany (Ayvazyan et al., 2002), and SACLA in Japan
(Tanaka et al., 2012).

X-ray FELs are extremely useful for scientific research but are physically large structures
with significant construction and operational costs. The size of present facilities, a kilometer
or so in length, is determined by the particle accelerator that must produce high quality,
multi-GeV electron beams on which FEL operation relies. Research access to these facilities
is also limited due to the cost of operation, the limited number of beamlines and the small
number of such facilities. Due to these limitations, there is a significant impetus for alternative
approaches that could substantially reduce the size and cost of coherent high brightness X-ray
sources. One such approach is to use electron beams produced by ultrashort pulse lasers
instead of conventional particle accelerators. In particular, laser wakefield acceleration
(LWFA) (Tajima and Dawson, 1979) has demonstrated extremely high peak current, ultra-
relativistic electron bunches from table-top scale systems (Faure et al., 2004; Geddes et al.,
2004; Mangles et al., 2004) which may lead to important applications in science (Kneip
et al., 2010) and technology (Mangles et al., 2006). This opens the possibility of constructing
table-top X-ray FELs that are much smaller than conventional facilities and at a fraction of the
cost. Such a step would be transformative in nature: such that research reserved exclusively for
large-scale FELs could be potentially conducted on a mass scale in universities and research
centers using small FELs driven by compact laser systems.

The first design concept for a tabletop, X-ray FEL, allowing for significant reduction in the
undulator length, was proposed in 2007 (Eichner et al., 2007; Grüner et al., 2007), in which the
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electron beam is driven by a petawatt short pulse laser. The pre-
cursor of coherent radiation, soft X-ray undulator radiation from
laser-plasma-accelerated electron beams, was experimentally
demonstrated 2 years later (Fuchs et al., 2009). The design was
later refined to accommodate some common difficulties such as
large energy spread encountered in laser-based electron beam
accelerators (Maier et al., 2012). In Grüner’s design, the undulator
period was λu = 5 mm, about 1/5 that of SLAC and FLASH, and
the undulator strength parameter was K = 0.5. The saturation
length (effectively, the undulator length) for radiation in the vac-
uum—ultraviolet (VUV) (25 nm) was only 0.8 m, making it
tabletop-scale. Another concept for such tabletop FEL was pro-
posed previously in Nakajima (2008), albeit for wavelengths in
the infrared region. A compact FEL undulator, just 1 m long,
using an electron beam driven by short pulse laser has also
been investigated by Schlenvoight et al. (2008). Two scenarios
for realizing FELs from laser-driven plasma-based accelerators
in the XUV and X-ray regime were most recently described by
Corde et al. (2013). Both would use an electron beam with energy
1–5 GeV, duration 4 fs, narrow energy spread (∼0.1%) and undu-
lator length of 12–100 m, which is still not suitable for university
scale laboratories.

As demonstrated by Grüner et al. (2007), Eichner et al. (2007),
Fuchs et al. (2009), Nakajima (2008), Schlenvoight et al. (2008),
and Corde et al. (2013), miniaturizing FELs can be achieved by
a reduction of the undulator period from the typical cm scale
to the mm scale. Recently, development of an even shorter,
sub-mm period (λu = 400 μm) “mini-undulator” has been
reported using laser-micro-machined Sm-Co magnets (Peterson

et al., 2014). Figure 1 shows such a fabricated 50-period mini-
undulator with a period of λu = 400 μm. The nominal field for
this undulator, with a 200-μm air gap, is B = 0.2 T. The undulator
period is 75 times smaller as compared with the undulator at
SLAC (LCLS) and 12 times smaller than Gruner’s. The reduction
in λu is expected to shorten the undulator, bringing the prospects
of meter-scale X-ray FELs closer to reality.

In this paper, we study the radiation characteristics of a short
pulse driven electron beam passing through this type of mini-
undulator and explore the possibility of using it as an active
media for a tabletop FEL. We consider a planar undulator with
2500 periods of λu = 400 μm, peak magnetic field B = 0.2 T, and
strength parameter K = 7.5 × 10−3. The beam and undulator
parameters are provided in Tables 1 and 2. For comparison, the
corresponding parameters of an operational X-ray FEL, the
LCLS (Huang and Kim, 2007; Young et al., 2010) are also listed
in Table 1.

We also describe preliminary experiments performed with this
prototype undulator (although only with 50 periods) using the
undulator in conjunction with a LWFA electron beam with an
energy of up to 400 MeV. We show that the high energy compo-
nents of the electron beam can be propagated cleanly and consis-
tently through the undulator. The spectrum of X rays produced
from the interaction is also measured, however, in these measure-
ments using the short (50 periods) undulator, X-ray emission
from the undulator could not be distinguished from that due to
the broadband X-ray emission resulting from the electron beam
interaction with the structure of the mini-undulator. It was
found that there was an associated large divergence low energy
(dark current) component to the electron beam (produced during
the wakefield acceleration process) which caused a background
bremsstrahlung source in the X-ray spectral region. Limitations
of such experiments and future improvements to the experimental
system are described.

Principle of operation of the FEL

In a FEL, a beam of high-energy (∼GeV) electrons travels through
a series of magnets (an undulator) that produces a periodic mag-
netic field. The gain process in a FEL results from the interaction
of these relativistic electrons with either an external seed laser
beam tuned to the undulator wavelength or the emitted synchro-
tron radiation from the electron beam itself. Most FELs operate
using a scheme called self-amplified spontaneous emission
(SASE). In a SASE-FEL, a long undulator amplifies the initial
spontaneous radiation originating from the shot-noise fluctua-
tions of the electron beam. As the beam of electrons passes
through an undulator, the electrons move on sinusoidal trajecto-
ries and emit incoherent synchrotron radiation. This radiation
interacts with the electrons and an energy exchange takes place.
Some electrons gain energy and move to the front of the bunch,
while others lose energy and drop behind. Thus, the interaction
modulates the electron beam such that the electrons form micro-
bunches separated by a distance equal to the undulator emission
wavelength. The electrons in these micro-bunches are gradually
set in phase, causing them to contribute coherently to the ex-
ponentially growing radiation field. After a certain distance,
often tens of meters, coherent radiation can build up to significant
levels. This lasing process is very sensitive and the requirements
for an operational FEL are stringent: Both the injected electron
beam and undulator must be of very high quality (especially for
lasing at short wavelengths). Beams with extremely high current

Fig. 1. Photographs of a mini-undulator with a 400-μm period from different views
and a photograph of magnetic viewing paper placed over the magnet arrays showing
the magnetic field variations.
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(tens of kiloamps), small emittance (1π mm mrad), large energy
(∼GeV) and small energy spread (0.1%) are required. An undula-
tor of tens or hundreds of meters in length must be constructed
with high precision, which is a significant engineering challenge.

An important feature of the FEL is its wavelength scalability.
The fundamental wavelength of the FEL is given by:

lf = lu
2g2

1+ K2

2

( )
(1)

which is a function of the period length of the undulator field, λu,
the undulator strength parameter, K and the electron beam energy
γ (Lorentz factor). The wavelength can be tuned by varying either
the electron beam or the undulator parameters. The latter is sub-
ject to engineering constraints and is usually fixed. Most com-
monly, the fundamental wavelength of the FEL is tuned by
simply changing the beam energy, γ. According to Eq. (1), for
an undulator with a small strength parameter, K <<1, and electron
beam with energy in the range of hundreds of MeV to GeV, the
FEL emits radiation in the X-ray regime.

The second parameter which plays a key role in the operation
of the FEL is the Pierce parameter, which can be used to charac-
terize several FEL properties such as conversion efficiency from
the electron beam power into FEL radiation power, gain, and

saturation length. In one-dimensional (1D) theory the Pierce
parameter is defined as (Corde et al., 2013);

r = 1
g

Aulu
4lp

( )2/3

(2)

where the coefficient Au is a function of the undulator strength
parameter. In the limit K <<1 it becomes Au = K/

��
2

√
. The

other parameter in (2) is the relativistic plasma wavelength λp =
2πc/ωp, where vp =

�������������
nee20/(10me)

√
is the plasma frequency. The

latter depends exclusively on the beam parameters, such as beam
diameter, D charge, Q and duration, τ through the electron density
in the bunch ne = ((4Q/e0)/(πD

2cτ)) (c is the speed of light, e0 is the
electron charge andme is the electron mass). Thepower gain length,
Lgain, which defines the exponential amplification of the radiation
power along the undulator length P(z) � exp(z/Lgain), is given by,

Lgain = lu

4p
��
3

√
r
. (3)

After a certain distance, the exponentially increasing power
levels off. Saturation is typically reached after about 20 gain
lengths and is usually defined as Lsat≅ λu/ρ. The undulator
length, Lu is generally assumed to be comparable with the satura-
tion length. Thus all relevant parameters of the FEL can be
expressed through the Pierce parameter.

In the situation under examination here, we can specify the
characteristic parameters. Inserting the mini-undulator parame-
ters listed in Table 1 and the beam parameters given in Table 2,
we can calculate the Pierce parameter, gain and saturation lengths
of the FEL as a function of the beam energy:

r = 5.3× 10−2/g (4a)

Lgain[m] = 3.5× 10−4g (4b)

Lsat[m] � 7.5× 10−4g. (4c)
Eq. (4) allow one to make theoretical predictions and determine

Table 1. Electron beam and undulator parameters for the mini-undulator and LCLS-FEL

Parameter LCLS FEL Mini-undulator Ratio

Undulator length (m) 110 1 ∼100

Undulator period (cm) 3 0.04 ∼75

Number of undulator periods 3600 2500 ∼1.5

Undulator field (T) 1.25 0.2 ∼6

Undulator strength parameter 3.5 7.5 × 10−3 ∼500

Fundamental wavelength (nm) 0.12 1–100 ∼0.01

Pierce parameter 4.5 × 10−4 10−3–10−4 ∼1

Gain length (m) 4.4 0.02–0.2 ∼40

Electron energy (GeV) 13.6 0.02–0.25 ∼100

Bunch duration (fs) 200 20 ∼10

Bunch charge (nC) 1 0.1 ∼10

Bunch current (kA) 3.4 5 ∼1

Table 2. Electron bunch parameters

Parameter Value

Q [C] 0.1

D [μm] 20

τ [fs] 20

Ne 6 × 108

V [m−3] 9.4 × 10−16

ne [m
−3] 6.4 × 1023

λp [μm] 44

λp/λu 0.11

398 G. Petrov et al.

https://doi.org/10.1017/S0263034618000423 Published online by Cambridge University Press

https://doi.org/10.1017/S0263034618000423


the range of operational parameters for the mini-undulator. First,
we adopted a range of fundamental wavelengths, which, for the
purpose of this study, comprised the VUV and soft X-ray regions.
Specifically, we chose

1 , lf , 100 nm (5)

From Eq. (1), one can determine the range of beam energies γ
that will generate radiation in this desired wavelength interval:

45 , g , 450. (6)

Using (6), we can now determine the range of each parameter
in (4):

1.2× 10−4 , r , 1.2× 10−3 (7a)

0.02 , Lgain , 0.2m (7b)

0.34 , Lsat , 3.4m. (7c)

According to Eq. (7c) the length of the mini-undulator-based FEL
would be on the order of∼1 m,much shorter comparedwith conven-
tional FELs, primarily due to its small undulator period. The beam
energy (6) is achievable with contemporary laser systems (Kneip
et al., 2010), but the beam energy spread, which must be comparable
with or smaller than the Pierce parameter remains a challenge.

Spontaneous synchrotron radiation from the
mini-undulator: Numerical modeling

Before describing the collective, self-consistent FEL interaction,
we first consider spontaneous radiation emission generated by
the mini-undulator. Planar undulators create a sinusoidal mag-
netic field in one direction, leading to a wiggling trajectory in
the perpendicular plane. The magnetic field strength is of the
form �B = (0,B0 cos(2pz/lu), 0) assuming a peak magnetic field
of B0 = 0.2 T. The undulator strength parameter is K = e0λuB0/
(2πmec) = 7.5 × 10−3. The propagation direction of the electron
beam is along “z”. The relativistic factor, γ, is varied between 50
and 1000, corresponding to electron kinetic energies, ε = γmec

2,
between 25 and 500 MeV. The trajectory of an electron and the
full radiation field emits in the undulator are obtained from
the classical electrodynamics. The motion of electrons inside
the undulator is described by a set of relativistic equations of
motion

d�p
dt′

= −e0
�p× �B
meg

(8a)

�v = �p/me���������������
1+ (�p/mec)

2
√ (8b)

d�r
dt′

=�v (8c)

where �r = (x, y, z), �p = (px, py, pz) and �v = (vx, vy, vz) are the
radius vector, relativistic momentum, and velocity of the electron,

respectively. The radiation characteristics of synchrotron radiation
are calculated using the well-known formula for the power
radiated per unit solid angle (Jackson, 2001):

dP(t′)
dV

= e2

(4p)210c

[
�n× {(

�n− �b
)×�b

† }]2
(
1−�n · �b)5 (9)

In Eq. (9) t′ is the “retarded” time, �n is the direction of emitted
radiation in solid angle dΩ and �b = �v/c and �b

†

are the electron
velocity and acceleration (relative to c), respectively. The angular
distribution is simply calculated on a series of small stretches of
electron trajectory traversed between time t′ and t′ + Δt′. Time
integration of (9) yields the synchrotron energy emitted per
solid angle. Further integration over the polar angle θ and
azimuthal angle w yields the total radiated energy.

In the following, we assume that the mini-undulator and beam
parameters are fixed except for the beam energy γ. Figure 2 plots
the calculated characteristics of synchrotron radiation. The funda-
mental wavelength versus beam energy is given in Figure 2a. The
energy radiated as synchrotron radiation increases, as expected, as
γ2 (Fig. 2b). It is in the nJ range, but since it only serves as seed
radiation, which will be amplified along the length of the undula-
tor, its particular magnitude is not important at this stage. The
emission angle θ (full width at half maximum) relative to the
direction of the beam is plotted in Figure 2c. Due to the small
“K” parameter of the mini-undulator, the emission is azimuthally
symmetric. Cylindrical symmetry around z is therefore assumed
and only the distribution along angle θ is given. Another param-
eter of interest is the conversion efficiency of electron beam
energy to radiation. Due to the small undulator parameter, only
a small fraction of the beam energy is converted to radiation, of
the order of 10−8–10−9.

FEL theory

The theoretical background of FELs is presented in numerous
textbooks and papers (Bonifacio et al., 1990; Saldin et al., 2000;

Fig. 2. Synchrotron radiation fundamental wavelength (a), radiated energy (b), emis-
sion angle [full width at half maximum (FWHM)] (c) and conversion efficiency of the
electron beam to radiation (d) versus beam energy. Undulator parameters: Peak
magnetic field B0 = 0.2 T, period λu = 400 μm, strength parameter K = 7.5 × 10−3,
number of periods Nu = 2500, and length Lu = 1 m.

Laser and Particle Beams 399

https://doi.org/10.1017/S0263034618000423 Published online by Cambridge University Press

https://doi.org/10.1017/S0263034618000423


Huang and Kim, 2007; Khan, 2008) where 1D theory is used to
describe the amplification process along the undulator length.

Low-gain FEL theory

We consider the case of a FEL amplifier in which the lasing pro-
cess is initiated by seed radiation. The seed is an external coherent
radiation source with wavelength, λℓ and the light wave co-
propagating with the relativistic electron beam is a plane electro-
magnetic wave Ex(z, t) = E0 cos (klz− ωlt + ψ0) with wave vector,
kl = ωl/c = 2π/λl. The wavelength of the seed radiation λl defines
a resonant beam energy γres determined from Eq. (1):
ll = lu(1+ K2/2)/(2g2res). If the energy of the electron beam, γ
is equal to the resonant energy, that is, γ = γres, the net energy
transfer from the ensemble of electrons to the light wave is
zero. However, if the beam energy is (slightly) larger than the res-
onant beam energy, that is, γ>γres, net energy transfer from the
electron beam to the light wave along the undulator length is pos-
sible and the light wave is amplified. The FEL gain function
(Khan, 2008):

G(h) = −pe20K
2N3

ul
2
une

410mec2g3
d
dx

sin2x
x2

( )

is defined as the relative energy increase of the light wave ampli-
tude during one passage of the undulator. The dimensionless
parameter x = 2πNuη, entering in the profile (sin (x)/x)2 of the
gain function, is proportional to the number of undulator periods
Nu and the relative energy excess of the beam η = ((γ− γres)/(γres))
>0. The normalized gain function I(x) = (d/(dx))((sin2x)/x2)
reaches the maximum Imax≅ 0.54 for xopt≅ 1.3, from which the
optimum “excess” beam energy ηopt = xopt/(2πNu) can be derived
(ηopt≅ 1 × 10−4 for Nu = 2500) and the maximum value of the
gain function determined: Gmax≅ 2.5 × 109/γ3. Even for a rela-
tively short undulator (Lu = 1 m), a fairly large gain can, in prin-
ciple, be achieved provided the energy spread of the beam is kept
smaller than 1 × 10−4.

In low-gain theory, the gain is calculated in the linear regime
by accounting only for the coupling of energy from the electro-
magnetic wave to the beam. The feedback, transfer of energy
from the beam to the light wave is neglected. For this reason,
the low-gain theory is not particularly useful since in practice
all FEL’s operate in the high-gain regime. In the next section,
the high-gain theory will be briefly recalled and applied to
model the mini-undulator.

High-gain FEL theory

In a high-gain FEL, there is a positive feedback process: The elec-
trons emit radiation, which affects their position and sets them in
phase causing them to emit with greater coherence. To describe
the high-gain FEL interaction, a system of coupled equations
that follow the electron motion and radiation generation self-
consistently are required. The Lorentz equation describes the
forces on each electron resulting from the combined undulator
and radiation fields, and Maxwell’s wave equation describes the
envelope of the electric field of the radiation as driven by the
transverse electron current. We restrict ourselves here to the 1D
FEL theory where a dependency of the bunch charge density
and the electromagnetic fields on the transverse coordinates is
neglected. The electron bunches are assumed to be much longer

as compared with the fundamental wavelength (L = cτ>>λf ) and
fringe effects occurring at both ends of the bunch are ignored.
Diffraction of the light wave is disregarded as well. The influence
of 3D effects and the associated limits of the 1D theory will be dis-
cussed later.

The complete set of self-consistently coupled first-order differ-
ential equations that describe the main physics of the high-gain
FEL consists of four equations for the ponderomotive phase ψi

of electron i = 1, …N inside the bunch, normalized energy ηi =
((γi− γres)/(γres)), amplitude of the light wave Ex, and modulated
transverse current density of electrons j1 (Khan, 2008; Schmuser
et al., 2008). Low-gain theory uses only the first two equations
neglecting the growth of Ex. Clearly, several simplifying assump-
tions have been made in deriving these equations. This system of
coupled equations is restricted to uniform or periodic initial par-
ticle distributions. They are well suited for a simulation of the sat-
uration process in a FEL amplifier seeded by monochromatic
light, but a SASE-FEL cannot be modeled correctly because the
initial particle distribution is random.

A series of 1D numerical simulations were performed with the
bunch and undulator parameters listed in Tables 1 and 2. Figure 3
shows power amplification and saturation for three fundamental
wavelengths, λf = 1, 10, and 100 nm. For each run the input
beam energy above resonance was set equal to the corresponding
Pierce parameter, that is, (Δγi/γres)z=0≅ ρ. Starting with a very
low level of power at the entrance of the FEL, and after a short
“lethargy” regime of about two gain lengths, the power increases
exponentially until saturation. Saturation is reached when the
density modulation is nearly complete. We verified that the choice
of initial seed field (incident power) does not affect the final
power saturation level. After reaching saturation, the radiated
power oscillates, which is a commonly observed phenomenon.
The gain and saturation lengths can be derived from each
curve. For the shortest fundamental wavelength, λf = 1 nm, the
simulations yield saturation length of ∼3.5–4 m, while Eq. (4c)
predicts saturation length Lsat≅ 3.3 m. For λf = 100 nm, the satu-
ration length is only Lsat ≅ 0.5 m. For intermediate wavelengths,
10–20 nm, the saturation length is 1–1.5 m. It is instructive to

Fig. 3. Power amplification and FEL pulse energy as a function of the length z trav-
eled in the undulator for beam energies γ = 450, 142 and 45, corresponding to funda-
mental wavelengths 1, 10 and 100 nm. The energy above resonance at the undulator
entrance is η = (Δγ/γres)z=0 = 10

−4, 3 × 10−4, 10−3, respectively. Electron bunch param-
eters: Q = 0.1 nC, D = 20 µm, τ = 20 fs, I = 5 kA. Undulator parameters: λu = 400 μm,
B0 = 0.2 T and K = 7.5 × 10−3.

400 G. Petrov et al.

https://doi.org/10.1017/S0263034618000423 Published online by Cambridge University Press

https://doi.org/10.1017/S0263034618000423


compare the mini-undulator to “standard” undulators (Grüner
et al., 2007; Eichner et al., 2007) for fundamental wavelengths
in the VUV. For λf = 20 nm both yield comparable saturation
length, Lsat≅ 1 m. The disadvantage of larger undulator periods
considered in Grüner et al. (2007), and Eichner et al. (2007), is
offset by the larger “K” number. The gain and saturation lengths,
derived from Figure 3, are in very good agreement with the ana-
lytical predictions of Eq. (7). Figure 3 also confirms the expected

scaling of undulator length versus fundamental wavelength:

Lu � Lsat � g � 1/
���
lf

√
(10)

The range of fundamental wavelengths of interest (5) can be
covered by an undulator which varies in length by one order of
magnitude, from ∼0.4 to ∼4 m.

The simulation results presented above are based on the 1D
theory, which is highly idealized. The limits of the 1D theory
arise when considering the transverse dimensions, and for
more realistic results one has to consider the so-called 3D
effects (Grüner et al., 2007; Corde et al., 2013). Xie (2000) pro-
posed simple formulas that allow these effects to be estimated.
According to Xie, the actual gain length is longer compared
with that predicted by the 1D theory. He defined a modified
gain length

Lgain � LM.Xie
gain = (1+ L)Lgain (11)

and modified efficiency at saturation. Following Corde et al.
(2013), the degradation parameter Λ is:

L = 0.45L0.57
d + 0.55L1.6

1 + 3L2
g (12)

where Λd = ((Lgainλf)/(4πσ
2)), Λε = 4π((ε2Lgain)/(λfσ

2)) and Lg =
(1/( ��

3
√

r)(Dg)/(gres)) are parameters taking into account diffrac-
tion, emittance, and energy spread effects, respectively (but they
do not take into account space-charge effects). In the above for-
mulas, σ =D/2 is the radius of the transverse distribution of the
electron beam and ε is the un-normalized transverse beam emit-
tance. These formulas show how 3D effects degrade the FEL per-
formance, increasing the gain length and decreasing the
efficiency. The 1D theory can be considered accurate if all three
parameters are smaller than unity, that is,

Ld,L1,Lg ,, 1. (13)

Fig. 4. Diagram of the set-up for preliminary measure-
ments using the micro-undulator in a laser wakefield
accelerator set-up.

Fig. 5. Electron beam spectra taken without traveling through the undulator (top)
and traveling through the undulator (bottom). Although the electron beam charge
is slightly reduced after traveling through the undulator the spectral shape is similar.
The change in beam charge is within shot-to-shot variability and we estimate that the
majority of the electron beam from an LWFA is easily able to pass through an undu-
lator of these dimensions.
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In the opposite case of large degradation factor, Λ>>1, the sat-
uration length increases. For this reason, the above formulas impose
limitations on the beam and undulator parameters. Starting with Λd

and applying the relevant numbers for λf = 100 nm (σ = 10 μm, γ =
450, Lgain = 0.16 m), we get Λd≅ 0.13. In the other extreme with
λf = 100 nm (σ = 10 μm, γ = 45, Lgain = 0.016 m), we get Λd≅ 1.3.
Overall, Λd≅ 1, which is acceptable. The second condition, Λε<1,
determines the maximum allowed beam emittance. It is fulfilled
for normalized emittance εn = ε/γ = 0.1− 0.3 μm rad, which
imposes limitations on the angular spread of the beam. The third
inequality, ((Δγ)/(γres)) < ρ, leads to restrictions regarding the
beam energy spread: ((Δγ)/(γres)) <<10−3. The impact of Δγ/γres
was studied numerically using the 1D simulation code. If the max-
imum energy above resonance was less than the Pierce parameter,
the saturation length was about the same and independent of Δγ/
γres as the one shown in Figure 3. However, in the opposite case,
((Δγ)/(γres)) > ρ, the saturation length was found to increase with
Δγ/γres. Thus the energy above resonance (and hence, the energy
spread) should not exceed the Pierce parameter.

Experimental tests on prototype mini-undulator

We then performed proof-of principle tests on a prototype of the
mini-undulator (Fig. 1) which was the model for the calculations
described in the previous section. This mini-undulator was con-
structed using laser machining of Sm-Co alloy and had a period-
icity of 400 µm. The prototype was only 3 cm long (having 50
periods) and the B-field was 0.2 Tesla although the uniformity
was less than required for actual FEL operation. Although exper-
iments were conducted with this prototype, further developments
in the technology may enable many more periods – with higher
fields and more uniform field structures. In our case, experiments
were conducted to investigate whether X-ray “undulator” radia-
tion could be measured or whether other experimental issues
might arise – since it was not expected FEL action would be pos-
sible due to available electron beam parameters from the LWFA
used as well as the configuration of the prototype mini-undulator.

These experiments were performed using the LWFA experi-
mental configuration at the Center for Ultrafast Optics at the
University of Michigan to determine the issues involved with

the simultaneous use of these two technologies. The experimental
setup is shown in Figure 4. In this experiment, the HERCULES laser
was operated at about 100 TW and was focused into a helium gas
jet to generate a plasma where a beam of electrons was accelerated
to relativistic energies. The laser system produced a laser pulse
with a duration of 30 fs and used Ti:Sapphire as the amplifying
media so that the operational wavelength was centered at
800 nm. The mini-undulator was positioned about 5 cm after
the interaction after a 25 µm thick aluminum foil to block
X-ray emission from the interaction. Broadband X-rays from
the interaction can be produced via “betatron” oscillations of
the electron beam in the plasma wakefield, and which conse-
quently also need to be blocked for measurements of undulator
radiation. Although we have found previously that emission of
betatron can be reduced through control of the laser pulse and
plasma properties.

In these experiments, electron beams at energies of up to
400 MeV were consistently generated. The gas jet target was oper-
ated at high pressure (∼1019 cm−3) in order to maximize the
charge produced in the electron beam. Issues of concern in
these experiments were pointing instabilities of the electron
beam from shot-to-shot, the self-emission from betatron emission
as well as the bremsstrahlung produced as the electron beam is
introduced into the mini-undulator and consequently hits the
sides and the inner walls of the undulator.

In general, as observed in Figure 5 the high energy compo-
nents of the electron beams generated in the experiment were
able to pass through the undulator gap without much problem.
There was some pointing instability – however, on most shots,
there was little change in the high energy electron spectrum mea-
sured with/without the insertion of the mini-undulator. As an
example the top two spectra in Figure 5 show the electron energy
spectra of two successive shots without the undulator. The bottom
data set show the electron beam spectra after passing through the
undulator. It should be noted that in these experiments the elec-
tron spectrum was quite broad and extended to energies in excess
of 300 MeV. The spectra were much too broad to enable free elec-
tron lasing. However, it was observed that there was no significant
difference in the electron beam charge or spectrum passing
through the undulator as opposed to that produced from the

Fig. 6. X-ray spectrum from the experiment under three different conditions (corresponding to the diagrams). The three conditions correspond to (a) the electron
beam passing outside the undulator, (b) the electron beam traveling through the undulator, and (c) the electron beam striking the undulator material (generating)
bremsstrahlung. Although there is a slight increase in the X-ray signal from the bremsstrahlung case the total photon spectrum in roughly similar. Further work
showed that these X rays were mainly caused by a large divergence dark current in the beam.
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LWFA before traveling to the undulator. The differences observed
in Figure 5 can be attributed to shot-to-shot fluctuations.

In Figure 6 the measured X-ray spectrum is shown for three
different conditions. In part (a) the undulator is moved to the
side of the electron beam path so that it is not passing through
the undulator. The background X-ray radiation observed in this
case corresponds to the X rays produced via the betatron process
in the laser wakefield accelerator, as well as contributions from X
rays produced as the electron beam passes through the 25 µm
thick aluminum foil.

In Figure 6b, however, the undulator was positioned on the
axis of the electron beam so that the electron beam could pass
through. The X-ray spectrum was then recorded and it was
found (Fig. 6) that there was no significant difference in the
X-ray spectrum observed. The conclusion was that bremsstralung
from the Al filter or from the undulator itself makes a significant
contribution to the final measured spectrum and that it was not
possible to directly observe only undulator radiation because of
the high levels of background radiation in the X-ray regime.
This is further confirmed by positioning the undulator directly
along the axis of the laser-driven electron beam. In this case, an
X-ray spectrum in the range 2–20 keV was also recorded and
showed no signatures of undulator radiation. Figure 7 shows the
difference between the total X-ray flux with and without the
undulator as a function of the peak energy of the LWFA electron
beam. In Figure 7 there is no observed difference between the
X-ray fluxes observed between these two cases.

In subsequent experiments, we measured the divergence of dif-
ferent energy components of the electron beam produced in these
conditions. While the highest energy electrons were accelerated in
a beam with a divergence <20 mrad – there was a large population
of low energy electrons were emitted as a “halo” surrounding the
most energetic beam. These electrons are less than 10 MeV but
have a divergence >10° and consequently are a significant
source of forward directed bremsstrahlung as they encounter
solid material in the interaction chamber. Consequently, these
experiments showed that there was a fairly large divergence
beam of hard X rays and gamma rays associated with the
laser wakefield which could not be suppressed in the experi-
ments with the mini-undulator. In particular, there are a large
number of energetic gamma rays produced (<1 MeV) which
need to be blocked before undulator radiation can be measured
in the X-ray regime.

The experiments generally showed that the micro-undulator
could be successfully fielded with a laser-wakefield accelerator,
however, the electron beam needs to be carefully controlled (per-
haps with quadrupoles) to avoid interacting with the inner walls
of the undulator and generating significant bremsstrahlung. In
any case, to observe significant X-ray emission, our calculation
in the previous section suggest that the length of the undulator
in this situation needs to be many times longer than that of the
proto-type used in these experiments.

Further work to measure and control the low energy halo of elec-
trons surrounding the main LWFA electron beam is also underway.

Conclusions

An undulator with greatly reduced period and length and an elec-
tron beam driven by a short-pulse laser via LWFA were investi-
gated as key components of a tabletop FEL. The characteristics
of synchrotron radiation generated by the undulator were exam-
ined. The undulator was studied as a FEL amplifier in the low-
and high-gain regimes. In the high-gain regime 1D numerical
simulations were performed for electron beam energies ranging
from 25 to 250 MeV. Gain lengths of 0.02–0.2 m and saturation
lengths of 0.4–4 m were calculated for fundamental wavelengths
between 1 and 100 nm. The calculated FEL peak power and
pulse energy were 200 MW and 2 µJ, respectively. Lasing in the
water window (2–4 nm) may be possible with a 2 m long undula-
tor with improved electron beam properties. The impact of 3D
effects and the constraints on the beam and undulator parameters
were investigated. The study showed that undulators with a
sub-mm period can successfully be used in table-top FELs, how-
ever, for generation of radiation in present experiments they need
to be much longer than a few centimeters.

Experiments were also attempted using a LWFA. There are
several important issues which must be addressed before very
small undulators can be used in this configuration. In addition
to the broad energy spread of the beam, we observed a very
large divergence component of the electron beam (i.e., a low
energy “halo” of electrons which surrounds the main beam).
This population of electrons causes significant gamma-ray back-
ground and is difficult to suppress to enable systematic investiga-
tions of the mini-undulator configuration. It is likely necessary
that focusing quadrupoles will be required – however, this will
also generally increase the size of the system.
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