
NOTES AND PROBLEMS

A NOTE ON TESTING
RESTRICTIONS FOR THE

COINTEGRATION PARAMETERS
OF A VAR WITH I(2) VARIABLES

SØØØRRREEENNN JOOOHHHAAANNNSSSEEENNN
University of Copenhagen

HEEELLLMMMUUUTTT LÜÜÜTTTKKKEEEPPPOOOHHHLLL
European University Institute, Florence

and
Humboldt-Universität Berlin

We give a brief introduction to the vector autoregressive model for cointegrated
I ~2! variables and show how some plausible economic relations can be formu-
lated in the I~2! framework in such a way that likelihood ratio tests for their valid-
ity are asymptoticallyx2 distributed+

1. INTRODUCTION AND MOTIVATION

Thep-dimensional cointegrated vector autoregressive~VAR! model for I~2! vari-
ables, without deterministic terms and just two lags, is given by the error cor-
rection model

D2Xt 5 a~r 't 'Xt21 1 c 'DXt21! 1 Va4~a4
' Va4 !21k 't 'DXt21 1 «t , (1)

where the«t are independent and identically distributed~i+i+d+! ~0,V!+ The freely
varying parameters are

ap3r ,r~r1s!3r ,tp3~r1s! ,cp3r ,k~r1s!3~ p2r ! ,Vp3p+

As usual, a4 denotes an orthogonal complement ofa, and we define the
p 3 r matrix b 5 tr+ Notice that the column dimensionr of b is between 0 and
p and the same holds for the row dimensionr 1 s of r+ Hence, s , p 2 r+ In

The authors thank Paolo Paruolo for helpful comments and the ESF for financial support in the framework of the
EMM network+ Address correspondence to Helmut Lütkepohl, Economics Department, European University Insti-
tute, Villa San Paolo, Via della Piazzuola, 43, I-50133 Firenze, Italy; e-mail: helmut+luetkepohl@iue+it+

Econometric Theory, 21, 2005, 653–658+ Printed in the United States of America+
DOI: 10+10170S0266466605050280

© 2005 Cambridge University Press 0266-4666005 $12+00 653

https://doi.org/10.1017/S0266466605050280 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466605050280


the analysis of the I~2! model it will be important to specifyr ands such that
r 5 rk~ab '! ands5 rk~tr4!+ Under suitable conditions on the parameters~see
Johansen, 1997!, the equations in~1! have a solution of the form

Xt 5 C2 (
i51

t

(
j51

i

«j 1 C1 (
i51

t

«i 1 A1 1 tA2 1 Ut ,

whereUt is stationary and the coefficient matrices satisfy the relations

t 'C2 5 0, b 'C1 1 c 'C2 5 0, t '~A1,A2! 5 0, b 'A1 1 c 'A2 5 0,

so that the processesD2Xt 5 C2«t 1 C1D«t 1 D2Ut andt 'DXt 5 t 'C1«t 1 t 'DUt

are stationary+ Thus the solution is an I~2! process, and there arer 1 s cointe-
grating relations given by the I~1! processt 'Xt + The model also allows for multi-
cointegration~see Engle and Yoo, 1991!, that is, cointegration between the levels
and the differences becauseb 'Xt 1 c 'DXt 5 b 'Ut 1 c 'C1«t 1 c 'DUt is station-
ary+ Equivalently one can show, becauset 'DXt is stationary, that b 'Xt 1
dt4
' DXt is stationary, whered 5 c 't4~t4

' t4 !21 is the so-called multicointegra-
tion parameter+

The theory of the I~2! model is developed by Boswijk~2000!, Johansen~1997,
2005!, Kongsted~2005!, Paruolo ~1996!, Paruolo and Rahbek~1999!, and
Rahbek, Kongsted, and Jørgensen~1999!+

It has been shown that the likelihood ratio test for the ranksr ands has an
asymptotic distribution that can be expressed in terms of Brownian motions
and integrated Brownian motions and that has to be tabulated by simulation+
Moreover, the asymptotic distribution of the maximum likelihood estimator of
the cointegrating parameterst, r, and b is quite involved, as it is not mixed
Gaussian+ However, many hypotheses on these parameters can be tested using
asymptoticx2 tests~see Boswijk, 2000; Johansen, 2005!+We give subsequently
an example of such hypotheses that can be formulated and tested in the I~2!
model+

2. AN EXAMPLE OF HYPOTHESES ALLOWING
FOR ASYMPTOTIC x2 TESTS

Denote bymt the log nominal money stock, by pt the log price level, by yt log
real income, and byRt a long-term interest rate and defineXt 5 ~mt , pt , yt ,Rt !

' +
Supposemt ; I ~2!, pt ; I ~2!, yt ; I ~1!, andRt ; I ~1!+ Moreover consider the
following cointegration relations:

• mt 2 pt ; I ~1! ~i+e+, log real money is I~1!!
• mt 2 pt 2 yt 1 bRRt ; I ~0! ~i+e+, there exists a stationary money demand

relation with unit income elasticity!
• Rt 2 Dpt ; I ~0! ~i+e+, the “Fisher effect” holds, meaning that the real inter-

est rate is stationary!

654 SØREN JOHANSEN AND HELMUT LÜTKEPOHL

https://doi.org/10.1017/S0266466605050280 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466605050280


The unit root and cointegration properties of the variables are in line with
those found in Lütkepohl and Wolters~2003! for a system of German quarterly
data except for some of the values assumed for the cointegration parameters+
Therefore one may wish to formulate these hypotheses in the cointegrated model
for I ~2! variables and develop the likelihood ratio test to check whether the
structure is compatible with the data+

We want to show that the hypotheses discussed earlier can be formulated as
hypotheses on the parametersr, t, andc that have the property that likelihood
ratio tests of the restrictions are asymptoticallyx2+

Under the assumption that the processXt is I~2! it holds thatr 't 'Xt21 1
dt4
' DXt21 andt 'DXt are I~0!+ Therefore we want to express the preceding rela-

tions in terms of the parameterst, b 5 tr, c, andd 5 c 't4~t4
' t4 !21+ For our

systemp 5 4, and from the cointegrating relations

Dmt 2 Dpt ; I ~0!,

mt 2 pt 2 yt 1 bRRt ; I ~0!,

Rt 2 Dpt ; I ~0!

we find thatt is 4 3 3, so thatr 1 s 5 3+ We see that there are two relations
that involve levels, so thatr 5 2, andb has dimension 43 2 and is given by

b ' 5 S1 21 21 0

0 0 0 1D+
This shows that the hypotheses formulated previously imply that

t 5 1
1 1 0

21 21 0

0 21 0

0 0 1
2 , t45 1

1

1

0

0
2 , r 5 1

0 0

1 0

0 12 +
Hence the relations fully specify the matricest, r, andb 5 tr in this case+We
denote the specifict, r, andb matrices byt0, r0, andb0, respectively+ With
this notation the model reduces to

D2Xt 5 a~b0
' Xt21 1 c 'DXt21! 1 Va4~a4

' Va4 !21k 't0
'DXt21 1 «t ,

and we next find the implications of the assumptions for the 43 2 param-
eterc+

Becauset0
'DXt21 is stationary we decomposec 'DXt21 as

c 'DXt21 5 dt04
' DXt21 1 jt0

'DXt21,

d 5 c 't04~t04
' t04 !21 5 ~d1,d2!',

j 5 c 't0~t0
' t0!21,
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where we used thatd is 2 3 1 and thatt0~t0
' t0!21t0

' 1 t04~t04
' t04 !21t04

' is
equal to the identity matrix+ Hence we can rewrite the equations in~1! as

D2Xt 5 a~b0
' Xt21 1 dt04

' DXt21! 1 ~Va4~a4
' Va4 !21k ' 1 aj!t0

'DXt21 1 «t +

Notice that the coefficientsd are identified by the choice ofb 5 b0 and
t4 5 t04 and that

t04
' DXt21 5 Dmt 1 Dpt +

Now consider the stationary~multicointegrating! relation

b0
' Xt 1 d 't04

' DXt 5 Smt 2 pt 2 yt 1 d1~Dmt 1 Dpt !

Rt 1 d2~Dmt 1 Dpt !
D+

By a linear transformation of the rows, which can be absorbed ina, we can
eliminated1~Dmt 1 Dpt ! from the first equation and find that the model implies
stationarity of the linear combinations

Smt 2 pt 2 yt 2 ~d10d2!Rt

Rt 1 d2~Dmt 1 Dpt !
D+

BecauseDmt 1 Dpt 5 2Dpt 1 Dmt 2 Dpt andDmt 2 Dpt is stationary, we have
that the model, with t0 andb0 as given before, allows the stationary relations

Smt 2 pt 2 yt 2 ~d10d2!Rt

Rt 1 2d2 Dpt
D+

Hence we see that we can definebR 5 2d10d2, and the only extra restriction
we need to test is the hypothesisd2 5 20+5+ Thus the restrictions formulated
previously can be tested successively as the hypotheses

H0 : r 5 2, s5 1,

H1 : b 5 b0,

H2 : t 5 t0,

H3 : d2 5 20+5+

The first hypothesis is a test on cointegrating ranks, and the asymptotic distri-
bution is nonstandard and tabulated by simulation~see Johansen, 1997!+ It fol-
lows from the results in the same paper~see also Boswijk, 2000; Johansen,
2005! that 22 logLR~H16H0! and22 logLR~H26H1! are asymptotically dis-
tributed asx2~4! andx2~1!, respectively+ In general one cannot expect hypoth-
eses on the coefficientd to give asymptoticx2 tests~see Paruolo, 2000!, but
H2 specifiest4 completely, and when that is the case, one can in fact show that
a test ond, and hence22 logLR~H36H2!, is asymptotically distributed asx2~1!+
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This can be seen by the “nominal-to-real” transformation~see Kongsted,
2005!,

Zt 5 SZ1t

Z2t
D5S t0

'Xt

t04
' DXt

D,
which satisfies a model of the form

~t0~t0
' t0!21,t04~t04

' t04 !21!DZt

5 aSr0

d 'D'Zt21 1 ~t0~t0
' t0!21 1 Va4~a4

' Va4 !21k ' 1 aj!

3 ~Ir1s,0!DZt21 1 «t +

Premultiplying with~t0,t04!' gives the I~1! cointegration model

DZt 5 Ja Db 'Zt21 1 EG1 DZt21 1 I«t

with parameters

Ja 5 S t0
'a

t04
' aD, Db 5Sr0

d 'D,
EG1 5 SIr1s 1 t0

'~Va4~a4
' Va4 !21k ' 1 aj! 0

t04
' ~Va4~a4

' Va4 !21k ' 1 aj! 0D,
and I«t 5 ~«t

't0,«t
't04 !'+ Thus the transformed model is an I~1! model with lin-

ear restrictions onEG1 and Db partly known+A hypothesis ond is therefore a hypoth-
esis on Db in an I~1! model, which is known to give asymptoticx2 tests~see
Johansen, 1991!+
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