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Abstract. This paper concerns the study of some bifurcation properties for the
following class of Choquard-type equations:

—Au= ) [u+ o *fOHw) h@)], in R,

limpy oo u(x) =0, u(x)>0, xe R3, ueD“2(R3),

P)

where I, (x) = 1/]x|%, « € (0, 3), A > 0,/ : R? — R is a positive continuous function and / :
R — R is a bounded Holder continuous function. The main tools used are Leray—Schauder
degree theory and a global bifurcation result due to Rabinowitz.

2010 Mathematics Subject Classification. 39A28, 35A16

1. Introduction and main result. The main goal of this paper is to study some
bifurcation properties for the following class of Choquard-type equations:

—Au=xM&)[u+ Uy xf-Hw)h@w)], in R,

i 3 1.2 (23 (P)
limpy oo u(x) =0, u(x)>0, xeR’, wueD(R’),
where I, (x) = 1/|x|*, A € Rand « € (0, 3).
The Choquard equation
—Autu=bL*uPu, in R3, (1.1)

frequently appears in the context of various physical models. It seems to originate from
Frohlich and Pekar’s model of the polaron, where free electrons in an ionic lattice interact
with phonons associated with deformations of the lattice or with the polarisation that it
creates on the medium (interaction of an electron with its own hole); see [7, 8, 21]. The
Choquard equation was also introduced by Ph. Choquard in 1976 in the modelling of a
one-component plasma [12].

In recent years, various papers related to this equation and some variants have been
published. In the autonomous Choquard equation case

—Autu=y*[uP)|ufu, in RY, (1.2)
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where @ € (0, N) and p > 1, the reader can find some results in Alves and Yang [5],
Efinger [6], Genev and Venkok [9], Ghergu and Taliaferro [10], Ma and Zhao [14], Moroz
and Van Schaftingen [16, 17], Stuart [24] and their references. In the non-autonomous
Choquard equation case

—Au+V@u= Uy * [uP)ul?u, in R, (1.3)

where V' is a non-constant potential, we cite Alves, Figueiredo and Yang [1], Alves,
Nobrega and Yang [2], Mercuri, Moroz and Van Schaftingen [15], Moroz and Van
Schaftingen [19], Sun and Zhang [25], Yang and Wei [26] and their references.

For a more complete list of what was done with the Choquard equations, see the paper
of Moroz and Van Schaftingen a bibliography review [18].

After a bibliography review, we observe that most of the results related to the Choquard
equations were made using variational methods, and that there are few results using non-
variational methods for Choquard-type equation in whole R", we found only the paper due
to Kiipper, Zhang and Xia [11], where a few of bifurcation theories have been used to prove
the main result.

In this paper, we proved a result related to Choquard equation via non-variational
methods, precisely via Leray—Schauder degree theory and the global bifurcation result due
to Rabinowitz [22]. We would like to point out that we focus on the case N = 3 since such
a problem stems from physics, although the argument can be carried out for the space with
dimension N > 4 by supposing « € (0, min{4, N}).

Before stating our main results, we need to fix the assumptions on the functions /" and
h. In the sequel, f/: R3 — R is a positive continuous function that verifies the following
conditions:

(f1) There exists a bounded function P € C(R*, R™) N L' (R") such that 0 < £ (x) < P(|x]),
for all x € R3.

Moreover, P verifies
(P) P(.[) € L'(R) NL®(RY).

Related to the function 4 : R — R™, we assume that it is a bounded Holder continuous
function satisfying the following conditions:

(hy) h(t) = 0, forall t € R;

t
(hy) lim — =a > 0;
t—0 f I
t
(h3) lim sup [A®)]

t——400 t
Our main results are the following.

THEOREM 1.1. Assume that (f1), (Py) and (hy)—(h3) hold. Then, )| is a bifurcation
point from the trivial solutions for (P), where 1| is the first eigenvalue of the linear problem

< +00

—Au=r(u, in R3,
. (4P)
Iim u(x)=0.
[x| =400
More precisely, if ¥ denotes the closure of the positive solutions of (P), then there exists an
unbounded component ¥ C X of solutions of (P) emanating from (A1, 0). Furthermore,
(A1, 0) is the unique point with this property.

The paper is organised as follows: in Section 2, we study the existence of eigen-
value for a special linear eigenvalue problem. In Section 3 is studied the regularity of the
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solutions, because it is crucial to get some estimates, while in Section 4 we prove our main
result.

Notations

e ; is the volume of the unit ball in R3.

e T is the fundamental solution of Laplace equation in R3.

e xp is the characteristic function of B.

e B, (x) denotes the ball centred at the x with radius » > 0 in R3.

o [*(R%), for 1 <s < o0, denotes the Lebesgue space with usual norm denoted by |u|,.
° L%(IR@) denotes the class of real-valued Lebesgue measurable functions u such that

/ H(x)|u(x)|*dx < oo.
[R}
L2,(R?) is a Hilbert space endowed with the inner product
U, V) = / H@u)v(x)dx, Yu,vel(R?).
R3

The norm associated with this inner product will be denoted by | - |2 5.
e D'2(R3) denotes the Sobolev space endowed with inner product

(u, v)12= / VuVvdx, u,veD"“*(R?).
R3

The norm associated with this inner product will be denoted by || - || »-
e We denote by £ the Banach space given by

E:={uecCRY; sup |uk)| < oo},

xeR3

endowed with the norm | - | .
e Ifu is a measurable function, we denote by ™ and u~ the positive and negative parts of
u, respectively, which are given by

ut =max{u, 0} and u~ =max{—u, 0}.

e (C,Cy,...,C,arereal constants.

2. A linear solution operator. In this section, we study the existence and proper-
ties of an important operator, which will be used to prove some bifurcation properties for
problem (P).

Initially, due to its importance, we show that the embedding D*(R?) — L?(IR3) is
compact. '

LEMMA 2.1. Assume (f;) — (Py). Then, the embedding D' (R?) — L}([RP) is com-
pact.

Proof. Let {u,} be a sequence in D"?(R3) with u, — 0 in D"?(R?) and u,(x) —
0 a.e. in R®. As the space D'*(R?) is naturally embedding in L°(R?), we have {u?} is
a bounded sequence in L3 (R?). Thus, up to a subsequence if necessary,

u> —0in L*(R?),
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or equivalently,
2 3 3
/ u,pdx — 0, Voel2(R).
R3
Since (f1) — (P;) imply that f € L"(R3) for all » > 1, it follows that

/ f(x)uidx — 0.
R3

This shows that u, — 0 in Lf,(l]@). O]

As a by-product of the last lemma, we can apply Riesz’s Theorem to deduce that for
each v € L3(R%), there is an unique solution u € D'?(R?) of the problem

—Au=f(x)v in R3,
. (WLP),
|x\1—1>r-r:oo M(X) =0

From this, we can define a solution operator S : L%,(IR3) — L%,([I@) such that S(v) = u,
where u is the unique solution of the above weight linear problem (WLP),. By Lemma 2.1,
S is a compact self-adjoint operator, then by spectral theory there exists a complete
orthonormal basis {u,} of L3(R*) and a corresponding sequence of positive real numbers
{A,} with X, — oo, when n — o0, such that

D<A <A< - <A, <---
and

—Auy = Af@u,, in R
Moreover, using Lagrange multiplier, we have the following characterisation for A;:

. Jrs |VVI2dx
inf —
veDR2RN 0} g f(X) [V(x)|2dx
The above identity is crucial to show that X is a simple eigenvalue and that a corresponding

eigenfunction ¢; can be chosen positive in R3.
Arguing as in Alves, de Lima and Souto [3], we have that S(£) C Ey, where

A=

Eoy={ueck; sup{lx|-|u(x)|} < oo}. 2.1

xeR3

Since Ey C E, the operator 7 := S|z : E — E is well defined, and it is a linear compact
operator. Moreover, it is clear that limy .o S(u)(x) =0, forall u € E.

3. Regularity results. The main goal of this section is to prove some regularity
results for problem (P). Have this in mind, we consider the following class of problem:

—Au=r(x)g(x, u), in R,

. (P)
11m|x|~>oo u(x) =0,
where, for each u € D'2(R?), we set
g, u) =ut (%) + Ly f (O H () h(u" (x)). (3.1)
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We claim that (P’) is equivalent to (P), because all solutions of (P’) are positive. Indeed,
given u € D"?(R3), a nonzero solution to (P’), we have

/ VuVedx =\ f F(x)gx, u)e dx, Yo € DV(R?). (3.2)
R R
Fixing ¢ = u~, we get
|~ ||i2 = / VuVu dx = A / f)glx, wu (x)de=0. (3.3)
R R}

Thus, = =0 and, consequently, u=u* > 0. Since u is nonzero and g(x, u) > 0, the
maximum principle ensures that u > 0.
The next step is to prove the equivalence between (P') and the functional equation

u=1T(¢pw)), in E, (9

where ¢ (u) :=g(-, u(-)) forallu € E.

In our opinion, it is not clear that a solution u of (P’) is also a solution of (Q), because
we need to show some results of regularity to guarantee that « belongs to £. To achieve our
goals, we need to establish the following lemma.

LEMMA 3.1. For all v € E, we have that ¢ (v) € E, that is, ¢ (E) C E.

Proof. By definition of g and the hypotheses on #, it is enough to show that function
SO H (u(y)) p
T a W

, xelR, (3.4)
RS X —yl¢

v(x) 1=

belongs to E, for all u € E.
First of all, we will prove that v is a continuous function in R?. Fixed x, € R?, for all
x € R? it holds

) — w0y ‘ /R (f(y)H(u(y)) _f(y)H(u(y))) dy‘ .

|x — y|® [xo — yI*

Given §; > 0 and x € B, /2 (), we have Bs, (xg) C Bas, (x) and

P P
/ <f()/) A >dy 5/ (6)] dy+f o) dy
By (o) \ X =Y |xg —yI* By, () X =¥ By, (xo) X0 —VI¥

P
5/ Ldy
By, (xy) 1%0 — Y|
P
+/ (y)ady
Bas, (x) [x =yl

< C1|P|o8) ™ + G| Pl (281)° 7.

From this, given € > 0, let us fix §; > 0 verifying

C11Ploo8) ™ + Co| Pl (281)° 7% < €/2,

[ (Lo,
'y
By () \IX =1 xo —p|*
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On the other hand, note that

/ (f(y)_f(Y) )dyS/ (P@)+P(y)>dy.
RO\By, (v0) \ X = VI [xo —y[* RO\By, (v0) \ X —=VI%  [xo — y[*

As x € B, 2(xo) and |y — xo| > &1, we derive

31
x =yl =y —xol — |xo —x| > —

—_— 2 b
then
=)
S o )
lx —yl* 81
and
1 ( 1 )0’
— <[ = .
o —yI* = \ 8
Hence,
P P
) + ) < CP(y), Vy € R*\ Bs, (xo) and Vx € Bs, 2(x0).
e —yl*  Ixo—yI*
By Lebesgue’s Theorem

0 S0

lim
x—=yl*  |xo—y|*

TR0 JR3\Bs, (x0)

dy=0.

The last limit together with (3.5) implies that there exists § € (0, §;/2) such that
/ SO SO
R3

x—=yl*  Ixo —y|*
showing that v is continuous at xo. As X, is arbitrary, v is continuous in R>. In order to
conclude that v € E, firstly we would like to point out that the above previous arguments
ensure that the functions

re = / PO) 4y and B = f POy,
R lx—y|* R lx—yl

dy < g for |x —xo| <8,

belong to C(R?) N L' (R3) N L>®(R?). This information permits to conclude that

v =C ]MdySCllullgoF(x), vx e RY,
R X —yI*
and so,
vl < Clulz,,  VxeR’,
for some C > 0, proving the desired result. O

In the next theorem, we will show that any solution of (P’) belongs to L>®(R3).
However, a key point in the proof is the following inequality.
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ProposiITION 3.1. [13] [Hardy-Littlewood—Sobolev inequality]:
Lets,r>1land0<a <N with1/s+a/N+1/r=2.1fU e L*(R¥) and V e L"(R"), then
there exists a sharp constant C(s, N, i, r), independent of U and V such that

/ / U(X)V(y)ddySC(S»N’ o, U5V
RY JRY

|x —y|*
By using the above inequality, if U, V € L&a (R?), we have that

Ux)V
[ [ SR vy < v s 191

[x —y|®

and so, for each U € Lo (R3), the linear operator J : L& (R?*) — R given by

T = /f U(X)V()/)
rJr X — yl"‘

is continuous. Thereby, by Riesz’s representation theorem, we have that I, « U € Le (R3).

We would like to point out that by (1), (P1), (h2) and (h3), if u € D"?(R?), we have
that f(\)H (u(-)) € Lo (R%), and so, the above remarks can be applied for the function
U(x) =f(x)H (u(x)) for x € R3.

THEOREM 3.1. Let v € D"*(R®) a weak solution of problem
—Av=xM()gk,v), in R. (3.6)
Then, there exists M > 0 such that
Vloo < M|vls.
Proof. Letu € D'2(R?) be a solution of (3.6), then u satisfies the equation
— Au=rax)u, xeR, (3.7)
where

SO+ U f - Hw) LM u(x) #0
0, ux)=0

alx) =

By the Hardy—Littlewood—Sobolev inequality, we know that (I, * f - H (1)) € L/*(R?). On
the other hand, by conditions on f and /, we have f(x) - @ € LO/G4=*)(R3). Consequently,
a(x) € L3*(R?). Indeed, since

32

c L4/(4—0() (R3),

|a(x)|3/2<C<|f(x)|3/2+|I swf - Hu)? - ’f() h(”)

and

I +f - Hw)|** e LY*(RY), ‘f(x) R
u

we have |a|*/? € L'(R%), that is, a(x) € L*/?(R?). Now, arguing as in Struwe [23],

uel’(R*, Vpel6,00) and uel’ (R®), Vpell,oo).

loc
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Ifp>6,forall g e (1,4/a), we have

hw) [

I xf - Hw)*"* e L'(R*) and ‘f() e L' (R%),

where t = L and ' = L = 1 and so, a(x) € L3¥/?(R®). Therefore, by Alves and Souto
(4, Proposmon 2.6], there is M M(q, |aly) > 0 such that

Voo < M|vle.

O
Now, the equivalence between (P') and (Q) follows by the following result.
COROLLARY 3.1. Ifve DV (R?) is a weak solution of (3.6), then v € C(R?).
Proof. By Theorem 3.1, v € L®(R?). Then, as v can be rewritten of the form
v(x) = f Mdy, (see [3]), (3.8)
R =yl
the continuity of v follows as in the proof of Lemma 3.1. O

To conclude this section, we have the following lemma that will be very important in
the next section.

LEMMA 3.2. The operator ¢ : E — E, given by ¢ (1) :=g(-, u(+)), is continuous.

Proof. Let (u,) C E and u € E, such that u, — u, when n — co. We need prove that
¢ (u,) = ¢ (u), when n — oo. By definition of g and hypotheses on 4, it is enough to show
that

B, () = wdw@,m: LORCOD gy i 2@, (39)

R X—yl¢ rR: X —yI¢

where ¢, := ¢ (u,) and ¢, := ¢ (). Indeed, note that
JSOH (u,(v)) —fH (u()/))

|¢Un (x) — ¢u(x)| =

R lx — y[*
SOIH un(v) —H(u()/))l
T e lx —yI*
P(y)
< Clu =il [y
R x—yl
= CIHM}’I_MHOO’
Consequently,
b, — ¢u in LP°[R®) when wu,—u, in LPR?), (3.10)
showing the continuity of ¢. U

4. Bifurcation result. In this section, based in the Global Bifurcation theorem due
Rabinowitz [22], we will obtain some results involving the existence of solutions for the
non-linear problem (P), by considering bifurcation of solutions from the trivial solutions.
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4.1. Bifurcation from the trivial solutions. First of all, note that To ¢ : E — E is
a compact operator, because ¢ : £ — E is continuous (see Lemma 3.2) and 7 is compact
(see Section 2). In what follows, we set F': [0, co) x E — E by

Fh,u):=F, (uw):=u—AT[¢ )], forallu e E and A > 0. 4.1

We recall that X is said a bifurcation point of F (¢, ) = 0, whenever

r0O)eX={(t,u)eRx E:F(t,u) =0, u £0}.

The reader is invited to see that ¥ C R™ x E is the closure of the set formed by nontrivial
solutions of (Q).
In the sequel, ind(F;, 0) denotes the Leray—Schauder index of F; at 0 given by

ind(Fy, 0) = lirr(l) deg(F,, B:(0), 0).
E—>
Our first goal is to show that the unique possible bifurcation point of F'(¢, «) is A;. To
this end, we need to prove some preliminary results.
PROPOSITION 4.1. If u is a positive solution of the problem (P), then A < A;.

Proof. Let u be a positive solution to problem (P), then

/ Vchpldx:k/ f(x)mpldx—i-A/ S O H (u(y))h(u(x)) e (x) dvdy.
R R3 R} JR3 |x — y|®

Since ¢, is a eigenfunction associated with A and A(¢) > 0 for ¢ > 0, it follows that

Alf f(x)u(pldx>)\f f(xX)ugpdx.
R} R

Therefore, A; > A. O

In the next two lemmas, we are going to prove that ind(F;,0)=1, if A <A, and
ind(F;,0)=0, if A > ;. These two facts jointly Global Bifurcation Theorem due to
Rabinowitz ensure that X, is a bifurcation point to branch of trivial solutions.

LEMMA 4.1. If A < Ay, then ind(F5, 0) =1, where
Fy(u) =u—AT[pu)].
Proof. We will show that there is &g > 0 such that
Fy(w) #0,Vte[0, 11and 0 < JJul| <& < &. (4.2)
On the otherwise, there is {u;} C E and #;, € [0, 1]
uy—0inE and Fy;(ux) =0.
Then,
ur = A TP (ur)], where Ay =t ). 4.3)
Since u; > 0, we can to define

Uy

ViE= 11>
llue ]
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and so, from (4.3),

Vi =T [d)(uk)} '

ok |

Arguing as in the proof of Lemma 3.2, we have that
Iy % f()H@up()) > 0, in E. 4.4

This limit together with (A;) — (h;) gives
‘ ¢ (uy) ‘ _ [t o xS OH @i () A (x))

[l | [l l
from where it follows that {

and w € E such that

' < Clwill @.5)

& ()

lleae |

} is bounded in E. As T is compact, there is {uy,} C {uy}

T<¢(uk)) —w in E.

ok |

Thus, there is v € E'\ {0} such that
Vg =V in E and v(x)>0, VxeR’.

Then, using (4.4) and the hypothesis of 4, we have
duy)  dQuy) wy, Py

[l | ug, |l | Uy,

Vg =V inkE.

Supposing that Ay, — ") and taking to limit with ki — 400 in (4.3), we find that
v=ATv, where |v]|=1andv(x)>0, VxeR’.
Therefore, A is an eigenvalue to the problem
—Av=Af(x)v, in R

From Maximum Principle, we have v(x) > 0 for all x € R3, and so, we must have A = A;.

However,
A= lim HA=1th <Xt <A,
k—+o0
which is a contradiction. This proves the lemma. O

LemMA 4.2. If X > Ay, then ind(F;, 0) = 0.
Proof. Let ¢; be the first positive eigenfunction associated to eigenvalue A, that is,
—Ag1 =hf (g1, in R,
or equivalently,
o1 =x1Tg;.
CrLAamM 4.1. There exists gy > 0 such that for all 0 < ¢ < gy and ¢ > 0,

Fy(u) #cy, Yue Ewith 0 < |u| <e.
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Suppose by contradiction that the claim is false. Then, there are {u;} C E \ {0} and {c¢;} C
[0, c0) with

uy—>0mnE and Fy(u)=crpr, YeeN.
Thus, for each k e N

—Aup =2 ()P () + hief g1, in R
u € DY2(RY) NE,

or equivalently
fR 3 Vu Vvdx = A /R 3 [ (up)vdx + Acp /R 3 [ (x)vdx, ¥ve DVA(R?).
Fixing v = ¢, we find
[ vuvods=a [ roswmds e [ roei
Recalling that
fRS Vo, Vwdx = A A}f(x)(plwdx, vw e DI2(RY),
it follows that

/ ngVukdx:M/ FX)@rudx.
R3 R3

Therefore,
m [ sopundr=r [ fooundi+ e [ fogi
RS RO R (4.6)
> A 3f(x)¢(uk)‘;0ldx~
R
By (4.4),
LAC IR,
Uk
then there is ky € N such that
A
o () > Tluk, forall A > A; > 0 and k > ko. 4.7)

Here we have used the fact that 1, (x) > 0 for all x € RY. From (4.6) and (4.7),

A
M/ f(X)fmukdx>/\/ f(X)—lukwldx=)»1/ S @) prugdx.
R3 R3 A R3

which is a contradiction, proving the claim.
Now, let 0 < & < g be, as F}, is bounded in B,,(0) C E, then, there exists ¢ > 0 large
sufficiently so that

Fy(u) # cp1, Vu € B (0).
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By Claim 4.1,

F5(u) #tcpy, for 0 < |lu|| <eandre [0, 1].
Hence the homotopy invariance yields
deg(F;., B:(0), 0) = deg(F;. — cg1, B:(0), 0) =0,

finishing the proof. O

4.2. Proof of Theorem 1.1.

Proof of Theorem 1.1. From Lemmas 4.1 and 4.2, we can apply the Global
Bifurcation Theorem due Rabinowitz [22] to establish the existence of X;. Indeed, note
that ind(F,, 0) =1 for all 0 < A <X by Lemma 4.1. Now, suppose by contradiction that
(A1, 0) is not a bifurcation point of (Q). Then,

Fo(u) 0, VYrel[r —e, A +eland 0 < |Jul| <&,
for some & > 0. Thus, there exist A and X such that
Xl—e<)~L<A1 <)AL<A1+8,
and
deg(F5, B:(0), 0) = deg(F;, B:(0), 0),
consequently,
ind(F3, 0) = ind(F3, 0),

which contradicts Lemma 4.2. Therefore, 1, is a bifurcation point. The uniqueness of bifur-
cation point is proved with the same argument employed in Lemma 4.1. The proof that ¥,
is unbounded follows as in [22]. O
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