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We study the structure of symmetric vortices in a Ginzburg-Landau model based on
Zhang’s SO(5) theory of high-temperature superconductivity and
antiferromagnetism. We consider both a full Ginzburg-Landau theory (with
Ginzburg-Landau scaling parameter k < oo) and a k — oo limiting model. In all
cases we find that the usual superconducting vortices (with normal phase in the
central core region) become unstable (not energy minimizing) when the chemical
potential crosses a threshold level, giving rise to a new vortex profile with
antiferromagnetic ordering in the core region. We show that this phase transition in
the cores is due to a bifurcation from a simple eigenvalue of the linearized equations.
In the limiting large-x model, we prove that the antiferromagnetic core solutions are
always non-degenerate local energy minimizers and prove an exact multiplicity result
for physically relevant solutions.

1. Introduction

In 1986, Bednorz and Miiller announced their discovery of high-critical-temperature
(Tc) superconductors and promptly received the 1987 Nobel Prize for their efforts.
This discovery has led to a new flowering of superconductivity (abbreviated SC) the-
ory, since the high-temperature phenomenon cannot be explained by the accepted
models for conventional superconductors. In particular, many physicists have come
to the conclusion that the microscopic BCS theory (see [18]) does not correctly
describe the interactions which produce SC at high temperatures. At the present
time, there are several competing theories which attempt to explain these interac-
tions. One theory is based on the observation that high-T compounds also exhibit
an ordered phase called antiferromagnetism when physical parameters (such as
temperature, chemical potential or ‘doping’, and magnetic field) are varied. Anti-
ferromagnetism (abbreviated AF) is an insulating phase of matter in which electron
spins orient themselves in the direction opposite to their nearest neighbours. The
coexistence of these two phases (AF and SC) in the phase diagram of the high-T
compounds has led to the speculation that high-temperature SC and AF could be
explained by the same type of interaction.

Following in this direction, Zhang [19] proposed a quantum statistical mechan-
ics model which incorporates AF and high-temperature SC. The model is based
on a broken SO(5) symmetry tying the complex-order parameter of SC to the
Néel vector which describes AF. The interactions between the SC and AF order

https://doi.org/10.1017/50308210500000639 Published online by Carrlwbsr?ﬁge University Press


https://doi.org/10.1017/S0308210500000639

1184 S. Alama, L. Bronsard and T. Giorgi

0.16
0.14 >~
0.12
0.10
0.08

0.06 e

AF order parameter, m(0)

0.04

0.02

Sy

0.248 0.249 0.250 0.251 0.252 0.253 0.254 0.255
anisotropy, &

Figure 1. A numerical bifurcation curve, m(0) versus g, for values k = 20 (dotted), 40
(dot—dash), 120 (solid) and d = 1, indicates a second-order transition to AF cores in
model (GLx,g). For the high-x model (GLwo,), we prove that the above image correctly
depicts the solution set (see theorem 4.5). Numerical simulations indicate that the bifur-
cation occurs at g5, ~0.2545 (see [2]).

parameters in this model should have some effect on the familiar constructions
from conventional SC theory. In a recent paper, Arovas et al. [4] introduced a phe-
nomenological Ginzburg-Landau model based on the SO(5) theory and studied
isolated vortex solutions in the plane. Recall that in a conventional superconductor
the magnetic field is expelled from the superconducting bulk, and only penetrates
in thin tubes (the vortices) where SC is suppressed. Hence, in the conventional
theory, the magnetic field is constrained to a small core of normal (non-SC) phase.
Using a simplified model, Arovas et al. predicted a new kind of vortex structure in
the SO(5) model: vortices with antiferromagnetic cores, which should be observed
for small values of the chemical potential. They also predicted that (as the chemical
potential is gradually decreased) the transition from normal core to AF core vortices
occurs in a discontinuous fashion. In other words, AF cores should be produced via
a first-order phase transition.

In this paper we rigorously analyse vortex cores in the full SO(5) Ginzburg—
Landau model and in an ‘extreme type IT’ limiting model (also called ‘high-x model’)
to understand the nature of the transition between normal core and AF core solu-
tions. For both models we show that the vortex solutions with normal cores become
unstable (within the class of radial functions—see (1.1) below) and vortices with AF
cores are produced by bifurcation from the normal core solutions. In the extreme

https://doi.org/10.1017/5S0308210500000639 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500000639

Vortex structures for an SO(5) model 1185

type II model we prove that the transition is continuous (i.e. second order), contrary
to the prediction of [4] (see figure 1). Furthermore, we show that for each value of
the chemical potential there exists a unique stable vortex profile (see theorem 4.5).

The full SO(5) Ginzburg-Landau free energy is written in terms of the SC order
parameter ¥ € C and the AF order parameter (Néel vector) m = (mq,mz2,mg). In
non-dimensional form, the free energy is

1
F= é/ { L2(1-|y |2—|m|2)2+gﬁ2|m|2+|(TV—A)I/J |2+|Vm|2+|V><A|2} dx.
(o}

(We refer to the paper by Alama et al. [2], where the free energy is written in dimen-
sional form.) In these variables, the penetration depth A = 1 and the Ginzburg—
Landau parameter x is the reciprocal of the correlation length £. The parameter g
measures the strength of doping (chemical potential) of the material. It is this term
which breaks the SO(5) symmetry of the potential term. We take g > 0; with this
assumption, SC is preferred in the bulk of the sample.

To study isolated vortex solutions in the plane £2 = R? we seek critical points of
F of the form

)= f(r)e?, A= S(r)(—%, r_z) m = m(r)mo, (1.1)

where m a fixed unit vector and d € Z \ {0} represents the degree of the vortex.
As for conventional SC vortices, we expect that only the solutions with d = £1 will
be energy minimizers (see [11,13]). Critical points of F with this ansatz solve the
system of equations

1 (d—S5)?

_f”_;f/JrTf:H2(1—f2—m2)f,
1
=8"+ 28" = (A= 9)f, (GLry)
—m” — lm’ +r2gm = k31— f2 —m*)m,
r

with f(r) 2 0, f(r),S(r) = 0asr — 0 and f(r) — 1, S(r) — d as r — oo, and
m’(0) =0, m(r) — 0 as r — oo.
In addition, we study the following ‘extreme type II’ model:

1 d?
—f"=—f S f=0= 2 =m)f,

(GLoo g)

1
—m" ——m/ + gm = (1= f>—=m*)m.
r

The system (GLo4) is obtained in the limit x — oo after rescaling solutions
to (GLk,4) by the correlation length ¢ = 1/k. For high-Tc superconductors, s
is very large and hence the vortex cores are very narrow compared to the penetra-
tion depth, which measures the length scale for magnetic fields. By rescaling, we
capture the structure of the vortex cores and decouple the magnetic field, which
lives on a much larger length scale. Indeed, the calculations which led Arovas et
al. [4] to predict AF vortex cores are mostly based on (GLs 4) and its associated
free energy functional.
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We observe that when the AF order parameter m = 0, the two systems (GL, 4)
and (GLy 4) reduce to the familiar Ginzburg-Landau vortex equations, well studied
in the mathematical literature (see, for example, [5-7,13,14]). We call these the
normal core solutions. In a previous paper [1], we have proven that when 2 > 2d2,
there is a unique normal core solution, which is a non-degenerate minimizer of the
appropriate free energy functional. This characterization will be essential for our
analysis of the normal-to-AF core transition.

We now discuss our results. We define a reduced energy functional defined for
functions satisfying the symmetric vortex ansatz (1.1), as well as appropriate func-
tion spaces in which that functional is smooth. We find that, for every & (including
the extreme type II model), there exists g% > 0 such that the conventional normal
core vortex solutions of (GL, 4) (and (GLy 4)) are strict local minimizers of the
reduced energy for g > ¢, but are not local minimizers when 0 < g < g;;. In par-
ticular, energy minimizers must have AF order in the vortex core for 0 < g < g¥.
When 2 > 2d?, we show that the AF core solutions bifurcate from the normal core
solution at a simple eigenvalue of the linearized system (GL, 4) (or (GLs 4)). The
bifurcating solutions remain bounded for g > 0 and lose compactness as g — 0+
with f — 0 and m — 1.

For the limiting problem (GLw,g4), we obtain a complete picture of the phase tran-
sition to AF cores. This is because all AF core vortex solutions are non-degenerate
minima of the reduced energy (see theorem 3.1). Stable (locally minimizing) solu-
tions with m(r) > 0 bifurcate from m = 0 at g = g%, to values g < g% . Moreover,
for each g < g%, there exists exactly one solution with m(r) > 0.

In the language of physics, our results indicate a second-order (or continuous)
phase transition between normal and AF vortex cores in (GL, ¢). This information
concerning the nature of the transition was not derived in the paper by Arovas et
al. [4], and hence the result is new to the physics literature as well. For (GL, ),
Alama et al. [2] present numerical simulations (based on gradient flow for a finite-
elements approximation of the free energy) which suggest that the transition is
also second order for k < oo (see figure 1). However, we were not able to extend
the arguments used in studying the bifurcation curves of (GLoo4) to the more
complicated system (GLy ) (see remark 4.3 for further discussion).

Here is an outline of the content of the paper. In the second section we introduce
the reduced energy and function spaces, we treat briefly the questions of existence,
regularity and decay of solutions, and we present properties of physically relevant
(‘admissible’) solutions. We also prove the monotonicity of the solution profiles
(f,S,m) under the hypothesis that the solution is a local reduced energy minimizer.
This result (theorem 2.9) is done in the spirit of the weak maximum principle (see
theorem 8.1 of [10]).

Section 3 contains the proof that all solutions of (GLw,4) with m > 0 repre-
sent non-degenerate local minima of the reduced energy. This result is the key to
understanding the bifurcation diagram for (GLso ). The bifurcation analysis itself
occupies § 4.

The last two sections contain the a priori estimates used in rigorously passing to
the limit k — oo and in studying the global behaviour of bifurcating continua. In
both cases, we require estimates on solutions which are energy independent. For the
limit kK — o0, this is because the reduced energy of minimizers behaves like log x,
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and in studying global bifurcation we require estimates valid for any physically
relevant solution (whether it is energy minimizing or not). The starting point for
these estimates is a Pohozaev-type identity (see proposition 5.4). The proof of
convergence to (GLs ) as k — 00 is presented in § 5; other a priori estimates are
derived in § 6.

2. Solutions of the Ginzburg—Landau system

2.1. Preliminaries

Here and in the rest of the paper, we fix the value of d € Z\ {0}. In this section,
K € R is fixed. Note that, without loss of generality, we may take d > 0, since the
free energy and the corresponding Euler-Lagrange equations are invariant under

the transformation (¥, A,m) — (¥ ,—A, m).

Following our previous work [1] on symmetric vortices, we define a function space
for which the free energy will be a smooth functional. First we fix some notation.
We denote by LP, H the Lebesgue and Sobolev spaces (respectively) of radially
symmetric functions in R2, that is,

L = {u(r) : /(;oo lu(r)|Prdr < oo}, p < 00,

=i =) [TI0 0O + @ rar < oof.

and analogously for L2°. We also denote

/u(r) dr = / u(r)rdr.
0
Define the Hilbert space
u2
X—{UGH:/—Qrdr<oo},
r

lullx = /f[(tt’(r))2 o :f—ji|rdr.

The following density and imbedding properties for the space X are proven in [1].

with norm

LEMMA 2.1.

(i) X is compactly embedded in LY for each p € (2,00).

2
r,loc*

2 < AV ’LL_2 d
lul, < [ |y + 2 |rar

In particular, X embeds continuously into LY.

(ii) X is compactly embedded in L

(iii) For every u € X,

(iv) C§°((0,00)) is dense in X.
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We note that the compactness of the embedding of H into L?, (1 < p < 00) is

r,loc

just the classical Rellich-Kondrachov theorem, and the compact embedding of H
into L? for 2 < p < oo is due to Strauss [17].

2.2. Energy

We now define our energy functionals, using the space X defined above. To keep
the appropriate boundary condition at infinity, we fix any function n € C*°([0, c0))
with n(r) =0for 0<r < 1,n(r)=1for allr > 2 and 0 < n < 1. Then set fo =7,
So = dn, and seek solutions (f, S, m) of (GL, ) with f = fo +u, S = Sy + rv,
u,v € X, m € H. (Later we will see that this choice poses no restriction on solutions
which are physically relevant.) We denote by Yy = X x X x H and by Y the affine
space

Y={(Sm):f=fot+tu S=So+rv, u,ve X, me H} =Y+ (fo,S0,0).
For (f,S,m) € Y, we define

eats s =3 L0 [E] o2+ wgme

r
(d_S)2f2+l 2

+ 2 SR (1= f? —m2)2}rdr (2.1)

and the functional I 4 : Yo — R by
I g(u,v,m) = & ¢(fo +u, So +rv,m) — & 4(fo,S0,0).

Throughout the paper we will take advantage of these two representations of our
spaces and energies, and use the formulation which is more convenient at the given
moment.

Defining an energy functional for the limiting problem (GLx q) is trickier, since
the naive choice for the energy (namely (2.1) with S = 0 and x = 1) would be
infinite for all f satisfying the desired boundary condition at r = co. Our solution
is to subtract off the offending term from the energy density. Let fo be the (unique)
positive solution to the high-x vortex equation,

e 17 d_2~ _ 2\ F
_foo - rfoo+ TQfOO - (1 _foo)fooa

with foo(()) =0, foo(r) — 1 as r — oo. The uniqueness of fo was established by
Chen et al. [7]. The estimates in [7] ensure that fo, is smooth, foo(r) ~ 7% near
r=0and (1—fs) € H.

We define the appropriate spaces for the free energy £ 4 based on foo. Let
Zo = X x H and

Z={(f;m): f = foc+u, wu€X, meH}=Zy+ (fx,0).
Then the energy for the high-x model is
1 d? -
Ewattm) = % [{ 0+ 2 g2+ U7 = 2O+ 40 - =
(2.2)
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If we write f = foo + u, we reduce to the equivalent functional
IOOyg(u7 m) = goo,g(foo + uvm) - gooyg(fom 0)

d? ~

= [+ G s o s gm? 40 = (e 2 = m)?

~ 3= PP 4201 = 2 foeu) rar

(2.3)

By a direct expansion of the energy in powers of u, v, m, we see that I}, , : Yo — R
and I 4 : Zy — R are smooth (C'*°) functionals.

When g > 0 is fixed, we obtain solutions of (GL,,4) and (GLoo4) as global
minimizers for &, ; and £ 4 (in the appropriate spaces, Y and Z).

THEOREM 2.2. For every fized g > 0, kK € R and d € Z — 0, the functional I, 4
admits a minimizer (u,v,m) € X xX x H. Moreover, (f,S,m) = (fo+u, So+rv,m)
is a smooth solution of the system (GL. ).

THEOREM 2.3. For every fivzed g > 0 and d € Z — 0, the functional I , admits a
minimizer (u,m) € X x H. Moreover, (f,m) = (foo + u,m) is a smooth solution
of the system (GLogg).

The proofs of theorems 2.2 and 2.3 are straightforward but technical, and are
deferred to §6.

2.3. Admissible solutions

As in [1], we define a natural class of solutions to the system (GLy g4).

DEFINITION 2.4. We call (f., Ss, m.) an admissible solution to (GL, 4) if the fol-
lowing hold.

(i) The system (GL, 4) holds for all r € (0, 00).
(i) Exg(for Sym) < 0.
(iii) f«(r) = 0 and m.(r) > 0 for all > 0.
(iv) S«(0) =0 and m/(0) = 0.

A solution (f,,m,) of (GLu 4) is called admissible if the above conditions hold,
where we replace x by co and disregard S,.
A solution to (GLy 4) or (GLo,g) with m, = 0 is called a normal core solution.

The admissible solutions are those which are physically relevant in the context
of the vortex core problem described in the introduction. We note that the normal
core solutions are unique for k? > 2d? (see [1] for the case 2d* < k? < oo and [7]
for k = 00).

We now present some properties of admissible solutions. In the following, we will
assume that x € R U {oco}, with the understanding that S, = 0 when x = oo.

PROPOSITION 2.5. Let (fy, Sy, my) be any admissible solution of (GL, 4). Then we
have the following.
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(i) For allr € (0,00) it holds 0 < f.(r) < 1,0 < m.(r) <1, f2(r) + m2(r) < 1
and, if K # 00, 0 < S,(r) < d.

(ii) Fither m.(r) >0 for all r € [0,00) or m, vanishes identically.

(iii) fo(r) — 1, m.(r) = 0 and, if k # 00, S.(r) — d as r — co. Moreover, there
exist constants o,Cy > 0 such that, for k # oo,

0<1—fi(r)<Coe ™, 0<d—25.(r)<Coe™?", 0<mu(r)<Coe™ "
and, for Kk = o0,

d?>  8d%+ d*
—_

0<1—f. < —
Fulr) 272 8rd

o™, 0 < my(r) < Coe "
for all r > 0.

(iv) fu(r) ~rd, S,(r) ~r2 forr ~0.

(v) If K # 00, SL(r) >0 for all v > 0.

Proof. The proof is very similar to that of proposition 2.3 of [1], so we provide
only a sketch. From the finiteness of the free energy, we immediately conclude that
m, € H and hence m, € LP for any p € [2,00], and m,(r) — 0 as r — oo. Since
f+ = 0, finiteness of energy again implies 1 — f, € L? (see (6.10) for details) and
therefore the bound 0 < f.(r) < 1 follows exactly as in proposition 2.3 of [1].
When & < oo, the bound 0 < S.(r) < d and the proof that S;(r) > 0 are also
unchanged from [1]. To show z = f2 + m?2 < 1, we use the equation satisfied by z;
this argument is already presented in [2]. Statement (ii) is a simple consequence of
the strong maximum principle.

The exponential decay in (iii) for m, is consequence of proposition 7.4 in [12],
and so are the ones for f, and S, if kK # co. If Kk = 0o, the polynomial decay of f,
can be proven as in lemma 3.3 in [7], since m.(r) < C(R)/r% for any r > R, with
C(R) a big enough constant.

The behaviour at zero given in (iv) can be proven as in [14]. O

We now connect admissible solutions to our space X.

PROPOSITION 2.6. Let (fo, So, mo), (f1,51, m1) be admissible solutions to (GLy q).
Then (f1 — fo) € X, [(S1—So)/r] € X and my,mo € H.

Proof. As already remarked, condition (ii) of the definition of admissible solutions
implies my,mg € H and my,my € LP for any p € [2,00). Then the rest of the
proposition for k # oo is proven as in proposition 2.4 of [1]. When x = oo, we
note that (1 — f;) € H for i = 1,2 and that, by (iv) of proposition 2.5, we have
(fi = f2)? < er?d for r ~ 0 and, again by finiteness of energy, we conclude our
statement. O

REMARK 2.7. In light of proposition 2.6, we observe that the choice of fy, Sy in
the definition of the space ¥ may be replaced by any fixed admissible solution
of (GL,g). It will be convenient to choose instead the ‘basepoint’ (f., Sk, 0) to be
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a ‘normal core’ solution to (GLy 4). In other words, an equivalent definition of the
space Y is

Y:{(faS,m)if:fnJr%SZSNJrrv, u,v € X, m€ H}. (2.4)

We recall that the normal core solutions are uniquely determined for x2 > 2d2.
When x? < 2d?, we fix any one.

REMARK 2.8. Proposition 2.6 also implies that the admissible solutions are exactly
those which arise from minimization problems for &, 4 and £ 4 in the space Y. In
particular, as an immediate corollary, we obtain the following statement:

(f, Sk, my) is an admissible solution to (GL 4) if and only if f. > 0,
my 20, (fi, Ssyms) €Y and & (fv, S, mu)[u, v, w] = 0 for all u,v €
X andw e H.

An analogous statement holds for the problem (GL ).

With this choice of representation for our spaces Y, Z, we now look at the second
variation of energy with respect to the variables (u,v,w) € X x X x H. We define

glic/,g(f*a S*,m*)[u,v, w]
d2

Erog(fu +tu, Sy + trv,m, + tw)

= f{ (u')? + (w')* + -5 K2 gw?

BN SR Clnt- )

2 f*qurfva

— 121 = f2 = m?) (u® + w?) + 262 (fou + m*w)Q} rdr. (2.5)

ggo,g(f*a m*)[u7 w]
d2

TS Eoo,g ([ + tu,m, + tw)

t=0
d2
_/{(u/)2+(w/)2+_2u2+gw2
T

= (1= f2=m)(u? +w?) + 2(fou+ m*w)Q} rdr.  (2.6)

Note that if we write f, = f,i + Uy, Sy = S‘H + rvy, then
E,Z,g(f*, S m*)[u7 v, w] =D? In,g(u*a ) m*)[u,v, w]a

the usual second Fréchet derivative.
For admissible solutions which are stable, in the sense that the second variation of
energy about the solution is a non-negative quadratic form, we have monotonicity

of the profiles f(r), m(r).

https://doi.org/10.1017/5S0308210500000639 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500000639

1192 S. Alama, L. Bronsard and T. Giorgi

THEOREM 2.9. Suppose (f,S,m) is an admissible solution of (GL,,) and that
&L (f,S,m)[u,v,w] 20 for all (u,v,w) € Yy. Then f'(r) > 0 and (if it is not
identically zero) m/(r) < 0 for all v > 0.

For the problem (GL, g4), the same theorem holds, with exactly the same proof.
We will see later that all admissible solutions of (GLw 4) with m(r) > 0 are stable
(in the above sense), and hence we will obtain the stronger result announced in
corollary 3.2.

Proof. Let u(r) = f'(r), w( ) = m/(r). Then, differentiating the first and third
equations of (GL, 4), we get

1., (d—5)?

- - =i+ + U=k 2(1=3f% —m?)a + 26*m fo
r r
1 d—S ., [s8 d-S
TS R
r2 r r
and 1 1
—i" — =" + gr*w — K2 (1 — f2 = 3m®)d + 2k* fma = ——w.
r r

Suppose there exist intervals (a,b), (¢, d) such that
a(r) <0, r€(ab), ula)=0=1u()
or

w(r)>0 ré€(cd), w(c)

I
o
I

w(d).

Note that, by properties (i), (iii) and (iv) of admissible solutions in proposition 2.5,
a#0and b,d < 400. Let

u“)_{a@) it r € (a,b),

0 otherwise,

0 otherwise.

w“)_{@og itr e (c,d),

Then u < 0, w 2 0 and an integration by parts shows that

b
/(u’)Qr dr = —/ ﬂl(rﬂ’)'r dr,
w T

and similarly for w. If we now use (u, 0, w) as a test function in the second variation
of energy and recall from proposition 2.5 that S(r) < d, S'(r) > 0 for all » > 0, we
obtain

0< 5lg,g(fa Sa m)[u705w]
— / —
< /[—iu2+2uf[i+ d Si|u—iw2i|rdr< 0,
r2 r r r2 r2
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unless u, w = 0. Consequently, @ = f’ > 0 and w = m’ < 0. Strict inequality follows

from the strong maximum principle, since @, W satisfy equations of the form
—A, G+ e (r)a = =267 mfd > 0,
—A, W+ cz(r)w ==22mfu <0

3. Non-degeneracy of solutions of (GL g4)

THEOREM 3.1. For any admissible solution (f., my) of (GLx,q) with m, > 0, there
exists a constant o, > 0 such that

£ g (o m)[u,w] = ou((lullk + [[wll)
forallue X, we H.

COROLLARY 3.2. For any admissible solution (f.,my) of (GLsg4), fi(r) > 0 for
all v =2 0. If m, is not identically zero, then m! (r) < 0 for all r > 0.

The corollary follows from theorem 3.1 and the argument of theorem 2.9 when
my > 0. Note that when m, = 0, the system (GLx,4) reduces to the single equation
studied in [7] and the strict monotonicity of f, is part of their result. Also, in the
case that m., = 0, the theorem reduces to £,  (f«)[u] > oullul/%.

The key step in proving theorem 3.1 is the following identity.

THEOREM 3.3. For any admissible solution (f«,ms) of (GLoo,q) with m. > 0 and
anyu € X, we H,

EL o (e ma) [u, w] —/{f*[(f*)lr+mf|:(n:)*)lr+4(f*u+m*w)2}rdr.

(3.1)

Proof of theorem 3.3. First we prove the identity for v € C§°((0,00)) and w €
C§°([0,00)). First note that, using f. > 0 and m, > 0, we have

/2 77 2
U uu f* 2 (f*)
R[] = e o o2

7)) T T (32)
with a similar identity holding for m,, w. Hence

2 2
0= géo,g(f*am*)[u_a - i|

f* M

2
_/{(u/)2+(w/)2+f_2u2+gw2

] S (C)

Substituting this in the formula for 7,  (f., m.)[u, w], we obtain

EL g (feyma) [u, w] = /{f2|:(f*)/i|2+mz|:(;f*)/i|2+2[f*u+m*w]2}rdr.
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To obtain the result for any (u,w) € X x H, let u,, be a sequence of C§°((0, c0))
functions converging to u in X, and w, a sequence in C§°([0,00)) converging to
w in H. By continuity of €5, /(f.,S.), the limit passes in the second variation of
Eo,g- For the right-hand side we expand,

fff((%)/)Qr dr = f{ ()2 = 2;—iuu’ + (f—/)QuQ} rdr (3.3)

and note that
I\2
(£) <(1+5)
) r2)’

since f, ~ r? for r ~ 0. Hence each term is controlled by the X-norm and can be
passed to the limit. A similar argument may be applied for the second term in the
right-hand side of (3.1). The quotient is expanded as in (3.3) above, with m,, w
replacing f., u. Then we claim that m’(r)/m(r) is uniformly bounded for r € [0, c0).
Indeed, by the basic gradient bound for solutions of the Poisson equation (see § 3.4
of [10]), we have, for any ro > 1,

|m/(rg)] <2 sup m(r) Jr% sup K2 (1—g—f2—m*)m|<Cy sup m(r).

[r—ro|<1 [r—ro|<1 [r—ro|<1

Applying the Harnack inequality (corollary 9.25 of [10]), we then obtain

‘ m/(To) Sup|r—r0|<1 m(r) Sup|r—r0|<1 m(r)
m(ro)

17
m(rg) = inf), <1 m(r)

<

for all 9 > 1. Therefore, m’/m is uniformly bounded and we may pass to the
H} limit in the second term in (3.1). The last term is clearly continuous in the
L%mnorm in both u and w. In conclusion, we may pass to the limit w,, — u, w, — w
and obtain (3.1) foru € X, w € H. O

Proof of theorem 3.1. Define
0. = inf{&, ((froma)[u,w] 1 u € X, we H, [ulX + |wlf =1}

We must show that o, > 0.

By theorem 3.3, o, > 0. To obtain a contradiction, assume instead that o, = 0.
We claim that in this case the infimum is attained at a non-trivial (u.,w,), with
E,fi’yg(f*, M) [Us, wi] = 0, = 0. But this contradicts theorem 3.3, and hence o, > 0.

We now claim that the infimum o, = 0 is attained in Zy. Take any minimizing
sequence, (U, wy,) € X X H with |lu,||% + [[w,||% = 1 and

géyg(f*’m*)[unawn] — Oy = 0.

By Sobolev embedding, there exists a subsequence (still denoted by w,, w,) and
uy € X, we € H so that u, — us, w, — w,, weakly in X, H (respectively) and
strongly in L _.

First we claim that (u.,w.) # (0,0). Indeed, if both wu,, w, vanish identically,
then, by weak convergence, (un,w,) = (u«,ws) = (0,0) and the compact embed-
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dings, we obtain
d2
[ (002 + Gz v 2220+ )2 + gt ) rae

= &Lyl wal & [ 19200 = 72 =m0 + u2)

2

— 2/12m*w721 — 4/{2f*m*unwn]r dr — 0.

In particular, (u,,w,) — (0,0) in the norm on X x H, which contradicts the fact
that ||u,||% + ||wn||? = 1. Thus the claim holds, and (u., w.) # (0,0).

Next we use lower semicontinuity in the norm and L2 convergence to pass to
the limit

EL o (o) [us, w,] < l%lnlioréfgégyg(f*,m*)[un,wn] =0. (3.4)

This contradicts theorem 3.3, since £, (f«, mu)[us, wi] > 0. (Note that u/f. is
non-constant since u € X but f. ¢ X.) We conclude that o, > 0, as desired. O

We note that the same result holds when m, = 0. Hence, following the method

of [1], we obtain another proof of uniqueness for the solution to the high-x equation
for f. studied in [7].

4. Bifurcation from the normal cores

In this section we show that (when x? > 2d?) AF core solutions are nucleated by
means of a bifurcation from the normal core solution family at a simple eigenvalue of
the linearized equations. We will also require a priori estimates (whose proof we will
present in §6) to obtain global information about the solutions set for all k2 > 2d?,
and the stronger result of theorem 3.1 to fully categorize solutions in the extreme
type-II model (GLwo,4). We present the detailed argument for the problem (GLy g4).
The functional analytic framework is entirely similar for the problem (GL 4) and
so we omit it and concentrate instead on the more precise global characterization
of solutions which we prove for (GLw g).

4.1. Local bifurcation at g

We define a map F : Y x R — Y| by
<(u,v,w),}"(f*,S*,m*,g»ymy(; :glli,g(f*as*am*)[u7vaw]a

(u,v,w) € Yy, (f,S«,ms«) €Y. Its linearization is the operator F'(f., S«, M+, g) €
L(Yo, Yy ), defined by

<(u,v, w)aj:/(f*a S*a M, g)[¢awa£]>y(),yg*
d

_ /
- dt tzogn,g(f* +t¢as* + Tﬂ/],m* + tf)[u7vaw]'

We remark that the explicit expansion of the energy I,; ; in terms of u, = fi — f,i,
vy = (Sy — S)/r, w. ensures that F is a C? map in all arguments ., v, Wy, g.
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By the natural identification Y ~ Y of a Hilbert Space with its dual, we may
also represent 7' by L, € L(Y,Ys) as

((’LL,U, w)a [’g[QSa w ) f])YO = <(u7 v, w)a f/(f*a S*a My g)[¢a w ) £]>Y07Y0* .
If i : Z* — Z is the isomorphism, then £, = i o F'(f., Si, m«,g).
LEMMA 4.1. For all g > 0, L, is a Fredholm operator of index zero.

Proof. Define an equivalent inner product on Yg,

_ 2
(w000, 69,0, = [ {6+ 2wtuo+ =L

1
+P Y + —vY + w'e’ + gﬁng} rdr.
r

Then we write

((u7 v, w)a [’g[(ls, 4 ; f])Yg = ((u7va w)a (¢a 4 ) f))YO + ((u7va w)a K[¢a Y ; g])Ym
where K is defined by

((uvvvw)aK[QSawaf])%
= /‘[2’{2(!]0*2 - 1)u¢+2/12f*m*(u§+w¢)
+ 22 mPwé — K (1 - f* —m?2)(ug + we)

+(f2=1vy — 2 f*(ullf +v¢)i|rdr.

Recalling the decay properties of f., S, m, and the embedding properties of H,
X, we observe that K is compact, and hence £, = Idy, + K is Fredholm with index
Zero. O

As a direct consequence of lemma 4.1,
dimker(F') = dimker(£,) = codim Ran(L,) = codim Ran(F").

Now we may apply the standard bifurcation theory of Crandall and Rabinowitz [8]
at an eigenvalue g* of F'(f, Sk,0,9"). Indeed, note that when m, = 0, the lin-
earization of F decouples into two components,

<(U7U,w),~7:/(f*,S*,O,g)[(ﬁ,w,beg Yy
= <(u,v),}"{72(f*, )[¢a ]>X2 Xz)* <w7‘7:é(f*ag)£>H,H*a

where
<(u7v)af{,2(f*a )[¢a ]>X2 (X2)*
= <(u v, 0) f’(f*,S*,O,g)[QS w O]>Y0 Yy

/I:¢+< S) ¢+’w+w

b 72 =227y ) - w20 —3f3>u¢}rdr
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and
<w7~7:é(f*ag)£>H,H* = <(0,0,w),f’(f*,S*,O,g)[O, 0, £]>YU,YU*
= /{w’f' + gr*wé — k2(1 = f2werdr.

By theorem 3.1 of [1], when x* > 2d?, the operator F} , > o, > 0 is bounded away
from zero (in quadratic form benbe) Hence if (o,V, f) € ker(]-"’(f,i, 6, 0,9%)), w
take (u,v,w) = (¢,¥,0) and obtain

<(¢aw 0) f/(f*as*aoagn)[qs w £]>Yo Yy
={(,V), F12(fs, S) [0,V ) x2,(x2)-
> ou(llollx + 1Y I%)-

In particular, ¢,y = 0.

The operator F4(f«,g) = L+ gk?, where L = —A, — V(r), is a Schrodinger
operator with potential V(r) = k?(1 — f2(r)) > 0 and V(r) — 0 as r — oo. It is
a well-known fact in mathematical physics that in dimension two, such operators
have at least one negative eigenvalue.

LEMMA 4.2. Suppose V : [0,00) — R is continuous, non-negative, V(r) — 0 as
r — 00 and V is not identically zero, and define L = —A —V (r) as a self-adjoint
operator on the space L?(R?). Then the ground state energy,

Ao—inf{/[( N =-Vvi(r rdr//urdr u #0, u€H}<O

and is attained at an eigenfunction ug € H. Moreover, g is an isolated non-
degenerate eigenvalue and ug > 0.

The proof follows as an application of the Birman—-Schwinger principle in [16].
We provide an elementary variational proof for the reader’s convenience.

Proof. Let

1 if r <,

un(r) = { In(r/n?)/In(1/n) ifn <r < n?

0 ifr=n
Then

/‘(u;)Qr dr = B 0,

Inn

while

/V(r)uir dr > / V(r)yrdr — / V(ir)rdr >0
0 0
(possibly infinite). Hence, for n = N large but fixed, we have
/‘[(uﬁv)Q — V(r)ui]rdr <0,

and hence A\g < 0. Since L is a relatively compact perturbation of —A, Ag is a
discrete eigenvalue with associated eigenfunction ug contained in the form domain
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of L, H. By standard arguments, ug > 0 and Ay is a simple (non-degenerate)

eigenvalue. O
By lemma 4.2,
1 -
—gr = weliﬁ}l—f{o}{/‘l:ﬁ(wly - (1- fz)w2i|rdr//‘w2rdr} <0
and we have that Ao = —r?g’ is the ground state eigenvalue of the Schrédinger

operator —A, — k2(1 — f2). Since Ag is a simple eigenvalue,
dim ker(F5(fu, g7)) = dimker(=A, — &%(1 = f2) + k%g}) = 1.

In conclusion, when g = g, the operator }"’(f,i, S, 0,¢7) has a simple eigenvalue
and the eigenvector is of the form (0,0, w,), with w, the (positive) eigenfunction
of Fi.

Finally, we observe that the operator (8/89)}"’(]?,1, S,,0,9) € L(Yy, Y,

< (u,v,w), ggf/(fm SH, 0, g)[¢,¢,£]>y{)y€ = / r2wér dr.

At the eigenvalue g = g, we have

%F@ﬁm@m@mhﬁmgmwmn&@m»

Therefore, theorem 1.7 of [8] applies and ¢ is a bifurcation point for F in Y x R;
there exists a neighbourhood U of (fH,SH,O, g%) in Yy x R such that the set of
non-trivial solutions of F(f,S,m,g) = 0 in U is a unique C! curve parametrized
by ker(F'(fs, 5.0, 97).

REMARK 4.3. Since F is a smooth (C'°°) map, we may calculate various derivatives
of the bifurcation curve through the normal core solutions at g;;. If we parametrize
g = (t), with v(0) = g7, then we follow Crandall and Rabinowitz [8] or Ambrosetti
and Prodi [3] (see remark 4.3) to calculate derivatives of v(t) and determine the
direction of the bifurcation curve locally at g = g. We obtain that 4'(0) = 0 and

70 = =2 [ v wiirar [ wirar]

where u, is obtained from the (unique) solution to the linear system
j:/(fm Sm 0, g ) [ts, vi, wi] = _(2H2fnw3a 0,0),

with (ty, vy, w,) L ker }"’(fm S,.,0, gy). Taking the scalar product of the above sys-
tem with (uy,vs,0) (and recalling that F'(f., S«,0,9;) is positive definite in the
complement of its kernel), we obtain

/‘fﬁu*wzr dr <0,

and hence the expression for 4”(0) is indefinite in sign. In a joint paper with Berlin-
sky [2], we present computational evidence that solutions bifurcate to the left to
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smaller values g < g¢Z. By standard bifurcation theory (see, for example, [9]), the
direction of bifurcation indicates the stability of the solutions, and indeed we observe
numerically that the AF core solutions which bifurcate at g’ are stable (local energy
minimizers).

4.2. Global bifurcation for (GLu,g)

We obtain the same abstract bifurcation result for the extreme type-II model
(GLoo,g). Namely, the value

o = _weglf{o}{/[(w/)Q -1 —ffo)w2]rdr/fw2rdr} >0

is a bifurcation point for non-trivial (m > 0) solutions from the (trivial) curve of
normal core solutions (fs, 0, ¢g). But in this case we can make a much more precise
statement.

PROPOSITION 4.4. Let
Y ={(f,m,g): (f,m) is an admissible solution to (GLss 4) with m > 0}.

Then C =X U {(foo, 0,9%)} is a connected C' curve, parametrized by g. Moreover,
for any go > 0,CN{g > go} is compact.

As a consequence, we have the following exact solvability theorem for (GLo 4).

THEOREM 4.5. For g = g%, the normal core solutions (foo, 0) are the only admis-
sible solutions of (GLog g).

For0 < g < g%, there is a unique solution with m > 0. This solution is the global
minimizer of Ex g.

The proofs of these two results hinge on the powerful theorem 3.1 and the fol-
lowing compactness theorem, which will be proven in §6.

THEOREM 4.6. Let 0 < a < b. Then the set of all admissible solutions of (GLoo,g)
with g € [a,b] is compact in Z.

Proof of theorem 4.4. Let C' be a maximally connected component of C and suppose
that (fo, mo,g0) € C' but (fo, Mo, 90) # (foo, 0, g%, ). Since m = 0 only when g = g_,
we must have mg > 0. By theorem 3.1, (fo,mo, go) is a non-degenerate zero of F
in Z x R, so by the implicit function theorem, there exists a neighbourhood U of
(fo,mo,g0) in Z x R, an interval J = (go — 6, go + 6) and a C* function & : J — Z
so that all solutions of 7 = 0 in U are of the form (&(g), g) with g € J.

Let

g = sup{g : there exists a solution (f,m, g) € C'} > go.

Note first that any solution must satisfy

0< /(m’)Qrdr < /(1 — g)ym?rdr,
and hence g < 1 for any solution with m # 0. Since, by proposition 4.6,
C'N{g=go}=CN{go<g<1}
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is compact, there exists a solution at g = g, (f,m,g) € C'. First we claim that
m = 0. If not, then by proposition 2.5, 7i(r) > 0 for all » > 0, so by theorem 3.1,
(f, M) is a non-degenerate minimum of (GLo ). By the implicit function theorem
argument above, there exists a C! curve of non-trivial solutions through (f, m, §),
parametrized by ¢. In particular, we contradict the definition of § is the supremum
of all g for solutions in the connected component C’'. Hence m = 0, as desired.

Now we show that § = g%,. Take a sequence (f,, my,gn) € C' with g, — §, so
the above arguments imply that f,, — foo — 0in X and m, — 0 in H. Let

t, = /(1 — fAym2Zrdr — 0.
Then w,, = m,/t, solves
—0f] = 2l + gy = (1= f2 =2, (4.1)
Since
[ v gutyrar= [0 = 2 =miywirar < [0 = putrar=1 (a2)

(by the choice of t,), we have ||w,||g < 1/g and we may extract a subsequence
(which we continue to call w;,) which converges w,, — wo weakly in H and strongly

in L2 .. By the strong convergence of f,, — fu., we have

/(1 - ffo)wgordr =1,

SO Weo # 0 and we, = 0. Passing to the limit in (4.1), we have

/(wé&é’ + Jweed — (1 — ffo)wooqﬁ)rdr =0, (4.3)

for all ¢ € H. This can only occur when § = g%, the ground state eigenvalue of the
above Schrodinger operator.

We have just shown that the point (foo, 0, g%,) belongs to every connected com-
ponent of C, and hence C is connected. The solution set C is everywhere a C'! curve;
for g > g%, this results from the implicit function theorem argument in the first
paragraph, and at g% it is a consequence of bifurcation from a simple eigenvalue [8].
We now claim that there exists exactly one solution in C for every g < g2 . Suppose
not, and consider

D ={g €(0,g,) : there exist two distinct
solutions (fy.1,mg1), (fg,2,Mmg2) inC at g}
and
go =sup D.

First we note that go < g% . To see this, we note that the only solution in C with
g = g is the normal core solution, and the bifurcation theorem ensures that the
solution set in a neighbourhood of the bifurcation point (fOO,O, g.) is a single
smooth curve.
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Next we claim that gg € D. Indeed, if g9 € D, there exist two distinct solutions
(fgo,1:Mgo,1) and (fgo,2,Mge2) for g = go. By the implicit function theorem argu-
ment of the first paragraph, there exist neighbourhoods Uy (of (fge,1,M4g0,1,90))
and Uz (of (fge,2,Mgo,2,90)) in Z X R such that all solutions of 7 = 0 in Uy, Us are
given by smooth curves parametrized by ¢. In particular, C contains two distinct
solutions for g in an interval to the right of g, contradicting the definition of gy as
the supremum.

Hence g%, > go ¢ D and there exists a sequence g, — go for which C contains
two distinct solutions, (fg, ,1,Mg..1), (fgx,2,Mgx,2). By theorem 4.6, along some
subsequence these solutions converge and since gy ¢ D, they both converge to
a single solution, (fg,,mg,). But this contradicts the implicit function theorem
argument, which implies that the solution set near (fg,,mg,,go) is a single curve
parametrized by g. We conclude that the AF core solutions are unique for each

g€ (0,95%). O

4.3. Behaviour for g — 0, kK < ©

For the problem (GLy ), we do not have the strong information provided by
theorem 3.1 which determines the global structure of the solution set, and hence we
cannot make the same elegant conclusion about the uniqueness of AF core solutions.
However, we may still say something about the global structure of the continuum
bifurcating from the normal cores at g = g. When x? > 2d?, we may apply the
global bifurcation theorem of Rabinowitz [15] to conclude that the continuum X,
of zeros of F(f,S,m,g) = 0 with m > 0 is unbounded in the space ¥ x R. (Note
that X, cannot contain any other eigenvalues of the linearization about the normal
core solutions, as is easily seen from the calculations (4.1)—(4.3) above.) In the
next section we will prove the following a priori estimate, which has as a direct
consequence the fact that X, can only become unbounded as g — 0%.

THEOREM 4.7. Let d, k be fized. For any compact interval J € (0,00), there exists
Co = Co(k,d, J) > 0 such that every admissible solution (f,S,m) of (GLs.4) with
g € J satisfies ||(f,S,m)|ly < C.

Let us now concentrate on this loss of compactness in the continuum X, as
g — 07. We prove the following.

THEOREM 4.8. For any sequence of (absolute) minimizers (fg,Sqg,mg) € Y with
g — 0%, we have fg — 0 in Xioe, Sg — 0 locally uniformly and mg — 1 in Hig.

Fix x € R and for any g > 0 consider a minimizer (f,, Sq,my) €Y of & 4.
LEMMA 4.9. &, o(fg,54,mg) — 0 as g — 0.

Proof. We will show that for any € > 0, there exist g. > 0 and H radial functions
(fe, Se,me) €Y such that 0 < & 4(fe, Se,me) < € for any g < ge.
For a fixed p > 0, we define

1 if r < 12
up(r) = In(r/p?)/In(1/p) if p <7< p?,
0 if r > p?
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and consider
fo(r) = cos(u,(r)m/2),  mp(r) = sin(u,(r)/2)

and

0 ifre (0,p/2),
CAGEE R
d ifre(p,00).

A direct computation shows that

c m 1,2 4
Er,g(fps Spymyp) < ? + m +2R7gp
for any g > 0.
For a given € > 0, we choose a p. such that
C n w2 <1
— Te
p?  Alnp. 2
and a ge = ge(pe) for which $r2gep? < 3¢, i.e.
1
ge < € .
© 2 k2pt
Then & ¢(fg,Sg.mg) < Ex,g(foo, Sp.,mp.) < € for any g < ge. O

Proof of theorem 4.8. By lemma 4.9, each term in the energy tends to zero as g — 0.
First note that

/(S;/T)2T dr — 0,
combined with (1.4) in [5], implies that
Sg(r)/r — 0 uniformly. (4.4)

For any Ry > 0, we then have

o(1) = / —(d_sg)2fg2rdr

r2

Ro _ 2
> / Mfgr dr
0

r
Ro 32

:/ r—2f92rd1"+0(1).
0

2
loc?

In particular, fg — 0 in Li,., Xioc. Finally, by the reverse triangle inequality,

Ro
o(l) = \/%52/(; (1- f92 — m§)2rdr
K 2 2
= Eﬂl = fq = mgll2 (o, ra))
K
> E[Hl —m2 |2 jo,ro) = 11|22 (0, Ro])]

K
2 Eﬂl —mgllL2((0,r,)) +0(1),
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where we have also used 0 < f; <1,0<my; < 1land f; — 0in L2 . In conclusion,
mg — 1in L and, in fact, in H , since

/(m;)Qr dr—0
by the energy estimate. O

5. The limit kK —

In this section we show that the problem (GLo 4) arises as a limiting case of (GLy,q)
as k — 00. For any solution (fy,S., mx) of (GL, 4), define

fulr) —fn(g), Se(r) —Sﬁ(g), 1 (r) —mn(g). (5.1)

We prove the following result.

THEOREM 5.1. Let (f«, Sk, mi) be any family of solutions of (GLy.g) for & > 0
and (f,i, S‘H,mﬁ) defined as in (5.1). For any sequence Kk, — 0o, there exists a sub-
sequence and a solution (foo,Moo) of (GLeo g) s that (as ki, — 0) frw = foo =0
mn X, My, —Moeo — 0 in H and Sy, — 0 locally uniformly. Moreover we have the
following.

(i) If g = g%, then m, — 0.
(i1) If m, # 0 for all large k and g # g%, then lim,_, o T, = Mo > 0.

As a simple consequence of the uniform convergence of f,i — foo, we have the
following.

COROLLARY 5.2. ¢4 = lim,_ .o ;.

REMARK 5.3. This implies that the bifurcation diagram for (GL, 4) with x very
large should strongly resemble the very precise image given for (GLoo ) by the-
orem 4.5. In particular, for any fixed g > g%, the system (GL,4) cannot have
solutions (fx,g, Sk,g, Mi,g) With m g > 0 for k large.

Simple calculations using the energy & ; show that infy &, ; ~In x, and hence
we require require energy-independent estimates for our solutions (f,, Sk, M«). To
obtain these estimates, we begin with a simple version of the celebrated Pohozaev
identity. This identity will also be essential for proving the a priori estimates used
in the bifurcation analysis in the previous section.

PROPOSITION 5.4. For any finite energy solution (f,S,m) of (GLy4), we have

/12
gﬁQ/mQTdr+%52/(1—f2—m2)2rdr—/[57:| rdr.

For any finite energy solution (f,m) of (GLw,q), we have
g/ m2rdr+%/(1 — fA=m*%rdr = %dQ.
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Proof. We multiply the first equation in (GLj 4) by f'(r)r and integrate rdr to
obtain

st [0= 22 ar = [(a= 572G ar
= f(d— S)S' f2dr = —f(i/)/s’rdr
Sz (5]

using the equation for S(r) and integrating by parts whenever necessary. We also
multiply the third equation in (GL, ) by m/(r)r and integrate r dr to obtain

b7 [ (= 72 =) ) dr = dgn® [ (m?)r ar

= —gﬁQ/mQTdr.
Together,

/(i/)Qrdr—gﬁ /m rdr+ 1 /(1—f2—m2)(m2+f2)’r2dr
= QHQ/mQTdr + %HQ/(I — f2=m??rdr.
For the case k = 00, we proceed in the same way, except the equation for f yields
[a=r—mi e ar =t
The calculation then continues as above. O

Proof of theorem 5.1.

STEP 1 (bounding the sequence). From the Pohozaev identity (proposition 5.4)
and lemma 4.2 of [5] after rescaling, we have

d* > f(%)Qrdr
= HQf(&)Qrdr (5.2)

= g/ mirdr 4 = /(1 — 2 —m?)%rdr (5.3)
Using (5.2) and lemma 1.2 (ii) in [5], we have
sup ‘SH—(T)‘ — 0, (5.4)
re0,00) r
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and hence S, — 0 locally uniformly. From (5.3) we obtain the uniform bound
[lmkll2 < C (depending on g, which we assume is fixed). From the equation for m,
after a change of scale, we obtain

f[(m;f + gillrdr = f(1 — f2—m2)rdr

and therefore ||m||g < C uniformly in «.
Recalling proposition 2.5, any solution satisfies 0 < m(r) < 1 and we may
conclude that ||fi|lq < |7 ]|2 < C for all p € 2, 00]. By the triangle inequality,

1= f2 = g lla + Il |2
dl+C,

1= f2llz <
|

NN

and hence we obtain
/(1 - fﬁ)Qrdr < /(1 - f,f)Qrdr
<C

(since fy > 0).
Choose a function n € C*°(R) with

and 0 < n(r) < 1 for all r. Using n?f,. as a test function in the weak form of the
rescaled equation for f,,

R a2 . o a R
[l s Sizlrar= [10= 52—t f2a? =i heirar
< [BO= B2t bt + BPGLP 28260
<C+ %/nQ( F1)2r dr.
Absorbing the last term back to the left-hand side,
A d? .
an[( )+ T—Qf,f}rdr <C. (5.5)
Now choose another smooth function fy with

0 ifr
1 ifr

L

>
>2

fo(r) = {
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and 0 < fo(r) < 1. Note that, with this choice, f2 4+ 7% = 1. We use (f. — 1)f2 as
a test function in the equation for f, to obtain

/[( )7+ f—i(fﬁ - 1)2}dr

= f (L= f2=i2) fu(fu = 1) f3 = (f = D fLfo folr dr

d? . (2d —S,.)
A e A

g0 f T
<CA (fn—1)|f,i|f01"dr+\/; I:r_2(1_f"i)+r_2(fn—1)2i|rdr
< %/(f;)QfgrerrCllfn - 1||§+f[r94 (2= 1)4}dr
<o+ [(rsirar

(Note that in the first line, the first integrand is non-positive.) In conclusion,

f (F1)% + f—j(fg — 1)2i|rdr <C. (5.6)

Now define u,, = f,. — fo € X. Then, from (5.5) and (5.6), we obtain

/2 o A2 ]
(u),) +uﬁ+r—2uﬁ rdr

5 > 2d? > .
<2 162+ irar+ [ 25 frrars [ @+ 0=y
2
<2 f[ur+ migr+ Siplrar o
<c

In other words, u,, is uniformly bounded in X and we may extract weakly convergent
subsequences u, = s, — ux (in X), my, = my, — m, (in H).

STEP 2 (strong convergence). We next show that the sequences w,, m,, converge
in norm. Let f, = fo + u, and S,, = Sk, . First note that

(L= fa=mp)ma— (1= f=mp)my = (1= f)w=(my +mump+mp)w+(f3—f7)mp.

Hence, using compact embeddings of X, H into L? for 2 < ¢ < oo,
[ 1 =my? + glma = my )
= /[(1 — A= (m?+ MpMmy, + mi)(mn —mp)](my, — mp)2r dr

+ /(fn + fp)(un - up)mp(mn - mp)rdr
=o(1).

Therefore, m,, — m, in norm.
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We proceed in the same way with wu,,

/{(u;—u;)2+|:(d_fn)2fn (d- S) fp}( p)}rdr

= 1= 72 = w2 = (= 52 =)} o = e (5.7

Now we expand,

(d— f”)an _u —fp)pr
_[f_z_f—Q(Qd s)}( —up)+fp[s (2d = Sp) = SZ(M—Sn)}

Now we take each term separately,

1 _ 2
—(u” ) rdr — 0,

1
| B2 i- 50— wprar < s sl
0

rel0,1] 0

since S, — 0 locally uniformly and u,, are uniformly bounded. By (5.4),

/ Sn —(2d = Sp) (un — up)?rdr < sup &‘ / 2d(upn, — up)?rdr — 0.
P r1J1
Choose 79 > 0 so that f;;o r~2dr < 1e? and & sufficiently large so that

Plun — upllx < E

S "0 (U, — Uyp)?
2p Mrdrgég
T 0 T

0 I 1/21 poo 1/2
/ fp 2 (2d = Sp) (un — up)rdr < 2d2|:/ ﬁi| /(; (un—up)Qrdri| < 3e.

We return to (5.7) and substitute the above estimates,
/ ’\2 d2 2
[ =+ S = w2 rar o
= f{(l = fo = mp) fu = (L= f = mp) fp} (u = up)r dr

Sp
drg sup| =2
r

Then

/ fp 2 (2d = Sp)(un — up)rdr < drg sup

0<r<ro

= /{(1 = 3£3) (un — up)® = 3fo(u — uz)(un — up)
= (up = up) (un — up) = fo(my —my)(un — up)

- m%(un - up)2 - up(m% —m?)(uy, — up)prdr

_ —2/(un—up)2rdr+o(1), p
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where we use the facts that m,, — m, strongly in H, u,, is bounded in X and

2 In conclusion, the subsequence u, — u, strongly in X.

Up — Uy in L.

*

STEP 3 (determining when mq, = 0). Since all solutions of (GLs 4) With g > g%
have mo, = 0, we have m,, — 0 when g > g% . On the other hand, suppose 7, > 0
for all sufficiently large x, but m, — 0. By uniqueness of the normal core solution,
f,i — foo, the unique solution of

_ 42 - s
Let
t, = /(1 — fg)mirdr — 0
and set w,, = 1, /t,. Then
—Aw, + gw, = (1 — f,f - mi)wn
Since
[+ quirar= [ - f2 = mduirar <1

(by the choice of t,), the bound ||wy| g < 1/g results. We extract a subsequence
(which we still denote by wy) with w, — weo weakly in H. Note that we > 0.
By the choice of ¢,;, the uniform convergence f, — fs and the L2  convergence of
Wy — Woo, We have

Ja-Rwrar= [l0= 2o - wd) + (2 = Rz + (= Pirar
=1+o0(1).

In particular, wy, # 0. By weak convergence, we may pass to the limit in the
equation for w,, and hence wy, is a non-trivial non-negative solution of

— A Weo + gWeo = (1 — fgo)woo
This can only occur when g = g% .

This completes the proof of theorem 5.1. O

6. Estimates and existence

In this section we derive the technical estimates which were needed in our analysis of
the bifurcation problem in § 4. We also provide the details of the proof of existence
of minimizers of the energies & 4 and 4.

6.1. A priori estimates

We may now prove a priori estimates for the solutions of our system (GL, ),
theorem 4.7, as well as the compactness result for solutions of (GL 4) (both theo-
rems as stated in the previous section). Note that both theorems are stated for all
solutions, not only energy minimizers, and hence we will use our Pohozaev identity
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(propos1t10n 5.4) to obtain energy-independent estimates. As before we denote by
f.., S, a normal core solution at x, and u = f — f,,, v = (S—=5,)/r.
By the Pohozaev identity and lemma 4.2 of [5], we have

N2
HQ/[ng + %(1 — f2 _ m2)2]rdr = /(ST) rdr < %d2 (61)

In particular, we obtain

/(1—f)2rdr<0+g, /mQTdrég,
g

9

with constant C' depending on k, d. From the first estimate, we obtain

lully < 1 fx +u=1la+ | fs = 1lla < C +C/g.

The equation for m, together with the second estimate, gives
/[(m’)2+529m2]rdr:52/(1—f2—m2m rdr < /m rdr<—

In particular, |m||g < C, |lull2 < C and the constant depending on , d may be
chosen uniformly for g € J.
Using the right half of (6.1), we have

& > f(%/)zrdr - f[(%)Q +2%@ + ((r:)/ﬂrdr. (6.2)
s (5] 32
f((r:)/)zr dr = f ()2 + 1;—zi|rdr,

we may conclude from (6.2) that

=

Since

and

/[(v’)2 + :—z_rdr <C, (6.3)

with constant depending only on d. From the embedding properties of X, lemma 2.1,
we conclude that [|v]|. < C.
We now use v as a test function in the weak form of the equation for .S to obtain

an estimate,
S/
= ‘/ = (rv)'rdr
T

1 [(S'V 1 VSIS
< = i - J—
= 2/(r2)rdr+ 2/[(U) * 72 rdr

<C. (6.4)

fPordr
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On the other hand, expanding the left-hand side of (6.4),

/(d;S)fQUrdr—/[d_rSH —v:|(fﬁ+u)2vrdr
—/(@) [F2 + 2fuu + u?or dr
_/anUUQTdT—/Uszrdr—/UQUQTdr. (6.5)

To bound the term

/ v? fgr dr,
we need to evaluate the other terms,

o o 2
‘/i;&ﬁwm<2fr &}ﬁMHé/ﬁﬁMr
T

r

<C+ é / fgv2rdr,

d=3, ; d—5.7° -
o [ L2 fwrar] < [[2222] forar s foliluls
T

r

<C,

d— 8, d—38.7
V Sx 2o dr| < %||u||§||v||go+%/|: S } W?rdr,
T T

~ 1 ~
o [ Fewtrar| < slulBlol + % [ frar
<C+ é / fgv2rdr,

[ urar < ol i

<C.

Hence

3 1 ([d=5.7
2 2 72 < = — Pk 2
4/1} fﬁrdr\C+2/‘|: " :| urdr. (6.6)

Finally, we use u as a test function in the weak form of the equation for f.
Recalling the definition of f, as a normal core solution, we expand and cancel

terms to arrive at

/[(u')2 + (d —rS‘n)jrdr - /[Q(d —TS‘K) G+ — (7. + U)qu}rdr
+ K7 f [(1 = 3fHu? = 3feu® —ut — m2fu}dr.
(6.7)
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Each term on the right-hand side may be controlled as follows,

‘/me“rd’" < %/m4+%/u2rdr
< C,
=iz ar] < shulg
< C,
o [ (452 Foworar| < et + [ (225 v
<C
[ e < /FMH fos
2‘/(d—r§n)u2vrdr 6/ull2]|vl|%, + ( )u .

‘/‘fﬁuv%dr

= \2
<C+—/(d S)urdr
6 r

1 ~,
< ol + 3 [ 2o ar

1211

= \2
<C+l/(d Sﬁ)u2rdr,
3 r

where, in the last estimate, we apply (6.6). Using (6.7), we have

/[(u’)2 + %(d _TS“ )2u2i|rdr <C.

< C. Returning to (6.6), it follows that

Consequently, ||u|x

5 N2
/f2v2rdr C+= /(d_sﬁ)u%drécy
T

and hence (6.3) yields ||v||x < C. This concludes the proof of theorem 4.7.
An analogous result may be proven for solutions of (GLx g).

THEOREM 6.1. Let d be fized. For any compact interval J € (0,00), there exists
Co = Co(d,J) > 0 such that every admissible solution (f,m) of (GLoo,q) with g € J
Satisﬁes ||(fa m)HZU <C.

The proof of theorem 6.1 is similar to (and simpler than) the previous one and
is left to the reader.

6.2. Compactness

Here we prove theorem 4.6, which asserts that the family of solutions to (GL,q)
with g bounded away from zero is a compact set. The same result holds for (GL,, g),
although the proof is more complicated due to the additional terms involving S(r).
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Proof of theorem 4.6. Suppose f, = foo + Up, My, g, are a sequence of solutions
of (GLwo,g, ) With g, € [a,b]. By the theorem, we have |lun|/x,||mn|lz < C, and
hence we may extract a subsequence with w,, — @, m,, = m and ¢, — § € [a, ]].
Then we have

f[(u; —up)? + f—z(un - uk)2i|r dr
= [l0= 5= fu= (= = md)fi = wirdr (69
and
[t =i 4 glm = i
= [10= 52 = myma = (1= 2 = mdymil = m)rdr -+ o). (69)

We now expand the two right-hand side terms. First we use the embedding prop-
erties of X, H and the fact that 0 < f,, < 1 for any solution to show

(1= f2 =m2) fu — (1= f2 = m}) fu) (un — ur)
—/ foo(un —uk)Qrdr+/(1 - ffo)(un —uk)Qrdr

=2 [ [Focln + 08) (i = 04)? = Fotn + )t = )}
= [ U+ ) m = ) = ) + (a0 = s
= —f 212 (tp — ug)?r dr + o(1).
Applying the above estimate to (6.8), we have

ro_ a2 d_2 £2 _ 2
(u;, —ug)” + r2+2foo (up, —ug)|rdr —0

as n, k — 00, so u,, — @ in norm on the space X.
Similarly, we estimate

J10= 72 =2y = (1= 57 = mymi) o = i s
= [a= Foma = mrar
— /[Qfmun(mn — mk)2 + QfOOmk(m_mk)(un —u) + ui(mn — mk)Q]r dr

— [[Ire(a = w2 = ) + (= i o = )y

=o(1).
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Therefore, equation (6.9) implies that m,, — m in H. By passing to the limit in
the weak formulation of (GL4 4, ), we easily obtain that (f,m) solve (GLs 5), and
hence the specified solution set is compact. O

6.3. Existence

Let (tp, vy, my) be a minimizing sequence for I, 4, so
(fna Sna mn) = (fO + Un, SO + 7Up, mn)

is a minimizing sequence for & 4. To prove theorem 2.2, we first observe that the
energy &, , is a sum of positive terms, and hence each is individually bounded. In
particular, m,, is uniformly bounded in H.

Now we must estimate u,. First note that & 4(|fnl, Sn, mn) = Ex g(fn, Snmn),
and so we may assume that our minimizing sequence satisfies f,,(r) > 0 for all r.
Next we observe

1= flle <1 =f2 =milla + [Imalle < 11 = f7 —mall2 + C. (6.10)
Hence we conclude that

C 2 5n7g(fna Sna mn)
;92 2
> [fowe e [ 2] e U2l seq - el rar
T

,
The right-hand side of the above inequality is the free energy of conventional
Ginzburg-Landau vortices studied in [1]. The boundedness of ||u,| x, ||vn|lx then
follows from the argument of proposition 4.2 of [1]. We may then pass to the limit
in & 4 via lower semicontinuity of the norms and Fatou’s lemma. O

To prove theorem 2.3, let (u,,m,) be a minimizing sequence for I, in X x H,
SO (frn, my) = (foo + Uy, my,) is a minimizing sequence for £ ,. Choose r, > 1, so
that d*/r> < g/2. Then

oo (fnamn
g

)
[ o o= 2 e
i+ (o= E o+ £

d? ~
+3(fatmy -1+ 50— ffo)}rdr

oo Te 2 . o g2 _ d
2/ [(m})? + $gm ]rdr—/ —fforerr/ [—(1—f020)——i|rdr
0 o 12 ry LT? 2r

g

where we have used the elementary bound az + 2?/2 > —a?/2. In particular, £,
is bounded below and the minimizing sequence has ||m,, ||z < C uniformly in n. By
Sobolev embedding, we also conclude that ||m,||, < C, for all p € [2,00).

Now we must estimate u,,. As above, we note that Eac ¢ (| fnl, mn) = Eoc,g(fr, mn),
and so we may assume that our minimizing sequence satisfies f,,(r) > 0 for all r,
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and the bound (6.10) holds. Note that we also have

lunllz < Il foo = Ulz + 11 = falla < C+ 11 = fall2. (6.11)

By the estimate on my, (6.10) and (6.11), we now have

- 22

o> flur+ Guz-2+ a2 ]rar

WV
—

- 2

= [ + 2ty + (7207 + G cua +12) + 30 = 120 ar
B 2

= [+ (702 + G+ 30 - 1207 420 = 2 | rar
2/‘_(u;)2+f—2ui+i 2 _8(1—f2)2 - 2u72{|rdr—0

d2
2/ (u;)2+—2un+1u2i|rdr—0.

In conclusion, ||u,||x < C. We extract a subsequence for which both wu, — ug and
my — mg weakly in X, H, respectively, and pointwise almost everywhere.
By semicontinuity of the norm, Fatou’s lemma (for the positive terms) and the

L? . convergence of u, — ug, we can pass to the limit in (2.3),

Ioo,g(u()am()) < lznlloréfloo(unamn) = )%gf;q]oo
So the infimum of I, is attained. [
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