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Abstract

Four classes of multiple series, which can be considered as multifold counterparts of four classical
summation formulae related to the Riemann zeta series, are evaluated in closed form.
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1. Introduction and outline

The Riemann zeta function plays an important role in classical analysis. The following
values (see Stromberg [10, Ch. 7]) are well known:
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where for brevity, we have introduced the notations
o = @" = 1)By,, and B :=(2—-4")By,,

and the Bernoulli and Euler numbers (see Comtet [3, Section 1.14], Graham et al.
[4, Sections 6.5 and 6.6] and Stromberg [10, Ch. 7]) are defined, respectively, by the

generating functions
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Let N be the set of natural numbers. For a sequence of indeterminates {y,},en,
let o, (yuln € N) and #,,(y,|n € N) be the mth elementary and complete symmetric
functions, respectively. They can be expressed by the following multiple sums (see
MacDonald [6, Ch. 1]):

o—m(ynln EN) = Z nyn,

1<n<my<--<ny<co 1=

ey = 3 ]_[yn,

1<n <mp<-+-<ny<oo 1=

The aim of this paper is to examine multiple series counterparts of the four Riemann
zeta series evaluations displayed at the beginning of the paper. Several summation
formulae will be established in the next four sections evaluating the elementary
symmetric functions o, (y,|n € N) in closed form when y, is replaced by one of

{ 1 1 (—1y™ (=1)y™ }

U Q-1 g2t 0 Qn- DA

The paper ends with a brief comment about evaluations of the corresponding complete
symmetric functions 7,,(y,|n € N).
Throughout, for 1 € N, we fix a (24)th root of unity by

i
w =Wy = exp(z)

It has the property
(5" = W5 V=o'

2. Formulae for o,,((1/n*Y)|n € N)

Performing the replacement x — xw* in the equation

0o

sinwx l_[{l——}

n=1

and then multiplying the resulting equations for 0 < k < A gives

= 1
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where the mth elementary symmetric function is defined by the multiple sum
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In order to evaluate o,,,, we have to expand the product

0 sin mxwk _ 171 exp(rixw®) — exp(—mixwk)
0 axwk L0 2mixwk
l( 1)/1 1—[ Z
=—— &y exp(gkmxw )
(27TX) k=0 g==%1
= - { sk}exp( EpmixwW )
(27x) e=tl = k=0 k=0
0<k<A
DN ()" {* TS )
= 1 {-Jk}( ErlW ) .
(2mx) Z— Zﬂ g =0
0<k<A

Denote by [x"]¢(x) the coefficient of x™ in the formal power series ¢(x). Then

A-1
1 sin rxw*
O'm(j|n € N) = e [ |
n k=0 TXW
i(_1)m+/l Z 2m/l+ﬂ {/1_1 -1 - 2mA+2
= 1 8k}( Erlw )
2n) QmA+ ! 1—(! ;
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2m/1( 1)/1 A-1 -1 . Ay 2m+1
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This leads us to the following interesting summation theorem.

THEOREM 2.1. For m, A € N, we have the evaluation formula

(k<) e = 5™
Om ne A T s
21@mA+ ! L

where the multiset A(A) of complex numbers is given by

A-1 A-1

A = {i Hsk(z‘s‘kiwkﬂek ==+l for 0<k< /l}.

k=0 k=0

This formula was derived explicitly by the author [2] and rediscovered by
Nakamura [8]. Its initial case 4 = 1 was obtained independently by Merca [7].

Observe that A(A) is, in general, a multiset. We can represent it by pairs [m(B3) : ],
where m(5) denotes the multiplicity of 5 € A(1). By making use of Mathematica, we
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are able to determine the first six examples:

A) ={[2: 1]},

A2) ={[4:2]},

AB)={[2:0],[6: 8]},

A) ={[8: 83 £2V2)]},

AG) ={[2:0],[10: =32],[10: —16(11 £ 5 V3)]},

AG) = {[4: 0], [12 : £644],[12 : 512],[12 : 6426 + 15V3)]}.

From Theorem 2.1, we recover the following six elegant summation formulae, derived
by Borwein et al. [1].

Prorposition 2.2 (Multiple series identities: m € N).

( 1 | c N) B 7T2m
T\ 2" )T G
1 22m+1 .
”’”(ﬁ|" EN) T Gm+ 2"
1 3. 26m+1
'l — N) - = @ bm
7 (n6‘n€ Gm+3)
O'm(i‘n c N) _ 26m+2 ﬂ_gm{(3 +92 \/5)2m+1}’
e (m + 4!
O-m(i‘n c N) — 5 : 28 ﬂ,lOm{22m+l + (11 + 5 \/§)Zm+l}’
n10 (10m + 5)!
O'm( 1 ‘n N) _ 3. p12m+2 ﬂ12m{82m+1 + (26 +15 \/§)2m+1}.
12 (12m + 6)!

The first identity above was conjectured by Moen and confirmed by Hoffman [5].
Different proofs can be found in Chu [2], Merca [7] and Zagier [11].

3. Formulae for o,,((1/2n - 1)*Y)|n € N)

Performing the replacement x — xw* in the equation

[

COSTX = l_[{l - (2’14+21)2}

n=1

and then multiplying the resulting equations for 0 < k < A gives

-1 © (2x)*
Qcosnxwk = 1:][{1 - (an—l)“}

’n € N),

1
= +§ —1)™(2.x)2mA -
=1 :1( D™(2x) a‘m((2 e

https://doi.org/10.1017/5S0004972719000819 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972719000819

430 W. Chu

where the mth elementary symmetric function is defined by the multiple sum

1
(r’”((zn - A e N) oy 1_[ @n, - 1)”

1<n<ny<--<n,<oco 1=

In order to evaluate the above o,, we need the power series expansion

A-1 A-1 . k . k
exp(mixw”) + exp(—mixw
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k=0 k=0
-1
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=2 Z exp(Zskﬂixwk)
= k=0
0<k<A
00 -1
X m
- ’AZ Z ( ? ( sklwk)
m=0 gp=+1 m: k=0
0<k<A
Then we can extract the coefficient
-1
1 (—l)m 2 A k
——ne€ N) = " cos
O'm((zn myer |n 22m/1 ] 1:! TXW
-1
B (_l)m 2m/l . 2mA
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0<k<l
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7" (=1) { . k}
= Erl .
22ma+A(2mA)! ggi:l kz_(;
0<k<A

THeEOREM 3.1. For m, A € N, we have the evaluation formula
1 2m/l( l)m
O'm( 2/1”€N) 22T A2 Zﬁ
2n-1) ’ 22mA+A(2m /1)',6’68(/1)

where the multiset B(A) of complex numbers is given by

B = {( skiwk)ﬂ|sk — 41 for 0<k< /l}.

~
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With the help of Mathematica, the first six multisets are determined as follows:

B(1) ={[2:-1]},

B(2) ={[4: 4]},

{[2:0],[6:-64]},

B(4) = {[8 : —64(17 + 12V2)]},

B(5) = {[2: 0], [10 : —=1024],[10 : =512(123 + 55 V5)]},

B(6) = {[4:0],[12: —2!8],[24 : 212, [12: =2'2(1351 + 780 V3)]}.
Consequently, we find the following remarkable closed formulae.

PropositioN 3.2 (Multiple series identities: m € N).

1 am
U’”((zn ~1y e N) = 2 m)!”
7-(4’"
((2 — 1y |" N) 2m (4’
1 36m
U’”((zn Z 1) e N) = 36m)’
1 8
O'm((zn — 1)8| (S N) = 22’T(S)‘{(l7 + 12\/_) }
1 5 10m m
a‘m((z i Ine N) - —2m+4’:10m)! 27 + (123 £ 55V5)"),
1 3x12 om \/— m
am(m|n c N) - W{z ~ 24 (1351 £ 780 V3)").

4. Formulae for ,,(((-1)"/n*Y)|n € N)

Performing the replacement x — x«w* in the equation

. 0 4 2 _1 n
RALUE coshmx = 1_[ {1 - L}

X n?

n=1
and then multiplying the resulting equations for 0 < k < A gives

k

-1 . o0 21 nd
2 -1
Ik= oI mxwk In: 11 n2a

o ) (_ l)n/l
1+ Z(-])’”(zx)z’“o—m( = ‘n c N),
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where the mth elementary symmetric function is defined by the multiple sum

T

1<n<ny<--<ny<oo 1=1
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By expanding the following product into power series

-1 . -1 . .
sin rxwk h % exp(mxwk) - exp(—mxwk) exp(ﬂxwk) + exp(—ﬂxwk)
| | coshmxw" = | |
k .
oy W o 2mixw 2

(1)
= z;ﬂx;’l l—[ Z e exp(erimxw) Z exp(exw’)

k=0 g==1

i -1 -1
- Ei;i;j Z { 1_[ Sk} exp ( ;(Ski + ek)nxw")

8bq:il k=0

0<k<a
. -1 -1
i ()" (7 ST &
= = E - &y E (el + )" |
m=0 g, e==1 ' k=0 k=0
0<k<a

we can evaluate the multiple alternating series

-1 .
(-1 =n" 2 sin xawt '
o-m(nT ne N) o —lx "] n p— cosh mxw
=1yt ol =L R
ke Z (2m/l Y { l_[ sk}( Z(Skl + &w )
0<k</1
-1 -1
(_1)/171.2m/1 ./l ) . Ay 2m+1
= 2 (2ma + )] 2 {’1_[8"(2(8"’ * Gw ) } ‘
Er,e==x1 k=0 k=0
0<k<A
THEOREM 4.1. For m, A € N, we have the evaluation formula
(_1);1/1 ( 1)/1 2maA 2m+l
o P GN) PTG D1 2 P

BEC()
where the multiset C() of complex numbers is given by

cw =i ﬁ e S(gki ¥ ek)wk)/l 22 for 0<k <A
k=0 k=0

We remark that when A is even, this theorem evaluates the same multiple zeta series
as Theorem 2.1, even though they have different expressions.
The first four multisets 8 € C(1) are determined by Mathematica as follows:

C(h={[2:-1+1i]},
C2)={[4:0],[4:8],[4: 4]},
C(3) ={[4:0],[12: —8],[6 : +8i],[6: 16 £ 16i],[6 : —(4 + 4i)(5 = 3V3)]},

C) = {[16 101,132 +164],[8 : 128(3 £ 2 V2], [8 : 16(£7i + 4 \5)],}
B [16 : +64i],[16 : 32(+3 + 2 V2], [8 : 16i(+17 + 12V2)])’
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The next proposition gives the two summation formulae for 4 = 1 and A = 3.

ProposiTion 4.2 (Multiple series identities: m € IN).

D" _ " ~2m+1
o e ) = g+ )

(_l)n M) = 37T6m 22m+2 _ 24m+2(1 + i)2m+1
‘T’”( o I E ) - 22m3(6m + 3)! {+(1 + 72 (5 + 33y }

5. Formulae for o, (((=1)"/2n — 1)Y)|n € N)

Performing the replacement x — xw?* in the equation

= 4x(-1)"
cosyrx—sinnx:l—[{l+ Zx( i }
n_

and then multiplying the resulting equations for 0 < k < A gives

-1 oo
4 A -1 nA+A4
Ll { cos mxw? — sin mxw®*} = g {1 - %}

=1+ i(—l)mwmx)mﬂam(—(z(; 1_)}?)1 |ne N),
m=1

where the mth elementary symmetric function is defined by the multiple sum

(—1)"’l (- l)lnl
O-m((Zn -1 |n c N) - Z l_[ (2n, — )2

1<n|<ny<--<ny<oco 1=1

By manipulating the product,

1 (cosme® — sinmxw?) = ﬁ (1 + i) exp(mixw) + (1 — i) exp(—mixw™)
k=0 k=0 2
-1
=27 l_[ Z (1 +igy) exp(skﬂiwak)
k=0 g==1
-1 -1
=2 Z l_[(l + igy) exp ( Z skniwak)
gr=x1 k=0 k=0
0<k<A
m 2— -1 m
=27 Z Z (rrx) 1_[(1 + lsk)( iepw ) ,
m=0 g==x1 ! k=0
0<k<A
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we derive
(_1)}1/1 ( m+m/1 i " ) "
O'm(m‘n € N) = T[x ] l—[ COS TxW™" — sin wxw"}
n _ m.
-1 -1
(_1)m+m/l m/l ) mA
= S Z - l_l(l + zsk)( Z lskw2k)
sr=x1 k=0
0<k<A
m/l( 1)m+m/l -1 mA
= il T Z l_[(l + lgk)( ierw ) .
-2 (ma)! =+1 k=0 k=0
O<k<A
TueoREM 5.1. For m, A € N, we have the evaluation formula
(_l)n/l B ﬂ.m/l(_l)m+m/l .
O'm((z—n _ 1)/1 ’n € N) = —22’”/1*/1(,"/1)' CVB s

" (@B)EDW)
where the multiset D(X) of complex pairs is given by

D) = {(]_[(1 T igy), Zzskw ) )’sk — 41 for 0< k</l}.

When A is even, this theorem evaluates the same multiple zeta series as
Theorem 3.1. However, the formula in this theorem is more complicated.

Here, D(A) is a multiset of pairs («, ), which can be represented by the triplets
[m(a,pB) : a,B], where m(a, B) denotes the multiplicity of (@, 8) € D(4). We are able to
determine the first six examples by using Mathematica:

D) ={[1:1+4,il,[1:1-i—i]),

DQ2) = {[1: +2i,0],[2: 2, -4]},

DQB)={[1:-2+2i,0],[3:2+2i,8i],[3:2-2i,-8i]},

DA) ={[2: +4,0],[4 : 4, —64], [4 : +4i, 16]},

D) = {[1 C—4 £ 4i,0],[5: -4 + 4i,—32i],[5: 4 + 4i, 16i(11 + 5«/5)],}
[5:—4 —4i,32i],[5: 4 - 4i,—16i(11 £ 5V5)])°

2: 12 : £8, —64 : 8, —4
Do) = {{4 : i’sg}o[], [6: féi,6—6]4’1][,6 [6 %181'??312’8]}'

Three summation formulae corresponding to odd A are displayed below.

Prorposition 5.2 (Multiple series identities: m € N).

SIS (=)
‘T’"(zn— )= "y
(_l)n )_ 37T3m(_1)|'m/2'|
”m((zn— 1) |"€N T T 3y
(_l)n 57r5m(_1)|'m/2'| m ”
O'm(m|n€N) = W{(ll is‘/g) -2 }
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6. Complete symmetric functions 7,,(y,|n € N)

Recall that elementary symmetric functions o,(y,|n € N) and complete symmetric
functions #,,(y,|n € N) satisfy the orthogonal relation

Z(—l)k(rk(ynln € N i(vuln €eN)=0 formeN,
k=0

which can be reformulated as the recurrence relation
m
(vl € ) = 3 (=1 oyl € MY 4l € ). (6.1)
k=1

Therefore for m, A € N, there are four recurrence relations for the four multiple zeta
series corresponding to

1 1 (- (=1
y”e{ﬁ’ Qn— 12" g1 (2n—1)ﬂ}‘

(6.2)

By making use of generating functions, the author [2] derived the following general
formulae (where a typo in the second one is corrected). The first formula has been
reproved recently by Merca [7] by induction.

Prorosition 6.1 (Multiple series identities: m € IN).

h (1|neN)—( 1" 2’"(52";,

2m / 7
1 B
7, — )= _ 4m—2k
(n4 |” €N Z( Df (2k)' @m— 200

By carrying out the same approach as in [2], we can establish further summation
formulae.

PropositioN 6.2 (Multiple series identities: m € N).

((2 ll)z'neN):(—l)m%,

h ((2 D "GN) 2 L4 (_ )k(gli;!%;
h’”(( = ) 72T Z;(_ )k(zli];v%
{5 €)= U
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In the final formula, S,, denotes the Springer number (see [9, A001586]), whose
exponential generating function is 1/(cos x — sin x).

When A becomes bigger, the closed formulae for complete symmetric functions
Ay (yuln € N) corresponding to the four choices in (6.2) are very complicated. However,
for specific integer values of m and A4, it is possible to compute them by means of the
recurrence relation (6.1). We record here, as examples, two positive series:

| 26.61 - 3659718
h3( ‘” N) 2! :
1 48103978
Gl <) = T
3 (2n—1)6‘n€ 12-(17)!

and five alternating series

[1]

(10]
(11]

" ((—1)" )_ 2225763289198
\The - Q21! ’
-1y ~3-29-1397°
(i €M) = =g
3 (zn—1)3 21091
-1y 5-13-21121x12
(el )= "y
4 (2n—1)3 215 (11)!
h( -1y )_ ~3-11-419-2098097!3
> (2n—1)3 B 216 (15)! ’
h( -1y )_ ~5.23-67- 139 - 5563x'
3 (2n—1)5 - 217 (15)!
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