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Mixins are modules in which some components are deferred, that is, their definition has to
be provided by another module. Moreover, in contrast to parameterized modules (like ML
functors), mixin modules can be mutually dependent and their composition supports the
redefinition of components (overriding). In this paper, we present a formal model of mixins
and their basic composition operators. These operators can be viewed as a kernel language
with clean semantics in which one can express more complex operators of existing modular
languages, including variants of inheritance in object-oriented programming. Our formal
model is given in an ‘institution independent’ way, that is, it is parameterized by the
semantic framework modelling the underlying core language.

Introduction

In object-oriented languages, the definition of an heir class H from a parent class P
usually takes the form H = extend P by M, where M denotes a collection of definitions
of components (typically methods) which are either new, or redefined with respect to the
definition given for them in P (overriding). The definitions in M may refer to components
defined in P.

A quite natural view of the above situation is to see M as an abstract heir class,
that is, a class where some components are not defined (deferred), and which can be
effectively used for instantiation (that is, become concrete) only when applied to some
parent class, which supplies an implementation for the deferred components. An abstract
subclass is sometimes called mixin (this name was firstly used in the LISP community,
see Moon (1986) and Keene (1989)). At the semantic level, M can be seen as a function
from deferred components, that is, components that must be provided from the outside,
to components that are defined within the class. Note that, if we assume no overriding,
deferred and defined components are disjoint sets.

Most existing object-oriented languages do not support explicit mixins, in the sense

T This work has been partially supported by Murst 40% (Modelli della computazione e dei linguaggi di
programmazione) and CNR (Formalismi per la specifica e la descrizione di sistemi ad oggetti).
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that it is not possible to define M separately and then to instantiate M on different
parent classes, say Py and P,, getting different heir classes Hy = M(Py) and H, = M(P,).
Allowing the possibility of naming mixins in the language leads to the so-called mixin-
based inheritance, proposed in Bracha and Cook (1990). Going further, we can take mixins
as basic language units, considering concrete classes as particular mixins with no deferred
components (semantically, constant functions). That allows a clean and unifying view of
different linguistic mechanisms, as explained later in this paper.

First, while mixins in the above sense (abstract heir classes) are not usually supported,
some languages allow the definition of abstract (parent) classes, that is, classes with
deferred components that can be concreted by heirs, for instance Eiffel (Meyer 1988),
C++ (Stroustrup 1991) and Java (Arnold and Gosling 1996), where deferred methods
are called pure virtual and abstract, respectively; in other languages deferred methods
are implemented by extra-linguistic features (cf. the method subclassResponsability
in Smalltalk-80 (Goldberg and Robson 1983)).

Actually, it is easy to see that the situation is completely symmetric; referring to the
schema above, if P in turn is an abstract class, the combination of P and M can no
longer be described as an application M(P), but as the result of a binary merge operation.
In the resulting class P + M, components that were deferred in P have been (possibly)
concreted by definitions in M, and vice versa. This allows recursive definitions to span
module boundaries (Duggan and Sourelis 1996), with a great benefit for modularity, as
we illustrate in detail in Section 1.

Second, going back to our original schema of inheritance H = extend P by M, with
P a concrete class, we have ignored until now the fact that M may redefine components
already defined in P. Since definitions of components can be mutually recursive, redefining
some of them actually changes the whole class behaviour. The problem of giving a clean
semantics to this mechanism has been independently solved by W. Cook (Cook 1989) and
U. S. Reddy (Reddy 1988). The idea consists, roughly speaking, of interpreting P as a
function, called by Cook a generator, mapping components into components. The current
values of components in P are then obtained as the least fixed point of this function.

This approach can be combined in a very natural way with the view of an abstract class
as a function from deferred into defined components. Putting the two things together, P
can be seen as a function from input components into output components: the output
components are the defined components; the input components are all the (either deferred
or defined) components. A function of this kind is called in Cook (1989) an inconsistent
generator (whose least fixed point cannot be evaluated).

In this paper, we introduce a further distinction, assuming that some defined components
are frozen, that is, their redefinition cannot change other components (c¢f. non-virtual
methods in C++). In this case, some output components are not input components.

A further remark is that, introducing mixins, overriding the definition of a component
by a new definition can be seen as the composition of two different operations: first, the
old definition is cancelled, obtaining a mixin in which the corresponding component is
deferred; then, this mixin is merged with another supplying the new definition. This view
of overriding was first introduced, to our knowledge, in Bracha (1992), where the operator
that ‘cancels’ a definition is called restrict. Note that in this way it is possible to replace
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an asymmetric (non-commutative) binary operator, that is, overriding, by restrict plus the
commutative merge operator. This is the approach we adopt in this paper.

We have shown so far that introducing mixins allows a clean and unifying view of
apparently different linguistic mechanisms. We come now to a second point, which is
fundamental in this paper. In the discussion above, we have presented mixins as a gener-
alization of classes in the sense of object-oriented programming, as it is from the historical
point of view. Anyway, all the preceding considerations are, actually, completely indepen-
dent of the object and class concepts: the mixin notion can be formulated in the much
more general context of module composition. In other words, it is possible to extend the
usual notion of module (a collection of definitions of components of different nature, e.g.
types, functions, procedures, exceptions and so on) to the case where some definitions are
deferred, obtaining what we call in this paper a mixin module (or simply mixin). Hence, an
extension with mixins and corresponding composition operators is, in principle, applicable
to any modular language (Bracha 1992; Banavar 1995), allowing the definitions of highly
sophisticated module systems with a consequent enhancement of code reusability and
extensibility; notice that the notion of mixin module can also be successfully introduced
in object-oriented languages where, in many cases, the notion of class turns out to be
inadequate as the unique modularity feature offered by the language (Szyperski 1992).

This generalization should be reflected at the semantic level: hence, in this paper, we
aim to define a formal model of mixin modules, based on the ideas outlined above, and
a corresponding interpretation of composition operators, independent of the semantic
nature of a single concrete module, which should depend on the (semantics of) the
underlying core language, that is, the language for defining module components, following
the terminology introduced with Standard ML (Milner et al. 1990).

To this end, we generalize the model proposed above (mixins = functions over records of
components) to functions over arbitrary semantic structures. This is achieved in a simple
and natural way by taking the approach of institutions (Goguen and Burstall 1992), where
syntactic interfaces (types) of modules are modelled by signatures of some institution I,
and denotations of program modules are models of I; for instance, in a standard case,
many-sorted algebras (collections of related functions together with the data domains
they operate on). We do not deal explicitly in this paper, which is only concerned with
programming modules, with the logical part of the institution concept (a language of
sentences for expressing properties that models are required to satisfy); anyway, it should
be clear to the reader that the possibility of integration with a specification language is
an important motivation behind our approach.

Thus our work can be seen from the technical point of view in two symmetric ways: from
one side, we generalize the model of inheritance in Cook (1989) from objects (modelled
as records) to modules (modelled as arbitrary semantic structures). From the other side,
we extend to the case of mixins the well-established algebraic treatment of module
composition (see , for example, Bergstra et al. (1990), Diaconescu et al. (1993), Sannella
and Tarlecki (1988), Ehrig and Mahr (1993), Ehrig et al. (1991), Ehrig and Lowe (1993) and
Loeckx et al. (1996)) presenting a kernel module language with algebraic semantics. The
main difference with respect to this literature is that we consider, together with classical
operators (like export and renaming), new operators allowing module modification (like
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restrict and overriding) that make no sense in the traditional model. Moreover, as already
pointed out, we do not deal with specification modules (denoting classes of models), but
with programming modules (denoting just one model).

The paper is organized as follows. In Section 1 we present informally the most relevant
operators for composing mixins giving some examples written in an SML-like language.
In Section 2 we present our formal model of mixins and a set of basic operators. In
Section 3 we define a kernel language of mixin modules, with operators like merge,
overriding, hiding and functional composition, which can all be expressed in terms of the
basic operators introduced in the preceding section. In Section 4 we give a refined version
of our model, which allows us to handle (possibly recursive) type definitions in modules.
Finally, in Section 5 we make some comparisons with related work and outline our further
research on this subject. Technical details and a more concrete model based on the notion
of signature inclusion are given in the Appendix. A preliminary presentation of the ideas
in this paper has been given in Ancona and Zucca (1996a); the work on mixins presented
in the present and other papers (Ancona 1996; Ancona and Zucca 1997; Ancona and
Zucca 1998) constitutes a major part of the first author’s Ph. D. thesis (Ancona 1998),
which we refer to for an organic and extensive presentation.

1. Mixins and mixin operators: an informal introduction

In this section, we introduce the notion of mixin module and the most relevant composition
operators by means of some examples written in Standard ML (Milner et al. 1990).

We recall that SML supports the definition of module (structure), interface (signature)
and parameterized (or generic) module (functor). We have adopted SML for its simplicity,
but it should be clear to the reader that our intention here is not to extend a particular
modular language with mixins, but to propose a basic set of operators.

1.1. From concrete modules to mixins

Assume that we want to implement in SML finite maps and finite sets of integers,
with some of the usual operations (empty map, application, updating a map by a new
association, getting the domain of a map, restricting the domain of a map, empty set,
adding an element to a set and testing for membership). A structure Map implementing
finite maps should match the following signature MAP:

signature MAP =
sig
type map;
type set;
val empty_map:map;
val apply:map * int — int;
val update:map * int * int — map;
val def_dom:map — set;
val restrict:map * set — map
end;
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For a modular development, the implementation of the type set should be provided
separately by a structure Set over the signature SET:

signature SET =

sig

type set;
val empty_set:set;
val add:int * set — set;
val is_in:int * set — bool
end;

This can be achieved in SML by defining Map as a functor from structures matching
SET to structures matching MAP instead of as a structure. However, this solution is still
inadequate since there is no way to implement the function restrict in terms of the
functions in SET; intuitively, we miss the possibility of ‘iterating’ an action over all the
elements of a set. Conversely, it is not possible to define Set as a functor taking Map
as parameter, since there is no way to implement the function def _dom in terms of the
functions in Map.

Of course we could handle the problem by adding new primitives, but that solution
implies extra code and could lead to inefficient implementations of restrict and def_dom,
respectively. On the other side, the restrict and def_dom functions could be efficiently
defined inside a unique structure, but this would lose modularity.

A solution that keeps both modularity and efficiency would be to move restrict
from Map to Set. However, in this way the two structures become mutually dependent,
while functors in SML are only able to express one-way dependencies. This problem is
overcome by the introduction of mixin modules. A mixin, like a functor, is a module that
depends on other modules; the crucial difference is that mixins allow us to express mutual
dependency. In a hypothetical extension of SML with mixins, the solution of our problem
is the following:

mixin Map =
mix
datatype map = empty map | update of map * int * int;
type set;
val empty_set:set;
val add:int * set — set;
val restrict:map * set — map;
fun apply(update(f,x,y),z) = ...
fun def_dom(empty_map) = empty_set |
def_dom(update(f,x,_)) = add(x,def_dom(f))
end;

mixin Set =

mix
datatype set = empty_set | add of int * set;
type map;
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val empty_map:map;

val apply:map * int — int;

val update:map * int * int — map;

val def_dom:map — set;

fun is_in(_,empty_set) = ...|...

fun restrict(_,empty_set) = empty map |
restrict(f,add(x,s)) =
if is_in(x,def_dom(f)) then update(restrict(f,s),x,apply(f,x))
else restrict(f,s)

end;

As shown by the example, a mixin differs from a standard module, which is a collection
of definitions, since the implementation of some components may be deferred, as happens
for the type set and the functions empty_set, add and restrict in Map. Correspondingly,
SML signatures could be extended to mixin signatures by labelling components in such
a way that each component is recognized as either defined or deferred . For instance, the
mixin Set matches the following mixin signature:

mixin signature SET =

mix sig
type set;
val empty_set:set;
val add:int * set — set;
type map deferred;
val empty map:map deferred;
val apply:map * int — int deferred;
val update:map * int * int — map deferred;
val def_dom:map — set deferred;
val is_in:int * set — bool;
val restrict:map * set — map

end;

Note that, in general, it is not possible to split the signature of a mixin in two
disjoint signatures corresponding to the defined and deferred components, respectively. For
instance, in SET above, the deferred components (map, empty_map, apply, update, def _dom)
do not form a signature, since the functionality of def_dom contains the defined type set.

Modules in the usual sense can be viewed as particular mixin modules in which all
the components are defined. We call them concrete mixin modules. Of course a mixin
module, for example Map, that is not concrete cannot be used in isolation, just as a
parameterized module needs to be instantiated over an actual parameter. A way to
combine mixins in order to obtain a concrete module eventually is provided by the merge
operator (Bracha 1992): if M; and M, are two mixins, then M; @ M, is a mixin, where
some definitions of M; are associated with corresponding declarations in M;, and vice

T After introducing overriding, we will further distinguish defined components in either frozen or virtual, as
illustrated in the following subsection.
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versa. This operator is commutative and is defined whenever no components are defined
on both sides.

In the example above, we can define a mixin SetAndMap = Set®Map matching the
signature SET_AND MAP = SET@®MAP; in SetAndMap every component has a definition,
hence we have obtained a concrete module (a normal SML structure). This is not always
the case: if some deferred component on one side has no corresponding definition on the
other side, the module resulting from merging is still not concrete.

Finally, we stress the fact that mutually dependent modules arise in a very natural way at
the design stage of software development, and, moreover, the lack of an ability to manage
them causes code duplication and loss of software extensibility. For other examples
of mutually dependent modules (including concrete cases) we refer to Ancona (1996),
Banavar and Lindstrom (1996) and Duggan and Sourelis (1996).

1.2. Overriding definitions

In object-oriented languages, inheritance allows overriding of definitions with precedence
of either the heir, as, for example, in Smalltalk (Goldberg and Robson 1983) or the
parent class, as in Beta (Lehrmann et al. 1993), as has been analyzed in Bracha and
Cook (1990).

By introducing the notion of mixin, overriding the definition of a component, say
f = expr, in a module M, by a new definition f = expr’, can be seen as the composition
of two operations: first, the old definition is cancelled, getting a module M’ where f is
deferred; then, M’ is merged with f = expr’.

This view allows a more general version of overriding. Consider, for instance, the
following mixin, which leaves deferred the implementation of lists of integers, and only
defines two derived functions:

mixin AbsList =
mix
type int_list;
val head:int_list — int;
val tail:int_list — int_list;
val is_empty:int_list — bool;
fun length(l) = if is_empty(1l) then O else length(tail(l))+1;
fun eq(11,12)
if is_empty(11) then is_empty(l2) else
if is_empty(12) then false else
head(11)=head(12) andalso eq(tail(1l1),tail(12))
end;

and assume that we want to combine it with another mixin where an implementation for
the type int_list is provided, together with a more efficient version of length based on
this implementation.
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mixin List =

mix
type int_list = int * int list;
fun length(n,.) = n;

end;

The sum AbsList @List is not correct, since the function length is defined in both the
modules. We need a way of explicitly specifying which of the two definitions of length
must take the precedence. This can be achieved by using a restrict operator (Bracha 1992),
which allows us to cancel definitions inside a mixin.

This operator takes two arguments, a mixin M and a mixin signature specifying the
defined components of M that have to be changed to deferred. The mixins AbsList and
List can be combined as follows:

mixin AbsListAndList = (restrict length in AbsList) @ List.

In general the restrict operation allows us to specify, for each pair of conflicting
definitions in two mixins M| and M, which of the two definitions must take the precedence.
In this way we are able to define more combinations of M; and M, than by simply using
an overriding operator that gives precedence to either M; or M, (Ancona and Zucca 1997).
This is essential, for instance, in object-oriented languages supporting multiple inheritance
where an heir class may inherit a method definition from several parent classes (Bracha
1992; Van Limbergehn and Mens 1996).

The inheritance operators of Smalltalk and Beta (without considering the pseudo-
variables super and inner) can be defined by an appropriate combination of the merge
and restrict operations:

H = (restrict Xp in P) & M (in Smalltalk),
H = P & (restrict Xy, in M) (in Beta),

where H and P are the heir and the parent class, respectively, M is the mixin corresponding
to the new definitions, Xp contains the components of P that are redefined in M, and
analogously for X);. A way to express the Smalltalk and Beta inheritance operators
handling the pseudo-variables super and inner is described in Section 3, and in much more
detail in Ancona and Zucca (1997).

From the semantic point of view, the possibility of overriding definitions leads one to
consider two different interpretations of a concrete module, which we call closed and open
semantics, respectively (as mentioned in the introduction, this idea is originally due to
W. Cook (Cook 1989) and U. S. Reddy (Reddy 1988), and is now a standard approach).
Consider, for instance, the structure:

structure S =
struct
val il=1;
val 12=2x%i1l;
val i3=i1+i2
end;
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The closed semantics is a model over the signature X%, that is, it associates a semantic
value with each component of the module; in this case, X = {i1,12,13} and the closed
semantics of S is the record <i1:1,i2:2,13:3>. Anyway, this semantics does not take into
account the possibility of later redefinitions of components. For instance, redefining i1 to
2 changes the values of i2 and i3 too. In the general case, definitions can be mutually
recursive. In order to model this, it is necessary to see S as a function from models over
> to models over X (open semantics); in this case, the function defined by

<ilix,i2:y,i3:z>+— <il:1,i2:2# x,i3:x + y>.

Note that in this concrete case the closed semantics is the unique fixed point of the open
semantics. However, this fact is not relevant for our technical treatment in the following;
we only assume a freeze operator at the semantic level that extracts one fixed model from
a function from models into models (that is, gets closed semantics from open semantics).

As we said earlier, open semantics is needed for correctly modelling overriding. Consider,
for instance, the following structure S’, which provides a different definition for i2:

structure S =
struct

val i2=3
end;

The open semantics of the mixin expression (restrict i2 in S) @ §'is the function
<ilix,i2:y,i3:z>+— <il:1,i2:3,i3:x + y>,

which can be obtained from the open semantics of S by replacing the definition of i2, and
gives as corresponding closed semantics the record <i1:1,12:3,13:4>. Note that there is
no way to obtain this record directly from the closed semantics of S.

As a final example, consider the following structure:

structure 8" =
struct

val i2=2
end;

Then, again, the open semantics of the mixin expression (restrict i2 in S) @ S”
is different from that of S, even though in this case the closed semantics coincide.

The open semantics can be naturally extended to non-concrete mixins (where some
components are deferred), seeing them as functions from models over a larger signature
Y™ to models over ° (hence T < X™). Of course, in this case it makes no sense
to consider the closed semantics — corresponding to the fact that the module cannot be
effectively ‘used’ as it stands.

1.3. Freeze and hiding

In the example above, a redefinition of i2 in S changes the semantics of i3, too. In order
to express this, we say this i2 is a virtual component of S. In general, we introduce a
further distinction of defined components into either virtual or frozen (cf., for instance,
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virtual and non virtual member functions in C++4). If a defined component is virtual, its
redefinition may change the semantics of some other component of the mixin; by contrast,
a redefinition of a frozen component cannot affect the semantics of any other component.

The freeze operation (Bracha 1992) allows us to freeze a virtual component f by
eliminating all the dependences of the other components on f. As an example, assume we
freeze i2 in S. Then the structure S1 we obtain is equivalent to the followingT:

structure S1 =
struct
val il=1;
val i2=2%i1;
local val i2=2%il in
val i3=il1+i2 end
end;

In other words, we get a structure whose open semantics is a function constant with
respect to the component i2:

<il:x,i2:y,i3:zz> > <il:l,i2:2 % x,1i3:3 * x>.

Now a redefinition of 12 cannot change the semantics of i3.

In order to keep this information explicit in the module interface, we can remove the
assumption X° < ™ and say that the open semantics of S1 is a function that no longer
takes i2 as argument. Correspondingly, we may add a new kind of label to function
symbols within mixin signatures, specifying for each defined function whether it is virtual
(default case) or frozen. For instance, S1 matches the following mixin signature:

mix sig

val il :int;

val i2 :int frozen;
val i3 :int

end;

The open semantics of a mixin matching this signature is a function taking i1 and i3
as arguments, and returning values for i1, i2 and i3. For instance, the open semantics
of 81 = freeze i2 in Sis

<il:x,i3:z>+> <il:1,i2:2 # x,13:3 * x>.

For a mixin M where all the components are frozen, the open semantics is a constant
function that returns the closed semantics of M. Note that it makes no sense to freeze a
deferred component.

Now consider the possibility of hiding a defined component of a mixin. Hiding a
defined function f intuitively corresponds to consider f as a locally declared function.

 To be precise, i2 should be a local variable visible to all definitions in S — this cannot be expressed in SML,
since the definition of i2 depends on i1. However, in this case, i2 can equivalently be local to the definition
of i3, since i1 does not depend on i2.
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For instance, assume we hide 12 in the structure S shown above. We expect to obtain a
structure equivalent to the following:

structure S2 =
struct
val il=1;
local val i2=2%il in
val i3=il1+i2 end
end;

Since the definition of i2 is now local to S2, no operation on S2 can modify its value;
if we merge S2 with a mixin that defines a component i2, the value of i3 does not
change. As a matter of fact, hiding i2 corresponds to first freezing it and then deleting
its definition by means of the restrict operation.

2. A parameterized framework for mixins

In this section we present our formal framework for mixin modules. More precisely, we
define mixin signatures, mixin models and three basic operators over mixin models that will
be used in the following section for expressing all the operators of our kernel language of
mixin modules. The framework we introduce is parameterized by the semantic framework
modelling the core level (core framework).

2.1. Core frameworks

Roughly speaking, a core framework is a specialization of the notion of model part of an
institution, that is, a category of signatures and a model functor (Goguen and Burstall
1992). We assume an additional feature, viz. a family of operators (one for each signature
¥) taking functions from Z-models to X-models and returning Z-models. These operators
intuitively correspond to extract closed semantics from open semantics.

Definition 2.1. A model part is a pair <Sig, Mod > where

— Sig is a category, whose objects are called signatures.

— Mod is a functorT, Mod : Sig?? — Set. For any signature X, objects in Mod(X) are
called models over £ or X-models. For any signature morphism ¢:% — X', Mod (o) is
called the reduct via ¢ and denoted by —,. We write —5, for —;, when j;:Z; — X,
i = 1,2, are the injections of a coproduct.

Notation. Let Sig be a category with all finite colimits. If £; and X, are two signatures in
Sig, we use X; + X, and (J to denote the unique (up to isomorphism) coproduct of X;
and X, and the initial object in Sig, respectively.

T There is no problem in allowing categories of models here, but model morphisms are not relevant for the
subject of this paper, so we leave them out here.
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For any (small) category C the hom-functor Hom¢: C% xC — Set is defined as follows:

— Homc¢(<A, B>) is the set of C-morphisms from A4 to B
— Homc(<hk>)=ko_oh.

If C is Set we also use the notation Homc(<A4, B>) = B4,
Note that if h: A — A’ in C°, then h: A" — A in C, whence the compositions (all in C)
are well defined.

Definition 2.2. A model part is regular if Sig has all finite colimits and Mod preserves
them.

Definition 2.3. A core framework is a triple <Sig, Mod, freeze> where

— <Sig,Mod> is a regular model part.
— freeze is a family of functions (that is, morphisms in Set)

freezes : Mod (Z)M1®) — Mod (%)
indexed over the signatures X in Sig.

We omit the subscript whenever it can be unambiguously determined from the context.

In concrete cases, each freezes could correspond to some kind of ‘“fixed point’ operator,
as illustrated in the example below. However, no properties on fireeze are required for
defining mixin models and their basic operators.

The assumption that Mod preserves finite colimits ensures the existence of the amalga-
mated sum (see, for example, Ehrig and Mahr (1985)); indeed, Mod maps pushouts in Sig
into pullbacks in Set, and this implies that, for every pushout diagram in Sig,

J1

21 22

!
\
o1 /
by
and for every pair of models A4; € Mod(X;), i = 1,2, such that Ay, = Aj,,, there
exists a unique model in Mod(X'), denoted by A; + A4;, such that (4 +42);, = A
i = 1,2. In particular, when we consider coproducts instead of pushouts, we have that,
for any A; € Mod(%;), there exists a unique model 4; + A, in Mod(X; + Z,) such that

(A1 + A2)z, = Ai, i = 1,2 (recall that in all categories with initial objects a coproduct is a
particular kind of pushout).

Example 2.4. As a standard concrete example of core framework, the reader can think
of a language with a fixed set of predefined types, say T, where modules are collections
of possibly recursive function definitions. In this case signatures are just TSuchthatars .
families of sets of (function) symbols. Assuming that each type t € T denotes a set of
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— >
;,Zin z:out_.>
— >
Fig. 1. A pictorial view of mixins
h f
—» >
g g
— >
Fig. 2. A mixin
values’ V:, a model over a signature X associates with each function symbol in X, 5 s a

partial function from V x...xV;, into V,. In other words, a X-model is a X-family of
partial functions. Then, a function F:Mod(X) — Mod(Z) transforms families of partial
functions into families of partial functions, and freezes is expected to be the least fixed
point of F in the usual sense whenever F is continuous.

2.2. Mixin Signatures and Models

We now give the formal definition of mixin signatures and models. In this subsection we
assume a fixed core framework <Sig, Mod, freeze>.

Definition 2.5. A mixin signature is a pair <X, %> of signatures in Sig. A mixin model
over the mixin signature <X™, ¥ > is a function in Mod (X yMod(="),

Intuitively, the input signature gives all the components which definitions in the module
may depend on, while the output signature gives all the components which are defined in
the module.

A pictorial view is given in Figure 1, where a mixin model is represented as a black
box having some inputs and outputs.

For instance, a mixin model F having two input components h, g and two output
components f, g is depicted in Figure 2. This mixin model is a function from records

T We assume a fixed universe of values in order to avoid foundational problems.
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of the form <h:_ g:> into records of the form <f:_g:>; in other words, F associates
with the output components f and g two values (definitions) that depend on the values
of the input components h, g. In order to express this fact we represent F by the more
suggestive notation

f = Fi(h,g)
g > Fy(h,g).

Referring to the core framework defined in Example 2.4 and the modules S and S’
defined in Section 1, we have that the (open) semantics of S is a mixin model Fs over the
mixin signature <X, ¥ > where

W =3¢ = {il,i2,i3: — int}
for any A € Mod (£¥'), Fs(4) = B € Mod (£$"") such that
i1 =1,i2% = 2#i14,i38 = i1 4 i24.

Using the above notation, Fy is represented by

il—1

2 — 2=il

i3 — il 4i2.
Moreover, freeze(Fs) = C € Mod (") (the closed semantics of S), where i1€ = 1, i2¢ =2
and i3¢ = 3.

Finally, the mixin expression (restrict i2 in S)@® S’ denotes a mixin model Fg
again over <Z¥ X%> such that, for any 4 € Mod(E¥), F§(A) = B € Mod(Z$") such
that i18 =1, 28 = 3, i38 = j11 4 24,

The corresponding closed semantics is given by freeze(Fg) = D € Mod(Z3"), where
i1 =1, 2P =3 and 3P = 4.

We now show that mixin signatures and models defined above actually constitute a
model part in the sense of Definition 2.1.

Set MixSig = Sig?” xSig; we recall that a morphism in MixSig from <X Z¢>
to <Zi X9“> is a pair of morphisms ¢”:Z§ — X', ¢ X — ¥ in Sig and that
MixSig®” = Sig xSig .

Definition 2.6. The functor MixMod : MixSig®” — Set is defined by
MixMod = Homge © <Mod o w1, Mod o my>,

where 71 : Sig xSig®” — Sig and 7, : Sig xSig?? — Sig? are the projection functors. Thus
— for any object <X X% > in SigxSig’,

MixMod (<Z™, 2" >) = Mod (£ Md(*");
— for any <g”, g% >: <TI T > — <Th Tl >

MixMod (<™, 6" >) = Mod (¢°*) o _o Mod (c™).
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Note that for any morphism <¢™, ¢ >:<Z{" Z9> — <EI 29> in MixSig?”,
MixMod (<c™, % >) denotes a function from Mod (£ YMdE") to Mod (£5 M43 cor-
responding to the reduct via <¢”: X" — X', ¢ : L9 — 2" > for mixin models. Using
the lambda notation, we can express the definition of the reduct as follows:

MixMod(<¢™, """ >) = JF AA.(F(Ayn )

Henceforth we will use the notation i Fgou for MixMod (<c™, ¢ >)(F); we also omit
the input (respectively, output) morphism when it is the identity and write g Fgoe for

jn Fljor when jm:X™ — £ and jou ;2" — £ are injections of coproducts.
Fact 2.7. MixMod is a functor such that MixMod o Emb = Mod, where
Emb :Sig’? — Sig xSig”

is defined by

Emb(X) = <, X>, Emb(0) = <idg,0>.

Note that the natural isomorphism #: Mod — MixMod o Emb is such that, for any X in

Sig, 15 : Mod(X) — Mod (Z)M°4(9D) is the arrow isomorphic to the projection morphism

s : Mod (Z)xMod () — Mod(X) in Set.

We now define the equivalent of the amalgamated sum for mixin models. Since, in
general, MixSig does not have all finite colimits, the amalgamation property does not
hold (however, we can define a less general form of amalgamated sum by fixing the input
signature X").

Proposition 2.8. Let the following diagram
Z/Olﬁ

\
out
/

2

Zfl)ul
\

Z()Llr
be a pushout in Sig. Then, for any F; € MixMod(<2’”,2§’“‘>), i = 1,2, such that
Fi;, = Fa,,, there exists a unique F € MixMod(<Z™",X'*"">), denoted by F; + F, such
that F\ji = F,‘, i = 1,2
Proof. The proof comes directly from the fact that the hom-functor
Homge(<Mod (X™), >): Set — Set

and the model functor Mod : Sig®” — Set preserve finite limits. Thus MixMod (<Z™, _>)
maps finite colimits (of a diagram D) of signatures to limits (of the diagram Mod o D) of
model sets. Hence, MixMod (<X",¥'*">) is a pullback object in Set. O
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One can easily verify that F; + F, is defined by
for any A € Mod (X™), (F; + F»)(A) = Fi(A) + F2(A).

As happens for the amalgamated sum of models, we obtain a particular case of sum
between mixin models when we consider coproducts of output signatures instead of
pushouts.

We conclude this subsection by defining an extension of the family of operators freeze.

Definition 2.9. Let:
— F be a mixin model in MixMod (<X/" + X", Tou >)
— 0:3" — X% be a signature morphism.

Then freeze, denotes the function from
MixMod (<Z/" 4 T, 204 >

to
MixMod (<X™, £ >)
defined by
freeze ,(F)(A) = freezesou (F o (A + _) o Mod (0))
for any F in MixMod (<X + ™ 2 >) and A4 in Mod (™).

Here (_+ _) denotes the function from Mod (X")xMod (X/") to Mod(X™ + X/"), mapping
each pair <A, B> to A + B. Note that, more correctly, freeze should also be indexed over
™. but we have omitted this here for the sake of simplicity. Using the lambda notation,
freeze, can be expressed as follows:

Sreeze, = AF .2A freezesou (A X .F(A + X))

Intuitively, applying the freeze, operator to a mixin model corresponds to (permanently)
associating with some input components (X/) the definitions of some output components,
in the way specified by o, so that these components disappear from the input signature. In
fact, in the rest of the paper we will use the operator fieeze, only when o is the injection
of a coproduct, but here we have considered any kind of morphism for generality.

2.3. Basic operators

In the previous subsection we actually defined three basic operators over mixin models that
will be used in the next section for expressing a variety of higher level mixin combinators.

The graphical representation given in Section 2.2 suggests looking at mixin models as
electronic devices and operations for mixin composition as rules for constructing from a
set of mixins (devices) My,..., M, a mixin M ‘containing’ Mj,..., M, inside, by connecting
inputs and outputs in an intuitively suitable way: more precisely, according to the four
following rules:

— each input of My,..., M, must be connected exactly to either one input of M or one
output of some M;, i = 1..n;
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Ff fi
freTf
> f - f2
F,
f g g
Fig. 3. Sum
— each output of My,..., M, may either be connected to some outputs of M or inputs
of My,...,M,;
— each input of M may be connected to some inputs of Mjy,..., M,;

— each output of M must be connected to exactly one output of some M;, i = 1..n.

Sum Given two mixin models:

— Fy in MixMod (<XZ™, X" >)

— F» in MixMod (<X, Z5" >),

their sum F; + F, is a mixin model in MixMod (<Z™, Z¢" + X34 >).
As an example, consider the following mixin models F; and F;:

Fi = = (Fi)(hf)

Fy = f= (F)s(h,f)
g (F2)(h, f)

Then, the sum F; 4 F; is given by

fi—= (F1)s(hf)
f2 = (F2)5(h,f)
g = (Fa)g(h, f).

The situation is sketched graphically in Figure 3. According to the intuitive composition
rules given above, all the inputs are shared, while the outputs are kept distinct (as happens
for the two components f). The sum operator intuitively represents the most primitive
way of combining together two mixins and is the natural extension of the amalgamated
sum over models. We will see in the next section how it is possible to define more complex
binary operators on top of sum and the other two basic operators presented below.

We now show an alternative definition of sum, which will be used in Section 4. Given
two mixin models Fy in MixMod (<X, 2% >) and F, in MixMod (<4, 23" >), we define
their combination FiWF; as the mixin model in MixMod (<X + i, 94 + 9" >) defined
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by
for any A € Mod(le” + Zg‘), (F1w Fy)(A) = FI(A\Z'I") + Fz(AlEizn ).
Although the two operators + and W have the same expressive power (see Fact.2.10

below), W does not correspond to any amalgamation property, therefore, whenever possible,
we will use + instead of .

Notation. If ¢;:X; - X and 0,:%, — X are two signature morphisms, we denote by
[o1, 03] the unique morphism from X; + X, to £ making the following diagram commute:

J1 J2
X+

21 Z:2

1[o1,02]

\
z

01 02

Fact 2.10. For any pair of mixin models

F; in MixMod (<X™, X" >),
F> in MixMod(<Z", X5 >),

Fir4Fy = fidgy,idy ) (F1 © F2).
For any pair of mixin models

Fy in MixMod (<X, £{">),
F, in MixMod (< ;"’thmt>)’

FiWF, = 22r1+25n‘F1 +2§r1+2§n‘F2.
Reduct Given a mixin model F in MixMod (<X, X% >) and two signature morphisms
o":E" — 3" and ¢ X' — T the reduct yu Fj,e is a mixin model in
MixMod (<X, =" >).
As an example, consider the following mixin model F:

f = Fe(f.g.h)
g — F(f,g.h.

Let 6™:{f,g,h} — {x,z} and ¢°*:{y} — {f,g} be the morphisms mapping f,g,h into
x and y into f, respectively. Then, ;i Fsou is given by

y = Fr(x, x, x).

The situation is sketched graphically in Figure 4. The figure shows that the informal
composition rules are respected by the reduct operator. Note that through the reduct it
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f
f—y
X g F
Z h
Fig. 4. Reduct
f
f f
8§ F
h—>h

Fig. 5. Freeze

is possible to add dummy input components (like z) and to forget output components
(like g). The reduct is a powerful renaming operator allowing us to rename input and
output components in a separate way; again, this operator is the natural extension of the
corresponding operator at the level of models.

Freeze Given a mixin model F in MixMod (<X + ™ X% >) and a signature morphism
0:3" — T freeze (F) is a mixin model in MixMod (<Z™, T >).
As an example, let F be the previous mixin model and let ¢ be the signature morphism
mapping f and g into f. Then, fieeze (F) is given by:
f = Fi(h)
g > Fy(h),
where F'(h) = freeze(J<f,g>.F(f, f,h)).
The situation is sketched graphically in Figure 5. The reader may also verify in this
case that the informal composition rules are respected. Notice that the freeze operator is

the only basic operator that allows one to build ‘feed-backs’ in mixins in order to truly
eliminate dependences from some input components.

3. A kernel language of mixin modules

In this section we formally define a set of operators for combining mixin modules, which
are intended to be a kernel language with clean semantics in which to express operators
of existing modular languages. The semantics of the kernel language is given by means
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of the formal framework defined in the previous section. More precisely, any module
expression M of the language has a type <X/, X" 30> with T4 3" 3/ signatures
in Sig, and is interpreted as a mixin model over <X 4 X" ¥ L ¥fio Moreover,
the interpretation of the operators of the language is given in terms of the three basic
operators over mixin models defined in Section 2.

The three signatures 4/, =" and ¥ have the following meaning:

— the components in 2% are deferred components, that is, components that are not
defined in the module;

— the components in X" are defined components whose redefinition can change other
components (virtual components);

— the components in X7° are defined components whose redefinition cannot change
other components (frozen components).

The input signature consists of deferred and virtual components, that is, all the compo-
nents on which definitions in the module may depend. The output signature consists of
virtual and frozen components, that is, all the components that are defined in the module.
In the particular case in which 24 = (¥ (hence X" = X'") we get a concrete module,
where all the components are defined.

Note that the approach taken here is rather abstract: the fact that input components
can be decomposed into deferred and virtual components (and analogously output com-
ponents) is modelled in a descriptive way by pattern matching, that is, by defining the
input signature as a coproduct. All the typing rules in the rest of this paper follow an
analogous approach.

A possible realization of the splitting of signatures consists of considering boolean
signature categories, that is, signatures with inclusions and related operations of union,
intersection and difference. This more concrete case is outlined in Appendix A.1 and
extensively presented in Ancona (1998). In the definitions of this section we will use the
abbreviations X" := Xd¢/ 4 yuir yout .— yir 4 yfio,

Merge The merge operator allows us to combine two mixin modules, say M; and M,
obtaining a new module where some deferred components of M; (X%) are made concrete
by binding them to some defined components in M,, and vice versa. These defined
components can be either virtual (£5°) or frozen (ng), and their status is preserved in
M & M,. Moreover, some deferred components of M; and M; can be shared in M; @ M,
(£%). On the other hand, defined components are kept distinct, as for sum. Hence, in
M, ® M, the defined components are the (disjoint) union of the components defined in
the two arguments; the deferred components are the components deferred in one (but
not bound to a definition in the other) or both the arguments. The merge operator is a
high-level version of sum, which allows us to combine together mixins with different input
components and takes into account the difference between virtual and frozen components.

M, :<ZY 4 35 4 3, zuir 30> fori=1,2
(M . ) M2 :<21é4 W Y Zb, Eir’zgro> Zlyir — Z/lyir + wa
-y . . ro o bf
M; ® My:<X¥ + 3¢+ 24,307 + 357 30 4 505 T =300 4+ 3
2P =3k 45
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The deferred components of each argument, say M, are distinguished in components to
be shared (Z*), to be bound to an output component of the other mixin (X%) and neither
shared nor bound (Xf). The side conditions ensure that each deferred component to be
bound (X?) has a corresponding output component, either virtual (2%’“) or frozen (E?f ), in
the other mixin (with the notation 1 =2,2 = 1).

[M] =F,i=1,2
(M ® M, ]| = freeze;(;, Fi + j, F2)

(M-sem)

where j: 20 4 32 zou o you josin s (zin 4y winy 43 43 = 1,2, are the ob-
vious injections, with the abbreviations " := X! + X+ X0 4+ 20" j = 1,2, it 45 T =
(T} + X+ 28) + (277 +287).

Whence

i F1+ 4 Fa:Mod (20 +5, =) + (2 4+ 22)) - Mod (29" 4 23“)

and
freezej(jl|F1 + jz‘Fz):Mod(Z"l” +3, Zé") — Mod (29" + Z§").

The semantics of the merge operator is rather simple: first the input signatures of
both M; and M, have to be extended via renaming to the same input signature; then,
it is possible to perform the sum; finally, the deferred components bound to frozen
components (le’f and ng ) have to be frozen in order to preserve their status (see the
example below).

With the general approach taken here, when merging two mixins one has to specify
explicitly the shared input components (Xf), the input components to be bound (X7,
i = 1,2) and the output components they are bound to (Z?“,fo, i = 1,2). However, in
concrete instances of the model one can assume an implicit choice. For instance, if Sig
is a boolean signature category (see Appendix A.l) and, correspondingly, the type of
a mixin is uniquely determined by the input and output signatures (X9¢ = X" \ xou,
Yoir — yin Znut’ Sfro — yout \Zi”), we can set

== (2 E) N (7 2,
=3z i=12
shr Zd@f A z,‘%ir’ i=1,2.

i i

with the proviso that Z{" NXJ" = ¥ (see typing rule (M-ty) in Figure 11 in the Appendix).
We make this assumption in the example below.

Consider a mixin M; with two deferred components 4 and f and one frozen component
g, and a mixin M, with two deferred components h and g and one virtual component f.
If My, M, denote the mixin models F; and F,, respectively,

Fi = g (Fi)g(h, f),
F,== fH (FZ)f(h’g’f)s
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h h
M, g - g
fre—r
f M f f
— |

Fig. 6. Merge

then the semantics of M; & M, is

g > Fe(h.f)
f = Fy(hf)

where F(h, f) = freeze(i<g, f'>.<(Fi)¢(h, f), (F2);(h,g, [)>).
Correspondingly, we obtain the picture in Figure 6. The example formally matches the
typing rule (M-ty) as follows:

My:<@+{h} +{f}, D, {g}> = <{h.f}. D {g}>
My:<g + {hy + (g}, {f}, &> = <{h g}, {f}, &>
My @ My:<@ + {h} + &, {f}. {g}> = <{h}, {F}. {g}>

Note that the deferred components f of M; and g of M, are both bound to the
corresponding defined components in the other mixin. However, the way in which this
binding is achieved is different, since f is bound to a virtual component, whereas g is
bound to a frozen component. In the first case, the binding is obtained by sharing the
input components f of both the mixins (no need for freeze), while in the second case the
input component g of M, is bound to the corresponding output component in M; by
means of the freeze operator. This asymmetry is also captured by the lambda expression
denoting M; @ M,: the function that has to be frozen depends on the first parameter (the
g component) and is constant with respect to the second (the f component).

Freeze The freeze operation allows us to make a module independent from the redefinition
of some components, say £ ; hence these components, which were virtual, become frozen.
In this way definitions can be encapsulated to prevent unwanted changes due to some
component redefinitions. Note that the converse operation that we have omitted here,
simply corresponds to a sort of type coercion in which one loses the type information
that some components are frozen, and, hence, that their redefinition does not change the
semantics of the other components.
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The high-level freeze operator is directly expressed by the low-level freeze.

M:<3% 5 4 3o 30>
freeze /" in M :<Xdef Svir 3fr 4 Sfro>

(F-ty)

[M] =F
[freeze /" in M ] = freeze(F)

(F-sem)

where j: X" — X" 4 T is the obvious injection.
Note that the only effect of the freeze operation is to switch the status of defined
components from virtual to frozen; deferred and frozen components are not modified.

Restrict The restrict operation allows us to ‘cancel’ some definitions in a module, making
the corresponding components deferred. Hence it makes sense only for virtual components.
Note that restrict is different from the hiding described later, since a component whose
definition is deferred remains in the interface of the module and can be redefined, while
a hidden component is no longer visible from the outside.

M :<Zdef’ s o4 Erir7 Efro >
restrict X5 in M:<Xde/ + ¥rs soir yfo>

(RS-ty)

[M] =F
[restrict X in M | = Figou

(RS-sem)

Intuitively, the definitions in £ are ‘forgotten’, and hence the corresponding compo-
nents are no longer in the output signature (this is formally expressed by the reduct
functor). However, they are still in the interface of the module as deferred components
(hence the input signature remains the same as before).

Hiding The hiding operation allows us to hide some defined components from the outside.
Hiding deferred components makes no sense, since definitions of other components could
depend on them and in this way it would be impossible to obtain a concrete module
eventually.

M:<2d€f’ Zf}d + zvir, Z?»d +3 'ro>

H-t -
(H-ty) hide <X/ ,2?d> in M:<Xdef | Tvir fio>

[M] =F

H-
(H-sem) ride <Z T in M = (freeze,(F))

[
where j:Z)¢ — ¥ + 3¢ + 34 is the obvious injection.

Hiding virtual components requires first freezing them in such a way that all the other
definitions will refer from now on to their current definitions. Frozen components can be
simply thrown away by restricting the output signature.
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Fig. 7. Hiding

local ~ frozen  deferred  virtual

local - no no no
frozen hiding - no no
deferred no merge - merge

virtual hiding  freeze  restrict -

Table 1. Status transformations

As an example, consider a mixin M with one deferred component k, two virtual
components f and h and one frozen component g. If M denotes the mixin model F:

F = f s Fi(f,k,h)
g Fg(f’krh)
hv— Fy(f,k,h).

then the semantics of hide {f,g} in M is
h— Fj(k, h)

where F'(k,h) = freeze(A<f,k',W>.F(f,k',I)).

Correspondingly, we obtain the picture in Figure 7.

Up to this point we have presented a set of operators for mixin combination. As
already stated, each mixin component has a status; if we also consider locally defined
components (components not present in the mixin signature), the possible statuses are
given by local, frozen, deferred and virtual. Each mixin operator has a different effect
upon the component status, as illustrated in Table 1. The first column and row contain
the initial and final status of a component, respectively. Note that not all status changes
are allowed.

Since a local component is not visible, there is no way to change its status. A frozen
component can only become local by means of hiding. A deferred component can be
transformed into a frozen (respectively, virtual) component by merging it with a frozen
(respectively, virtual) component. A virtual component can become local, frozen or
deferred by means of hiding, freeze or restrict, respectively.
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We will now consider some more sophisticated operators, corresponding to constructs
effectively used in programming languages.

Overriding The overriding operator is a non-commutative variant of the merge operator
allowing us to ignore some output component (either virtual or frozen) of one of the
two arguments. This is useful in practice when two mixins have some output components
in common (conflicting definitions) and we want the definitions of one mixin to take
precedence over the definitions of the other.

My<EZ{+ 2+ ZLE I 4 2> mr o s = 1,2
My:<34 + ¥ + 35,347, 307> T =2+ zi=1,2

(O-ty) - — " )
MjMy:<ZU + X5+ X4 Zoir 4 Egn,zflpo + 2)2‘m> El]v + 3 = Z%;,+ ng
= - S+ 3]
[[Ml]] :Fiai: 132
(O-sem)
[ MM ]| = freeze(j, Fijzon + j,F2)
where

JEDIRAED A Yl LT LS

JUE AT o (2 4y 2+ & + 25,

JEE > (S s, T + (2 4 3Y),
are the obvious injections, with the abbreviations

=4 R 4R i=1,2,
U 4y I = (E A+ 2 + () + 2.
Whence
P+ i F2: Mod (S} +, 25) + (2 +ZY)) —» Mod (59" + 23"
and
freeze (| Fiygou + j, Fa): Mod (21 +5, £5') — Mod (£ + Z5").

The typing rule for the overriding operator is similar to that of merge; indeed, M« M,
is obtained by first restricting the output components of M; (cancelling the virtual and
the frozen components in X* and X7, respectively) and, then, by merging the resulting
mixin with M;. Indeed, the following fact holds.

Fact 3.1. For any pair of mixin expressions M; and M, verifying the typing rule (O-ty),

[Mi=M]| = [Mi]zw © [M>]].

https://doi.org/10.1017/50960129598002576 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129598002576

D. Ancona and E. Zucca 426

L»fM fr
1
hr——>h - g
h f f
gM2
—

Fig. 8. Overriding

Again, in the case of boolean signature categories, we can set (see typing rule (O-ty) in
Figure 11 in Appendix)
== (217 \ 29 N (257 \ =)
b _ sdef R
=X NI, i=1,2
= =297 N (E 28,
o=@ ur) Ny
ZIL"S — Zgir N Z(z)ut,
= Nz,
As an example, consider a mixin M; with one deferred component h, one virtual
component f and one frozen component g, and a mixin M, with two deferred components

h and g, and one frozen component f. If M, M, denote the mixin models F; and F»,
respectively:

Fy = f— (F)i(f,h),
g (Fi)g(f,h)
Fy = f— (F2)s(h,g),
then the semantics of M« M, is

[ Fy(h)
g — Fg(h)

where
F(h) = freeze(A<f', g, f>.<(F1);(f, h), (F1)g(f, h), (F2)s(h, g)>).

Correspondingly, we obtain the picture in Figure 8. The example formally matches the
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typing rule (O-ty) as follows:
My:<@+{hy+ B S+ {f}. {8} + F> = <{h}. {f}.{g}>
My:<@+ {h} + {g}, &, {f}> = <{h.g}. S.f}>
M1<_M2:<® + {h} + @: Q» {f»g}> = <{h}7 Qa {fag}>

Functional Composition Since mixins are modelled as functions, a natural way for com-
bining two mixins M; and M, is functional composition M,oM; (provided that types are
compatible). From the graphical point of view, this operation gives sequential composition
of mixins, in opposition to parallel composition given by the merge operation.

Whereas the merge operator allows us to combine together mixins that are mutually
dependent (that is, where some deferred components of one mixin are bound to some
output components of the other, and vice versa), in functional composition the dependence
is only one-way; in this case the mixins can be considered as generic modules (for example,
ML functors) and the functional composition operator corresponds to (a generalization
of) generic instantiation (for example, functor application in ML).

The generalization is given by the fact that the parameter can be in turn parameterized
(that is, have deferred components), as would happen if ML allowed functor composition.

M;:<z8 v 50— 1,2
MaoM;:<x{¥ 25" 20>

(FC-ty) 25 = mgu

[Mi]l =Fi,i=12
[ MyoM, ]| = (freeze,(;, Fy +_,'2\F2))‘ng

where j: Z¢U — $ 4 T ¥ 5 3O 3o 4 0 — 1,2, are the obvious injections.

The side condition in the typing rule requires that the deferred components of M,
are exactly the output components of M;. We could relax this condition by simply
requiring that each deferred component of M; is bound to some output component
of Mj, but the definition would become more complex, without any gain of expressive
power.

The deferred components of M,oM; are the deferred components of M;; the defined
components are those of M», with the same status; the defined components of M (deferred
components of M) are not present in M,oMj; in particular, the virtual components of
M; must be frozen in order to eliminate them from the resulting input signature.

Note that M,oM; = hide <Zﬁ”",2’;"o> in (M, ® M,) where the merge M; @ M, corre-
sponds to the particular case where (cf. rule M-ty):

(FC-sem)

— X% = (¥ (no sharing of deferred components);

— xb = 30 30 = ¥ therefore T4 = 24 + 2/ = 55 (all the deferred components
of F, are bound);

— xbv 3P — 5 therefore =8 = ¢ (all the deferred components of F; are unbound).

Note, finally, that, as a consequence, Xf = Z‘fef and X4 = (.
As an example, consider a mixin M, with just one virtual component g, and a mixin
M, with one deferred component g and one virtual component f. If M;, M, denote the
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f g M g § M f - f

Fig. 9. Functional Composition

mixin models F; and F,, respectively:

Fi = g (F1)(2),
Fy = f— (F)s(f. 2),

then their functional composition is
f = Fi(f),

where F(f) = freeze(A<g, f">.<(F1),(8), (F2)¢(f,8)>).
Correspondingly, we obtain the picture in Figure 9.
The example formally matches the typing rule (FC-ty) as follows:

Ml :<®9 {g}, ®>

My:<{g}, {f}, &>
M10M2 Z<Q, {f}, @>

Referring to Overridden Components We now show how to express by means of our basic
operators over mixin modules an inheritance mechanism like that of Smalltalk or Beta.
This topic is analyzed in detail in Ancona and Zucca (1997); here we just give an outline.

In Smalltalk, subclasses can override methods of parent classes (that is, subclasses
take precedence over parent classes), and subclass methods can invoke original superclass
methods via super.

By contrast, in Beta, subclasses (called subpatterns) cannot override methods of parent
classes, called prefix patterns, (that is, parent classes take precedence over subclasses), and
superclass methods can invoke subclass methods via inner. As pointed out in Bracha
and Cook (1990), these two mechanisms are two different uses of a single underlying
construct; the only difference is the direction of class hierarchy growth.

This underlying construct can be modelled in our context by an asymmetric binary
operator, which we call weak overriding and denote by <, such that, in M;<—M,,
definitions in M, take precedence over definitions in M, as with the overriding operator,
but overridden definitions in M, remain significant, since definitions in M, may refer
to them via other (we use this keyword to point out that the mechanism is the same
whichever inheritance relation is used between M; and M,).
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Formally, we assume that the type of a mixin module is a 4-tuple
<20th Zdef' Zvir Efro>.
the corresponding mixin signature will be
<20rh + zdef 4 Zvir’ Zvir 3 'r0>'

This models the fact that a module component, say f, appears on the right-hand side of
definitions either in the usual way (written f or self f, that is, the symbols in T4/ 4 Xvir)
or under the form other f (that is, the symbols in X", which we will call the other-
components). Whenever f is defined, the first form is a (possibly recursive) reference to
its current definition, while the second form refers to a (deferred) alternative definition of
f, which will be provided when composing the module with another by means of the <
operator (hence, other f is always a deferred component). In the case in which f is not
defined, both the forms refer to a definition to be provided by the outside, though they
are still different with respect to their behaviour after that definition has actually been
provided. Indeed, other f is permanently associated with this definition, while f could be
redefined later.

My:<Egh + 30 34 4 55 4 3 30 4 5 30 4 3>

]\42 :<zgth + thh + Emh, Zg + 35+ Zb, Egir’ Eg"0>

(WO-ty) ; b ” PR fro
M <=My :<Zh 4 3oth 4 39 34 4 35 4 FU4 Fhr 4 30 B0 4 30>
where
=24, =12
o= 4st =12
bz = yh 4 3l
v b
3=t 43Y
sz — ZIL? _1_2}?
M =F,i=1,2
(WO-sem) I ID :
[[MIQ_MZ]] = (freezej(j1|F1 + jZ\Fz))‘ZTur+2(2mr
where

j :zzzh + le?f N +ng2(lmt + zgut + ZIL? _1_2;5’
jl :Z(Inh +thh +Z§n +Z£S N

(23" s 237) + 27 4+ (2] 2, 28 + (2 + 27),
e thh + thh + Zzth 4 Zin N

(Ztlnh +):§’”’ Egth) + erh + (Ztln +ZS Zzzn) + (lewj i Eg],),

are the obvious injections, with the abbreviations
=TI 4+, =12,
TV 45 27 = (R I+ I 4 (57 42,
ZzlJth +2§’”’ thh = Ztllth _I_Egth +Z§lh.
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Whence
. F - F>:Mod th Zorh znzh Zin Zin zbf be
i F1 4 i Fo:Mod (X7 +son X37) + 257 + (2 +5, Z7') +(Z)7 +%57)) =

Mod (£ + =I° + E}S + X9
and
freezej(jl‘Fllz(lmr + jlez):MOd((Zi)th +2?r!1 Zg[h) + (len +Zs 2!271)) —
Mod (Z{" + X + Z?‘ + =9)
and
Mod (Z{™ +gpn Z5") + (Z +3, £5) —
Mod (Z{" 4 Z5*).

freezej(jl\Fuzf;m + jz\F2)|ZTm+Egm

The same considerations made for overriding (rules (O-ty) and (O-sem)) also apply
in this case. Moreover, one has to deal with the other-components. The signature X0
represents the other-components to be shared (consider, for example, two Smalltalk classes,
parent and heir, referring via super to a component defined in a common ancestor). The
other-components in " are those to be bound — note that, by definition, only the
other-components of M, can be bound, and that they have to be bound to the overridden
components of M (represented by X7 +X%). The remaining other-components are neither
shared nor bound.

As an example, consider a mixin M; with one other-component o.f, one virtual com-
ponent g and one frozen component f, and a mixin M, with two other-components o.f
and o.g, and one frozen component g. If M, M, denote the mixin models F; and F»,
respectively:

Fi = g (F1)4(g,0.f),
= (Fi)s(g,0.f)
Fy = g+ (Fy),(0.8,0.1),

then the semantics of M;<—M, is

f = Filof)
g — Fg(o.f)

where F(o.f) = freeze(A<g', f, g>.<(F1)4(g, 0.f), (F1)1(g, 0.f), (F2)4(g", 0.f)>).
Correspondingly, we obtain the picture in Figure 10.

The example formally matches the typing rule (WO-ty) as follows:

My<@+{of}, B+ B+ D, B+ {gh{f} + @>=<{of},. B g {f}>
My:<Z+{of} +{og}, B+ D+, B {g}>=<{of,0g}, &, T {g}>
Mi<—My:<@ +{of} + BB+ B+ B D+ D Af} +1{g}> = <lof .. T.{f. ¢}>
As mentioned above, the interested reader can find in Ancona and Zucca (1997) a
presentation devoted to the treatment of different overriding operators in the mixin

framework described in this paper.
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L»g g

of —e—o.f f f

Fig. 10. Inheritance

4. Dealing with types

In this section we show that the formal framework we have presented up to this point
needs to be refined in order to handle type definitions in modules properly.

First, we consider mixin signatures. We recall that a mixin signature has been formalized
by a pair of signatures <X X% > where X" = X4 4 yvir youl — yuir L 3o with
Sdef yvir 3/ signatures corresponding to the deferred, frozen and virtual components,
respectively. This expresses in an abstract way the fact that the only relation between the
input and the output signatures is given by the virtual components, which are shared —
in particular, if there are no virtual components, =" and X% can be considered as two
independent signatures.

Let us now return to the example of sets and maps of Section 1.1. Considering the mixin
signature SET, it is easy to see that, as already pointed out earlier, this signature cannot
be divided into two independent subsignatures corresponding to deferred and defined
components, respectively. This is because the functionality of deferred components may
contain defined types, and vice versa. Hence, we have to consider signatures in which there
is an explicit notion of sorts modelling type components. In this specialized framework
a mixin signature can be defined as a 4-tuple <S™ T S ¥ou' > where S™ and §°“
are two disjoint sets of symbols corresponding to deferred and defined type components,
respectively, and ™, % are two signatures over S™ U S, which have the same meaning
as before.

The assumption that S™ and S°* are disjoint sets models the fact that type components
cannot be virtual. Indeed, referring again to the example of Section 1.1, considering, for
example, the mixin Set, we can see that it makes sense to replace the definition of either
the is_in or the restrict function by a new definition, but not the definition of the
type set — indeed the well-formedness of the definitions of is_in and restrict relies
on the given implementation of this type. Hence, type components in signatures must be
distinguished explicitly from other components for a second reason also — that they are
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components that cannot be redefined, since it is not true that other definitions make sense
for (formally, are parameterized by) any possible definition of them.

Correspondingly, at the semantic level, we need to refine our notion of a mixin model
as a pair <H, F> where:

— H is a function giving the semantic counterpart of type definitions in a module,
in terms of deferred types. For instance, in the mixin Set, this function gives an
interpretation of the type set for each given interpretation of the type map. In this
example H is a constant function, since the definition of the type set does not depend
on map, but in general type definitions in a mixin could depend on deferred types in a
mutually recursive way. Think, for example, of two mixin modules M; and M, whose
type components are as follows:

type forest deferred

1 . .
datatype tree = pair of int * forest

datatype forest = empty | add of tree * forest
: type tree deferred

We assume that the denotation of a type component is the set of its possible values,
and hence H is more precisely a function:

H:SSet(S™) — SSet(S°)

where SSet(S) denotes the set of S-sorted sets (see Definition 4.3 below). Moreover,
H must be continuous (in the usual sense, see A.2 in the Appendix); indeed, referring
to the above example, when we merge M; and M,, we get a mixin M| + M, with no
deferred type components (S = (&) and two defined type components

datatype forest = empty | add of tree * forest
M; + M, . .
datatype tree = pair of int * forest

whose interpretation is the least fixed point of the above recursive definition.

— F is a family of (total) functions indexed over possible interpretations Y of deferred
types (formally, Y € SSet(S™)), such that, for any Y, Fy gives the semantic counterpart
of other (non-type) definitions in a module, in terms of input components, for a fixed
interpretation of deferred (Y') and defined (H(Y')) types.

Formally, denoting by Mod x(Z) the class of the Z-models with carrier X (that is,
where the interpretation of sorts is fixed to be as in X),

Fy :Mody +u(y)(E™) = Mody 1y )(Z™")

For instance, in the mixin Set, any Y gives an interpretation (set of values) for the
type map, and, correspondingly, Fy gives an interpretation of the functions is_in and
restrict for each given interpretation of the functions empty_ map, apply, update
and def_dom; the domains and codomains of all these functions are fixed for each
index Y.

T A less drastic solution, which we leave for further work, would be to allow the simultaneous redefinition of
an abstract type together with all its primitives.
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The formal definitions follow.

4.1. Sorted core frameworks

We define a sorted signature category as a particular category of signatures where a
signature has a set of sorts, and, conversely, a set of sorts can be seen as a particular
(empty) signature.

Definition 4.1. A sorted signature category is a triple <Sig, Sorts, J_>, where Sig is a
signature category and Sorts:Sig — Set, ¢J_:Set — Sig are functors such that

— Sorts is a right adjoint of (J_ with the identity as unit of the adjunction; we use ¢ to
denote the isomorphism ¢ :Homse(<S, Sorts(X)>) = Homgig(<Js, Z>);

— for each pair of signatures X; and X, with Sorts(Z;) = S;, i = 1,2, there exists a
pushout X (denoted by T; ®%5) of £y < Fis,ns, 2> =5 such that Sorts(Z) = S; U S,
where f; = ¢(€;), with €; the inclusion from S; NS, into S;, i = 1,2.

If ¥ € Sig with Sorts(Z) = S, we say that X is over the set of sorts S; (Js is called the
empty signature over S.

Example 4.2. The category of algebraic many-sorted signatures is a sorted signature
category. The functor Sorts returns for any signature its set of sorts, and for any morphism
its component over sorts, whereas for any set of sorts S, (Js is the signature over S having
no operation symbols, and for any function f:S; — S, J; is the unique signature
morphism from (Js, to Js, having f as component over sorts.

Corresponding to the fact that signatures have a set of sorts, we consider model parts
where models are (sorted) sets enriched by some structure, such as operations in the case
of standard algebras. We call them concrete model parts, since the category of X-models,
for any signature X, is a concrete model category (Bidoit and Tarlecki 1996), that is, a
particular case of a concrete category (Adamek et al. 1990); the same notion has been
called a static framework in a context where the aim was to enrich such a framework by
dynamic features (Ancona and Zucca 1996; Zucca 1996).

Definition 4.3. The functor SSet : Set’? — Set is defined as follows:
— for any set S, the elements of SSet(S) are the S-sorted sets;
— for any map ¢:S5; — S, and any S;-sorted set 4, (4;,;)s = Ag(s), V5 € Si.

Note that SSet is, in fact, the algebraic model functor to the algebraic signature <S, (>,
which is known to preserve colimits. Therefore, for any X; in SSet(S;) and X, in SSet(S,),
there exists the amalgamated sum X; 4+ X, in SSet(S; + S2).

Definition 4.4.

A concrete model part is a 4-tuple suchthatatFrameTuple where

— <Sig, Sorts> is a sorted signature category;

— <Sig, Mod> is a model part;

— |—| is a natural transformation, |—|:Mod —> SSet o Sorts°?, such that, for any S € Set,

|=|g, 1s an embedding. For any X-algebra A, |A|y is called the carrier of A, and
denoted by |A|, or just A when there is no ambiguity.
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The assumption that |- is an embedding ensures that models over an empty signature
are essentially sorted sets.

Definition 4.5. A concrete model part is regular iff <Sig, Mod> is a regular model part.
Definition 4.6. A sorted core framework is a tuple <Sig, Sorts, Mod, |—|, freeze> where

— <Sig, Sorts, Mod,|—|> is a regular concrete model part;
— freeze is a family of functions

freezey s (Modx(X) — Mod x(X)) — Mod x(X)

indexed over pairs <X,X> with X signature over S, X € SSet(S), where Mod x(X)
denotes the class of -models 4 such that |4| = X.

Example 4.7. Many sorted partial algebras form a sorted core framework. Indeed, partial
algebras are pairs consisting of a sorted set together with the interpretation of the
operation symbols, and hence the carrier is simply obtained by taking the first component.
Then, a function F: Mod x(X£) — Mod x(Z) transforms tuples of partial functions into tuples
of partial functions, and freezey y is the least fixed point of F, whenever F is continuous.
Since in this case mixin models correspond with continuous functions F, we can disregard
the behaviour of freeze over non-continuous functions.

4.2. Sorted mixin signatures and models

We now give the refined formal definition of mixin signatures and models. In this
subsection, we assume a fixed sorted core framework <Sig, Sorts, Mod, |—|, freeze>.

Definition 4.8. A sorted mixin signature is a 4-tuple <S™, T So4 Foul > where S NS =
& and T, T are two signatures over S™ U S, We call " and X the input and
the output signatures, respectively, and S™ and S°“ the set of input and output sorts,
respectively.

Intuitively, a sorted mixin signature models the syntactic interface of a mixin module
with type components. The input and output sorts model deferred and defined type
components, respectively. Since defined components may involve deferred types, and
conversely, " and Z° are signatures over the full set of sorts.

Definition 4.9. A sorted mixin model over a mixin signature <S™, X" Soul Foul> ig a pair
<H, F>, where

— H:SSet(S™) — SSet(S°") is a continuous function (see A.2 in the Appendix);
— F is a family of functions,

Fy :Mody 1u(y)(E™) = Mody 1 u(y)(Z"),
indexed over Y € SSet(S™).

Intuitively, the first component is the semantic counterpart of the type definitions in
a module: these definitions give a semantic value to defined types (formally, a sorted set
over §°), once a semantic value has been provided for deferred types (formally, a sorted
set over S). The second component is the semantic counterpart of definitions of other
components (for example, functions): these definitions give a semantic value to the output
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components (formally, a model over %), once a semantic value has been provided for
input components (formally, a model over ™). The semantic value of type components
is the same (the amalgamated sum Y + H(Y)) both in the argument and in the result
model.

We show now that sorted mixin signatures and models constitute a model part in the
sense of Definition 2.1.

Definition 4.10. A morphism from <S™, X" §out Fout> to <8 3" §' 3> s a pair
<g-yin Z/i”, GOt - Z/tmt N Zout>’

where ¢™, g% are signature morphisms such that Sorts(a"")m and Sorts(c™") g turns
out to be functions from $™ to §’" and from 8’ to $°“, respectively (henceforth denoted

by f and f°“, respectively), verifying the following properties:
(idgm + ) o Sorts(a™) = f™ + idgou
(f™ + idgou) o Sorts(c™) = idgun + f

It is not hard to prove that if we define morphism composition component-wise, then we
obtain a category, which we denote by SortMixSig.

Note that the conditions
(idsrin +f0ut) o SOrtS(O'in) - fi}‘l + idsazn
(f™ + idgou ) o Sorts(c™) = idgu + f

on sorted signature morphisms ensure that f™ and f°“ are surjective and Sorts(a"")ls(,m
and Sorts(a”“’)ls,m are injective. This is needed to make SortMixMod a functor (see
Definition 4.12 below).

Lemma 4.11. Let ¢ : X" — 3/™ gout 3/ _, 30ut be signature morphisms. Then, we can
correctly restrict the domain and codomain of the operator ,in|_;o« defined in Section 2.2
to

in (21 out (xyin
gin| - gout :Mdeour (Z out )Mdem (Z™) — Mod y out (2:/ )MOdY’” ="
whenever

out _ yout.
XU S orpsoony = ¥ O
in R in
Y ™ Soris(om) = X™.

Proof. The result is a direct consequence of the fact that |—|:Mod — SSet o Sorts? is
a natural transformation. L]

Definition 4.12. Let SortMixMod : SortMixSig?” — Set be defined as follows:
— for any sorted mixin signature <S§™, X, §out Foul >
SortMixMod (<S™, X" §ou 30Ut >)

is the set of the sorted mixin models over <S™, Xin §out youl >
— for any morphism

<O_in, aout> . <S,m, Z/m, Srout’ Z/out> BN <Si”, Zi", Sout’ zout>
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and for any sorted mixin model <H, F> over <S™ X" gout youl
SortMixMod (<™, 6" >)(<H,F>) = <H', F'>
where
H' = g Hiou (= 2Y H(Ygn) ..,

F;’ = ai”\(FZ)|a:1L«t,With 7 = Y‘fm, for any Y € SSet(S’i"),

We denote <H', F'> by qin<H, F> ou.

Fact 4.13. The functor SortMixMod is well-defined.

Proof. The function H' is continuous by virtue of Fact A.6 in the Appendix. The
functoriality of SortMixMod is obvious. It remains to show that ;i (Fz) ;o is well-defined.

(H(Z) + Z)sorts(emy =  (by the amalgamation property)
(H(Z) + Y ) (idgpus +fm)oSorts(oony =  (by the definition of SortMixSig)
(H(Z)+ Y) fou tidgn = (by the amalgamation property)

H(Z)‘four ‘|" Y = H’(Y) + Y
(H/(Y) + Y)\Sorrs(ai”) =

(H(Z) fou + Y)‘ Soris(a) = (by the amalgamation property)
(H(Z)pou + Y)‘ (0 4id, o oSorts(a) = (by the definition of SortMixSig)
(H(Z)fou + Y)‘i byt = (by the amalgamation property)
HZ)+Z
Hence we conclude by Lemma 4.11. U]

Definition 4.14. Let F;:Mod x(X™") — Mod y,(2"), i = 1,2, be two functions, with Yis =
Yys, S = Sorts(Z{") N Sorts(Z3"). Then

Fie FZ:MOdX(Zm) — Mod y]@YZ(Z(lml ® ng)
is the function defined by
(Fi1 ® F2)(A) = Fi(A) @ F5(A), for any A € Mod x (™).
Note that Fi(A4) @ F2(A4) is well-defined since [Fi(4)lg = Yis = Y5 = [F2(A)|5,
therefore, by Definition 4.4, (Fi(4))g, = (F2(A)),z,. Moreover, by the naturality of |—|
and the amalgamation property, |Fi(4) & F2(A)|\Sorts(2§”") = |(Fi(A) ® FZ(A))‘E;M\ = |Fi(A)|,

i = 1,2, therefore, |Fi(A) ® F2(A)] = |Fi1(4)| @ |F2(A)] = Y1 @ Yo, and Fi(4) ® F»(A) €
Mody, ey, Z{" & Z3).

https://doi.org/10.1017/50960129598002576 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129598002576

A theory of mixin modules: basic and derived operators 437

Definition 4.15. Let <H;, F;> be models over <S/m, Zi", §ou T0u>) i = 1,2, with S N

12~

S§" = . Then <H,F> = <Hy, Fi> W <H,, F,> is the sorted mixin model over
<(Slm U Sé‘n) \ (Slour U Sémr )’ Ziln @ zin’ S]ouz U S(’“I,Z‘]’”’ @ ng>
defined by:
for any Y € SSet((Si" U SI")\ (S¢ U S941))
H(Y) - ﬁx (/’LZ'HI(Y‘S{"\S;“[ + Z‘S{’nﬁsémt ) + H2(Y|S$” \\Si]m + Z‘Szmﬁsl(m ))
Fy = ZG’l@ZQl‘Fl y, ® Zrin@zgz‘Fng,Wi'[h Yi=(Y + H(Y))‘Siin, i=1,2.
Fact 4.16. The sum <Hy, F;> W <H,, F,> is well-defined.
Proof. The continuity of H comes directly from Facts A.6 and A.7 in the Appendix
and the fact that fix is continuous.
By the amalgamation and the fixed point property, we can derive the following equalities:
(Y + H(Y))sorsorry = (Y 4+ H(Y ) g0u g
=(Y +H(Y))‘S]Um +(Y —i—H(Y))lS{n
= H(Y)jgou + (Y + H(Y))gn
== Hl(ll‘sin\sé)m + H(Y)\S{”OSE’“’) + (Y + H(Y))‘S{n
= Hi((Y + H(Y ))gp) + (Y + H(Y))50
= H((Y)+ Y.

Analogously, (Y —l—H(Y))‘Som(U;n) = H)(Y,) + Y,, hence, by Lemma 4.11, Zi{t@f‘gx‘Fi‘y’. is
well-defined, for i = 1,2. i
Now set S = (S{" U SP™) N (S U S§). Then

(Hi(YD)+Y)s =(Y +H

(Y)sinusom s
= (Y +H(Y))s
= (Y + H(Y))siusgus

= (Ha(Y2) + Y2)js,

therefore snozn F11y, © snesin F2)y, is well-defined.
Moreover,

(Hi(Y1) + Y1) @ (Ha(Y2) + Y2) = (Y + H(Y)) gingsow @ (Y + H(Y ) giny5m
— Y +H(Y),
hence
21{1@2?‘F1‘Y1 @ ZilrxezéanZ‘y2 S MOdYJ,_H(Y)(Z(lm[ @ Zgut). D
Definition 4.17. Let <H,F> be a model over <S™ X" @ Xfr Sout Tour> and let
6:3" — X% be a morphism such that Sorts(c) = idgi_go. Then

<H,F'> = freeze ,(<H,F>)
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is the model over <S™, X", Sout 3oul > defined by
for any Y € SSet(S™), Fy = AAfreezey  y(y)sou(ZB.Fy(A ® By,)).

Note that [A] =Y + H(Y) = |B| = Bl s,ps0) = [Bjol, therefore gy, . = Bioigr sou»
A ® By, is well-defined and |4 ® Bi;| =Y + H(Y).

4.3. Basic operators
We can also in the case of sorted core frameworks define the analogue of the three basic
operators defined in Section 2.3.

Sum 1f <H;, F;> are sorted mixin models over <S/", X" §ou Foul>) j = 1,2, with S{“ N

1 1

S = &, then <H,F> = <H,, F1> & <H>, F,> denotes a sorted mixin model over
<(SP"USY)\ (ST U ST, EY @ 25, 57 U SPLENM @ 29 >

We have extended the basic operator @ rather than + as defined in Section 2.3 since,
in the case of sorts, the requirement that the two input signatures must coincide is too
restrictive, since S{" = Si", " = X and S N S = @f would imply SP* = S = .

However, this sum operator allows the sharing of the input sorts (SI" and Si" are not
required to be disjoint) and of the sorts in the resulting input and output signatures
(T @ T and Z¢ @ X9, respectively). Indeed, the condition S™ N S = @ on sorted
mixin signatures implies that mixins cannot have virtual type components and that, as a
result, types cannot be frozen. Therefore, when combining two mixins we must assume that
the common sorts in the two mixins just represent the same sorts (in other words, there is
no duplication of equal sorts). This allows us to correctly bind deferred types of one mixin
to the defined ones of the other mixin, and conversely; as a consequence, the resulting set
of input sorts is given by (S USI)\ (S US$), so that the sorts in SI"NS§“ and S NS
are no longer deferred. Notice that ((Si" US¥)\ (S{* US9“))N(SP“ USS™) = & (no virtual
type components), and that ((S{" US¥)\ (S{* USS))U (S USP) = SimU S U St U S§Ht
(no new type is added, and no pre-existent type is deleted).

Reduct For any morphism

<O_in’ GO~ - <S/in, Z/in’ S/Om, Z/Oul> N <Sin, Ein’ SOM, yout
and for any sorted mixin model

<H,F> over <S™ xin gout youl~,

o <H, F>| . denotes a sorted mixin model over <g/in yyin grout syout
Freeze If <H,F> is a model over <S™ X" @ /", S Y04 >) and ¢:%/ — T is a
morphism such that Sorts(c) = idgin go«, then freeze ,(<H,F>) denotes a sorted mixin
model over <S*, Xin gout yout~,

Notice that the type components are not frozen, since they are not virtual; indeed the
set S does not change and the morphism ¢:%/ — X% is the identity over the sorts.
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However, the components to be frozen (') have sorts ranging over S™ U §°, therefore
the two signatures ¥ and =™ are not completely disjoint, but they share the sorts.

5. Related research and further work

As mentioned in the introduction, the name mixin was first used in the LISP community
(Moon 1986; Keene 1989). However, the first clear formulation of the concept was given
in Bracha and Cook (1990), where the possibility of explicitly naming mixins is proposed
as a useful linguistic feature (mixin-based inheritance) and it is shown that the inheritance
mechanism of Smalltalk and Beta can both be seen as the same mixin combinator, as
proved in a formal context in this paper.

Later, G. Bracha (Bracha 1992; Bracha and Lindstrom 1992) proposed a set of module
operators (called Jigsaw), which provides a framework for modularity independent of
a particular computational paradigm. In other words, Jigsaw defines a language of
mixin modules parameterized by the programming language used for defining module
components (the core language). For instance, in Bracha (1992), Jigsaw is instantiated
over Modula-3 obtaining an extension of this language supporting the new operators for
module combination.

In Banavar (1995) and Banavar and Lindstrom (1996), G. Banavar extended Bracha’s
work by realizing an object-oriented application framework (called Etyma) and by in-
troducing a composition operation for hierarchical nesting. More importantly, Banavar
has shown that the notion of mixin module, intended as a collection of self-referencing
components, can be successfully applied within a wide range of systems by building four
different tools as completions of Etyma: an interpreter for a module extension to the func-
tional programming language Scheme; a programmable linker; a compiler front-end for
a compositional interface definition language; and a compositional document processing
system.

In Van Limbergehn and Mens (1996), a combination of just two operators on mixin
modules (a variant of hiding and inheritance with a super mechanism) is proposed as
a solution to multiple inheritance problems such as name collisions. The aim in Van
Limbergehn and Mens (1996) is to limit the flexibility of basic operations for mixin
composition by defining on top of them more restrictive operators encouraging orthogo-
nalization of concepts and reinforcing software reliability. For instance, in contrast to our
other mechanism, the super mechanism proposed in Van Limbergehn and Mens (1996)
allows one to refer only to the method that is overridden by the definition where super is
invoked.

Another paper involving mixin modules is Duggan and Sourelis (1996), where they
are proposed as a new construct for SML. In Duggan and Sourelis (1996) mixins can
be combined by means of a binary operator ® that allows one to mix together not
only definitions of different components (like our merge), but also two definitions for
the same component (data-type or function). This is possible, since in SML data-types
and functions are defined by cases, thus it makes sense to consider the ‘union’ of two
definitions. The ® operator is non-commutative, since, in M; ® M,, M; can refer to further
extensions of function definitions provided by M, via an inner mechanism, while inner
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calls in M, remain open, as in our weak overriding operator. However, no possibility of
overriding is considered (no virtual components): the main aim is to introduce in SML
modules the possibility that recursive definitions span module boundaries. The proposal
turns out to be very specific and tied to the features of SML.

Finally, Bono et al. (1996) presents a lambda calculus of incomplete objects, that is,
objects (records of methods) that may be typed even though they contain references to
methods that are yet to be added; it is easy to recognize that these incomplete objects are
mixins.

The work of Bracha has been by far the most important source of inspiration of our
own work. We are indebted to Jigsaw both for the overall idea of defining a language of
mixin modules parameterized by the underlying core language and for some operators,
such as restrict. However, the idea of defining a module system as a small language of its
own constructed on top of the base language, on which as few as possible assumptions
are made, is now becoming a standard approach, see, for example, some recent work
on type-theoretic foundations of SML-like modules (Harper and Lillibridge 1994; Leroy
1994; Leroy 1996; Jones 1996; Courant 1997; Courant 1997a). A paper that can be
taken as representative of this point of view, summarized as a slogan in the title (‘A
modular module system’), is Leroy (1996), whose aim is to give a constructive proof of the
validity of the idea. To this end, it presents (the implementation by an SML functor of) a
transformation that takes a core language and its associated type-checking functions, and
returns an SML-style modular language with its type-checker. The input interface of the
functor gives sufficient conditions for an existing or future language to support SML-style
modules.

The first main contribution of our paper is to give a rigorous counterpart at the
semantic level of this two-level view of a modular language. In our opinion, the work
we have done is very much in the spirit of Leroy (1996) cited above. Indeed, we also
describe a transformation that takes as parameter a core language and gives a modular
language (in particular, a language of mixin modules): the difference is that in our case
we deal with the semantic descriptions of the two levels. In that respect our work is new
with respect to Bracha (1992), where, though supported as a methodological principle, the
parameterization by the core language is not explicitly formalized, and the independence
of the proposed framework from the object-oriented nature of the language is not always
clearly stated.

The second main contribution of our paper is to provide an analysis of the formal
basis of the relationship between different operators over mixins, identifying three basic
operators that allow us to express as derived constructs a variety of other operators closer
to concrete programming languages. In Ancona and Zucca (1998), we develop this aspect
further by providing a set of algebraic laws holding between the operators (for example,
commutativity and associativity of merge), and proving a normal form theorem in the
spirit of Bergstra et al. (1990).

Finally, an important byproduct of our research is to have recognized the need for
handling type definitions in mixins differently from other components. This aspect should
be analyzed at a deeper level as, more generally, should the relation of our approach to
the type-theoretic analysis of module languages (see below).
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Some continuation of the work done in this paper is in the already cited Ancona
and Zucca (1998), and in Ancona (1996) and Ancona and Zucca (1997), which are both
concerned with the instantiation of our framework in concrete cases. In Ancona (1996),
a concrete mixin language is obtained by fixing a particular core framework. In Ancona
and Zucca (1997) we give the translation in terms of our operators of various overriding
mechanisms present in programming languages, and we are able, in this way, to formalize
the relation between these different versions (this paper largely extends the work outlined
in Section 3 here). Finally, a comprehensive survey of our work on mixins is given in
Ancona (1998).

The most interesting aspect left for future research is, as mentioned above, the relation
of our approach to the work on type aspects of module languages. We pointed out in
Section 4 that our present choice of forbidding type redefinitions could be relaxed to allow
abstract data type definitions in the sense of SML. The introduction in our framework of
the notion of manifest types (types whose definitions are visible in the module signature
(Leroy 1994)) would allow mixins to share type definitions. Finally, we plan to develop
(within a common project) an integration of our mixin language with the functional
module calculus defined in Courant (1997a), which enjoys the important property of
subject reduction and guaranteeing true separate compilation.

Another topic of particular relevance is the relation between mixins and parameterized
modules, like SML functors. In this paper, we have already given an interesting result
showing that functional application can be expressed in terms of our three basic operators.
Since overriding can be defined as a derived operator as well, we have actually shown that
both inheritance and genericity (often considered two opposite approaches to increasing
software modularity, and the subject of great debate in the object-oriented community
(Meyer 1986)) can be seen as two higher level mechanisms expressible by the same set of
primitives.
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Appendix A.
A.1. Boolean signature categories

Notation. If C is a category, then |C| denotes the class of its objects.

Definition A.1. An inclusive signature category is a pair <Sig, .# > where Sig is a category
whose objects are called signatures and .# is a subcategory of Sig with |.#| = |Sig| a
distributive lattice — we call the morphisms in .# inclusions, use the notation X; < X, if
there is an inclusion from X, into X,, and denote this (unique) inclusion by is, 5,. We call
union (denoted by X; U X;) and intersection (denoted by X; N X,), respectively, the join
and the meet of X; and X, in .#.

The pair <Sig, .#> is denoted simply by Sig when there is no ambiguity.
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In the original definition of inclusive categories (Ancona and Zucca 1996; Diaconescu
et al. 1993), which is at the basis of the above definition, a property of unique factorization
of any morphism as an epimorphism composed with an inclusion is required, which
corresponds to the intuition that any morphism defines an ‘image’ object that is included in
the codomain. However, this property is unnecessary for the following technical treatment.

Definition A.2. A boolean signature category is an inclusive signature category where:

— there exists the bottom element ¥

— let us say that two signatures £ and X, are disjoint, and write X | X, if Z;NZ; = J;
then, for any X, %, € |Sig|, with X; < X,, there exists a signature, denoted by X, \ X4,
such that (£, \ X)) UZ; =2Z; and (X, \ Xy) | 2.

We extend the definition of X, \ X; to arbitrary pairs of signatures, by letting ¥, \ £; =
LN (X2 NZy).

Fact A.3. For any X,,%, € |Sig|, £, \ X; is the unique signature such that (£, \ Zy) | ¥4
and (% \ ZHUZ =2, U,

Proof. By definition (£; \ Z1) U (£; N Zy) = X5, hence (T, \ ;) U X = X, UZy. Since
2o\ Z; € Zy, we have (X \ Z))NZE; = (Z;\ Z1)NZE; NZy, and then we conclude by
definition.

For the uniqueness, assume that ¥’ and X" are such that ¥’ | £, ¥ | ¥, and ' U X; =
o,UX, YUY =2, UX;. Then
Y =XUE' N
=ZTu)NE U
=ZUZ)NZUZ))
=ZTux)nz,
=Xuy

Analogously, we can show that " =X UY". ]

In the context of boolean signatures, it is enough to associate with each mixin expression
a type information of the form X" — X% ; indeed, the type information consisting of the
three components <X4/ XV %/~ associated with a mixin expression in Section 3 is in
this case <X \ T ¥in ) gour youl \ yin>,

Correspondingly, the typing rules for the operators of the kernel language defined in
Section 3 can be rewritten as shown in Figure 11. We have omitted the semantic rules,
since they can be simply obtained by specializing the rules in Section 3 according to the
new typing rules.

A.2. The domain of S-sorted sets

For the definitions concerning domain theory we refer to Tennent (1991).

Definition A.4. For any set S, let Cg denote the partial order over SSet(S) defined as
follows:

X Cs Yiff for any s € SX; = Y;
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(M-ty) M T - Z i =1,2 N XM = Q
My @ My: (0 USi)\ (2 USh) -z usge B =5\ Ei=1,2
M: Zin N Zaut »
- fir out
(F-ty) freeze X/ in M:Xmn \ Tfr — Tout ¥er
M: zin —y Yout
R_t - 2"5 g 2014!
(R-ty) restrict X' in M : Xir — Xout \ ¥rs
M: Eiﬂ - hd ou,
(H-ty) hide £ in M:Xin \ $hd — yout \ $hd e X
(O-ty) MiZl -3 i=1,2 T = (Zg 0\ Zg)\ =
VM= My ump) (] UTh) o mprosg B =T sy
(FC-ty) M;:Zir — Tt i=1,2 i\ T = Zou
v MyoM;: (Zi\ o) U (Z N Zgut) — Zgu (Z\ Z¢M)NEM = &

Fig. 11. Typing rules for boolean signatures

Note that it is straightforward to verify that Cg is a partial order.
Fact A.5. For any set S, <SSet(S), Cs> is a domain with bottom element.

Proof. It is immediate to show that
— for any increasing chain (X))cy, its limit L(X;),e, is such that for any s € S

(l—l(Xi)iew)s = Uiew(Xi)s§
— the bottom element is the S-sorted set L such that foreachse€ S 1= . |

Fact A.6. For any function f:S" — S, —;:SSet(S) — SSet(S’) is continuous.
Proof. For any s € S’ we have

((l—l(Xi)iew)\f)s = (U(Xi)iew)f(s) = Uiew(Xi)f(s) = Uiew((Xi)\f)s = (l—l((Xi)\f)iEw)s

Fact A.7. For any pair of sets S; and S, such that S; N S, = ¢, the function g

_+ _:SSet(S1) x SSet(S;) — SSet(S;US,)

i1s continuous.
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Proof. For any s € S; US, we have

. N _ (U(Xiicw)s = Uien(Xi)s if s € 8§
(U0 + U0, = { (e Z e 0 2 3
Uico(Xj)s if s € S

('—l(Xi + Yi)iew)s = Uiew(Xi + Yl)s = { Uiew(Yi)s ifse Sz 0O
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