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Abstract

In this paper the classical theory of Above Threshold Ionization (ATI) in the oxygen plasma was used to show how the
residual electron energy depends on the laser parameters such as pulse length, wavelength and peak intensity. The
value of ATI energy is found to increase with laser wavelength and its intensity. Our study conducted for three cases
of τ> 2π/np, τ= 2π/ωp, and τ< 2π/ωp, where ωp is the plasma frequency, reveals that the ATI energy is decreased
for the pulse duration τ≠ 2π/ωp. Also it is showed how the space charge effect can reduce the residual electron energy
to a minimum value, in a suitable condition. By optimizing various parameters, we can generate the cold electrons
suitable for the recombination x-ray laser.
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INTRODUCTION

Optical-field-ionization (OFI) X-ray laser driven by ultra-
short high-power optical pulses has been considered as a
promising candidate to provide high-repetition-rate, high-
brightness, and coherent X-ray outputs (Corkum et al.,
1989; Ivanova, 2011; Lin, 2007; Mocek et al., 2005; Moro-
zov et al., 2010; Sebban et al., 2001). In this scheme, the
electric field of laser pulse, interacts with the background
gas or solid target, and produces plasma with partially or
fully ionized ions along with free electrons (Bauer, 2003;
Kuroda et al., 2005). In this case, the atoms experience a suf-
ficiently high electric field of an EMwave before the electron
leaves the atom. This leads to the absorption of an integer
number of photons in excess of the minimum photon
number required for ionization. This process is called above-
threshold ionization (ATI), which is mainly important at low
densities where other heating mechanisms are ineffective
(Becker et al., 2002; Javanainen et al., 1988). In reality, op-
tical field intensity is high enough to modify the Coulomb
potential of charge particles to create electrons by tunneling
ionization (Augst et al., 1989). This mechanism is very selec-
tive due to exponential dependence of the ionization rate on
laser intensity and ionization potential.

Since the first soft X-ray laser was conclusively demon-
strated in 1985 (Matthews et al., 1985; Rosen et al., 1985;
Suckewer et al., 1985), notable progress has been made in ex-
panding the X-ray laser transition for applications in medi-
cine, biology, chemistry, and physics. The first OFI X-ray
laser was experimentally demonstrated in 1995 (Lemoff
et al., 1995). There are two general kinds of X-ray laser
based on optical-field-induced ionization: One using a re-
combination scheme with hydrogen-like ions (Grout et al.,
1997; Nagata et al., 1993; Yamaguchi et al., 2002), and
other using an electron collisional excitation scheme with
non-hydrogen-like ions, where a very high degree of ioniz-
ation is needed (Lemoff et al., 1995; Ros et al., 2002). In
both cases, non-Maxwellian electron distributions may
have a significant effect. The recombination compared to col-
lisional excitation scheme requires relatively low pumping
power. In this scheme, both the production of the cold elec-
tron, and a transition from an excited state to the ground state
of ions, are suitable for making short-wavelength X-ray laser.
As has been known for some years, plasmas generated by
OFI with linearly polarized radiation are promising candi-
dates for recombination X-ray-ultraviolet lasers because, in
principle, extremely low electron temperatures can be
achieved in relation to the ion stages produced (Rae & Bur-
nett, 1992).

In laser plasma interaction, the laser mainly interacts with
electrons, so the residual energy just after the irradiation of an
ultrashort pulse laser, is given by the average energy of the
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electrons in plasma. In fact, this energy is obtained from col-
lisional heating (inverse Bremsstrahlung) and ATI energy.
The collisional heating is significant for the long pulse
(longer than the electron-electron and electron-ion collision
time), where the substantial part of incident energy is con-
sumed for heating the plasma via inverse Bremsstrahlung.
In fact, at low density, ATI heating is dominant, while at
high total densities inverse Bremsstrahlung heating begins
to dominate since its heating rate is proportional to the ion
density. In addition, Stimulated Raman scattering has
become the most important parametric instability in laser-
produced plasmas. This mechanism is also believed to be
less effective in short pulse lasers (Eder et al., 1992).
Effect of ponderomotive force due to spatial inhomogeneisi-
ties in the laser field in ultrashort pulse, is returned to the
wave and it does not contribute to ATI energy (Freeman
et al., 1987).
Many authors (Burnett & Corkum, 1989; Busuladžić

et al., 2009; Corkum, 1993; Corkum et al., 1989; Paulus
et al., 1994) showed that if the electrons quiver energy is
much greater than the photon energy and the ionization
potential, the classical theory of ATI can be readily general-
ized to relativistic case. In reality, when the atoms absorb
more photons than necessary for ionization, a series of
peaks in the electron energy spectra appears. This phenom-
enon with various observed properties such as plateau and
side lobes in the angular distribution may keep the ATI
energy below the ionization potential. Thus, the ATI can
be understood from classical consideration.
In this work, to obtain the ATI energy, we used a simple

non-relativistic, non-quantum theoretical model for calcu-
lation of the electron energy in OFI oxygen plasma. The
ATI energy is just the electron’s energy long after the pulse
has passed. In our calculation, the ions are kept immobile
and move much more slowly than electrons. So their influ-
ence on the space charge field can be neglected. The sensi-
tivity of the residual energy to the laser and plasma
parameters such as electron and ions density, pulse duration,
wavelength etc, in enhancing the residual energy will also be
discussed.

TIME EVOLUTION OF THE ION DENSITY

A temporal Gaussian profile of the electric field of the laser
pulse with frequency ω, intensity, I0 (corresponding ampli-
tude electric field E0) and pulse duration τ is considered to
propagate in a homogenous plasma of density np,

�E(r, t) = �E0(r, t) exp − (t − tm)2

τ2

( )
. (1)

Where tm is the time corresponding to maximum intensity,
and we consider a monochromatic linearly polarized
light plan wave propagating along the z-axis with �E0(r, t) =
E0 cos (ωt)x̂ and the peak electric field E0 =

�������
140πI

√
(V/cm).

The intense electric field can ionize the neutral gas, and the
numbers of electrons from the various charge states are cre-
ated. If a stepwise production of multiply charge atomic
ions is assumed, the evolution of ion density is given by a
series of coupled equations, where the ground ion state
plays the role of intermediate state. In this case, the rate
equations take the form,

dnj(t)
dt

=
∑
i=0
i<j

Wi,j(t)ni(t)−
∑Zmax

k=j+1

Wj,k(t)nj(t) (2)

Here ni(t), and nj(t) are the number density of species i, j at a
specific time t, and Wij(t) is the ionization rate for production
of a singly charged ion j from i. Zmax is the maximum pro-
duced charge state. The interaction of laser-plasma is gov-
erned by the Keldish parameter (Keldysh, 1964) in practical
unit,

γ = 2.31
λ[μm]

Ui[eV]
I0[TW/cm2]

( )1/2

. (3)

Where Ui is the ionization potential of atom or ion with a
charge state i, λ is the wavelength, and I0 ≃ (cη/8π)E2

0 is
the average intensity of electromagnetic field in a rare field
gas. There are many theoretical methods used to treat the ion-
ization processes of atoms for γ< 1, such as Keldish (1964),
barrier suppression ionization (Augst et al., 1989; Penetrante
& Bardsley, 1991), Amosov-Delone-Krainov (Ammosov
et al., 1989) theory, and so on. In the quasistatic or high-filed
limit, γk ≪ 1, from the general form of Keldish formula, the
instantaneous ionization rate, W(t), may be expressed as,

W(t) = 1.61ωau
Z2

n4.5eff

10.87
Z3

n4eff

Eau

E(t)

( )2neff−1.5

exp − 2
3
Z3

n3eff

Eau

E(t)

( )
.

(4)

Where ωau= 4.1 × 1016s−1 and Eau= 5.1 × 109V/cm are the
fundamental atomic frequency and field strength, respect-
ively. neff = Z/

��������������
Ui[eV]/13.6

√
is the effective principal quan-

tum number for a hydrogenic atom, where Ui in eV is the
ionization potential, and Z is the charge of the produced
ion. It is worth notice that the laser pulse duration is much
shorter than the recombination time. In fact, the recombina-
tion rate for an electron of several ten of eV and electron den-
sity below 1020 cm−3 is on the order of nanosecond, so that
during the pulse evolution, recombination terms in Eq. (2)
could be neglected. The resulting set of ionization rate
equations are stiff ordinary differential equations that may
be solved routinely with standard initial value problem solvers
(Byrne & Hindmarsh, 1987). Figure 1 shows the time evol-
ution of the relative populations of the charge state oxygen
ions for a pulse length τ= 100fs (tmax= 200fs) at
wavelength∼ 532 nm for two different laser intensities;
I0= 1017W/cm2 (1) and I0= 1018W/cm2 (2), respectively.
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The temporal variation of ionization population shows a step
like behavior, because the electric field strength is sinusoid-
ally oscillatory and the ionization rate depends strongly on
the electric strength. Notice that the threshold laser intensity
for OFI for hydrogenic ions is estimated by Ith= 4 × 109Ui/
Z2W/cm2 (Chichkov et al., 1995). Each new ion states are cre-
ated when the laser intensity reaches the level of threshold in-
tensity. In our calculation, the highest charge state was O6+.
This is because the threshold intensity of the ions≤O6+

(∼ 4 × 1016 W/cm2) (NIST) are significantly below the ap-
plied laser intensity. In addition, the lower ionization states
(< 2 +) are produced in the first half cycle of pulse. They
are then rapidly vanished when the higher ionization states
are generated. This means, the electrons can be created at
different times over the laser pulse. In the highly ionized
plasma, the electron motion can affect the pulse propagation
in the plasma, and consequently, it can change the electron
residual energy. These electrons account for the average
ATI energy.

AVERAGE RESIDUAL ENERGY

The numbers of charged particles are produced from the var-
ious charge state at different time scale. They are thus subject
to different accelerations, and the interactions among them
are complicated. The electron velocity in the laser field is de-
termined by the momentum equation,

d2�r

dt2
= − e

me

�E(t)+ �Fsch(t). (5)

Where �Fsch(t) = −ω2
p�r is the restoring force due to space

charge effect, which can reduced the residual energy of elec-
trons (Pulsifer et al., 1994; Wilks et al., 1995). e and me are

the electron charge and mass relatively, and ωp is the plasma
frequency as a harmonic restoring force for the space-charge
effect. In order to keep the residual energy small, the electron
must interact with the EM field in nearly adiabatic fashion as
laser pulse passes.

At the time of ionization, we assume that electrons have
zero energy (Burnett & Corkum, 1989); therefore, they are
classically accelerated by fields from the laser and from the
surrounding plasma. Most of the electron energy during
the laser pulse comes from the oscillatory quiver motion in
the laser field, and is returned to the field when the pulse
passed. In our calculation, the initial velocity of the ionized
electron is taken to be zero at time t0 at the origin r0. t0 is
the time at which the electron is ionized by OFI process. If
an electron is created at rest at this time in a linearly polarized
laser pulse, it has a later time, t, with velocity,

ẋ(t0, t) = eE0

me(ω2 − ω2
p)
[− ω sin (ωt)+ S1(t0) cos (ωpt)

+ S2(t0) sin (ωpt)]. (6)

Where

S1(t0) =
{
ω cos (ωpt0) sin (ωt0)

− ωp cos (ωt0) sin (ωpt0)
}
exp − (t − tm)2

τ2

( )
,

S2(t0) =
{
ω sin (ωt0) sin (ωpt0)

+ ωp cos (ωt0) cos (ωpt0)
}
exp − (t − tm)2

τ2

( )
. (7)

The single electron kinetic energy after interaction with laser
pulse over laser frequency, 2π/ω, is then given by,

et0 =
<ẋ2(t0, t)>

2me
= eq + eATI (ω, ωp, t0). (8)

Where eq = 1
4

e2E2
0ω

2

me(ω2 − ω2
p)

2 . is the ponderomotive or quiver

energy due to coherent oscillatory motion of electron, and the
second term represents the excess energy of electron, and

Fig. 1. (Color online) Time history of the average residual energy of elec-
trons for the first six charge states of oxygen during laser pulse evolution
for two different intensities I0= 1017W/cm2 (a) and I0= 1018W/cm2 (b),
when pulse duration τ= 100 fs, and wavelength λ= 532 nm.
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what has come to be known as the ATI energy.

eATI(ω, ωp, t0)= 1
4

e2E2
0

me(ω2 −ω2
p)

2 S1(t0) 1+
sin

4πωp

ω

( )
4πωp

ω

⎡
⎢⎢⎣

⎤
⎥⎥⎦

⎧⎪⎪⎨
⎪⎪⎩

+ S22(t0) 1−
sin

4πωp

ω

( )
4πωp

ω

⎡
⎢⎢⎣

⎤
⎥⎥⎦− 4

π
S1(t0)

ω3 sin
πωp

ω

( )
ω2 −ω2

p

+ 2
π
S2(t0)

ω3 sin2
2πωp

ω

( )
ω2 −ω2

p

+ S1(t0)S2(t0)
sin2

2πωp

ω

( )
πωp

ω

⎫⎪⎪⎬
⎪⎪⎭.

(9)

Here we assumed the pulse length is much greater than an op-
tical cycle time, τp≫ 2π/ω, and the electric field envelope is
relatively constant. That is, ATI energy of each electron de-
pends only on its own ionization time, t0, when the electron
becomes free of the atom. The average ATI or residual
energy of all electrons by considering the number of elec-
trons produced from the various charge states can be written,

�eATI (ω, ωp) =
∑Zmax

k=1
∫
tmax

0 nk(t0)Wk(t0)eATI (ω, ωp, t0)dt0

∑Zmax

k=1
∫
tmax

0 nk(t0)Wk(t0)dt0

. (10)

Where the integration is taken over the pulse envelope. It is
obvious that the plasma containing higher ionization state
would have a larger average ATI energy.

RESULTS AND DISCUSSION

Effect of Plasma Density on Residual Energy

Figure 2 shows the dependence of the residual energy as a
function of plasma frequency normalized by laser frequency,
ωp/ω, for three different pulse intensities of 10

16, 1017, and
1018 W/cm2, respectively. Duration of linear polarized
laser pulse is τ= 100 fs at wavelength λ= 532 nm. The
free electrons are coming from various charge state of
oxygen. Clearly, the ATI energy gets larger with increasing
laser intensity. If the density is so high that the effective
plasma frequency ωp approaches the laser frequency with in-
creasing oxygen gas density, the resonance will occur; hence,
the value of residual energy will become very large, as shown
in figure. At electron densities close to the critical density,
the plasma enhances the ATI energy by approximately a
factor of 10. The non-uniform behavior of the curves is
due to the modulation of the laser field amplitude. That is,

large electron density corresponding to large plasma fre-
quency produced effective electric field, which could alter
the electric field of laser pulse. The fields then might
cancel each other.
However, an enlarged part of the figure shows the ATI

energy slightly decrease as the plasma density approaches
ωp/ω≈ 10−3. This minimum in the residual energy is less
dependent of the peak intensity and could simply achieve
when ωp≈ π/2τ as shown in Figure 3 for two pulse durations
τ= 500 fs and τ= 500 fs. However, the values of the elec-
tron residual energy in OFI plasmas are increased for the
higher laser intensity as shown in Figure 2. Beyond this
point and point for critical plasma density, it is found
that low energy electrons with< 60 eV for the pulse length

Fig. 2. (Color online) Dependence of average residual energy of electrons
on plasma density (ωp

ω ) for three different laser pulse intensities I0=
1016W/cm2 (■), I0= 1017W/cm2 (▲) and I0= 1018W/cm2 (●), when
pulse duration τ= 100 fs, and wavelength λ= 532 nm.

Fig. 3. (Color online) Dependence of average residual energy of electrons on
plasma density (ωp

ω ) for two different pulse durations τ= 50 fs (■), τ= 500 fs
(▲), when laser intensity I0= 1017W / cm2, and wavelength λ= 532 nm.
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τ= 500 fs can be produced in the density range of 10−4<
ωp/ω< 10−1. Rapid recombination process to achieve
high gain in X-ray plasma is more effective in the low elec-
tron temperature, and then the plasma density is chosen
so that the ratio ωp/ω≈ 10−3 is valid for the rest of our
analysis.

Effect of Laser Parameters on Residual Energy

The effect of laser intensity on average ATI energy of elec-
trons in the three wavelengths, 266 nm, 532 nm, and
1064 nm, is shown in Figure 4, when the pulse duration is
kept at 100 fs. The plasma frequency was about ωp= 2.2
×10−3ω, ωp= 4.4 ×10−3ω, and ωp= 6.6 ×10−3ω, respect-
ively. It is clear from the figure that electron residual
energy is larger with higher laser intensity. Further, a com-
parison between three wavelengths infers that largest
energy is achieved for the longer wavelength.
Figure 5 shows the effects of laser frequency and the inten-

sity for the same pulse duration as used in Figure 4. The ATI
energy is found to vary with the square of laser wavelength,
because the ionization rate of Eq. (4) is independent of the
wavelength while the electron quiver energy depends on
the square of the wavelength. However, the ATI energy are
enhanced when wavelength is increased for all laser intensi-
ties. When we compare the slopes of the graphs in the figure,
we notice that the average residual energy of electrons
changes at a faster rate in the case of I= 1018 W/cm2. There-
fore, the laser with higher intensity is found to be more sen-
sitive with the wavelength. In the case of I= 1016 W/cm2,
ATI energy at 266 nm is about one order of magnitude smal-
ler than that at 1064 nm. However, similar to the last results,
the residual energy are increased for the higher laser inten-
sity. So, we can conclude that plasma with higher frequency
is best suited for a cold electron production in the plasma.

The decreased residual energy for larger frequency can be ex-
plained on the basis of velocity term in Eq. (6). Actually, the
group velocity vg gets larger with the increasing frequency.
This leads to weaker driven force in the plasma as the fre-
quency is appearing in denominator in Eq. (9). Therefore,
the electrons with smaller ATI energy are created in the
plasma. It is worth to notice that a laser operating with I=
1016 W/cm2, and I= 1017 W/cm2 at 226 nm, will produce
electrons having an average energy of 2 eV, and 15 eV
respectively, which are much smaller than an ionization
potential of O2+ (35 eV), and O3+ (55 eV). These values,
however, are not low enough to produce population inversion
with respect to the ground state by rapid recombination. In
Figure 6, we investigate the effect of laser pulse duration

Fig. 4. (Color online) Variation of average residual energy of electrons with
laser pulse intensity I0 for three different light wavelength λ= 266 nm (■),
λ= 532 nm (▲), and λ= 1064 nm (●) when pulse duration τ= 100 fs.

Fig. 5. (Color online) Variation of average residual energy of electrons with
light wavelength for three different laser I0= 1016W/cm2 (■), I0= 1017W/cm2

(▲) and I0= 1018W/cm2 (●), when λ= 532 nm, and pulse duration τ= 100 fs.

Fig. 6. (Color online) Variation of average residual energy of electrons with
pulse duration τ for three different cases τ= 2π/ωp (■), τ> 2π/ωp (▲), and
τ< 2π/ωp (●) when, I0= 1017W / cm2 and laser wavelength λ= 532 nm.
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on the average ATI energy of electrons for three cases of τ=
2π/ωp, τ> 2π/ωp and τ< 2π/ωp when I= 1017W/cm2 and
λ= 532nm. From the figure it is evident that the laser
pulse with τ≠ 2π/ωp is less effective for the high energy
electron production in the plasma. The residual energy for
all three cases goes down with increasing pulse duration.
Therefore, it can be concluded that the narrow laser pulses
are more suitable for the high electron energy production.
A comparison between the three graphs shows that the ATI
energy changes at a faster rate with the pulse duration
when the plasma density and pulse duration satisfy the con-
dition τ< 2π/ωp. It means long pulses would generate low
residual energy of the electrons to facilitate recombination
and suppress collisional excitation. It is worth to notice that
when we compare these results with ones in Figures 2 and
3, we find that there are two regions where the residual
energy is relatively high. At the high-density where the
plasma and laser frequency are close (ω≈ ωp), and at the
density where the plasma oscillation is approximately equal
to laser pulse length (τ≈ 2π/ωp). It means the pulses with
τ≠ 2π/ωp would generate low ATI electron energy if used
in the low density plasma.

Electron Energy Distribution Function

Although the collisional heating is significant in high density
plasmas, but electron energy distributions are determined
mainly by the ATI energy in low density plasmas. So ade-
quate control of electron energy distribution is a critical
issue for developing the OFI X-ray lasers. Figure 7 shows
the residual electron energy distribution function for two
different wavelengths, 532 nm, and 1064 nm for a laser in-
tensity of I= 1017W/cm2, τ= 100fs. ATI energy distribution
of electrons produced by OFI from different ionization stages
are obtained numerically by performing the summation

indicated in the analytical form for the distribution function.

fk(ek)Δe =
∑Zmax

k=1

∑tmax

t0=0

nt(t0)Wi(t0)Δt (11)

Where ϵk= (ϵk+1+ ϵk)/2 and Δϵ= (ϵk+1− ϵk)/2.
For both case, the distribution function increases over the

entire energy range as more and more electrons are released.
It is evident that the calculated electron energy distribution is
different from the Maxwellian distribution as reported by
Mohideen et al. (1993). The electron distribution gets de-
crease exponentially at the energy between 0–0.1 KeV, and
0–1 KeV at wavelength 523 nm, and 1064 nm, respectively.
At the high energy, the distribution rather slowly decreases
for both cases.

SUMMARY

In conclusion, a simple and effective approach to calculate
the properties of OFI oxygen background gas has been pre-
sented. Numerical studies carried out in order to analyze
the dependence of the ATI probabilities, as most important
plasma heating mechanisms, on the laser field parameters
(pulse duration, laser-field intensity, frequency), and back-
ground gas density. The presented results give indication
that the laser-plasma parameters significantly alter the
values of the electron residual temperature of the ionized
neutrals in the plasma.
A careful investigation reveals that the effect of pulse dur-

ation could be stronger than that of the laser frequency on
average ATI energy. In fact there are two regions where the
residual energy is relatively high. At the high-density
where the plasma and laser frequency are close (ω≈ ωp).
At the density where the plasma oscillation is approximately
equal to laser pulse length (τ≈ 1/vp). Based on our numeri-
cal studied we observed that slower electrons can be gener-
ated under the situation of pulse duration much smaller
than the plasma period and lower wavelengths. In each
case, higher intensity pulses produce higher ATI electron
energy.
Therefore, a judicious choice of laser pulse parameters and

the plasma density can lead to cold electrons for the effective
role in realizing a recombination pumping X-ray laser in an
OFI plasma (Burnett & Enright, 1990; Hulin et al., 2000).
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G.G. & WALTHER, H. (2002). Above-threshold ionization:
From classical features to quantum effects. Advan. Atom., Mole-
cul. Opt. Phys. B 48, 35–98.

BURNETT, N.H. & CORKUM, P.B. (1989). Cold-plasma production for
recombination extremeultraviolet lasers by optical-field-induced
ionization. J. Opt. Soc. Am. B 6, 1195–1199.

BURNETT, N.H. & ENRIGHT, G.D. (1990). Population inversion in the
recombination of optically-ionized plasmas.Quan. Electr., IEEE
J. 26, 1797–1808.
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