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LUIS H. R. ALVAREZ E.')* University of Turku
SOREN CHRISTENSEN,** Christian-Albrechts-Universitdit zu Kiel

Abstract

We investigate the impact of Knightian uncertainty on the optimal timing policy of an
ambiguity-averse decision-maker in the case where the underlying factor dynamics fol-
low a multidimensional Brownian motion and the exercise payoff depends on either
a linear combination of the factors or the radial part of the driving factor dynamics.
We present a general characterization of the value of the optimal timing policy and the
worst-case measure in terms of a family of explicitly identified excessive functions gen-
erating an appropriate class of supermartingales. In line with previous findings based
on linear diffusions, we find that ambiguity accelerates timing in comparison with the
unambiguous setting. Somewhat surprisingly, we find that ambiguity may lead to sta-
tionarity in models which typically do not possess stationary behavior. In this way, our
results indicate that ambiguity may act as a stabilizing mechanism.
Keywords: k-ambiguity; multidimensional Brownian motion; diffusion processes;
Bessel processes
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1. Introduction

Gaussian processes and, more precisely, Brownian motion play a prominent role in model-
ing factor dynamics in standard financial models considering the optimal timing of irreversible
decisions in the presence of uncertainty. In the benchmark setting all the uncertainty affecting
the decision is summarized in a single probability measure describing completely the prob-
abilistic structure of the underlying intertemporally fluctuating factor dynamics. However, as
originally pointed out in [25], in reality there are circumstances where a decision-maker faces
unmeasurable uncertainty on the plausibility or credibility of a particular probability measure
(so-called Knightian uncertainty). In such a case a decision-maker may have to make a deci-
sion based on several different measures or even a continuum of different measures describing
the probabilistic structure of the alternative states of the world.

Ambiguity was first rigorously axiomatized by [21], based on the pioneering work of
[25], in an atemporal multiple-priors setting (for further refinements, see also [7], [24], [28],
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Optimal stopping under Knightian uncertainty 401

[32]). The atemporal axiomatization was subsequently extended into an intertemporal recur-
sive multiple-priors setting by, among others, [18], [9], [16], and [17]. The impact of ambiguity
on optimal timing decisions was originally studied in [31] in a job search model. The authors
of [31] subsequently extended their original analysis, in [33], by considering the impact of
Knightian uncertainty on the optimal timing decisions of irreversible investment opportunities
in a continuous-time model based on geometric Brownian motion. The paper [1] focused on
the impact of Knightian uncertainty on monotone one-sided stopping problems and expressed
the values as well as the optimality conditions for the stopping boundaries in terms of the min-
imal excessive mappings of the underlying diffusion under the worst-case measure. The paper
[38], in turn, analyzed discrete-time optimal stopping problems in the presence of ambiguity-
aversion and developed a general minmax martingale approach for solving the problems under
consideration (see also [29] for an analysis of the problem for general discrete-time Feller-
continuous Markov processes). The paper [3] considered the intertemporal minimization of
a general convex risk measure defined with respect to the underlying process. By utilizing
martingale and stochastic analysis techniques, the authors of [3] stated general conditions
under which the problem has a value and under which the associated worst-case measure
and stopping strategy constitute a saddle point of the associated game. The papers [4] and
[5] developed a general approach based on g-expectations, a concept originally introduced in
the pioneering studies [35] and [36], for solving optimal stopping problems in the presence
of nonlinear expectations. They considered and solved both the standard robust optimal stop-
ping problems arising in the literature on focusing on ambiguity-aversion and the cooperative
problems where nature cooperates with the decision-maker and chooses a probability measure
maximizing the expected value of the objective functional. They solved these stopping prob-
lems by utilizing the lower and upper Snell envelopes based on nonlinear g-expectations. The
paper [10], in turn, focused on robust stopping problems in a continuous-time diffusion setting
and identified the value of the considered class of problems as the smallest right-continuous
g-martingale dominating the payoff process. The paper [11] investigated the optimal stop-
ping of linear diffusions by ambiguity-averse decision-makers in the presence of Knightian
uncertainty and identified explicitly the minimal excessive mappings generating the worst-case
measure, as well as the appropriate class of supermartingales needed for the characterization of
the value of the optimal policy. The paper [14] studied a robust stopping problem with respect
to a weakly compact but nondominated class of probability measures, developing a nonlinear
Snell envelope and characterizing the optimal stopping policy in terms of this envelope. The
paper [34] considered a general class of stochastic zero-sum games where one of the players
chooses the stopping policy and the other the probability measure; the authors delineate a set
of general circumstances under which the considered game has a value and the optimal exer-
cise date is the first instant at which the underlying coincides with the Snell envelope. More
recently, [2] extended the approach developed in [11] to a multidimensional setting and inves-
tigated the impact of Knightian uncertainty on the optimal timing policies of ambiguity-averse
investors in the case where the exercise payoff is positively homogeneous and the underlying
diffusion is a two-dimensional geometric Brownian motion. They found that in the multidi-
mensional case, ambiguity not only affects the optimal policy by altering the rate at which
the underlying processes are expected to grow, it also affects the rate at which the problem is
discounted.

Given the findings in [2], our objective in this paper is to analyze the impact of Knightian
uncertainty on the optimal timing policy of an ambiguity-averse decision-maker in the case
where the underlying follows a multidimensional Brownian motion. We study the general
stopping problem and identify two special cases under which the problem can be explicitly
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solved by reducing its dimensionality and then utilizing the approach developed in [11] for
the two particular cases considered. We characterize the value and optimal timing policies as
the smallest majorizing element of the exercise payoff in a parameterized function space. Our
results demonstrate that Knightian uncertainty not only accelerates the optimal timing policy in
comparison with the unambiguous benchmark case, but may also lead to stationary behavior in
the controlled system even when the underlying system does not possess a long-run stationary
distribution. This observation illustrates how ambiguity may in some cases have a nontrivial
impact on the stochastic dynamics of the underlying processes under the worst-case measure.

The contents of this paper are as follows. In Section 2 we present the underlying stochastic
dynamics, state the class of optimal stopping problems we consider, and state a characterization
of the impact of ambiguity on the optimal timing policy and its value. In Section 3 we focus
on payoffs depending on linear combinations of the driving factors. In Section 4 we focus on
radially symmetric payoffs. Section 5 concludes our study.

2. Underlying dynamics and problem setting

Let W be a d-dimensional standard Brownian motion under the measure [P, and assume that
d > 2. As usually in models subject to Knightian uncertainty, let the degree of ambiguity x > 0
be given, and denote by P* the set of all probability measures that are equivalent to P with
density process of the form
MO = ¢ Jo0sdWs—3 [ 1.1 %ds

for a progressively measurable process {0}~ satisfying the inequality ||0,]*> < 2 for all £ > 0.
That is, we assume that the density generator processes satisfy the inequality Z?:l 91% < «? for
all1>0.

Assume now that X; = x + W, denotes the underlying diffusion under the measure P. Our
objective is to consider the optimal stopping problem

Vex)=sup inf EZ [ F(X)ljro0)] - Q.1
reT QP ePr
where F:R¢+— R is a measurable function which will be specified below in the two cases
considered in this paper. As usually, we denote by C, = {x € R?: V,(x) > F(x)} the continu-
ation region where stopping is suboptimal. The specification of this stopping problem results
in the following lemma characterizing the impact of ambiguity on the optimal stopping policy
and its value in a general setting.

Lemma 1. Increased ambiguity accelerates optimal timing by decreasing the value of the opti-
mal policy and thus shrinking the continuation region where waiting is optimal. Formally, if
& >k, then Vi (x) <V, (x) for all x e R¢ and C; C C.

Proof. Assume that & > k. Since {# e R?: 0> <«?} C {0 € R?:||0||> < &2}, we notice
that
inf BEY [e " FX)ljreony] < inf EY [e7"F(X)jr<o0]
Qf ePr Qb epr
implying that V;(x) < V. (x) for allx € R?. Assume now thatx € C;. Since in that case V. (x) >
Vi(x) > F(x), we notice that x € C,; as well. Consequently, C; € C,, completing the proof of

our lemma. O

Lemma 1 shows that the sign of the relationship between the degree of ambiguity and optimal
timing is positive. At the same time, increased ambiguity decreases the value of the optimal
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stopping policy, showing that the highest value is attained in the absence of ambiguity. This
mechanism is naturally not that surprising, since it essentially states that the larger the set of
potentially detrimental outcomes gets, the smaller the achievable value is.

We now notice that under the measure Q? defined by the likelihood ratio

dQ? 0
=M

we naturally have that

t
x,zx_/ 0,ds + W,
0

where W‘? denotes a Q?-Brownian motion. We introduce the following differential operator
associated with the underlying processes X under the measure Q% € P*:

14?2 &
A =N N g —.
3258 2
i=1 l i=1
For a twice continuously differentiable function u : R? — R the Ito—D&blin theorem yields

that under the measure Q¥ € P* we have

t

t
e u(X,) = u(x) + / e ((A%u)(X,) — ru(X,))ds + / e Vu(X;) - dWY.
0 0

Now, minimizing (A u)(x) with respect to @ under the condition [|0]|> < «2 leads to the worst-
case density generator

. VX
! IVuXn)|l’
where |-|| denotes the standard Euclidean norm. In particular, we notice that under Qo*

we have

t

e "uX,) =u(x) —i—/o e ”® (%(Au)(XS) —k||VuXy)| — ru(XS)> ds
+ /O [ e VuXy) - dW?'.
Consequently, if u(x) > F(x) and %(Au)(x) — k|| Vux)|| — ru(x) < 0 for all x € R?, then
u(x) > e ""F(X,) — /0 t e Vu(Xy) - dW?,

which indicates how a candidate value for the stopping problem under consideration can be
obtained by relying on a set of nonlinear variational inequalities. As was originally established
in [10], all these observations can be summarized in a nonlinear Hamilton—Jacobi—Bellman
equation,

max {F(x) — u(x), %(Au)(x) — k|| VuX)|| — ru(x)} =0. 2.2)
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The authors of [10] state a set of sufficient conditions under which a solution of this equa-
tion indeed constitutes the value of the optimal policy in a general multidimensional diffusion
setting. Unfortunately, it is typically impossible to solve the Hamilton—Jacobi—Bellman equa-
tion (2.2) explicitly. Fortunately, there are two cases where dimension reduction techniques
apply and permit the transformation of the original multidimensional problem into a solvable
one-dimensional setting. We will focus on these problems in the following sections.

3. Payoff depending on a linear combination of factors

Linear combinations of independent normally distributed random variables are normally
distributed. On the other hand, linear combinations of independent Brownian motions are
continuous martingales and hence constitute a time change of Brownian motion. Given these
observations, consider now the case where the exercise payoff reads as

d
Fx)=F (alx) =F (Z a,-xi> , (3.1)
i=1

where a € R? is a constant parameter vector and F:R > R is a measurable function. Focusing
now on functions
u(x) = h (a’x)

results in the worst-case prior, characterized by the density generator
* ! (al a
0* =ksgn (7' (a'x)) —.
llall

In this case, solving

1

3 lall*h” (aTx) — «|al||7' (aTx)| — rh(a’x) =0
is equivalent to solving

1

E||a||2h”(aTx) —k|lall# (a”x) — rh(a’x) =0
on {x:#'(a’x) > 0} and

1

E||a||2h”(aTx) +«lal|n’ (a”x) — rh(a"x) =0

on {x : #'(a’x) < 0}. Defining the constants

" K K2 N 2r
K= T — s T 5
llall lalZ ~ [la)|?>’

K K2 2r
oo = — [ s

llall llall llall

Ve = —@c, and @ = —1, then shows that

h(y) = ¢ Ve 4 cre?ey
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on {y: /' (y) >0} and
h(y) — ’C\-le‘ﬁky + 228‘27)()’

on {y:H(y) < 0}. Given these functions, let ¢ € R be an arbitrary reference point, and define
the function U, : R+ R by U.(y) = max (h1.(y), hac(y)), where

hie(y) = Ve ePe=0) _ P oYk (y—c‘)’
Ve — @« Ve — @«

hae(y) = Al/f—KA oPe—0) _ A‘p_KA R

Yie — rc Yie — G
are two mappings satisfying the conditions /1.(c) = hac(c) =1 and K} .(c) = k) (c) = 0. Since
the functions h1.(y) and hy.(y) are strictly convex and the maximum of convex functions is
convex, we notice that U.(y) is strictly convex as well. The twice continuous differentiability
of the functions /1.(y) and h,.(y) and the boundary conditions %1.(c) = ha(c) = 1 and h’] (o=
I, (c) =0, in turn, guarantee that Uc(y) is continuously differentiable on R. Finally, noticing
that U)/(c+) =2r/ la|?=U "(c—) demonstrates that U (y) is twice continuously differentiable
on R. Therefore, we have established that the function U,(y) constitutes the solution of the
boundary value problem

%||a||2Ué’(aTx) — ksgn(a’x — ¢)||a|U.(a”x) — rU(a”x) =0,
Ude)=1, Ul)=0.

Analogously, we let U_qo(y) = eV and Uy = ¢%<¥ denote the solutions associated with the
extreme cases where ¢ = —o0 or ¢ = 0o. As was demonstrated in [11], these functions generate
a useful class of supermartingales for solving optimal stopping problems in the presence of
ambiguity. To see that this is indeed the case in this multidimensional setting as well, we
notice from applying the Ito—Doblin theorem to the function U, that

T
e "TU(a"X7) = U, (a’x) + / e (ksgn(a’X, —c)llal| —a’0,) U.(a”X,)dr
0
T
+ /0 e U (aTX;)aT dW?.
Since —«|la]| < —a’@ <«|la] for admissible density generators satisfying the condition
611> < k%, we observe that (ksgn(a’x — ¢)||al| —a’6) U.(a”x) > 0 for all x € R?, and there-
fore that

T
e TU(a"X7) = U (a'x) + / U (aTX,)al aW?,
0

with equality only when 6, =8* =«sgn(a’ X, — ¢). Consequently, we notice that in the
present case

EY [T U.(a"X7)] 2 EY [T U (a7X7)] = U (a”)

for all QY e P¢. Standard optional sampling arguments show that the process
{e7"" Uc(aTXf)}tzo is actually a positive Qo -martingale and, therefore, a supermartingale.
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Here it is also worth pointing out that the process Y; =alX; satisfies the stochastic
differential equation (SDE)

dY,=a’dX,=—a’0,dt+a"dW?, v,=a"x. (3.2)

Since —«||a|| < —a’@, <«|a| for admissible density generators satisfying the condition
||| <k, we notice that (3.2) has a unique strong solution. Moreover, utilizing a compari-
son theorem for solutions of SDEs (cf. Theorem 1.1 in [23]) demonstrates that Y; satisfies with
probability one the inequality ¥;* < ¥, < ¥, where

Y< =a’x+«|allr+a’ W?

is a Q-Brownian motion with drift. Consequently, we notice that inf{Y;; s <t} <inf{ f/" s<t}
and sup{Yé, s<t}> sup{Y"‘ s <t} Q%-almost surely. From known properties of the processes
Y « Y . it now follows that the hitting times to arbitrary constant boundaries are Q?-almost
surely ﬁnlte for all Q% € P¥ (that is, first hitting times to constant boundaries are universally
almost surely finite; see Section 3.3 in [10]).

In particular, under Qo* we have

dY; = —«||al|sgn(Y; — o)dt +aTdW? ,  Yy=ax, (3.3)

which is a standard Brownian motion with alternating drift. Interestingly, we observe that
while standard Brownian motion does not have a stationary distribution, the controlled process
does. More precisely, for a fixed reference point ¢ the stationary distribution of the controlled
diffusion reads as (a Laplace-distribution)

T K _2caTx ¢
p(a x) = ¢ Tl .
llafl

Moreover, under Q" the process Y; is positively recurrent, meaning that hitting times to
constant boundaries are almost surely finite.

Having characterized the underlying dynamics and the class of harmonic functions leading
to the class of supermartingales needed in the characterization of the value, we now observe
that the conditions of Theorem 1 in [11] are satisfied and, therefore, that we can characterize
the value in a semi-explicit form, as stated in the following.

Theorem 1. (A) For all x € R? we have that
Ve(x) =inf {AU.(a"x): c € [-00, 00], A € [0, 00], AU (a’x) = F(a'x)},  (3.4)
and the infimum with respect to the reference point c is a minimum.

(B) A point x € RY is in the stopping region ', = {x € RY: V. (x) = F(alx)} if and only if
there exists a ¢ € [—00, o0] such that

{ F(y) }
Ye € argmax

Ue(y)

and a’x =y,.

Proof. The claims are direct implications of Theorem 1 in [11]. U
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Theorem 1 above extends the findings of Theorem 1 in [11] to the present case. The main
reason for the validity of this extension is naturally the fact that even though the process X;
is multidimensional, the process a’X, is not, and we can therefore analyze the problem in
terms of the one-dimensional characteristics. The representation (3.4) is naturally useful in
the determination of the value and the associated worst-case prior, since it essentially reduces
the analysis of the original problem to the analysis of a ratio with known properties without
requiring strong smoothness or regularity conditions. An interesting implication of Theorem 1,
characterizing how ambiguity affects optimal timing and the value of the optimal policy, is
summarized in the following lemma, which extends the result of Lemma 1 to the present
setting.

Lemma 2. An increased degree of ambiguity increases U (y) for all y € R\{c} and all reference
points ¢ € [—00, 00]. Moreover; higher ambiguity decreases the value of the optimal policy and
accelerates optimal timing by shrinking the continuation region where waiting is optimal.

Proof. Denote by U, : R — R the solution of the boundary value problem
1 A . A .
3 lall> U7/ (v) — Rsgn(y — o)llal| Ui(y) — rU.(») =0,
Uo=1, Uo)=0,

where k¥ > k. Consider now the function

U U
LO) = 55 Uet) = G5 Ve,

where

S(y)=e 7070y 5 0=0
denotes the density of the scale function of the diffusion (3.3). It is clear that L(c) = 0. On the
other hand, differentiating and invoking the boundary value problem above shows that

2k —R)

—7rw—idwﬂk@k—%@—“<o
a

L'(y)=
for all y > c. Consequently, we find that U.(y)/U.(y) < lA]é(y) JU.(y) for all y > c. Integrating
this inequality yields In U.(y) < In Uc(y), which finally proves that U.(y) < Uc(y) for all y > c.
Establishing the validity of this inequality on (—oo, ¢) is completely analogous. The nega-
tivity of the impact of higher ambiguity on the value of the optimal policy follows from the
representation (3.4). Finally, if ye C; := {yeR: V;(y) > F (y)}, then the inequality V,(y) >
Vi) > F (v) guarantees that y e Cy 1= {y e R: V(y) > F ()} as well, and, consequently, that
C; C Cy, completing the proof of our lemma. (]

In order to illustrate the usefulness of the result of Theorem 1, we now consider an inter-
esting class of exercise payoffs leading to an explicitly solvable symmetric setting within this
class of models. Our main findings on these problems are summarized in the following.

Theorem 2. Assume that the exercise payoff F (x) is even, that is, that F x) = F (—x) for all
x> 0. Then the ratio F(x)/Uy(x) is even as well, and if there exists a unique threshold

. F(x)
X" = argmax R
x>0 { UO(X) }
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so that F (x)/Uy(x) is increasing on (0, x*) and decreasing on (x*, o0), then the value of the
optimal stopping policy inf{t > 0:a’ X, & (—x*, x*)} reads as

I:“(aTx), alx & (—x*, x*),
Ve =1 4o (3.5)
o Uo@'x),  alxe (—x*, x%).

Moreover, the optimal density generator resulting in the worst-case measure is
a
0F =ksgn(a’ X;)—.
’ &%)

Proof. We first observe, utilizing the identities ¢, = —, and @K = —@y, that Up(x) =
Up(—x) for all x > 0. Consequently, we notice that the ratio F(x)/Up(x) is even, as claimed.
Assume now that there exists a unique maximizer x* > 0 of the ratio F(x)/Uy(x), so that
F(x)/Up(x) is increasing on (0, x*) and decreasing on (x*, 00).

Denote by 7* = inf{r > 0:a’ X, & (—x*, x*)} the first exit time of the process a’ X, from the
set (—x*, x*), and by V,(x) the proposed value function (3.5). It is clear that since QY epr
we have for any admissible stopping time t € 7 that

inf EY’ [e’”ﬁ(aTX,)]l{Koo}] <EY [e*”ﬁ(aTx,)ﬂ{Koo}] .
Ql) cPx
Consequently, we find that
V(X) < sup ]E99 [e‘”ﬁ(aTX,)]l{Koo}] )
teT
Consider now the process
M[ = e_rtUo(aTX,).

As was shown earlier, M; is a positive Qo*—maningale. Moreover, since the process character-
ized by the SDE
dY, = —«||alsgn(Y)di +a’dW?",  Yy=a'x,
is positively recurrent, we know that the first exit time
TF =inf{r>0:Y, & (—x*, x")} =inf {r > 0:a" X, & (—x*, x*)}

is Qo*—almost surely finite. Consequently, the assumed maximality of the ratio F(x*) JUp(x™) =
F(—x*)/Uy(—x*) guarantees that Theorem 4 of [6] applies and we find that
Ve (x) = sup E;Qe [e_”ﬁ(aTXI)Il{KOO}]
teT
(see also [26], [13], and [20]), proving that V. (x) < VK (x) for all x € R, In order to reverse this
inequality we first observe thatif x € {x € R?:alxe (—x*, x*)} then we naturally have that
7’,.[* F(aTX-[*)

QP ePr Uy (aTX,*)

ﬁv X ﬁ* * N
> ( ) A ) ) inf E;Qo [efrt Uo(aTXT*)IL{T*@o}]
QBG’]DK

Ve(x) > inf Eg) |:e Uo(aTXr*)]l{r*<oo}:|

Uop(—=x*)  Up(x*)
_ ﬁ(.x*) QG*
T Up(x) ¥

F(x*)

— T e 7
Uo(x*)UO(a x) = Vi (x),

I:e—r‘[* UO (aTX‘[*) ]l{‘[*<00}] =
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proving that Ve(x) =V (x) for all xe{xeR?:alx e (—x*, x*)} and that V,(x)=F(a’x)
forx € {x e R?:a"x = —x*or a’x = x*}. Finally, if x € {x e R? : a"x & (—x*, x*)}, then 7* =0
QP -almost surely and

wwz&ggﬁﬂfwﬂf&ﬁwkw]
€ K

= I:"(aTx) = VK (x),

completing the proof of our theorem. U

Remark 1. It is worth pointing out that the positive homogeneity of degree —1 of the con-
stants ¥y, @« , Vi, @ as functions of the parameter vector a guarantees that the function U,
remains unchanged for parameter vectors of equal Euclidean length, that is, for vectors satisfy-

ing the condition ||a; || = ||az||. Consequently, solving the stopping problem with respect to one
a; € R? results in an optimal policy and value for an entire class of problems constrained by
the requirement that [|a; || = ||az]|.

It is furthermore interesting to note that already in dimension d =1 the underlying
process under the worst-case measure is a Brownian motion with broken drift, as studied
in [30]. Therefore, in the class of problems studied in this paper, optimal stopping prob-
lems with broken drift arise naturally. Here, however, the breaking point always lies in the
continuation set.

Theorem 2 characterizes the optimal timing policy in the symmetric case where the exercise
payoff is even and the ratio F(y)/Up(y) attains a unique global maximum on R, (and by
symmetry also on R_). The findings of Theorem 2 clearly indicate that in the present setting
symmetry is useful in the characterization of the value and the worst-case measure. To see
that this is indeed the case, we now present a general observation valid for symmetric periodic
payoffs.

Theorem 3. Assume that the exercise payoff F(x) satisfies the following conditions:

(A) The function F(x) is periodic with period length P > Q.

(B) There exists a threshold x; € R such that I:“(xl) > ﬁ(x) > ﬁ(xo), where xo = x1 — P/2, for
allx e R.

(C) The function F (x) satisfies the symmetry condition F (xg —x) = F (x0 +x) for all xe
[0, P/2].

Assume also that there exists a unique interior threshold

) Fx)
X = argmax s
x€[x0,x1] Uxo (x)

so that F (x)/ Uy, (x) is increasing on (xo, x*) and decreasing on (x*, x1). Then the value of the
optimal stopping policy inf{t > 0:a’ X, & U,cz(y%, )} reads as

F(ax), a'x ¢ Upez (v, 25),
Vo (x) = (3.6)

I:"(x*) T T
Uxo(x_*)UXO(a x), a'xeUnez(vy, ),
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where y =2xo — x* +nP and z); =x* + nP, n € Z. Moreover, the optimal density generator
leading to the worst-case measure is

_KHZ—H, alX, € U,ezlxo + nP, x; + nPl,

K Ta a’X; € Upezlx1 +nP, xo + (n + 1)P).

lall®

Proof. The assumed periodicity and symmetry of the exercise payoff F implies that we can
focus on the behavior of the ratio F'(y)/Uy,(y) on [x; — P, x1] (from one maximum to the next).

It is clear that since 1},( = —¢, and ¢, = —Y, we have

LS R S

Uxo(XO—X)Z ~ ~ N
Yie — @i Yie — P
wK Dre X Dic Ve x
= vt — e = Uy, (xo +x)
Ve — P Y — @« o

for x € [0, P/2]. Consequently, the assumption (C) guarantees that

ﬁ‘(xo +x) _ I:“(xo —X)
Uxy(xo +x)  Uyy(xo — x)

for all x €[0, P/2]. On the other hand, our assumption on the existence of an interior
maximizing threshold x* and the symmetry of F' guarantees that

2xp — x* = )
0 —X = argmax
x€[x;—P,xp] on (x)

and
F(x*)  F(2xo —x")
U (") Uyy(2x0 —x*)’

Combining this result with the assumed periodicity of the payoff then shows that

F
Zr=x"+nP=  argmax {A},

x€[xg+nP,x;+nP] Ux0+nP(x)
F(x
yp=2x0 —x* +nP= argmax _f0 .
xel[x)+(n—1)P,xo+nP] Ux0+nP(x)

The claimed optimality and characterization of the optimal density generator now follow from
arguments identical to those in the proof of Theorem 2. (]

3.1. Discontinuous asymmetric digital option

In order to illustrate our general findings, we now focus on the discontinuous asymmetric
digital option case, with F(x) = (kox + k3)1{x>0y — k1x1x <0}, Where ki, ko, k3 € R are known
positive constants. In the present setting it suffices to investigate the behavior of the functions
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IT1(x) = (kox + k3)/h1.(x) and T1a(x) = —kjx/h(x). Standard differentiation yields H’l(x) =
fi@)/h7 (x) and Ty(x) = kif2(x)/h3,(x), where

[ =kahie(x) = hi () (kax + k3),
() = My (0)x — hoe ().

Since f1(c) = ky > 0, fo(c) = —1 <0,

1) = —hf () (kox + k3),
f2(x) = hy(x)x,

limy_, o f1(x) = —00, and lim,_, _o f>(x) = 00, we notice that there exist two thresholds
xj(c)>cV —k3/ky and x5(c) <cAO such that the first-order conditions fi(xj(c))=0,
f2(x5(c)) =0 are satisfied. Moreover, the thresholds xj(c), x5(c) are increasing as functions
of the reference point ¢ and satisfy the limiting conditions lim._, _ xj(¢c) = —k3/ka + 1 /v,
lim., o x5(c) = —00, lim¢_, o0 xf(c) =00, and lim._, o x5(c) = 1/@,. Thus, we notice by
utilizing our results above that

lim IT;(xj(c)) =0,
c——00

lim T (x}(c)) = oo,

c—> 0

lim TI(x3(c)) = oo,
¢—>—00

lim ITx(x3(c)) =0.
c—> 00

Consequently, there is a unique ¢ such that IT;(x(¢)) = IT2(x5(¢)). Two cases arise. If
xj(¢) > 0, then ¢* = ¢ is the optimal state at which the density generator switches from one
extreme to another, and the value of the optimal policy reads as

koaTx + ks, alx > x¥(c*),

Ve(®) = { I (x5 (c*))Uex(alx),  x5(c*) <alx <xj(c"),

—kjalx, alx <x3(c).

In particular, the value satisfies the smooth-fit condition at the optimal boundaries xj(c*) and
x5(c*). This case is illustrated in Figure 1 under the assumptions that ¥ = 0.01, ||| =0.1,
r=0.02, ky =1, k, =0.5, and k3 =0.35 (implying that ¢* = —0.0941818, x5 = —0.616587,
and x7 = 0.205943).

However, if x](¢) < 0 then the situation changes, since in that case 0 becomes an optimal
stopping boundary at which the value coincides with the payoff in a nondifferentiable way. In
that case the value reads as

koalx + ks, a’x >0,
Vie(x) = { (x5 (c*) U (alx), x5(c*) <alx <0,

—kjalx, alx <x3(c"),
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-2. -1.5 -1 -0.5 0.5 1. 1.5 2.

FIGURE 1: The value function (solid) and exercise payoff (dashed).

-2. -1.5 -1. -0.5 0.5 1. 1.5 2.

FIGURE 2: The value function (solid) and exercise payoft (dashed).

where the optimal boundary and the critical switching state are the unique roots of the
equations

5 (B (N3 (™) = haex (¥5(c™)),
ky1x3(c*) _ k3
hoer(x5(c*))  hie<(0)

This case is illustrated in Figure 2 under the assumptions that x = 0.01, |la|| = 0.1, » =0.02,
ki =1,k =0.5, and k3 = 0.7 (implying that ¢* = —0.348597, x; = —0.739769, and x} = 0).

It is worth pointing out here that in the case where k3 = 0 and k| = k», the exercise payoff is
continuous and even, and the findings of Theorem 2 apply. In that case, the optimal boundaries
can be obtained from the optimality condition

Y e (1 — gex®) = g e (1 — Yrex).
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3.2. Periodic and even payoff

In order to illustrate how the approach applies in the periodic setting, resulting in multi-
ple boundaries, consider the periodic payoff F(x) = cos (x). Since the payoff is even, attains
its maxima at the points y, = 2nsr, attains its minima at the points x, = (2n + 1), and is
symmetric on the sets [2nm, 2(n + 1)x], n € Z, we notice that we can extend the findings of
Theorem 2 and make an ansatz that the optimal reference point is ¢ = x,. To see that this
is indeed the case, we first observe that if y € [y,, x,], then Il (x, +y) = I, (x, —y), since
cos (x, —y) = cos (x, +y) and

U == B i i
K — Pk Ve — P

__ Pic eVey 4 Vi
Ve — ¢k Ve — @

e = Ux,l(xn +y)

for all yeR and neZ. Consequently, it is sufficient to investigate the ratio ITy (y) on
[y, yntr1]. Standard differentiation yields H;ﬂ ) =u,(y)/ U)%n (v), where

() = 2 O sin () 4 Y 08 () — 25— O sin () + g cos ().
Vic — P Vie — P

Noticing now that u,(x,) =0,
Un(Ynt1) = —wl/fm; (e — ™) <0,
K = ¥k

and
cos (y)
Ve — Qi '
we observe that the equation u,(y) = 0 has a unique root z; € (x, + % Yn+1) such that

) = (W2 + DV O — (gl + 107

zp = argmax II, (y).
Y€, Yn+1]

It is now clear that the value of the optimal stopping policy reads as

Vo) My, () Uy, (ax), alx € Uyen(o, — 25, x0 4+ 20,
k(X)) =
cos(a’x), al'x ¢ Upez (xn — 25, X0 + 25).

This value and the optimal policies are illustrated for y € [—2m, 2] in Figure 3 under the
assumptions that ¥ =0.02, » =0.03, and 0 =0.1 (implying that the optimal thresholds are
—5.07233, —1.21086, 1.21086, 5.07233).

It is worth noticing that the worst-case prior is induced in the present case by the density
generator

Kiars  Qu+rm <alx<2(n+ D,
0" =
—K s 20 <alx<@n+ D,

for all n € Z. Essentially, the optimal density generator tends to drive the dynamics of the
underlying diffusion towards the minimum points x;,, of the exercise payoff.
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\ ! -0.5 \ /

FIGURE 3: The value function (solid) and exercise payoff (dashed) in the periodic case.

4. Radially symmetric payoff

It is well known from the literature on linear diffusions that the radial part of a multidi-
mensional Brownian motion constitutes a Bessel process. Our objective is now to exploit this
connection by focusing on exercise payoffs which are radially symmetric. More precisely, we
now assume that the payoff is of the form

d
Fx)=F (Iw)?) =F (Zx%) , 4.1
i=1

where F: Ry > R is a known measurable function. We now make an ansatz and focus on
functions which are radially symmetric, that is, on functions of the form

u(x) = h(|lx||*) (Zx>,

where h: R4 — R is assumed to be twice continuously differentiable on R . In this case, a
short calculation yields that the worst-case prior becomes

0% = sen (i (I17) 7

so that the worst-case drift points either towards the origin or away from it. In this case, solving

(A 1) (x) = ru(x)

is equivalent to solving
2(Ix 12" (1x12) + (d — 2iclx 1) 7 (lx]1%) = ri(11x]1%)
on {x € R?: 1/ (||lx|?) > 0} and

2(Ix )R (I1x11%) + (d + 2« [Ixl1) B (1 112) = rh(llx]1?)
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on {x € R4 h/(||x||2) < 0}. Denote now by M, ;, and by W, ; the Whittaker functions of the
first and second type, respectively, and define the functions ¥1(y) = u, (\/¥), ©1(y) = vie ((/V),
V2(y) = u—e({/y), and @2(y) = v—c(/y), where

u(y) = y% é“Mg, p (2\/ 2r + K2y) ,
Vie(y) = yl%d EWa, b (2\/ 2r + K2y> ,

b=d/2 —1,and
k(d—1)
Wt

Making the substitution h(||x||2) =v(]|x||) shows that the solutions of these ordinary differen-
tial equations read as

ay =

h(Ix1?) = c1vn (I1x012) + c2e1 (I 11)
on {x e R?: h/(||x||2) >0} and as
h(lx11?) = e1va (Ixl1?) + S202 (I1x11?)

on {xeRd:h’(||x||2) <0} (cf. [27]). As in the previous subsection, we now let c € Ry
be an arbitrary reference point and define the function U.:Ry+— Ry by Uc(Ix]1>) =
max (fc(1|x[1%), h2c(1x[1)), where

h 2\ _ p—l ¥i(o) 2 _m 2
ine (1) =55 (550 (11%) = 2551 107))

. (W) v5(c)
hae(Ix11%) = B, ! (S,j(c) P (IIx]?) — <2 wz(||x||2)> ,

Sh(©)
N2r+ k20 d - 1)
1= s
r(5t-a)
B N2r 4+ Kk2I0(d — 1)

(o)

S| (y) = 2y~

B,

S)(y) = e VI8

We first observe that U.(y) is continuously differentiable on R, since U.(c—) = U.(c+) =
1 and Ul(¢c—) = U.(c+) =0. Moreover, since U/(c—) =r/(2¢) = U/ (c+) we again find that
U.(y) is twice continuously differentiable on R and, consequently, that U.(y) constitutes the
solution of the boundary value problem

2112 U7 (11%) + (d = 2 lelisgnlel® = ©)) UL (1) = rUe(1x11%) =0,
Ucle)=1, Ulc)=0.

4.2)
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As in the case of the previous subsection, we define the two cases associated with the extreme
reference points by

Vo) = ¥1(3) =22 4 27y 5o (V)5

_(d—1) P
-M l—— ), d—1,2Vk2+2 ,
( 2 ( VK2+2r> o rﬁ)

Uy) = ) =2/ 720" (Y2 2r)0

_(d—-1) P
.U 1+ —— )., d—1,2vV«k2+2 ,
< 2 < +\//<2+2r> o rﬁ)

where M and U denote the confluent hypergeometric functions of the first and second type,
respectively. It is worth noticing that since the lower boundary is entrance for the underlying
diffusion process, we have that

lim hic(y) = oo,
y—)

i ! /
lim 1ieQ) gt VO 4O
y—>0+ Sz(y) Sl.(c) y—>0+ Sl»(y)

when ¢ € (0, 00) (cf. [8, p. 19]). The upper boundary is, in turn, natural for the underlying
diffusion process, and hence we have that

lim hie(y) = +o0,
y—>00

h.()
y=00 Si(y)

+00

when ¢ € (0, 0o) (cf. [8, p. 19]). However, in contrast with natural boundary behavior, we now
notice that in the extreme case,

d—1
lim ¢(y)= (2\/ K2+ 2r) 2.,
y—0+
Again, we observe that the function U, is strictly convex.
Lemma 3. The function U (y) is strictly convex on R;..

Proof. U.(y) is nonnegative and decreasing on (0, c]. Consequently, we notice by invoking
(4.2) that

WU () = rUc(y) — (d + 2ic /) UL(y) > 0,

demonstrating that U.(y) is strictly convex on (0, c]. On the other hand, (4.2) also implies that
on (¢, 00) we have

WU HUey) — yULY)) Ul(y)
= —(d—-2 — .
D) S') (@ =2y wsw>

https://doi.org/10.1017/apr.2020.62 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.62

Optimal stopping under Knightian uncertainty 417

Since d Uc(y) )
U, —yUé B _ ’
&y S (d = 2/y = 1) UeIm) ),

where m/ (y) = 1/(2yS}(y)), we notice by integrating from ¢ to y that

Ue) =yU0) _ r
SO S©

+r / ’ (d — 26/t — 1t) Uo(tym (t)dt.

Since
v _
S1()

y

r / U (H)ym'y (1)dt,
c

we finally find that

proving that U,(y) is strictly convex on (¢, 0co0) as well. U

Utilizing the It6—Doblin theorem now shows that the process Y; = | X;||> satisfies
the SDE

Ay, = (d — 2ie/Yysgn(Y; — c))dt 2V AW, Yo =xI2, 4.3)

where Wto ¢ is a Brownian motion under the measure Q¢ characterized by the density generator
X,
Xl

Hence, we again observe that the controlled process has a stationary distribution for a fixed
reference point c. In the present case it reads as

0. = ksgn(|X:)1* —¢)

pe(y) = %
where
)= Lyt
and

1 2K4/c
me(0, 00) = E(2K)—”1 (ﬂﬁr(d, /) + e 2VE / td_le’dt) .
0

It is also worth noticing that applying the Itd—Déblin theorem to the process Z; := /Y, = ||X/||
results in the SDE

d—1 ~
dzZ; = < A ksgn(Z, — ﬁ)) di+dWwl,  zo=|x|,
t

which constitutes a Bessel process of order d/2 — 1 with an alternating drift.
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It is at this point worth emphasizing that as in the case of the previous section, the underlying
process is bounded for any Qf € P* between the processes ¥;* and Y*, where

dye = (d+ 2K,/1?,K> dt 42,/ YEaw?.

Since the boundaries are unattainable for the processes ¥; © and ¥, the universal finiteness of
the stopping times follows from the properties of the derivative of the scale function

Se() =y 2eHV

and the fact that the bounding processes can be viewed as exponentially killed diffusions.

A modified characterization of the representation presented in Theorem 1 is naturally valid
in this case as well, since in the present case the set of admissible reference points is [0, co].
The positivity of the sign of the relationship between the degree of ambiguity and the function
U.(y) is naturally true in this case as well. Consequently, higher ambiguity decreases value
and accelerates exercise by shrinking the continuation region. It is also worth noticing that the
function U.(y) is no longer symmetric; hence, representations similar to the ones developed
in Theorem 2 and in Theorem 3 are no longer possible. Moreover, since the lower boundary
is entrance for the underlying process, policies which are radically different from the case
considered in the previous section may appear. We will illustrate this point explicitly in the
following subsection. We emphasize that the results of Lemma 2 are valid in this case as well.
More precisely, an increased degree of ambiguity increases U.(y) for all y € Ri\{c} and all
reference points ¢ € [0, oo]. The proof of this claim is completely analogous to the proof of
Lemma 2.

4.1. Nonlinear straddle option

In order to illustrate the peculiarities associated with the present case, let us consider the
nonlinear straddle option case F(y) = |,/y — K|, where K > 0 is an exogenously set fixed strike
price. Consider first the behavior of the function

Vi) 1 )
S0 2y 810

(L F)o) = (V3 = K)

We notice that (Ly, F)(0+) =0 and

A/ d—1 ,
(Lllle) = <r(ﬁ—K> +K = ﬁ) Y (y)my(y),

demonstrating that

. y d—1 ,
(Lo ) ) = /0 <r(ﬁ K)o 2_ﬁ> V(o ().

Since r(/y — K) +« — (d — 1)/(2,/y) is monotonically increasing and satisfies the inequality

HVy = K) 4= (d = 1)/25) 20
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for y % Yo, where yg is the unique root of r(,/y — K) + x — (d — 1)/(2,/y) = 0, we find that for

y >3 > Yo,
~ R y d—1 ,
(Ll/,lF)(y)z(EwlF)(y)+[ (r(«/;—K)+/c— 2_ﬁ> Yy (Dmy (Ddt
y
R — d—1 Yy ,
> (Ly, F)O) + (r(fy—K)+K——A>/ Y (Hm (D)dt
25 ) Js
A - d—1\1 (¢ @H(&))
=Ly, F —K — - — .
Hence,

ylggo (Ly, F)(y) = o0,

demonstrating that there is a unique yk >Jyo satisfying the condition (/:wlﬁ)(y;()=o.
Noticing that
d W—K - ST
dy v10) i)

in turn demonstrates that y% > K? is the unique threshold at which the ratio
VYK
v1(y)

is maximized. Moreover, dyx /0K > 0, limg . o yg = 00, and limg o Yx = y;, > 0, where the
threshold y; € R is the unique root of the first-order optimality condition

Y1(5) = 291 555

We now define the monotonically increasing and continuously differentiable function

Ve:Ry >R, by

(L, F))

[Mo(y) =

ﬁ—K}: VK, v € [yk: 00).

V) = v10) {
PEVIE L e Mo(yg)¥10). v e (0.55)-

Xy

Since Vi (y) is nonnegative and dominates ,/y — K for all y € R, it dominates (,/y — K )T as
well. Hence, we observe by utilizing similar arguments as in the proof of Theorem 2 that

. +
Vi) = sug_IE;Qoo |:e_” (\/YI - K) ] )
TE

Given this function we immediately notice that if the condition

d—1

lim o(vk)¥10)=To(v) (Vs +2) = =K
y%

is met, then V,(y) dominates the exercise payoff |/y — K] for all y e R as well. Therefore,
we notice that in that case

V() = sup EZ" [e—”mfr - K|] .
teT

https://doi.org/10.1017/apr.2020.62 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.62

420 L. H. R. ALVAREZ E. AND S. CHRISTENSEN

Howeyver, if

d—1
2

yir(r)1+ Mo (Vi) ¥10) = Mo (k) (VK2 +2r) T <K, (4.4)

then the optimal policy is no longer a standard single-boundary policy. To see that this is indeed
the case, consider the behavior of the ratio

- /Yy — Kl
I.(y) = \/_—
Uc(y)
for all ¢ € (0, c0) and y € R.. For an arbitrary state y € R, define the continuous difference

D:Ryr—Ras
D(c) =sup (W) — sup .(w).
w=y w=y
Consider first the extreme case D(0). It is clear from our analysis of the single-boundary case
treated above that Ho(y) is monotonically decreasing on (0, K2) U (y%, 00) and monotonically

increasing on (K 2 ¥k, and that it satisfies the limiting conditions limy_, l'[o(y) =0and
X 1-d
lirr(l) o(y) = (2 K2+ 2r) 2 K > Tk,
y—>

by the assumption (4.4). Combining these observations shows that ﬁo(O) > ﬁo(y) forall ye
R4 and, consequently, that D(0) < 0. Consider now the other extreme setting, D(00). Utilizing
arguments completely analogous to the previous ones, we notice that [T (y) is monotonically
ipcreasing on (K2, 00) ang bounded for y € (0, 00), and that it satisfies the limiting conditions
Moo (0) =0 and limy_, » [T (y) = 00. Consequently, we notice that for y € (0, c0) we have
sup ﬁw(w) < 00, sup ﬁoo(w) =00
w=<y wzy
and, therefore, lim.—, o D(c) = co. Combining these results with the continuity of the dif-
ference D(c) proves that there is at least one ¢* € Ry such that D(c*) =0, implying that

sup flc*(w) = sup ﬁc* (w).
w>y W<y

Moreover, the optimal thresholds yf, i=1, 2, satisfy the ordinary first-order optimality
conditions .
hie=(y7)

25

In this case the value reads as

=h.ODG/F—K)., i=12.

Jy—K, y=y7,
Ve = { e ODhe (), y5 <y <yi,
K_fs yfy;

Naturally, the set (0, y3) U (y], 00) constitutes the stopping set in the present example.

In order to illustrate our findings numerically, we now assume that r =0.1, k = 0.02, and
d =5 (implying that the critical cost below which the problem becomes a single-boundary
problem is K ~0.975222). The two-boundary setting is illustrated in Figure 4 under the
assumption that K =4 (implying that y5 =3.85108, y] =63.4344, and ¢* =9.07278). The
single-boundary setting is illustrated in Figure 5 under the assumption that K = 0.85 (implying
that yfj ¢ = 4.7294).
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Vi(y)
5 -

FIGURE 4: The value (solid) and exercise payoff (dashed).

Vi)

FIGURE 5: The value (solid) and exercise payoff (dashed).

4.2. A truly two-dimensional modification

The explicit solvability of the problem described before is based on the dimension reduction
due to the symmetry of the situation. If this symmetry is even slightly broken, there is usually
no hope of finding such explicit solutions anymore. In the rest of this section, we will illustrate
this by an example and show how these more general problems may be treated. We consider
again the radially symmetric payoffs (4.1), but instead of assuming [|0;]> < k2 for the density
process, we now assume that

10illoc <k, ie., max{|Oyl, 0]} <k,
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and denote the set of all corresponding probability measures by PX. We note that this ambiguity
structure has been considered in [2]. We write

A . 0 r _
Ve@)=sup inf EJ [¢”""F(Xo)Lir<oo)]
eT QP ePr

and C. for the corresponding continuation set. As \/LEIHI <|I‘llcc < II-ll, it is clear that
for all x
VK\/E(x) < Vi) < Vie(x)

and therefore A
C, va < Ce CCy.

For the sake of simplicity, we now restrict our attention to the case d =2 and F(y) =y. In this
case, it is—using the results of this section—easily seen that C,_ /7 and Cy are circles around 0.

Although there is little hope of finding V, and Ce explicitly, it is easy to infer the structure of
the solution: the worst-case measure is characterized by the density generator

9* = (ksgn(xy), ksgn(xn)).

Because of the symmetry of the situation, the optimal stopping problem to be solved can be
written as »
V)= sup BY [e™""F(X¢)Ljr<o0)] -
teT

for x in the upper quadrant Ri, where X is a Brownian motion with drift (—«, —«) and (orthog-
onal) reflection on the boundaries of Ri. Note that reflected Brownian motion in the quadrant
has been studied extensively; see [22], [39], to mention just two works. Recently, the Green
kernel has been found semi-explicitly (in the transient case); see [19]. This opens the door to
characterizing the unknown optimal stopping boundary using integral equation techniques; see
[37] for the general theory and [12] for a specific setting quite close to this one.

5. Conclusions

We analyzed the impact of Knightian uncertainty on the optimal timing policy of an
ambiguity-averse decision-maker in the case where the underlying follows a multidimen-
sional Brownian motion. We identified two special cases under which the problem can be
explicitly solved and illustrated our findings in explicitly parameterized examples. Our results
indicate that Knightian uncertainty not only accelerates the optimal timing policy in compar-
ison with the unambiguous benchmark case, it may also add stability to the dynamics of the
underlying under the worst-case measure. More precisely, even though the underlying multidi-
mensional Brownian motion does not converge in the long run to a stationary distribution, the
controlled process does. This observation shows that ambiguity may in some circumstances
have a profound and nontrivial impact on the underlying dynamics.

This study modeled the underlying random factor dynamics as a multidimensional
Brownian motion and focused on two functional forms permitting the utilization of dimension
reduction techniques, in this way leading to stopping problems of linear diffusions. There are
at least three natural directions in which our chosen modeling framework might be extended.
First, even though most standard factor models rely on linear combinations of the driving fac-
tors, it would naturally be of interest to analyze how potential nonlinearities would affect the
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optimal timing decision in the presence of ambiguity. In particular, introducing state-dependent
factors would cast light on the mechanisms of how nonlinearities in factor dynamics affect the
decisions of ambiguity-averse decision-makers. Second, carrying out a thorough analysis of
the truly two-dimensional modification presented in Subsection 4.2 would provide valuable
information on the difference between problems that allow dimensionality reduction and prob-
lems that do not. Third, it would be interesting to add Bayesian learning, much in the spirit of
the recent study [15], to the class of problems considered. All these extensions are extremely
challenging and at present beyond the scope of this study.
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