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Abstract  From any two median spaces X and Y, we construct a new median space X ® Y, referred
to as the diadem product of X and Y, and we show that this construction is compatible with wreath
products in the following sense: given two finitely generated groups G, H and two (equivariant) coarse
embeddings into median spaces X, Y, there exist a(n equivariant) coarse embedding Gt H — X ®Y.
The construction offers a unified point of view on various questions related to the Hilbertian geometry
of wreath products of groups.
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1. Introduction

Recall that, given two groups G and H, the wreath product G { H is defined as the semidi-
rect product (@, G) x H where H acts on the direct sum by permuting the coordinates.
These groups are also called lamplighter groups, a terminology coined by Jim Cannon (see
[18]). The family of lamplighter groups is well known in group theory and has been stud-
ied from various perspectives over the years. On the one hand, lamplighter groups have an
easy and explicit definition, allowing an easy access to various properties and calculations.
On the other hand, these groups are sufficiently exotic, i.e. sufficiently far away from most
of the well-understood classes of groups exhibited in the literature, in order to exhibit
interesting behaviours. The combination of these two observations probably explains the
success of lamplighter groups, and why they are often used to produce counterexamples.

In this article, we are interested in the L'-geometry of wreath products. How taking the
wreath product of two finitely generated groups can affect the compatibility between the
geometry of the group and the geometry of an L'-space? In fact, because L'-spaces are
median spaces and that, conversely, median spaces isometrically embed into L'-spaces
[8], we can alternatively ask the previous question for median spaces. Recall that:
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Definition 1.1. Let X be a metric space. Given two points =, y € X, the interval
between x and vy is

I(z,y) = {z € X | d(z,y) = d(z,2) + d(z,y)}.

Given any three points x, y, z € X, a point in the intersection I(z, y) N I(y, z) N I(x, 2)
is a median point of x, y and z. The space X is median if any triple of points admits a
unique median.

In this article, we use the point of view offered by median spaces. Our main goal is to
transfer the wreath product between groups to an operation between median spaces that
create another median space.

Definition 1.2. Let X, Y be two median spaces and 1 € X a basepoint. The diadem
product (X, 1) ®Y (or simply X ® Y') is the set of wreaths (C, ¢), where

e (' is a convex subspace of Y that is finitely generated (i.e. the convex hull of finitely
many points);

e ¢©:Y — X satisfies p(y) = 1 for all but finitely many y € Y (written ¢ € X)),

endowed with the metric 6 defined as

((C1,91), (Cay02)) = 2 u(C1 U C2 U p1Ap2) — u(Cr) — pu(C2) + Z d(p1(y), p2(y))
yey

where ¢1Apy denotes the set of points where ¢1, o differ and where u(-) denotes the
measure of the collection of hyperplanes crossing the subspace under consideration (see
§3.1).

The idea to keep in mind is that a point in the diadem product is the data of a ‘finitely
supported’ colouring of Y by points of X together with a finitely generated subspace
representing the area where a lamplighter is allowed to modify the colouring. Thus, in
order to go from a point (C1, ¢1) to a point (Ca, ¢2), one has to ‘move’ Cy to Cp in Y
in such a way that each point where ¢ and 5 disagree belongs to one of the subspaces
in our path from Cj to Cs, so that the lamplighter be able to modify ¢; into ¢o. The
distance between (C1, 1) and (Cy, ¢2) is then the sum of the cost to move from C to
C5 with the cost to modify the colouring ¢1 to ¢s. In order to formalize the former cost,
we show that the set of finitely generated subspaces of a median graph can be endowed
with a median metric, a result which is of independent interest:

Theorem 1.3. Let X be a median space. The set F(X) of the non-empty finitely
generated convex subspaces of X is median when endowed with the metric

d:(Cy,Co) — 2 pu(CrUCy) — u(Cr) — u(Ca),

where u(-) refers to the measure of the collections of hyperplanes crossing the subspace
under consideration.
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We refer to § 2 for an illustration of diadem products in a simple case. Our definition of
diadem products is inspired by [12, § 9], where, given two groups G, H with H acting on
a median graph, we constructed an action of Gt H on a quasi-median graph and deduced
estimations on the L2-compression.

The central idea is that, given two finitely generated groups G, H and two maps ¢, ¥
from our groups to median spaces X, Y, we can construct a new median space, namely
the diadem product X ® Y, and a new map ¥V : Gt H — X ®Y in such a way that
the amount of geometry preserved by ® ¥ is directly related to the amount of geometry
preserved by ® and ¥. We motivate this idea from two points of view.

Our first point of view is purely geometric: the wreath product of two finitely generated
groups that embed nicely in median spaces also embeds nicely in some median space. In
fact, instead of finitely generated groups, we can express our results for arbitrary graphs
thanks to the following definition:

Definition 1.4. Let GG, H be two graphs and 1 € G a basepoint. The wreath product
(G, 1)1 H (or simply G H) is the graph whose vertices are the pairs (¢, h) where h € H
and where ¢ : H — G satisfies p(k) =1 for all but finitely many k € H (written ¢ €
GH)) and whose edges link two vertices (@1, y1), (p2, yo) if either o1 = o and y1, yo
are adjacent in H or y; = yo and @1, s only differ at y; = yo with ¢1(y1), ¢2(y2) adjacent
in G.

Observe that, given two groups G, H and two generating sets R C G, S C H, we have
Cayl(GUH,RUS) = (Cayl(G, R), 1) Cayl(H, 5),

justifying our terminology.

Our first application of diadem products is that the wreath product of two (uniformly
locally finite) graphs that coarsely embed in L!-spaces also embeds in some L!-space, or
equivalently:

Theorem 1.5. Let G, H be two graphs with H uniformly locally finite. Then, G H
coarsely embeds in a Hilbert space if and only if so do G, H.

After the completion of this work, R. Tessera informed us that Theorem 1.5 can also
be found in [7].

The property of being coarsely embeddable in some Hilbert space has been popularized
by Yu in [23], where it is proved that a finitely generated group that coarsely embeds in
some Hilbert space satisfies the famous Novikov conjecture.

Regarding Theorem 1.5, it is natural to ask whether a control on the metric distortion
is possible. Recall that, given a Lipschitz map f : R — S between two metric spaces, one
says that f has compression > « if there exists some constant C' > 0 such that

d(f(a), f(b)) > C-d(a,b)* for all a,b € R.

The LP-compression of R, denoted by oy, (R), is the supremum of the « such that there
exists a Lipschitz map of compression > « from R to an LP-space. Roughly speaking, the
LP-compression of a metric space is a real number between zero and one that quantifies
the compatibility between the geometry of the space and the geometry of an LP-space.
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The first examples of finitely generated groups with L2-compression in (0, 1), namely
Thompson’s group F' and the lamplighter group Z{Z, are exhibited in [1]. Since then,
LP-compressions of wreath products have received a lot of attention (see for instance
[2, 6, 11, 13, 16, 17, 20, 21]).

A quantitative version of Theorem 1.5 leads to the following statement:

Theorem 1.6. Let G, H be two graphs with H uniformly locally finite. Then,
1
o (G H) > 3 min(ay(G), a1 (H)).

However, this lower bound is not optimal in general. When G and H are Cayley graphs,
[13, Theorem 1.1] provides a better estimate.

We emphasize that having LP-compression one does not imply that the metric space
under consideration admits a biLipschitz embedding in some LP-space. For instance, a
finitely generated free group has L?-compression one but it does not admit a biLipschitz
embedding in some Hilbert space [5]. Several wreath products are known to admit biLip-
schitz embedding in L!-spaces, such that Zo!Z [16] and Zy ! F [11] (see also [3]), but
the problem is difficult in general. For instance, in [17], the authors show that Zs ! Z?
has L'-compression one but leave the existence of a biLipschitz embedding as an open
question. As an application of our diadem products, we prove that:

Theorem 1.7. Let G, H be two graphs. Assume that H is a uniformly locally finite
median hyperbolic graph. If G biLipschitz embeds into an L'-space, then so does G H.

For instance, the theorem applies to the groups Z, 1 Z, Z" 1 Z, ¥, 2, Z,  F,., Z" 1 F,.
and IF,, ! IF,.. In fact, in all these cases, the median spaces are discrete, so our construction
provides a biLipschitz embedding in an infinite Hamming cube {0, 1}(N).

Our second point of view dynamical: the wreath product of two groups that act nicely
on L'-spaces also acts nicely on some L'-space. Such results are obtained by noticing
that, if two groups act on two median spaces, then their wreath product acts on the
diadem product of the corresponding spaces. In view of the characterization of Kazhdan’s
property (T) and a-T-menability provided by [8], we recover the two following known
statements:

Theorem 1.8. Let G, H be two non-trivial groups.
e [10] G H has property (T) if and only if H is finite and G has property (T).
e [11] G H is a-T-menable if and only if so are G and H.

Because a discrete group has property (T) if and only if it cannot act on a median
space with unbounded orbits, a natural discrete analogue is the property (FW), asking
that no action of the group on a median graph can have unbounded orbits. Similarly,
being a-T-menable amounts to admitting a metrically proper action on a median space,
and the corresponding discrete version of it, namely the property (PW), requires the
existence of a metrically proper action on a median graph. By noticing that the diadem
product of two median graphs produces a median graphs, we deduce a discrete analogue
of Theorem 1.8:
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Figure 1. Replacing the arrow with a rectangle.

Theorem 1.9. Let G, H be two non-trivial groups.
e [14] G H has property (FW) if and only if H is finite and G have property (FW).
e [11] G H has property (PW) if and only if so do G and H.

See also [12] for another proof of the second point.

2. Warmup

In this section, we sketch the construction of a median graph associated with the wreath
product Z Z2. Our purpose is to motivate the definitions introduced in the next section
and to illustrate them visually in a specific case.

An element of the wreath product ZZ?2, thought of as a lamplighter group, can be
described by an infinite grid whose vertices are labelled by integers, such that all but
finitely many vertices are labelled by 0, together with an arrow pointing to some vertex
(see Figure 1). Formally, the labelled grid encodes the coordinate along @pezz Z and
the arrow the coordinate along Z2. Moreover, Z ! Z? has a natural generating set such
that right-multiplying an element of ZZ? by one of these generators corresponds to
modifying the integer of the vertex where the arrow is (by adding +1) or to moving the
arrow to an adjacent vertex.

Essentially, our construction lies on the following idea: replace the arrow of the previous
description with a rectangle (whose corners have their coordinates in %Z) containing a
single vertex of the grid (see Figure 1), and, instead of moving the arrow from one
vertex to an adjacent vertex, move the sides of the rectangle independently (by +1). For
instance, in order to move the rectangle from one vertex to an adjacent vertex, three
moves are necessary; see Figure 2. More formally, we define a wreath as the data (R, @)
of a rectangle R and a map ¢ : Z2 — Z with finite support. Now, our elementary moves
on a given wreath (R, ¢) are the followings: modify the integer of a vertex which belongs
to (the interior of) R by adding +1, or translate one (and only one) side of R by a unit
vector. Among the wreaths, we recover the group Z 1 Z? as the wreaths whose rectangles
contain a single vertex of the grid. Moreover, we have a natural action of Z1Z? on the

https://doi.org/10.1017/50013091522000190 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091522000190

Lamplighter groups, median spaces, and Hilbertian geometry 505

Figure 2. Passing from a vertex to an adjacent vertex by elementary moves.

5

?

set of wreaths extending the left-multiplication:

(0, 0) - (R, ) = (R+p,9(-) + p(-—p)) .

Now, define the graph of wreaths 20 (which will correspond to the diadem product of the
two median graphs given by Z and Z?) as the graph whose vertices are the wreaths and
whose edges link two wreaths if one can be obtained from the other by an elementary
move. We claim that 20 is a median graph and that ZZ? acts on it metrically properly.

In order to link two wreaths (R1, ¢1) and (Ra, ¢2) by a path in 20, we need to modify
the integers at the points on which ¢1, @9 differ and to find a sequence of rectangles
from Ry to Ry such that a rectangle is obtained from the previous one by an elementary
move. Notice that, if we want to modify the integer at some point p € Z2, then one of
our rectangles must contain p in its interior, and |p;1(p) — p2(p)| elementary moves will
be needed to transform ¢1(p) to wa2(p). Therefore, the distance between (Rp, ¢1) and
(R2, p2) in 2 is equal to

TC(R1, 01802, R2) + Z [p1(p) — @2(p);

pEZ?

where 1 Aps denotes the set of points on which the colourings ¢1, @9 differ and where
TC(R;y, F, Ry) denotes the minimal number of rectangles needed to connect Ry to Ry in
such a way that any point of F C Z? belongs to one of these rectangles.

However, it is not clear how to extend this formula to arbitrary median spaces. We
need an alternative description of the metric. The key observation is that applying an
elementary move to some rectangle R amounts to adding/removing a hyperplane (here,
a vertical or horizontal line of the form {n/2} x R or R x {n/2} where n € Z; see § 3.1
for the general case) to/from R. With this idea in mind, it can be proved that

TC(Ry,F,Ry) =2 #H(R1 U Ry UF) — #£H(Ry) — #H(Rs),

where H(.S) denotes the set of hyperplanes separating at least two vertices of S. The idea
is essentially the following: if J is a hyperplane separating two vertices of Ry U Ry U F,
then in our sequence of rectangles from Ry to Ro, we will need to add J to one of these
rectangles and next to remove it from another one, except if J already crosses Ry (so
that we do not need to add it) or if it crosses Ry (so that we do not need to remove it).
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See [12, §9] for more information. Thus, the distance between (R, ¢1) and (Ra, ¢2) in
the graph of wreaths 20 is equal to

2- #H(Ry U Ry U1 Ags) — #H(Ry) — #H(Ra) + Y le1(p) — p2(p)].

pEZ?

In the next sections, we will generalize these ideas to arbitrary median spaces.

3. Diadem products of median spaces

3.1. Preliminaries on median spaces

In this section, we give the preliminary material on median spaces which will be needed
in the sequel. We refer to [8] and references therein for more information.

Definition 3.1. Let X be a metric space. Given two points z, y € X, the interval
between z and y is

Iz, y) ={z € X [ d(z,y) = d(z, 2) +d(z,y)}.

Given any three points x, y, z € X, a point in the intersection I(z, y) N I(y, z) N I(z, z)
is a median point of z, y and z. The space X is median if any triple of points admits a
unique median.

Important examples of median spaces are median graphs, since it was proved indepen-
dently in [9, 19] that they are precisely the one-skeletons of CAT(0) cube complexes. In
fact, median spaces can be thought of as a ‘non-discrete’ generalization of these complexes.
In particular, the technology of hyperplanes can be extended.

Definition 3.2. Let X be a median space. A subspace Y C X is convez if I(z, y) CY
for every x, y € Y. A halfspace of X is a convex subspace whose complement is convex
as well. Finally, a hyperplane of X is a pair {D, D°} where D is a halfspace.

In a median graph, the distance between any two vertices coincides with the number of
hyperplanes separating them. In order to generalize this idea to median spaces, we need
to introduce measured wallspaces.

Definition 3.3. Let X be a set. A wall W is a partition {D, D¢} of X into two non-
empty subsets; D and D¢ are referred to as the halfspaces delimited by W. Two points
x, y € X are separated by a given wall {Y, Y} if either x € Y and y € Y, or € Y° and
yevyY.

The typical examples of walls we have in mind are hyperplanes in median spaces.
Definition 3.4. A measured wallspace (X, W, B, u) is the data of a set X, a collection

of walls W, a g-algebra B on W and p a measure on B, such that, for all points x, y € X
the collection of walls W(x | y) separating « and y belongs to B and has finite p-measure.
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It is proved in [8] that a median space, together with its collection of hyperplanes, can
be naturally endowed with a structure of measured wallspace which is compatible with
the initial metric. More precisely,

Theorem 3.5. Let (X, d) be a median space. There exist a o-algebra B and a measure
1 defined on the set of hyperplanes of X such that, for all points x, y € X, W(z | y)
belongs to B and p(W(x | y)) = d(z, y).

Another useful tool in the study of median spaces is that it is possible to define
projections on some subspaces.

Definition 3.6. Let X be a metric space and Y C X a subspace. Given two points
xreXand p€eY,pisa gate for z inY if p € I(z, y) for every y € Y. If every point of
X admits a gate in Y, we say that Y is gated.

Clearly, if it exists, a gate of a point = is the unique point of the subspace which
minimizes the distance to x. In particular, for any gated subspace Y, it allows to define
the projection of any point x € X onto Y as the unique gate of z in Y.

Lemma 3.7. Let X be a median space, C' C X a gated subspace and x € X a point.
Any hyperplane separating x from its projection onto C separates x from C.

Proof. Let 2’ € C denote the projection of z onto C, and let {D, D¢} be a hyperplane
separating « and 2/, say 2’ € D and x € D°. For any point z € D¢, necessarily I(x, z) C
D¢ by convexity. On the other hand, if z € C, then I(z, 2) N D # ) since 2’ € I(z, 2).
Therefore, z € D. This proves that C' C D, so that {D, D¢} separates x from C. |

For instance, it is proved in [8] that closed convex subspaces in complete median
spaces are gated. In this paper, we are interested in the class of finitely generated convex
subspaces.

Definition 3.8. In a median space X, a convex subspace is finitely generated if it
is the convex hull of finitely many points. We denote by F(X) the collection of all the
non-empty finitely generated convex subspaces of X.

Our main lemma about finitely generated convex subspaces is the following:

Lemma 3.9. Let X be a median space and Cy, Cy € F(X) two subspaces. There exist
two points x1 € C and xo € Cy such that

W(l‘l | 1‘2) - W(Cl | 02) and d(ml,xg) = d(Cl,Cg).

Moreover, x;1 is a gate of x5 in Cy and similarly xo Is a gate of x1 in Cs.
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Proof. For any subset F C X, define M(F)={m(x,y, z) |z, y, z € F}, and by
induction
MY(F)=F
M"Y F) = M(M"(F)) for every n >0
By construction, |J M™(F) coincides with the median hull of F, i.e. the smallest subset
n>0
of X containing F' which is stable under the median operation. Moreover, because the
median hull of a finite set turns out to be finite according to [22, Lemma 6.20], there

exists some N > 0 such that M™(F) = |J M"(F) for every n > N.
n>0
Let Fy, F5 C X be two finite subsets such that C'; and Cy are the convex hulls of F}

and Fy, respectively. Let F' denote the median hull of F; U F5; according to our previous
observation, F is finite. We claim that F' C C; U Cy. It is clear that MY (F; U Fy) C Cy U
Cy; and if M™(Fy U Fy) C C; UCy for some n > 0, then any point p € M"T1(F; U Fy)
can be written as p = m(x, y, z) for some z, y, z € C; U Cy, say with z, y € C, so that
p € I(z, y) C Ci. Thus, it follows by induction that M™(F; U Fy) C Cq U Cy for every
n > 0, hence F' C C; U Cs. We have proved more generally that

Fact 3.10. If C; and C5 are the convex hulls of two subsets F} and F5 respectively,
then the median hull of F} U F5 is included in C7 U Cs.

Now, fix two points 1 € F N C; and z2 € F N Cy satisfying
d(xzy,z2) =min{d(z,y) |t € FNCi,y € FNC3)}.

Let z € FNCy be a point. Because the median point m of z;, z and x5 necessarily
belongs to F'N C; and that d(z1, x2) = d(x1, m) + d(m, z2), we deduce that m = x1, so
that 1 € I(z, x2). As a consequence, any hyperplane separating z; and zo must separate
z and xo. Indeed, if {D, D¢} is such a hyperplane, say with 25 € D and x; € D¢, and if z
belongs to D, then it follows that x1 € I(z, x2) C D by convexity of D, which is absurd.
Thus, we have proved that any hyperplane separating x; and x, separates F'N Cy and
ro. By symmetry, our argument also implies that any hyperplane separating x; and
x9 separates x1 and F N Cy. Therefore, W(xzq | 2) C W(F} | F»). The reverse inclusion
being clear, it follows that W(zy | z2) = W(F} | F»). From the inequalities

d(C1,C2) < d(z1,22) = p(W(21 | 22)) = p W(F1 | F2)) < d(Cq,C2),

we conclude that d(z1, z2) = d(Cy, C3).

Now, we want to prove that xs is a gate of x1 in Cs. So, fix a point w € Cs. If J is a
hyperplane separating xs and w, then J does not separate z; and zs, because we know
that the hyperplanes separating x; and xs are precisely the hyperplanes separating Cy
and Cy, which do not intersect Cy in particular. Equivalently, W(zo | w) N W(x1, x2) = 0.
As a consequence, W(zq | w) C W(z; | w). Because any hyperplane separating x; and
must separate C'y and Csy, and a fortiori 1 and w, it follows that

Wz | w) =W(x1 | z2) UW(22 | w),

hence d(x1, w) = d(x1, x2) + d(x2, w). Thus, we have proved that zo is a gate of x; in
Cs. A symmetric argument proves that x; is a gate of x5 in Cf. [l
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As a consequence of Lemma 3.9, it follows that finitely generated convex subspaces are
gated, so that it will be possible to project points on such subspaces.

Corollary 3.11. In a median space, any finitely generated convex subspace is gated.

Proof. Let X be a median space, C' € F(X) some subspace and z € X some point.
Applying Lemma 3.9 to {z} and C provides the conclusion. ([l

It is known that, in median spaces, any two disjoint convex subspaces are separated by
at least one hyperplane. Another consequence of Lemma 3.9 is that, if these two subspaces
are moreover finitely generated, then the collection of the hyperplanes separating them
is measurable and has positive measure.

Corollary 3.12. Let X be a median graph and Cy, Cy € F(X) two subspaces. If Cy
and Cy are disjoint, then p(W(Cy | C3)) > 0.

Proof. Let z; € C; and x5 € C5 be the two points given by Lemma 3.9. Notice that,
because C7 and Cs are disjoint, necessarily 1 # x5. We have

pW(C1 | Ca)) = p(W(z1 | 22)) = d(x1,22) > 0,
which proves our corollary. ([

Finally, we conclude this section by noticing that being finitely generated is stable
under intersection.

Lemma 3.13. Let X be a median space and C7, Cy € F(X) two subspaces. The
intersection C1 N Cy is finitely generated.

Proof. Let Fy, F, C X be two finite subsets such that C'; and C5 are the convex
hulls of F} and F5, respectively. According to Fact 3.10, the median hull F' of F} U F3 is
included in C; U Cs. Let @ denote the convex hull of F'N C; N C5. Notice that, because
the convex hull of F' contains C7 U Cs, necessarily C7 N Cy C Q. The reverse inclusion
being clear, it follows that @Q = C7 N Cs. Thus, C; N Cy is the convex hull of F', which is
finite according to [22, Lemma 6.20]. A fortiori, C; N Cs is finitely generated. (]

3.2. The space of finitely generated convex subspaces

Recall that, given a median space, a convex subspace is finitely generated if it is the
convex hull of finitely many points of X. Notice that, if C' is such a subspace, then the
set H(C') of the hyperplanes intersecting C' is measurable and has finite measure. Indeed,
if C' is the convex hull of some finite set {z1, ..., =, }, then H(C) = Ui<;j<j<aW(x; | ;)
and p(H(C)) < 321 <;<j<, d(s, ;). The goal of this section is to exploit this observation
in order to define a median metric on the set of finitely generated convex subspaces of a
given median space.

In the sequel, we will use the following notation. Fix a median space X. For any
subset F' C X, we denote by H(F') the set of the hyperplanes separating two points of
F; alternatively, this is also the set of the hyperplanes intersecting the convex hull of
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Figure 3. The space F(X) when X is a bi-infinite line or a tripod.

F.If Ay, ..., A, C X are subsets such that the convex hull of A; U---U A, is finitely
generated, we denote by p(Ay U---U A,) the measure of H(A; U---UA,).

Definition 3.14. Given a median space X, we denote by F(X) the set of non-
empty finitely generated convex subspaces of X, which we equip with the map d:
F(X) x F(X) — Ry defined by

d: (01702) — 2 - /L(Cl U 02) — /J(Cl) — M(CQ).

The idea to keep in mind is that one moves slightly a point C € F(X) by
adding/removing a small amount of hyperplanes to/from C'. When X is a median graph,
then (F(X), d) is again a (median) graph; see [12, § 9.1] for more details. This allows us
to give some examples more easily.

Example 3.15. Let I be a set and let X be the graph whose vertices are the finitely
supported sequences I — {0, 1} and whose edges connect two sequences whenever they
differ at a single place. In other words, X is the one-skeleton of a (possibly infinite-
dimensional) cube. The convex subgraphs of X are exactly the subgraphs of the form

X := {sequences supported in J}, J C I.

Given two finite subsets J, K C I, X; and X are adjacent in F(X) if and only if the
symmetric difference between J and K has size one. In other words, F(X) is isomorphic
to the graph whose vertices are the finite subsets of I and whose edges connect two subsets
whenever their symmetric difference has size one. Thus, F(X) is again the one-skeleton
of a (possibly infinite-dimensional) cube.

Example 3.16. Let X denote the graph whose vertex-set is Z and whose edges connect
two integers at distance one (i.e. X is a bi-infinite line). The finite convex subgraphs of
X correspond to the intervals in Z, and two such intervals are connected by an edge in
F(X) if and only if one is obtained from the other by shifting one side by one. In other
words, F(X) is isomorphic to the subgraph D := {(a, b) | a < b} of X?; see Figure 3. It
is worth noticing that, given any two median graphs A and B, the graph F(A x B) is
isomorphic to F(A) x F(B). Consequently, F(X™) is isomorphic to D™ for every n > 1.

Example 3.17. Let X be an infinite tripod, i.e. the graph obtained by gluing three
infinite rays Ry, Ro, R3 along their starting points o. A convex subgraph in X is either
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an interval in Ry, Ry or Rs; or a subtripod (possibly degenerate, i.e. with a leg of length
zero) with o as its centre. Two finite intervals in R; (for a fixed ¢ € {1, 2, 3}) are adjacent
in F(X) if and only one can be obtained from the other by shifting one side by one.
Consequently, one gets a copy of the positive part D := D N N2 of the halfplane D from
Example 3.16 for each i{1, 2, 3}. Observe that the vertices corresponding to subgraphs
of X containing o are given by {0} x N C D¥. Next, two finite subtripods are adjacent
in F(X) if and only if one can be obtained from the other by shifting one leg by one.
Because shifting the three legs are pairwise independent operations, one gets a product
C' of three infinite rays in F(X). Thus, F(X) can be obtained by gluing three copies of
DT to C (see Figure 3). For more ‘branching’ trees, the graph of finite subtrees is more
difficult to draw because one quickly gets (one-skeleta of) high-dimensional cubes. For
instance, in a 2-regular tree, if S is a finite subtree with n leaves, then adding edges to
these leaves will provide (the one-skeleton of) an n-cube.

The rest of the section is dedicated to the proof of the following statement.

Proposition 3.18. (F(X), d) is a median space.

The proposition extends [12, Proposition 9.6], which shows that the space of finite
convex subgraphs in a median graph is again a median graph.

The first thing to verify is that d defines indeed a distance on F(X).

Lemma 3.19. (F(X), d) is a metric space.

Proof. The map d is clearly symmetric. Now, let Cy, Cy € F(X) be two distinct
convex subspaces. Say that there exists some z € C1\Cs. Notice that

d(C1,C2) =2 p(C1 U Ca) — p(Cq) — u(C2)
=2 (W(H(C1)\H(C2)) + p(H(C2)\H(C1)) + p(H(C1) NH(Cs))
+ pW(Cy | C2)) — u(C1) — u(C2)
= p(H(C1)\H(C2)) + p(H(C2)\H(C1)) + p(W(C1 | C2))

On the other hand, if 2’ denotes the projection of x onto Cs, then any hyperplane
separating x and 2’ must separate x and Cy according to Lemma 3.7, so that

W(z | 2') C (H(C1)\H(C2)) UW(Cy | C2).
Therefore, we deduce that
d(Cy,Co) =2 p(W(z | ') = dx (2,2)
which is positive because x does not belong to Cs. Thus, we have proved that d is positive.

Next, we want to prove the triangle inequality. So let Ci, Ca, C3 € F(X) be three
convex subspaces. First of all, notice that
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Claim 3.20. The following inequality holds:

Tyciues) < Lycrues) + Lrcoues) — Lre)

Indeed, for every hyperplane J of X, if we denote, respectively, by L and R the left-
hand-side and the right-hand-side of the previous inequality, then

e if J intersects either both C; and Cy, or both Cy and Cj3, then L(J) =1 = R(J);

e if J intersects either C; but not Cy, or C3 but not Csy, then L(J) =1 and R(J) > 1;
e if J intersects Cy but not Cy nor Cs, then L(J) <1 and R(J) = 1;

e if J delimits a halfspace containing C4, Ca, C3, then L(J) =0 = R(J);

e if J separates Cy and Cy U C3, then L(J) =0 and R(J) = 2;

e if J separates either C and Cy U Cs5, or C3 and Cy U Cy, then L(J) =1 = R(J).

This proves our claim. By integrating this inequality, we deduce that
u(Cr U C3) < p(Cr U Co) + p(C2 U Cs) — p(C).
As a consequence,

d(C1, Cq) + d(Ca, C3) = 2 (u(C1 U C2) + u(C2 U C3) — u(C2)) — p(C1) — pu(Cs)
> p(C1UC3) — pu(Cr) — u(C3) = d(C1,Cs)

which proves the triangle inequality. O

The next step towards the proof of Proposition 3.18 is to understand the intervals in
our metric space.

Lemma 3.21. Let X be a median space and C, C1, Co € F(X) three convex sub-
spaces. The point C' belongs to the interval between Cy and Cy in F(X) if and only if
the following three conditions are satisfied:

(i) C is included in the convex hull of C1 U Cy;
(ii) any hyperplane intersecting both C and Cs must intersect C'

(iii) no hyperplane intersecting C; separates C' and Cs, and similarly, no hyperplane
intersecting Cy separates C' and C'.
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Proof. Because
d(C1,C) +d(C, Ca) = 2- (u(C1 U C) + p(C U Cy) — u(C)) = p(Ch) — u(Cy)

and
d(C1,C2) = p(C1U C2) — u(Ch) — p(C2),
it follows that C' belongs to I(Cy, Cs) if and only if the equality

p(C1UC) + p(CUCs) — pu(C) = u(Cr U Cs) (1)
holds. Suppose that the three conditions of our statement hold. We want to prove that

Tn(ciues) = Incruey + Incouey — Ine) (2)

so that the previous equality will follow by integration. For every hyperplane J of X,
if we denote respectively by L and R the left-hand-side and the right-hand-side of our
equality above, then

e if J intersects either both C; and C, or both Cy and C, then L(J) =1 = R(J);

e if J intersects Cy but not C, then J cannot intersect Cy by condition (i) and it
cannot separate Cy and C' by condition (7ii), hence L(J) =1 = R(J); if J intersects
C5 but not C, the situation is symmetric;

e if J intersects C' but not C nor Cs, then J must separate C; and Cs by condition
(i), so that L(J) = 1= R(J);

e if J delimits a halfspace containing Cy, Cs, C, then L(J) =0 = R(J);
e J cannot separate C from Cy U Cy by condition (4);
o if J separates either C; and C' U Cy, or Cy and Cy U C, then L(J) =1 = R(J).

Thus, we have proved that, if C' satisfies the conditions (7), (i7) and (7i7), then it belongs
to I(Cl, CQ)

Conversely, if we denote respectively by L and R the left-hand-side and the right-hand-
side of the equality (3.2), we claim that, if C' does not satisfy one of the conditions (7),
(#4) or (i), then the inequality L < R holds on a set of positive measure. Because we
already know from Claim 3.20 that the inequality L < R holds everywhere, it follows by
integrating this inequality that the equality (3.1) cannot hold, so that C' cannot belong
to the interval I(Cy, Cs).

e If C does not satisfy the condition (), there exists a point x € C which does not
belong to the convex hull of Cy UCs. Let 2’ denote the projection of x onto this
convex hull. According to Lemma 3.7, any hyperplane separating x from z’ must
separate x from the convex hull of C7 U Cy, so that L(J) =0 < 1 < R(J) for every
J € W(zx | 2'). On the other hand, u(W(x | 2’)) = d(z, ') is positive.

e If C' does not satisfy either the condition (ii) or the condition (7i7), there exists a
halfspace D intersecting both C; and C5 but which is disjoint from C. Let Fy, Fy C
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X be two finite subsets such that C; and Cs are the convex hulls of F; and Fy
respectively. Denote by A the convex hull of (Fy N D)U (F>, N D), and by B the
convex hull of (Fy; N D) U (F> N D) UC. Notice that A and B are non-empty two
finitely generated convex subspaces separated by the hyperplane {D, D¢}. Moreover,
L(J)<1<2=R(J) for every J € W(A | B). On the other hand, because A and B
are disjoint, we deduce from Corollary 3.12 that W(A | B) has positive measure.

This concludes the proof of our lemma. ]

Proof of Proposition 3.18. Let Cy, Cs, C5 € F(X) be three convex subspaces. Let
M denote the intersection of the convex hulls of C; U Cy, C5 U5 and C7 U C3. Notice
that M is finitely generated according to Lemma 3.13, and is non-empty because
m(xy1, x2, x3) € M for every z1 € C1, x5 € C and 23 € C5. According to Lemma 3.21,

1(01702)01(02703)m1<01703) C {OE?(X) | CCM}

Let C € F(X) be a convex subspace satisfying C' C M. Fix a point z € M\C, let «’
denote its projection onto C' and let J be a hyperplane separating x and z’. Notice
that, according to Lemma 3.7, J separates x and x’. Moreover, two subcomplexes among
Cq, Cy, C5 cannot be both included into some halfspace D delimited by J since otherwise
the convex hull of the union of these two subcomplexes, and a fortiori M, would be
included into D, which is impossible because J separates two points of M, namely = and
2. Therefore, J intersects at least one subcomplex among C1, Csy, C3, say Cy, and either
separates Cy and C3 or intersects at least one of C5 and C5. In the former case, if C
belongs to the same halfspace delimited by J as C5, say, then we deduce from Lemma
3.21 that C does not belong to I(Cy, C3); in the latter case, if J intersects both C and
C, say, then we also deduce from Lemma 3.21 that C' does not belong to I(Cy, Cs).

Thus, we have proved that M is the only candidate for a median point of Cy, Cs, Cs.
We claim that M is such a median point.

Let J be a hyperplane intersecting both C7 and C5. So there exist points z1, y; € Co
and xo, yo € Cy such that J separates 1 and y1, and x5 and ys; say that x1 and x5 belong
to the same halfspace delimited by J. Fix an arbitrary point z € C3. Since halfspaces are
convex, it follows that m(xy, za, 2) belongs to the halfspace delimited by J containing
21 and z9, and that m(yi, y2, z) belongs to the halfspace delimited by J containing y;
and ys, so J separates the two points m(x1, x2, z) and m(y1, y2, z) of M. A fortiori, J
intersects M. Now, suppose by contradiction that there exists a hyperplane J intersecting
C7 which separates M and Cs. As a consequence of our previous observation, J cannot
intersect C3. Moreover, C3 cannot be included into the halfspace delimited by J which
contains (9, because otherwise the convex hull of Cy U C3 and M would be separated
by J, which is impossible by the definition of M. Therefore, J separates Cy; and C5. Fix
two arbitrary points zo € Cy and x3 € (5, and fix a point x; € C which belongs to the
same halfspace delimited by .J as xs. Since halfspaces are convex, it follows that the point
m(xz1, 2, x3) of M belongs to the same halfspace delimited by J as Co, which contradicts
the assumption that J separates C; and C. Therefore, no hyperplane intersecting Cy
separates C' and Cy; and similarly, no hyperplane intersecting C5 separates C' and C's.
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Thanks to Lemma 3.21, we conclude that M belongs to the interval I(Cy, C3). By
symmetry, we deduce that M also belongs to the intervals I(Cy, C3) and I(Cs, Cs5), so
that M € I(Cy, Cy) NI(Cs, C3) NI(Cy, C3), i.e. M is a median point of Cy, Co, C5. O

3.3. The space of wreaths

We are now ready to define diadem products of median spaces and to study their
geometry.

Definition 3.22. Let X, Y be two median spaces and 1 € X a basepoint. The diadem
product (X, 1) ®Y is the set of wreaths (C, ¢), where C' € F(Y) and where ¢ : Y —
X satisfies p(y) = 1 for all but finitely many y € Y (written ¢ € X(*) in the sequel),
endowed with the metric § defined as

((C1,1), (Casp2)) = 2 u(CLU Co U o1 Apg) — p(Ch) = p(Co) + D dipr(y), #2(y))-

yeY

The fact that ¢ is indeed a metric will be justified later; see Corollary 3.26. The main
result of this section is the following:

Theorem 3.23. A diadem product of two median spaces is a median space.

From now on, we fix two median spaces X, Y and a basepoint 1 € X, and for short we
denote by 20 the diadem product (X, 1) ® Y. Before proving the theorem, we need to
introduce some preliminary material.

Definition 3.24. A leaf of 20 is a subspace 20(p) := {(C, ¢) | C € F(Y)}, the map
0 € XY) being fixed.

Clearly, the map C +— (C, ¢) defines an isometry F(Y) — 20(p), so that we already
understand the geometry of the leaves of 20 thanks to the previous section. Fixing a leaf
NW(p), we define a projection

) .{QU - W(p)
UCY) = (CUPAp, )

where * denotes the convex hull. As a consequence of our first preliminary lemma below,
this map is a ‘true’ projection, in the sense that p,(z) is the unique point of the leaf
W () minimizing the distance to a given point .

Lemma 3.25. For every ¢ € X(Y)

equality holds

, every © € 20 and every y € W(yp), the following

0(z,y) = 0(x, pp(2)) + 8(py(2), ).

Proof. Ifx = (C, ¥) and y = (Q, ¢), then the sum d(x, p,(x)) + 6(py(x), y) simplifies
as

2 (CUQUEAY) — u(C) — w(Q) + > dle(y), (y)),

yey
which is precisely d(x, y). O
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Although this lemma is completely elementary, it has important consequences, and it
will turn out to be fundamental in the proof of Theorem 3.23. For instance, we are able
to show that § defines a distance on 2J.

Corollary 3.26. (20, 0) is a metric space.

Proof. First of all, notice that the map ¢ is clearly symmetric.

Next, if two wreaths (C1, 1), (Ca, ¢2) € 2 satisfy 6((Cy, ¢1), (Ca, p2)) =0, then
necessarily > d(1(y), p2(y)) =0 for every y € Y. This implies that ¢; = @9, i.e. our

yey

two wreaths belong to a common leaf 20(¢). On the other hand, the restriction of § to
this leaf, namely ((Q1, ¢), (Q2, ¢)) — d(Q1, Q2), is a distance according to Lemma 3.19.
Consequently, C; must be equal to Cs, so that (C1, ¢1) = (Ca, ¢2). We have proved that
§ is positive-definite.

Finally, for any three wreaths x = (C1, ¢1), y = (C2, ¢2) and z = (C, @), we deduce
from Lemma 3.25 that

6(x,2) +6(2,y) = 6(2,pp(2)) + 0(pp (), 2) + 0(2, P (y)) + 0 (P (y), Y)-

On the other hand, since we know from Lemma 3.19 that the restriction of § to the leaf
(), is a distance, it follows that §(p, (), 2) + d(z, py,(y)) > 6(py(x), Pyp(y)), hence

(2,2) +0(2,y) = 6(2,pp () + 0(pp (), P (y)) + (P (y), y)-

Notice that the sum in the right-hand-side of this inequality simplifies as
2-p(CrUC2UpiAp U pAps) — p(Cr) — p(Cy).

But if y € Y is a point on which ¢; and @9 differ, necessarily either ¢(y) and ¢;(y) or
o(y) and @2 (y) will differ as well, i.e. p1A@s C v1Ap U pApsy. Therefore,

(x,2) +0(2,y) 2 2- u(CrLUC2 U p1Ap2) — u(C) — p(C2) = d(x, y).
Thus, § satisfies the triangle inequality. O
Another consequence of Lemma 3.25 is that leaves are convex.
Corollary 3.27. A leaf in 20 is convex.

Proof. Let o € XY) be a map, 2, y € W(y) two points, and z € I(x, y) a third point.
As a consequence of Lemma 3.25,

Sz, y) =0(z,2) + (2, y) = 0(x,pu(2)) + 0(pp(2), y) + 26(2, py(2)).

On the other hand, we deduce from the triangle inequality that

0(2,y) < 0(x,pp(2)) + 8(pp(2),y)-

Therefore, §(z, p,(z)) = 0, which means that z belongs to the leaf 20(¢y). O

Our second (and last) preliminary lemma studies when intervals and leaves intersect.
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Lemma 3.28. Let o € XY) be a map, and (C1, 1), (Ca, 02) € W two wreaths. The
leaf 20(p) intersects the interval between (Cy, ¢1) and (Ca, @2) if and only if ¢(y) belongs

to I(¢1(y), w2(y)) for every y € Y.

Proof. For convenience, set x = (Cy, ¢1) and y = (Cs, ®2). The interval I(z, y) inter-
sects the leaf 20(y) if and only if there exists some z € W (p) satisfying o(x, y) =
0(x, z) + 6(z, y). This equality is equivalent to

6(z,y) = 0(x,pp(x)) + 0(pp(2), 2) + (2, P46 (Y)) + 0(Pe(y), y)-
On the other hand, we know from the triangle inequality that
5(z,y) < 0(2,pp(x)) + 6(Pyp (), P (y)) + 0 (P (¥), ),
hence 6(p,(z), 2) + (2, pp(y)) = 6(py(2), Po(y))- It follows that O

Fact 3.29. The interval I(x, y) intersects the leaf 2(y) if and only if

§(z,y) = 0(x, pp(x)) + 3(Pp (), Pp(y)) + 0(Pp(y), Y)-

This equality simplifies as

2-u(CLUC, U1 Age) + Y d(p1(y),¢1(y) =2 u(C1 U Cy U p1Ap U pAgy)
yey

+ ) (dle1(y), () + dle(y), 91 (1)) 3)

yey

Suppose that I(x, y) intersects 20(y), so that the previous equality holds. From the
triangle inequality, it follows that

w(C1UC U1 Ap UpAps) < u(CrUC UpiAps).

On the other hand, p1Aps C p1Ap U pAps. Indeed, if y € Y is a point at which ¢ and
o differ, necessarily ¢ must differ at y from either 1 or 5. Therefore,

w(CrUC U1 Ap UpAps) > u(Cr U Cy U piAps).
It follows that
HC1UC2Up1Ap UpAps) = p(Cr U C2 U pr1Aps),

so that Equation 3.3 provides

> (1), e®) + d(e(y), e2() — de1(y), 2(y))) =0

yey

Thus, for every y € Y, the equality d(e1(y), ¢(y)) +d(e(y), v2(y)) = d(e1(y), ¢2(y))
hods, which means that ¢(y) € I(v1(y), ©2(v)).
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Conversely, suppose that ¢(y) € I(p1(y), ¢2(y)) for every y € Y. In particular, it
implies that
P10 U @Apy C p1A¢p;.

Indeed, if ¢; and o agree at some y €Y, then ¢(y) € I(p1(y), v2(y)) = {v1(y) =
©2(y)}, so that ¢ necessarily agrees with ¢1 and @2 at y. On the other hand, we already
know that the converse inclusion holds (without any assumption), so we deduce that

/L(Cl UCyU (plAgﬁg) = ,LL(Cl UCyU gOlAgO U (pA(pg).

Because our assumption also implies that

> (A1), o)) + d(e(¥), e2() = Y dl1(v), p2(v)),

yey yey

we conclude that Equation 3.3 holds, and finally that the interval I(z, y) intersects the
leaf 20(yp). O

We are finally ready to prove Theorem 3.23, namely that the diadem product of two
median spaces is again a median space. Our proof below exploits the structure of leaves
previously studied. It is worth noticing that, even though this observation will not be
used in the sequel, a precise description of the median operator can be deduced from our
argument. See Remark 3.30.

Proof of Theorem 3.23. Let x = (C4, ¢1), y = (Ca, ¢2) and z = (Cs, ¢3) be three
wreaths. Suppose that these three points of 20 admit a median point m = (C, ¢) € 20.
It follows from Lemma 3.28 that, for every y € Y, ¢(y) belongs to I(p1(y), p2(y)) N

I(p2(y), w3(y)) N I(p1(y), w3(y)), which means that ¢(y) is the median point of 1 (y),
pa2(y) and ¢3(y) in X. So ¢ is uniquely determined. Next, because the interval I(z, y)

intersects the leaf 20(¢), we deduce from Fact 3.29 that

8(z,y) = 6(x,pp(x)) + 0(pe(x), P (y) + 6(pe(y), )
On the other hand,
6(z,y) = 6(x,m) +6(m,y) = 6(x, pp(x)) + 0(pp(x),m) + 0(m, pyp(y)) +6(Pe(y), y)-
Combining these two equalities yields
5(pe (), Po(y)) = 8(pp (), m) + 6(m, py(y))-
We show similarly that
(P (), pp(2)) = 8(py (), m) + 6(m, py(2))

and

3(pep(y), Pp(2)) = 8(py(y), m) + 5(m, py(2)).

Therefore, m is also a median point of p,(x), p,(y) and p,(z). Because the leaf 20(¢p)
is convex in 20, according to Corollary 3.27, and is a median space on its own right
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according to Proposition 3.18, it follows that p,(z), py(y) and p,(z) admit a unique
median point. Thus, we have proved that x, y and z admit at most one median point.
Now, set ¢ :y— m(p1(y), ¢2(y), ¢3(y)) and let m € W(p) denote the (unique)
median point of p,(x), p,(y) and p,(z). We want to prove that m is a median point
of z, y and z. According to Lemma 3.28, the interval I(z, y) intersects the leaf 20(¢p), so
that we deduce from Fact 3.29 that
6(x,y) = 0(z,pp(2)) + 6(pp(7), P (1)) + 0 (P (¥), )

= 6(z, pp(x)) + 6(pp (), m) 4 6(m, py(y)) + (e (), y)

= 0(z,m) + 6(m,y)
Similarly, we show that

§(z,2z) = 6(x,m)+ 6(m, z) and 6(y, z) = d(y,m) + §(m, z).

Thus, m belongs to I(z, y) N I(y, z) N I(z, z), i.e. m is a median point of z, y and z. O

Remark 3.30. From the previous proof, we get a precise description of the median
point (M, ¢) of three wreaths (C1, ¢1), (Ca, p2) and (Cs, ¢3). Indeed,
@y = me1(y),p2(y), 3(y))

and M is the convex hull of
{m(x1, 22, 23) | x; € C; Up;Ap, i=1,2,3}.

3.4. Constructing median graphs

Let X, Y be two median graphs and let 1 € X be a basepoint. The distances between
vertices of X and Y define two discrete median metrics, so that the distance § on the
diadem product (X, 1) ® Y turns out to be discrete as well, and median according to
Theorem 3.23. Thus, (X, 1) ® Y can be thought of as a graph by linking any two points
of (X,1)®Y at distance one apart by an edge, but does the resulting length metric
coincide with 6?7 The next lemma shows that this is the case, making (X, 1) ® Y a median
graph.

Lemma 3.31. If X and Y are two median graphs, then (X, 1) ® Y is a median graph.

Proof. For short, weset 20 = (X, 1) ® Y. Let (C1, ¢1), (Ca, v2) € 2 be two wreaths.
Define a sequence Ry, ..., R, € F(Y) of convex subcomplexes in the following way:

e Ry =0C1;

e ifn>2and C; UCyUp1Aps C Ry, Ry is the convex hull of R, U {z}, where z is
a vertex of the convex hull of C7 U Cs U 1 Aps which does not belong R,, but which
is adjacent to one of its vertices.

Notice that (R;, ¢1) and (R;y1, ¢1) are at distance one apart in 20 for every 1 <i <p —
1, and that p = #H(C1 U Ca U ©1Aps)\H(C4). Similarly, define a sequence Sy, ..., S €
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F(Y) from the convex hull of C7 U Cs U p1Aps to Co such that (S;, ¢2) and (S;4+1, ©2)
are at distance one apart in 20 for every 1 < i < ¢ — 1 and such that ¢ = #H(Cy; U Cy U
©10p2)\H(Cy). Finally, let 41, ..., 1, € X¥) be a sequence of maps such that 1 = 1,

Yr =2, s= Y d(p1(y), p2(y)), and such that, for every 1 <i <r —1, ¢; and ;41
yey

differ at a single vertex y and v;(y) and v;11(y) are adjacent. Notice that (R, ¥;) and
(Rp, 1it1) are at distance one apart in the 20 for every 1 < i <r — 1. Thus,

(Rlvcpl)a R (Rp#’l) = (vawl)a R (Rp;'l/}r) = (Sl,QPQ), ceey (SanDQ)

is a path in 20, thought of as a graph, from (C1, 1) to (Ca, ¢2) and of length

HH(C1 U Co U1 Aps) \H(Ch) + #H(C1 U Co U o1 Apa)\H(C1) + Y d(p1(y), #2(v)),
yeyY

which is precisely the distance between (Ci, ¢1) and (Ca, o). Consequently, the
length distance on 20 thought of as a graph coincides with §. Because we know from
Theorem 3.23 that ¢ is a median distance, it follows that 20 is a median graph. (]

4. Coarse embeddings into L!-spaces

In this section, our goal is to show that, if two finitely generated groups coarsely embed
into median spaces, then we can combine these embeddings in order to coarsely embed
the wreath product of our two groups into the diadem product of two corresponding
median spaces. In fact, we will be able to work with graphs instead of groups thanks to
the following definition:

Definition 4.1. Let GG, H be two graphs and 1 € G a basepoint. The wreath product
(G, 1) H is the graph whose vertices are the pairs (¢, h) where h € H and where ¢ : H —
G satisfies p(h) = 1 for all but finitely many h € H (written ¢ € G) in the sequel), and
whose edges link two vertices (¢1, hi), (@2, he) if either ¢1 = @9 and hy, he are adjacent
in H or hy = hy and ¢1, @9 only differ at hy = he with ¢1(h1), p2(hs) adjacent in X.

Observe that, for all (@1, k1), (@2, ha) € (G, 1) H, one has

d((p1, 1), (92, h2)) = TS(h1, 01802, ha) + Y d(1(h), 2(h))
heH

where 1 Ao denotes the set of all points in H where ¢1, s differ and where T'S(a, S, b)
denotes the shortest length of a path that starts from a point a, that visits all the points
in a set S, and that ends at a point b. Also, observe that, given two groups A, B and two
generating sets R C A, S C B, we have

Cayl(A1 B,RU S) = (Cayl(A, R),1)1 Cayl(B, S),

justifying our terminology.
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Definition 4.2. Let G, H be two graphs, X, Y two median spaces, 1 € G a base-
point, and ® : G — X, ¥: H — Y two maps with ¥ injective. The wreath product
PV (G, 1)1 H— (X,9(1)®Y is

o) = (00 g 20, 0 Im)

otherwise

In the next subsections, we are going to show that, if ® and ¥ preserve the metrics of
G, H, then so does & V.

4.1. Wreath products of coarse embeddings

Until the proof of Theorem 1.5, we fix two graphs G, H, a basepoint 1 € GG, two median
spaces X, Y, and two injective maps ® : G — X, ¥ : H — Y. Our goal is to prove the
following statement:

Proposition 4.3. Assume that H is uniformly locally finite. If ® and ¥ are coarse
embeddings, then so is @ V.

We begin by proving two preliminary lemmas.

Lemma 4.4. For all (cq, h1), (ce, he) € (G, 1) H,

1) ((I) l \I/(Cl, hl), 0] i \I/(CQ, hg)) == 2# (\I/({hl, hQ} U ClACQ)) + Z d(fb(cl(h)), (I)(Cg(h))) .
heH

Proof. For all (c1, h1), (c2, he) € (G, 1) L H, we have

Y d(@(a (), Plea(TTHW))) = D d(D(ea(h)), Blea(h))

y€lm(W) heH
and

DoAY ={yeY [ @ (ci(T () # P (c2(T ()}

= {y €Y |a (\Ilfly) # o (\Ilf,l(y))} = U(c1Ac)

P(1) if y¢Im(W)
D(c;(TT1(y))) otherwise
notation. These two observations, applied to the definition of §, lead to the desired
equality. O

where we have denoted ®c; ¥~ :y — { for i =1, 2 by abuse of

Lemma 4.5. ® VU is Lipschitz.
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Proof. Let (c1, h1), (c2, ha) € (G, 1)V H be two adjacent vertices. Either ¢; = ¢z and
h1, ho are adjacent in H, which implies according to Lemma 4.4 that

1) (@ i \I/(Cl, hl), P i \I’(CQ, hg)) =2d (\I’(hl), \If(hg)) § Cl

for some uniform constant C; or ¢y, ¢ differ only at hy = hs and taking adjacent values,
which implies according to Lemma 4.4 that

0 (PrU(cy,hy), P1T(ca, ha)) = d(P(ci(h1)), P(ca(h1))) < Cy
for some uniform constant Cy. Therefore, we have
5 (PP (er,hy),PL¥(co,ho)) < max(Cy,Cy) - d((c1,h1), (c2,h2))
for all (¢1, h1), (c2, he) € (G, 1) H, concluding the proof of our lemma. O

Proof of Proposition 4.3. Assume that 6(® W(cy, hy), P U(c2, he)) < R for some
R. As a consequence of Lemma 4.4, for all (¢1, h1), (c2, ha) € (G, 1) H, we have

d(®(c1(h)), ®(c2(h))) < R;
hence d(cq(h), ca(h)) < C for some uniform constant C; we also have
diam (U ({h1, ho} Uc1Acs)) < p (¥ ({h1,ha} UciAcs)) < R;
Consequently,

d((c1,h), (c2, h2)) = TS(h1,c1Ac, ha) + Y d(ci(h), ca(h))
h€ciAca

is bounded above by a constant that depends only on C'; R and the maximal degree of
a vertex in H. Together with Lemma 4.5, this concludes the proof that ® ¥ is a coarse
embedding. O

Proof of Theorem 1.5. Let G, H be two graphs and 1 € G a basepoint. If Gt H
coarsely embeds in a Hilbert space, then so do G, H since they isometrically embed in
G H. Conversely, assume that GG, H coarsely embed in Hilbert spaces. It follows from
[15] that there exist two coarse embeddings @y : G — Xy and ¥y : H — Y in L'-spaces,
and so in median spaces. We can make ® injective in the following way. Let X denote
the metric space obtained from Xy by gluing, for every = € Xy, the origins of |®, L)l
unit segments [0, 1] at x. Next, define ® : G — X in such a way that, for every xz € X,
® sends the points in @ 1({E) to pairwise distinct endpoints of the new segments. Then,
X is a median space containing X as a convex subspace and ® : G — X is an injective
coarse embedding. Similarly, we construct an injective coarse embedding to a median
space ¥ : H — Y from Yy and ¥y : H — Y. We deduce from Proposition 4.3 that ® ¥
defines a coarse embedding from (G, 1)1 H to the median space (X, ®(1))®Y. As a
median space always isometrically embeds in an L!-space [8], which itself coarse embeds
in an L2-space, we conclude that (G, 1)1 H coarsely embeds in a Hilbert space. O
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4.2. A word about L'-compressions

Until the proof of Theorem 1.6, we fix two graphs GG, H, a basepoint 1 € G, two median
spaces X, Y, and two injective coarse embeddings ® : G — X, U : H — Y. Our goal is
to prove the following statement:

Proposition 4.6. Assume that there exists v, C' > 0 such that
w({a,b}US)+|S| > C-TS(a,S,b)" foralla,beY and S CY.

If ®, U have respectively compressions > «, > (3, then ®1V has compression >
~vmin(a, 3).

Proof. We already know from Lemma 4.5 that ® ¥ is Lipschitz. Let € > 0 be smaller
than the smallest distance between two distinct points in Im(¥). For convenience, we
assume that e < min(2, 2°/C). Notice that, for all a, b € Im(¥) and S C Im(¥) finite,
we have

2+ u({a,b} U S) + ¢S] > Ce - TS(a, S,b)? > % (TS(a, S, b) + 2¢|S])”

> % (TS(a, 5,b) + €| S])”

where the second inequality is justified by TS(a, S, b) > (|S| + 1)e > 2¢|S|. According to
Lemma 4.4 and the previous observation, for all (c1, h1), (c2, ha) € (G, 1)1 H we have

§(® LW (c1,h), @1 (c2, ha)) = 20 (U({h1, ha} UerAcg)) + D d (R(ca(h)), D(ca(h)))

het
=2u(U({h1, ha} UcrAco)) + elerAca| + > (d(®(c1(R)), (ca(h))) —€)
heciAca
> (2)5 (TS(W(h), U(c1Ac2), W(h2)) +€e[S]) + D (d(®(c1(h)), D(ca(h))) —€)”
heciAcy
> % TS(V (1), ¥(c1Ac2), ¥ he§c2d (2(h)))]
zﬁ Cy - TS(hy, c1Acq, hy)P + C - ( Z d(ci(h ))) ]

h€ciAca

Ce .
2275111111(01,c*2)7 TS(hi,c1ca,ha) + Y d(es(h), ea(h))

v min(e,3)
he€ciAca ‘|

e i min
> 58 min(Cy, Cy)Y - d((c1, hy), (2, hy))? ™in(@H)

for some uniform constants Cy, Cy > 0, proving that ® { ¥ has compression > v min(c, 3)
as desired. [l
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We denote by TS(Y) the supremum of the powers v such that Y satisfies the condition
mentioned in Proposition 4.6. In [12], we investigated the possible values taken by TS(Y)
when Y a median graph. For instance, we proved that the following statements hold:

e [12, Lemma 9.44, Corollary 9.52] If Y is an unbounded median graph, then TS(Y)
always belongs to [1/2, 2/3] U {1}.

e [12, Proposition 9.45] If Y is a uniformly locally finite median graph, then TS(Y) =1
if and only if Y is hyperbolic.

e [12, Corollary 9.53] If Y is a median graph containing a cube of arbitrary large
dimension, then TS(Y) = 1/2.

e [12, Lemma 9.50] TS(Z?) = d/(2d — 1) for every d > 1.
The uniform lower bound TS(Y") extends easily to the general case:

Lemma 4.7. For alla, b€ Y and S CY finite, we have

p({a,b} U S) + S| = TS(a, 5,0)"/2.

Proof. Fix an enumeration S = {sy, ..., s, }. Then,
r—1
TS(a, S,b) < d(a,s1) + Z d(s;, si+1) +d(sr,b) < (r+ 1)diam({a, b} U S)
i=1

< 2|S|u({a,b} US) < (u({a,b} U S) +|S])*.
O

Proof of Theorem 1.6. If oy (G) = 0 or oy (H) = 0, there is nothing to prove, so from
now on, we assume that aq(G), aq(H) # 0. Fix an € > 0 and a Lipschitz embedding  :
G — X (respectively W : H : Y) to an L!-space having compression > a1 (G) — € (respec-
tively > a1 (H) — ¢€). Following the beginning of the proof of Theorem 1.5, we can assume
without loss of generality that ®, ¥ are injective. We know from Proposition 4.6 and
Lemma 4.5 that ® ! ¥ is Lipschitz and has compression > TS(Y') - (min(aq (G), a1 (H)) —
€), and we know from Lemma 4.7 that TS(Y) > 1/2. Because every median space iso-
metrically embeds in an L'-space, it follows that there exists a Lipschitz embedding from
G U H to an L'-space that has compression > (min(a1(G), a1 (H)) — €)/2. We conclude
the proof by letting € — 0. O

Proof of Theorem 1.7. Fix a biLipschitz embedding ® : G < X to an L'-space and
set U =idpy. According to [12, Proposition 9.45], TS(Y") = 1. Therefore, Proposition 4.6
and Lemma 4.5 imply that &V is a biLipschitz embedding to a median space. The
desired conclusion follows from the fact that every median space isometrically embeds in
an L'-space. O
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5. Actions on L'-spaces

Fix two discrete groups GG, H respectively acting on two median spaces X, Y, with two
points xg € X, yo € Y having trivial stabilizers. Observe that the wreath product G H
naturally acts on the diadem product 20 := (X, 29) ® Y by isometries via

(h,9) - (C, ) = (hC, P(-)p(h™14)),

where 9 : Y — G is defined by ¥(g - y9) = 1(g) for every g € H and (y) = 1 for every
y & H-yp; if we view H as a subset of Y by taking its image under the orbit map
associated to the basepoint yo (the orbit map being an embedding since yo has trivial
stabilizer), then the map v is naturally an extension of . It is straightforward to verify
that this defines an isometric action of G ¢ H on (20, §).

In the next two sections, we show that G H ~ 20 inherits some properties from the
actions G ~ X and H Y.

5.1. Actions with unbounded orbits

First, we characterize when the action of the wreath product on the diadem product,
as described above, has unbounded orbits.

Proposition 5.1. Let G, H be two non-trivial groups acting on two median spaces
X, Y with two points xo € X, yo € Y having trivial stabilizers. If G - x is unbounded or
if w(H - yo) is infinite, then GV H acts on (X, x9) ® Y with unbounded orbits.

Proof. First, we observe that, if G acts on X with unbounded orbits, then G (as the
subgroup of G H indexed by 1 € H) also acts on X ® Y with unbounded orbits. Indeed,
if ¢ : Y — X denotes the map always taking the value x, then

7 (b = (), g {20 Y7 Y,

gro otherwise

hence §(g - {vo}, ©)» {yo}, ©)) > d(xo, g - o). The desired conclusion follows.

Next, we observe that, if u(H -yo) is infinite, then @, G acts on X ® Y with
unbounded orbits. Indeed, fix a finite subset R C H and set S :={h-yo | h € R}. Fix
a non-trivial element g € G and let ¢ : H — G denote the map that is identically equal
to g on R and identically trivial elsewhere. Notice that

. B xg fyégs

(1,1/)) ({y0}7 <p) - <{y0}7 Y= {9330 otherwise) )

where ¢:Y — X is identically to xg, hence 0((1, ¥)- ({vo}, ©), {wo}, ¥)) > 2u(S).
Because p(H - yp) is infinite, we can choose R so that u(S) is arbitrarily large, so the
desired conclusion follows. (]

Theorem 1.8 essentially follows from the combination of [8] and Proposition 5.1. The

only point to be careful with is that our construction starts with actions on median spaces
having basepoints with trivial stabilizers. However, it essentially follows from [12, Lemma
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4.34] that the assumption is not restrictive. For completeness, we reproduce the argument
below.

Lemma 5.2. Let G be a group acting on a median space Xy. Then, G acts on a
median space X containing Xy so that the action G ~ X extends to an action G ~ X
and X contains a vertex whose stabilizer is trivial. Moreover, the action G ~ X is prop-
erly discontinuous (respectively metrically proper, cocompact, with unbounded orbits) if
and only if the action G ~ X is properly discontinuous (respectively metrically proper,
cocompact, with unbounded orbits) as well.

Proof. Let g € X be a base vertex and let 2 denote its G-orbit. Let X be the space
constructed from Xy by adding one point (x, g) for every = € Q and g € stab(z), and
one segment of length one between x and (z, g) for every x € Q and g € stab(z). It is
straightforward to verify that X is a median space.

Now, we extend the action G ~ X to an action G ~ X. For every = € Q, fix some
h; € G such that h, - zo = x. For every ¢, k € G and x € 2, define

g+ (z,k) = (g2, gkhshy,);
notice that
gkzhmh;xl-ga:zgk:hx-:co:gk-ng-x,
so that gkh,h,, € stab(gx). Moreover,

g1+ (92 - (x, k) = g1 - (922, gokhahy),)
= (91921;791 : g2khzhg_21m : hgzl’h;ﬁqrz:c)
= (91922, g192khahy 0 0) = 9192 - (3, k)

so we have defined a group action G ~ X, which extends G ~ X by construction.

Fixing some = € ), we claim that the vertex (x, 1) € X has trivial stabilizer. Indeed,
if g € G fixes (z, 1), then (z, 1) =g (2, 1) = (g2, ghah,,). As a consequence, gz = z,
i.e. g € stab(x), so that hg, = h,. Therefore, our relation becomes (z, 1) = (z, g), hence
g=1.

This proves the first assertion of our lemma. Next, it is clear that the action G ~ X
is properly discontinuous (respectively metrically proper, cocompact, with unbounded
orbits) if and only if the action G ~ X is properly discontinuous (respectively metrically
proper, cocompact, with unbounded orbits) as well. O

Proofs of the first parts of Theorems 1.8 and 1.9. Let H act on the tree Ty
whose vertex-set is H U{H} and whose edges connect every h € H to H. The vertex
1 € T has trivial stabilizer and p(H - 1) = |H|. Similarly, let G act on the tree T con-
structed in the same way. If H is infinite, it follows from Proposition 5.1 that G ¢ H acts
on the median space (T, 1) ® Ty with unbounded orbits. Therefore, G? H does not
have property (T). If G does not have property (T), then according to [8], it admits an
action on a median space X with unbounded orbits. According to Lemma 5.2, we can
suppose without loss of generality that X contains a point xy with trivial stabilizer. We
conclude from Proposition 5.1 that G H acts on (X, xg) ® Ty with unbounded orbits,

https://doi.org/10.1017/50013091522000190 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091522000190

Lamplighter groups, median spaces, and Hilbertian geometry 527

and consequently that G ¢ H does have property (T). Conversely, if H is finite, then G H
contains a finite-index subgroup isomorphic to a product of finitely many copies of G, so
it follows from basic properties satisfied by (T) that G ¢ H has property (T) if so does G
(see for instance [4]).

Thus, we have proved the first part of Theorem 1.8. As a consequence of Lemma 3.31,
reproducing the same argument word for word proves the first part of Theorem 1.9. [

5.2. Proper actions

Finally, we characterize when the action of the wreath product on the diadem product,
as described at the beginning of § 5, is metrically proper.

Proposition 5.3. Let G, H be two discrete groups acting on two median spaces X, Y
with two points xg € X, yo € Y having trivial stabilizers. If the actions G ~ X and
H ~'Y are metrically proper, then so is the action of GV H on 20 := (X, z9) ® Y.

Proof. It is sufficient to prove that, fixing some R > 0, the set

F={(h,¢) € GUH | 5((h,¥) - {wo},€), {yo},€)) < R}

is finite, where £ denotes the map Y — X constant to x. So, by definition of F', an
element (h, ¥) € G H belongs to F' if and only if

2 ({yo, hyo} UPEAL) + > d(¥(g) - x0,70) < R.

geEH

If (h, 1) is such an element, in particular

d(yo, hyo) = 1 ({yo, hyo}) < R,

and since the action H ~ Y is metrically proper, it follows that A can take only finitely
many values. Moreover, if we denote by supp(+) the set {g € H |4 (h) # 1}, notice that
YEAE coincides with supp(¢) - yo. Consequently,

d(yo, syo) < p ({o, hyo} UEAE) < R

for every s € supp(¢), so that, once again because the action H ~Y is metrically
proper, there are only finitely many choices for supp(v). Finally, notice that, for every

k € supp(v),
d((k) - o, w0) < Y d(t(g) - w0, ) < R,
geH

so that, because the action G ~ X is metrically proper, ¥(k) can take only finitely many
values. Thus, we have proved that there are only finitely many choices on h and v in
order to have (h, 1) € F. A fortiori, F' must be finite. O

Proofs of the second parts of Theorems 1.8 and 1.9. If G! H is a-T-menable,
then clearly G and H are also a-T-menable. Conversely, assume that G and H are a-T-
menable. According to [8], G (respectively H) acts metrically properly on a median space
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X (respectively Y); as a consequence of Lemma 5.2, we can assume that X (respectively
Y') contains a point xg (respectively yg) with trivial stabilizer. It follows from Proposition
5.3 that G H admits a metrically proper action on a median space, and we conclude
from [8] that the wreath product is a-T-menable.

Thus, we have proved the second part of Theorem 1.8. As a consequence of
Lemma 3.31, reproducing the same argument word for word proves the second part of
Theorem 1.9. (]

We conclude this article by noticing that, in the context of median graphs, we are also
able to construct properly discontinuous actions.

Theorem 5.4. If G and H are two groups acting properly discontinuously on some
median graphs, then their wreath product G H acts properly discontinuously on a
median graph as well.

Proof. Let G and H act properly discontinuously on median graphs X and Y respec-
tively. By following Lemma 5.2 (or according to [12, Lemma 4.34]), we can suppose
without loss of generality that there exist vertices g € X and yg € Y with trivial stabi-
lizers. We deduce from Lemma 3.31 that the wreath product Gt H acts on the median
graph 20 := (X, z9) ® Y. We claim that this action is properly discontinuous, which
amounts to saying that vertex-stabilizers of 20 are finite.

So let (C, ) € 20 be a wreath. An element (h, 1)) € G H belongs to its stabilizer if
and only if

(Cop) = (h, ) - (Cp) = (hC, Y ()p(h™1),

i.e. hC = C and ¥(-)p(h™!) = (). In a median graph, the convex hull of a finite set
must be finite, so that, because the action H ~ Y is properly discontinuous, there may
exist only finitely many h € H satisfying hC = C'. From now on, suppose that h € H is
fixed, and satisfies hC' = C. Notice that the condition ¥ (-)p(h™1-) = ¢(-) implies that
¥(g) - o(htg-yo) = p(g - yo) for every g € G. As a consequence, if we set F' = {g € G |
©(g - yo) # xo}, then, for every g ¢ F U hF, one has ¢(g) - xg = xo, so that 1)(g) = 1 since
the stabilizer of zq is trivial. On the other hand, F' is finite because

F c | J{staba(y) | ¢(y) # zo}

and because the action G ~ X is properly discontinuous, so we have only finitely many
choices for supp(¢) = {g € G | ¢¥(g) # 1}. If g € F UQF, then there exist some y1, ys €
® := o(F UhF) such that ¢(g) - y1 = yo; since ® is finite and that the action G ~ X
is properly discontinuous, we deduce that we have only finitely many choices for ¥ (g).
Thus, we have proved that there exist only finitely many h € H and ¥ € G* such that
(h, 1) belongs to the stabilizer of (C, ¢), which precisely means that this stabilizer must
be finite. This concludes the proof. O
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