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A closed curve flow on the 2-sphere evolved by a fourth-order nonlinear dispersive
partial differential equation on the one-dimensional flat torus is studied. The
governing equation arises in the field of physics in relation to the continuum limit of
the Heisenberg spin chain systems or three-dimensional motion of the isolated vortex
filament. The main result of the paper gives the local existence and uniqueness of a
solution to the initial-value problem by overcoming loss of derivatives in the classical
energy method and the absence of the local smoothing effect. The proof is based on
the delicate analysis of the lower-order terms to find out the loss of derivatives and
on the gauged energy method to eliminate the obstruction.
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1. Introduction

This paper is concerned with the initial-value problem (IVP) for a fourth-order
nonlinear dispersive partial differential equation (PDE) of the form

up = au A Oy 4 B0, Up )u A Ug + Y|tz *u A Optiy + u A Optiy, (1.1)
u(0,x) = ug(x), (1.2)

where T = R/277Z is the one-dimensional flat torus, S? is the standard unit sphere
centred at the origin in R3, u = u(t,z): R x T — S? is an unknown function, a
time-dependent closed curve flow on S?, and ug = wup(z): T — S? is the initial
function. Equation (1.1) describes a three-component PDE system regarding u as
an R3-valued function with a constraint |u|> = 1, where a # 0, 3, v are real
constants, u; = Ou/0t, u, = Ou/dz, OFu, = OFFlu/Oxk*! for k = 1,2,... are
partial derivatives of u, the exterior product and the inner product in R? are denoted
by A and (-, -), respectively, and the absolute value in R? is denoted by | - |.
Equation (1.1) with a@ # 0 and 8 = 2v arises in two fields of physics. On the
one hand, it was derived by Lakshmanan et al. in [14] to model the continuum
limit of the Heisenberg spin chain systems with biquadratic exchange interactions.
On the other hand, Fukumoto and Moffatt [8, 10] derived a model equation for
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the three-dimensional motion of a thin isolated vortex filament embedded in an
incompressible perfect fluid by taking into account the elliptical deformation effect
of the core due to the self-induced strain. The equation reads

Yt = —C1Ye N0z + C10:7Ye A0z + (Co — C1)|00¥a > Vo N OaYa + Yo NOz¥a- (1.3)

Here v = ~(t, ) is the R3-valued function of ¢ and z, x is required to be an arc-
length parameter for the space curve v(t,-) modelling the centreline of the vortex
filament at time ¢ with nowhere vanishing curvature, and Cy, C} are real physical
constants. If 7 is governed by (1.3), then u := ~, satisfies |u|? = 1 since x is the arc-
length parameter, and the PDE satisfied by u coincides with (1.1) for the setting
in which a = —C4 and 8 = 2y = 2(Cy — 2C1).

The purpose of the paper is to study the existence and uniqueness of a solution
to (1.1), (1.2). To state our results precisely, the following notation is introduced.
Let m be a non-negative integer. The space H™(T;R?) denotes the standard mth
Sobolev space of R3-valued functions on T equipped with the norm defined by

0z = {iA(an(x),an(x))dx}l/Q
k=0

for U € H™(T;R3). We set L?(T;R3) = H(T;R3) and || - ||zz = || - ||go, and
denote by (U, V) the inner product in L? defined by (U,V) = [L(U(z),V(x))dz
for U,V € L*(T;R?). For a time interval I C R and for a Banach space X, the
set of all X-valued continuous (respectively, essentially bounded) functions on [ is
denoted by C(I; X) (respectively, L™ (I; X)).

We are now in a position to state our main results.

THEOREM 1.1. Let m be a positive integer satisfying m > 6. Then, for any ug €
C(T;S?) satisfying uo, € H™(T;R3), there exists a positive constant

T = T(J|uoz||ga) > 0

depending on «, B, v, m and ||ugz|| g+ such that (1.1), (1.2) admits a unique solution
u € C([-T,T) x T;S?) satisfying u, € C([-T,T); H™(T; R3)).

The solution is extended time-globally under an additional condition on («, 3, 7).

THEOREM 1.2. Let 3 = 2v = ba and let m be a positive integer satisfying m = 6.
Then, for any uy € C(T;S?) satisfying uo, € H™(T;R?), (1.1), (1.2) admits a
unique solution u € C(R x T;S?) satisfying u, € C(R; H™(T;R?)).

To clarify our contribution, we recall the related studies from three directions.

First, we state what is new in the paper. Guo et al. [11] showed the existence of
a local weak solution to (1.1), (1.2) when « # 0 and 3 = 2y = 5. The assumption
on the constants is the same as that imposed in theorem 1.2 and is the necessary
and sufficient condition for (1.1) to be completely integrable in some sense (see, for
example, [1,2,7,8,14,18]). The proof in [11] is essentially based on two conservation
laws and is not valid without the assumption. Indeed, there have been no results
on the existence of a solution to (1.1), (1.2) except for [11], and the problem of the
uniqueness remained unsolved even in [11]. In contrast, theorem 1.1 and 1.2 present
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a positive answer as well as the uniqueness. Specifically, theorem 1.1 is valid without
the assumption on the constants except for o # 0.

Second, one may think of theorem 1.1 and 1.2 as a higher-order analogue of the
results for the completely integrable equation for u: R x T — S? of the form

g = u A Oy + af{0?u, + %Z%ux A(uAug) + %um A (u A Opug)}. (1.4)

If @ = 0, (1.4) coincides with (1.1) with « = § = v = 0 and is the well-known
Heisenberg spin model (see, for example, [7,13]). If 0 # a € R, (1.4) arises in
relation to the vortex filament equation with the axial flow effect (see [9]). Local
and global existence of a unique solution to the IVP for (1.4) has been established.
For details, see, for example, [12,19] when a = 0, and [16,20] when a # 0. In their
proof, the classical energy method evaluating ||u,||%. by integration by parts works
essentially to show the local existence results. Moreover, there exists an infinite
number of conservation laws for (1.4), which ensures the global existence results. In
contrast, in the case of (1.1) that we consider, so-called loss of derivatives occurs.
Indeed, some lower-order terms cannot be handled only by the classical energy
method. This is the main difficulty, and is found to be overcome in the present
paper.

Third, we state the case in which the spacial domain T is replaced by the real
line R. In the case of R, (1.1) possesses a kind of local dispersive smoothing effect
coming from the leading fourth-order term, which is enough to compensate for the
loss of derivatives. Indeed, Chihara and Onodera [6] showed the local existence and
uniqueness of a solution to (1.1), (1.2), and developed the results from the point
of view of geometric analysis, by making full use of the local smoothing effect.
Unfortunately, the case of T does not fall into the scope of the case of R, since the
local smoothing effect is absent when the spacial domain is compact. Despite the
absence of the local smoothing effect, we succeed in proving theorem 1.1 by finding
out the more essential solvable structure of (1.1).

Our proof of theorem 1.1 is based on the delicate analysis of the loss of deriva-
tives occurring in the PDE for higher-order derivatives of the solution, and on
the energy estimate for a gauged function of the highest-order derivative to elimi-
nate the obstruction. The method was recently applied to a second- or third-order
dispersive equation for maps into some class of compact Riemannian manifolds
(see [3,5,6,17]). However, if we turn our eyes to fourth-order dispersive PDEs on T
under different settings, the method has already been established by using pseudo-
differential operators. Indeed, Mizuhara [15] established the necessary and sufficient
conditions for the L2-well-posedness of the IVP for a linear fourth-order dispersive
equation for complex-valued functions on T. Chihara [4] developed the results to a
linear fourth-order dispersive system for C2-valued functions. We mention that the
choice of our gauged function to prove theorem 1.1 is implicitly motivated by [4].
Once theorem 1.1 is established, the proof of theorem 1.2 is straightforward by
using conservation laws for (1.1).

For the sake of better understanding, we state a little bit more detail about the
proof of theorem 1.1. The gauged function (defined by (3.1)) is chosen by making the
following formal observation. Let u be a solution to (1.1), (1.2). We calculate PDEs
for 0%u, with 0 < k < m to study the energy estimate for u, in H™. Specifically,
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letting k = m, we set Uy, = 0 u,. Then, after lengthy calculations, we can write

where we denote by P(91)U,, the sum of all terms that include any one of 92U,,, . ..,
0:Unn, all terms of which can be divided into the following five types.

I. Leading fourth-order term, that is, «d2(u A 92U,,).

IT. Second-order terms of divergence form with a skew-symmetric operator: a
linear combination of 9, (0zuy A 0,Up) and 9, {(1 + Y|uz|?)u A 8,Up }-

ITI. First-order terms with symmetry: a linear combination of T3(u)d,U,, and
T4(U)8$Um

IV. First-order terms without symmetry but that are harmless in the classical
energy estimate thanks to the constraint |ul? = 1.

V. Lower-order terms that cause loss of derivatives: a linear combination of
(02U, u A ug)u, Ty (u)02U,, and (0,T2)(1)0pUy,.

One can find the precise expression of (1.5) in (2.31)—(2.34) with &k = m, where
Py(u)Uy, + Pi(u)U,, is denoted by P(93)U,, and the sum of all terms of type IV is
denoted by P (u)U,,. The form R(m) includes at most the mth derivative of u, and
is indeed harmless in the classical energy estimate. Among these five types, only
the terms of type V cause loss of derivatives. To avoid the difficulty, we consider a
gauged function V,,, defined (in (3.1)) by the form

Vin = Upm + A(w)U,,
2
=Un+ Z Az(u)Uma
=1

Ai(w) Uy, = a;Bi(u)0" 2u, (i =1,2),

where for each ¢ = 1,2, a; is a real constant and B;(u) is a linear operator acting
on R3-valued functions on T for each time ¢. Then the PDE for V,, becomes

OtV = P(O})Vy — Z{P(@i)(/li(u)Um) — 0t (A;(w)Up,) } + harmless terms. (1.6)

The detail of the calculations to show (1.6) is described in (3.5)—(3.8). From the
second term on the right-hand side of (1.6), we can pick up the commutator of
ad?(u A 8%) and A;(u) acting on U, for each i of the form

(02 (u A O2), Ai(W)]Up, = aa;[02(u A 82), Bi(u)d, ?|U,, (i =1,2).

Fortunately, we can choose a; and B;(u) so that a linear combination of two com-
mutators eliminates all the terms of type V. This is divided into three parts.

For the first part, by using integration by parts and the constraint |ul? = 1,
we show that the loss of derivatives due to the third-order terms (93V,,,u A ug)u
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included in P(92)V;,, are reduced to those due to a linear combination of T} (u)92V,,
and (0;T%)(u)0. Vi, (see (2.53) and (3.24) for details).

For the second part, we eliminate the second-order terms T; (u)92V,, included in
P01V, and generated from the first part. By observing that

[02(u N 02), B1(u)d; U,
= 2B (u)(u A O2U,,) + (Bi(w)u A -+ u A By(u)02U,,
+ at most first-order terms, (1.7)

we set By(u) = (+,u A ug)u A u,. Then we can see that
Bi(u)(u A 02Up,) = T1(u)0?U,, = T1(u)0?V,, + harmless terms,

which combined with the appropriate choice of a; eliminates all the second-order
terms T (u)02U,,. One can see that the first-order term (9,T%)(u)d,U,, of type V
is generated again from the second part. More concretely, the second and the third
terms of the right-hand side of (1.7) include second- or first-order derivatives of Uy,
in addition to (9;T%)(u)0y Uy, . Fortunately, however, the form of such terms (except
for the terms (0;1%)(u)0;Up,) is essentially limited to types II-IV (see (3.9)—(3.13)
for details).

For the third part, we eliminate the first-order terms (9;7%)(u)0;V,, included
in P(03)V,, and generated from the above two parts. By taking Ba(u) = |u,|?Id,
where Id is the identity, we see that

[02(u A 02), Bo(u)0; 2Up,) = 8(9,Ts)(u)0,U,, 4 harmless terms,

which combined with the appropriate choice of as achieves our aim (see (3.14)-
(3.18) for details).

Once the form of A(u) is decided, we consider the energy Ny, (u)? := [ug ||%m-1 +
|[Vin|l22, which is equivalent to ||ug |3 if we restrict the time interval. As the
energy estimate for N,,(u)? works, we can bound the energy estimate for u, within
H,,,, which shows the local existence of a solution. We can make the above argu-
ment rigorous by utilizing a fourth-order parabolic regularization. Uniqueness of
the solution is proved in the same way, i.e. based on the gauged energy estimate for
the difference of two solutions in H2. The assumptions m > 4 to show the local exis-
tence of a solution and m > 6 to show the uniqueness come from the requirement
for our gauged energy method to work. Throughout the proof of theorem 1.1 and
1.2, the reader is referred to [16,20] for basic tools to handle S?-valued functions.

The paper is organized as follows. In § 2 the classical energy estimate for deriva-
tives of a fourth-order parabolic regularized solution is considered. In § 3 local exis-
tence of a solution to (1.1), (1.2) is proved. In §4 the proofs of theorems 1.1 and 1.2
are completed. The detail of some of the arguments is described in the appendixes.

2. The classical energy estimate

In this section, we consider the IVP for a fourth-order parabolic PDE as an approx-
imation of (1.1) and study the classical energy estimate for derivatives of the reg-
ularized solution.
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2.1. A fourth-order parabolic regularization
For fixed ¢ € (0, 1], we consider the following IVP of the form
up = —eFy(u, ug, . .. ,831%) + au A 8§uzum
+ B(Optig, Uz )u A +y|tg|*u A Optiy + u A Oy, in (0,00)xT, (2.1)
u(0,2) =wup(xz) in T,

where u = u(t,x): [0,00) x T — S? is an unknown function, ug: T — S? is the same
initial function as that in (1.1), (1.2), and —eFy(u, ug, ..., 0>u,) is defined by

—eFy (U, Uy - . ., Buy) = —{03uy + 4(0 Uy, ug )u + 3|0puy|?u}. (2.3)
Local existence of a unique solution to (2.1), (2.2) follows from the next lemma.

LEMMA 2.1. Let € € (0,1], let m be an integer satisfying m > 4, and let ug €
C(T;S?) satisfy ug, € H™(T;R?). Then there exists a positive constant

T: = T(e, [uoz ) > 0

depending on e, a, 3, v, and on ||ugz| ga such that (2.1), (2.2) admits a unique
solution u = u® € C([0,T.] x T;S?) satisfying us € C([0,T:]; H™(T; R3)).

Lemma 2.1 almost falls into the scope of [6, lemma 1] by replacing R with T
and by restricting a Kihler manifold N to S2. However, we present the outline of
a proof without explicit use of Riemannian geometry in appendix A for interested
readers. More precisely, the expression of the added fourth-order parabolic term
Fy(u,ug,...,0%u,) is different from that used in [6]. Our choice comes from the
observation that

Fy(u, g, ..., 8§’um) = 85’% - (Bium, u)u,

the tangent component of d3u,, if |u|?> = 1 is satisfied. Though the difference is
not essential, the argument to show that (2.1) is compatible with the constraint
|u|? = 1 becomes a little bit simpler.

2.2. The classical energy estimate

From lemma 2.1, we get a family of solutions to (2.1), (2.2) denoted by {u°}.c(0,1]-
To study the energy estimate for ||u || gm, we consider PDEs for 0¥ug with k < m.
Let 3 <k <m. Set u=u® and U, = 8§ux for simplicity. Then it follows that

0 Uy, = 8§+1ut = —58§+1{F4(u, Ugy .. Oug)} + Pu, g, .. ., 8§+4uw), (2.4)
Pu,ug, ..., 8§+4uz) = a@f“(u A ai’um) + ﬂ@’;“{(@mum, Ug )U A Ug }

+ 5  JugPu A pug} + O (uA Opu). (2.5)
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Each term of the right-hand side of (2.5) can be calculated by the product formula.
After lengthy calculations, we obtain that

P(u, g, . .., 08 )
= ad?(u A O2UL) + alk — V)u, A O2U
+ 1a(k? + k — 2)0,(0pus A 0:Uk) + 0 {(1 + ~|uz|*)u A 0,Uk}
+ B(O2U, ug)u A ugy + %a(kg’ — 3k? — 4k + 6)02uy A O,Uy,
+ B(k +2)(0: Uk, Opuz)u A ug +{B(k + 1) + 27} Uk, uz)u A Optiy
+ (B + 2k7) (00, ug )u A 0, Ug + {k + ky|ug|* Yugy A 0,Uy + Ry (2.6)
and
Ry = (k+1Cr—1 — 1)0pus A Uy

+(B+ ’7)0((|8§Um‘ |ug| + |axum‘2 + [0ty | |Uz|2)‘Uk|)
k—3 4 4 k—2 ) )
+aY k1G0T ug A0S g + Y k10 T ug A0S g
=0 j=1
+(B+7) Y. 0108 gl |08 u |08 ul |08 u,)), (2.7)

P1,P2,P3,P4

where the summation in the final line of (2.7) is over all (p1,p2,ps,ps) satisfying
0<pip2<k—-1,-1<p3—1<k-1,1<ps<k—1 and p1+p2+ps+ps=k+2.
The detail of the calculations to obtain (2.6) and (2.7) is described in appendix B.
We can observe that R ) includes at most the kth derivative of u,. Then, from
the Sobolev embedding and the Gagliardo—Nirenberg inequality, it follows that

IRy l2 < Cllluallgs) ual g (2.8)

In this section, any non-negative monotonically increasing function in A is denoted
by the same C(A), which may depend also on «, 3, 7, k but not on ¢.

Next we introduce operators T;(u) and the ‘derivative’ (9,T;)(u), i = 1,2,...,4,
acting on R3-valued functions on T for each t. They are defined by

T ()Y = (Y, ug)u A ug, (2.9)

To(w)Y = 3|uz[Puny, (2.10)
T3(w)Y = ${(Y, 0puz)u A ug + (Y, ug)u A Opuy

+ (Y,u A Ozug)ug + (Y, u A ug)Ozuyt, (2.11)

Ty(u)Y = (Y, Opug + [ue|?u)u Ay — (Y, uz)u A Optiy, (2.12)

(0:T;) (W)Y = 0,{T;(w)Y} — T;(u)0,Y, (2.13)

for any Y = Y (¢,): T — R3. The following propositions will be used frequently.
PROPOSITION 2.2. For any Y,Y1,Yy: T — R3, it follows that

(T3(w)Y1, Y2) = (Y1, T3 (u)Ya), (2.14)
(Ty(w)Y1,Y2) = (Y1, Ty(u)Ya), (2.15)
(0:To) ()Y = (Optig, uz)u NY + ug[Puy AY. (2.16)
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PROPOSITION 2.3. For any Y: T — R3, it follows that
2(Y, Oyt )u Aty = (0, To)(w)Y 4 T3(w)Y 4+ Ty(w)Y — |Jug|*(V,w)u Aug,  (
2(Y, ug)u A Optiy = (0:T2)(w)Y + T3(u)Y — Ty(uw)Y + Jug| 2 (Y, u)u Aug, — (
2(Y,u A tg) 0ty = —(0,To)(w)Y + Ts(w)Y + Ty(u)Y — |Juz|*(Y,u Aug)u, (2.19
2(Y,u A Oty )ty = — (0, To)(w)Y 4+ T3(w)Y — Ty(w)Y + |Jug (Y, u A ug)u. (

PROPOSITION 2.4. For any Y : T — R3, it follows that

uy NY = (Yyu A ug)u — (Y, u)u A uyg, (2.21)
Ortiy NY = (Yu A Opug)u+ (YyuAug)ugy — (Y ug)u A uy
— (Y, u)u A Opug, (2.22)
Puy NY = =3(0,T) ()Y + 3|uz|*us NY — (Y,u)u A O2u,
+ (Y, u A O2ug )u. (2.23)

The detail of the proof of propositions 2.2-2.4 is described in appendix C. In
their proof and in the calculations below, the fact that

[uz )Y = |ug (Y, u)u + (Y ug )ug + (Y, u A ug)u A g (2.24)

for any Y: T — R? will be used frequently. The proof of (2.24) is short. Indeed, for
any « € T such that u,(z) # 0, {u(z), uz(z)/|uz ()], (u(z) Aug(x))/|u,(x)|} forms
a basis in R3, and hence (2.24) holds. For any = € T such that u,(x) = 0, (2.24)
holds since both sides of (2.24) vanish.

We now rewrite the right-hand side of (2.6) by using T;(u), i = 1,2,...,5. We
begin with the second term of the right-hand side of (2.6). By using (2.21), we have

Uy AU = (02Uk, u A ug)u — (02Uk, w)u A ug.

The second term of the right-hand side of the above can be expressed by a form
including no third-order derivatives of Uy. The key to observing this is the fact that

k
(BUps 1) = —(k + 2)(Uns 1) — =57 3snC; (89 Vg, 96T —00sy), (2.25)
2 J
j=2
1 k+1
(02Uk, u) = —(k +3)(0aUn, us) = 5 D k3G (0 g, 042 V), (2:26)
) =2

k+2
(agUka U) = 7(k + 4)(83(]]6) 'U,m) - % Z k+4cj (a:jblilu17 a§+37juz)? (227)
j=2
which can be obtained by taking derivatives in = of both sides of |u|? = 1 repeatedly.
From (2.9), (2.17) and (2.27) it follows that
g A O3UL, = (2Uk, u A ug)u + (k4 4) (02U, uz)u A uy
+ k+4c2(amUk7 azuz)u A Ug
k+1

1 i—1 k+3—j
+523k+4cj(a; Uy, OF 3T ug YU A g
]:
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= (02Uk,u A ug)u+ (k + 4)T1 (w)02Uy
+ %k+4C2{(8IT2)(U)8IUk + Tg(u)azUk + T4(u)8mUk

— |z |2 (00 Ur, w)u A ug y
k+1
22k+40 (03 Y, OF 37T )u A . (2.28)
j=3

Combining (2.9)—(2.13), propositions 2.2-2.4 and (2.28), we obtain

P(u, g, . ..,08 ,)
= ad?(u A O?Uy) + alk — 103Uk, u A ug)u + a(k — 1) (k 4+ 4) Ty (u) 02Uy
+ Ya(k — 1) (k +3)(k + 4){(8:T2) (u) 0, Uy, + T3(w)d, Uy, + Ta(u)d, Uy
— g |2 (0xUp, u)u A ug }

+ Sa(k® + k — 2)0, (0pus A OuUk) + 0:{(1 + y|us|*)u A 0,Ui} + BT (w) 92Uk

+ ta(k® — 3k% — 4k + 6){—3(0:T2) (W) Uy + 2 |us*us A 0, Uk
— (0.Ug, w)u A O2ug + (9:Uk, u A 02y )u}
+ 38(k + 2){(0:T») ()0, Uy, + T3(u) 0, Uy, + Ta(u)0, Uy
— |2 (0x Uk, u)u A ug}
+ 5Bk + 1) 4+ 27){(02T2) (w) 0, Uy, + T3(u)d, U
— Ty(u)0pUp + |ug|*(0uUk, w)u A ug }
+ (8 + 2k){(8: T2) ()0, Uy — 3 |us|*us A 0,U}
+ {k + kylue | Yugy A 0,Uy + R(k)
= ad?(u A O2Uy) + alk — 1)(03Uk, u A ug)u + {a(k® + 3k — 4) + BYT (v)02Uy

+ Sa(k® + k — 2)0, (0pus A 0:Uk) + 0:{(1 + Y|us|*)u A 9, Ui}
+ {—1a(k® — 12k* — 13k + 24) + 1 3(2k + 5) + (1 + 2k) }(9,T2) (w) 9, Uk
+ {3a(k® 4+ 6k* + 5k — 12) + L 3(2k + 3) + v} T3(w) 9, Uk
+ {2a(k® + 6k* + 5k — 12) + 23 — 7} Tu(u) 9, Uy
+ {k + Ha(k® — 3k* — 4k + 6) — 28)|us|* }us A O, Uk
— La(k® — 3k* — 4k + 6) (9, Uk, u)u A O2u,

+ {—La(k® + 6k* + 5k — 12) — 38+ v}Huu[* (0. Uk, u)u A uy

1

6

+ La(k® — 3k* — 4k + 6)(9.Us, u A 0%uz)u + R, (2.29)
where
~ alk — k+1 ‘ ‘
Ray = Rgy + ——5— > k4aCi(0 g, OF T T ug ) A g (2.30)
j=3

Therefore, we conclude that the PDE satisfied by Uy becomes

Uy, = —eOE Y Fy(u, uy, ..., 0%us)} + Pa(w)Uy + Pr(w)Uy, + Ry, (2.31)
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Py(u) —0482(u/\82) +a(k — )((‘33 u/\ug;)u—&—Al,le(u)ag
+ ¢2.,0, (Opuz A Oy) + O {(1 + Y|ug|*)u A 0y}

+ A2 1 (0, T2)(u) 0y + 3,115 (1) 0y + Ca,Ta(w)0s, (2.32)
Pl (U) = bl,kum A 87" + 62,k|ur|2um A ar + b3,k(a7:'7 u)u A 62“1#
20, u)u A g + bs 1 (0, u A 02y )u, (2.33)

where
Ar g = a(k® + 3k — 4) + B,
Ao g = —%a(k?’ — 12k — 13k +24) + 182k +5) + (1 + 2k),

and ¢ (j =2,3,4) and b, 5 (1 < j < 5) are also constants depending only on «,
B, v, k, but the explicit forms are not required.
We now evaluate

(2.34)

1d
2dﬁHUk”H = (0:Ux, Ur)

by using (2.31)—(2.33). A simple computation yields

2dt||UkHL2 = — (Y Fy(u, ug, . .., 02us)}, Ur) + (02 (u A 92Uy), Uy)
+ ok — 1){(02Uk, u A ug)u, Uy) + A1 g (Ty (u) 02Uy, Uk)
+ €2 £ {02 (Optuz A OpU), Ur) + (9 (1 + v|uz|*)u A 0.Ux}, Ug)
+ Ao 1 {(0:T2)(w)0p Uk, Uk) + c3 k(L5 (w) 05Uy, Ug)
+ e {Ta(u)0uUr, Ur) + (Pi(u)Ux, Ur) + (R, U).
We evaluate each term separately. To begin with, integration by parts yields
(02 (u A O2UL), Uy) = (u A 02Uy, 02Uy) = 0, (2.35)
(02 (0zuz N\ OxUy), U) = —(0zty A OxUy, 8, Ux) = 0, (2.36)
(O {(1 4+ y|ua[*)u A 0, UY, Ur) = (14 y|ug[*)u A 0,Uy, 0,Ug) = 0. (2.37)

We next recall that T3(u) and Ty(u) are symmetric matrix-valued functions, as
observed in (2.14) and (2.15). By using this, the Sobolev embedding of H! into L>
and integration by parts, we have

(T3(u)0s U, Ur) = = 5{((0:T3)(w) U, U) < Cllluzlr2) Uk 122, (2.38)
(T4(u)0:Ux, Ur) = = 5((0:T1) (W)U, Ur) < C(l|ug]| o) 1UkZ-- (2.39)

We next look at (P(u)Uy,Uk). We can bound the estimate for (P;(u)Ug,Uy)
within H* with the help of the constraint |u[?> = 1. First, by using (2.25) and
the Gagliardo—Nirenberg inequality, we have

102Uk, wu A Ougllrz < Ofuslms) sl
10:Uk, wu Az L2 < C(llue || ) |ue |l 5

which imply that
((02Ur, w)u A Oyue, Ur) < C(llug )|l (2.40)
(02U, w)u A g, Ur) < Ol rs) el e (2.41)
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Secondly, by integration by parts, the Sobolev embedding, (2.40) and (Uy,u) =
—(k + 1)(3315_1%7%) + .-+, we have

((0:Up, u A O2ug)u, Ug) = —((Ug,u A 02ug)u, 0:Ux) — (Uk, u A 0%ug )ug, U)
- <(Uk’ u 62ui)u’ Uk> - <(Uka Uy N\ 892;uw)ua Uk>
< Olfuall o)l e - (2.42)

Thirdly, (2.21) with Y = 9, U}, yields
(ug N\ Op Uk, Ug) = ((0:Uk, u A ug)u, Ug) — ((0xUg, u)u A ty, Ug).

The right-hand side of the above can be evaluated in the same way as that used to
obtain (2.41) and (2.42), which yields

(s A 0xUn, Ur) < C(lJuall o) llualln, (2.43)
(Jus*uz A 83Uk, Ur) < Cllus | mrs) || Fe- (2.44)

Collecting these estimates, we obtain
(Pr(w)Uk, Uy) < C(lluzllms) |7 (2.45)

We next look at <R(k), Ug). In the same way as the estimate (2.8) for R, we have
|ReyllLe < C(||uel| ga)l|te gr. This implies that

(B, Us) < Ol 1) sz 35 (246)

We next look at —eO* T Fy(u, ug, . ..,03u,)}. In view of (2.3), we write
— MU Ey(uyuy, . .., 02us)} = —€02U + eN(u, ug, . .., 08 3u,), (2.47)
where, for the term in N(u,uy,...,083u,), it can be shown by integration by

parts and the Gagliardo—Nirenberg inequality that
(N (u g, 05 P ua), Un) < Olluallms) el e e || .

The loss of derivative of order 2 can be absorbed by the parabolic term —ed2U.
Indeed, by the Young inequality of the form ab < a?/2 + b%/2 for any a,b > 0 and
integration by parts, we can show that
(=DM Y Fy(u, ..., 03u,)}, Up) = (02U, Uy) + (N (u, ..., 0" 3u,), Up)

< =5l 2UkNIZ: + Cllluallms) uallzpn-  (2:48)

We next evaluate (02U, u A ug)u, Uy), (Ty(u)02Uk, Ux) and ((0,T5)(w)0.Ugk, Uk)
with loss of derivatives of order 1. It is easy to see that

<T1 (u)@iUk, Uk

(02 T2)(w)0:Ug, Uy,

< Olluallg2)ual Fes, (2.49)
< C(”“ZHHQ)HUZH%ICH (2.50)

)
)
We turn our eyes to {(93Uy,u A ug)u, Ug). By integration by parts, we have

(2Us, u A ug)u,Uy) = Fy + Fo + Fs,
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where
(02U, u A ug)u, OUy),
~ (02U, u A uz)ug, U),
E3 = —((02Ug, u A Oyug)u, Ug).

We first look at E;. By applying (2.25) first to express (9, U, u) without 9, Uy, and
next by using the integration by parts and the Gagliardo—Nirenberg inequality, we
deduce that

By < (k4 2)((02Ug, u A ug)tg, Up) + 512Co((02Uk, u A ug)Optiy, 0¥ Tuy)
+ C(lluall o) llua | e
—(k +2)E2 — 342C2((0: Uk, u A g )Optiz, Ug) + C (||t || ) ||wa | 3pe -
In the same way, we use (Uy,u) = —(k + 1)(0%* 'ug,u,) + - -+ to obtain

B3 < (k + 1D){(02Uk, u A 8yug Jug, 05 ug) + O([Jug || o)l 7
< = (k + 1){(8:Up, u A Dy Y, Up) + O || s e
Hence, it follows that
Ei+ Ey+ E3 < —(k+1)Ey — (k4 1)(k + 2){(0:Uk, u A ug)dpus, Uy)
— (k + 1){(0:Uk, u A 8yug )iz, Ug) + C([|ug | ms)l|ue | Fr- (2.51)
We look at Eo on the right-hand side of (2.51). By integrating by parts,
Es = ((0:Ug,u A g )y, 0:Ug) + ((0xUg, u A g )Optiy, Ug)
+ ((0xUk, u A Opug )iy, Ug

)
<(Uk,u/\ux)ux,8 Ur) — ((Ug, u A uy)Ogtiy, 0, Ug)
— ((Ug, u A Oztig) g, 0xUg) + (0 Uk, u A tug)Optiy, U
)

+ (0 Uk, u A Optig )y, Uy,
< 1( )82Uka Uk> - <(8 Uk, 0 ux)U/\ Uy Uk> - <(8xUkaux)u A Optiy, Uk>
+ ((0xUgy e A g )Optiy, U) + ((0xUky u A Oty )iy, U). (2.52)

By substituting (2.52) into (2.51), we have

(O2Un, u A ug)u, Ug) < (k+ 1)(T1 (w)02Uy, Ug) + (k + 1){(0:Ug, Optiz )u A g, U
+ (k+ D){(0: Uk, ug)u A Oztig, Ug)
(k4 1)(k + 4){(0:Uk, u A ug)dpus, Uy)
— Q(k + D){(0: Uk, u A Optig )y, Ug)
T o) e 2
Furthermore, by applying (2.17)—(2.20) with Y = 9, U}, we deduce that

(D2Up, u A ug)u, Up)
< (k4 D)(Ty(w)O2Uk, Ug) + 5 (k + 1)(k + 12){(0:T2) (u)0: Uk, Uy
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+ 05,k<T3(u)8IUk, Uk> + c6,k<T4(u)8$Uk, Uk>

+ 7 6 (U ? (0x Uk, )t A g, Uy) + 8.5 (|t |2 (00 Us, w A ug )u, Uy,
+ C(llug o) w7,

where c5 1, ..., cs ) are real constants depending only on k and the explicit forms
are not required. Recalling (2.38), (2.39) and the argument to show (2.40)—(2.42),
we immediately obtain

((BiUk,u A ug)u, Ug)
< (k + D)(T1 (w)33Uk, Ug) + § (k + 1)(k + 12){(0:T2) (w) 02Uy, Uy,
+ C(flug |l rs) a7 - (2.53)

By combining (2.35)-(2.39), (2.45), (2.46), (2.48), and (2.53), we obtain

3
||UkHL2 < =5 1020k72 + {a(k® = 1) + A KT1 (W) 07U, U)

+{70(k® = 1)(k +12) + Az, }{(0:T2) (u)0: Uk, U)
+ C(llua o) llua | e (2.54)

2dt

Specifically, by using (2.49) and (2.50), we conclude that

1d|
2dt

with C' = C(||ux||g4), which depends on «, 3, v, k but not on € € (0, 1].

9
UkllZe < =5 102072 + Clluallp)llusless - for t €0, 7] (2.55)

3. Proof of the existence of a solution locally in time

This section is devoted to the proof of local existence of a solution to (1.1), (1.2).
More precisely, the goal of the section is to prove the following theorem.

THEOREM 3.1. Let m be a positive integer satisfying m > 4. Then, for any ug €
C(T;S?) satisfying uo, € H™(T;R3), there exists a constant T = T (||ugz||f4) > 0
depending on «, 3, v, m, and on ||uog||ga such that (1.1), (1.2) admits a solution
u € C([0,T] x T;S?) that satisfies

u, € L=(0,T; H™(T;R*)) N C([0, T]; H™ *(T; R?)).

Proof of theorem 3.1. Let {u®}.¢(0,1) be the family of solutions to (2.1), (2.2) con-
structed in lemma 2.1. We set

2
=Ug, + > Ai(u?)Up,, (3.1)
i=1
Ay (u)U; :—ﬁ(am 2uS,uf A us)uf Au
m 2a
()G, = L2 s o2,
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where US, = 0'uS, and dy, ds € R are real constants, depending only on «, 3, 7, m,
that will be decided later. We introduce Ny, (u®(t)), the square of which is defined
by

N (e () = Nug @) Fm—r + Vi (D122 (3-2)
We restrict the time interval to [0, T*] with T defined by

TF =sup{T > 0| Ny(u®(t)) < 2Ny4(up) for all t € [0,T]}.

The restriction ensures the equivalence between N2 (uf) and ||uS]|%.. Indeed, the
Sobolev embedding shows that there exists a constant C' = C(||ugz||g+) > 1 that is
independent of € € (0, 1] such that

1
C
We shall show that there exists T' = T'(||ugz||g4) > 0, which is independent of € €
(0,1] and m, such that T > T and {N,,(u®) }ce(0,1] is bounded in L>°(0,T’). If this
is true, (3.3) yields that {ug }.¢(o,1) is bounded in L>(0, T; H™(T;R?)). This implies
that {u®}.c(o,1] is bounded in L>(0,T; H™*!(T;R?)) since T is compact. Then the
standard compactness argument shows the existence of a u € C([0,7] x T;S?) that
satisfies u, € L>(0,T; H™(T;R?)) N C([0, T]; H™ 1(T;R3)) and solves (1.1), (1.2).
Bearing this in mind, we evaluate {Np,(u®)}cc(0,1)- Set u = v®, Uy, = Uy, and
Vin = V5, for ease of notation. In what follows in this section, any positive constant
that depends on «, 3, v, m, ||upz|/g+ and not on € € (0,1] will be denoted by
the same C. Then the Sobolev embedding yields ||0%uy|| = (o, rryxm) < C for k =
0,1,...,3.
We begin with the energy estimate for ||ug||%,. .. In view of (2.55) with k =
3,4,...,m — 1 and a similar computation for d¥u, with k = 0, 1,2, we have

Non (6 (8)) < [z (8) | rm < ON(u (1)) for ¢ € [0,77). (3.3)

m—1

2 el < 3 2 1020 +ON;. (3.9

We next consider the energy estimate for ||V, 72. For this purpose, we shall
investigate the PDE for V,,, and evaluate

1d
2dt

From (2.31) and (2.47) with ¥ = m and from the definition of V,,, it follows that
atvm = atUm + at(A(u)Um)
= —c02V, + {03 A(w)Up) + N(u, tg, ..., 0" Buy)} + Py(u) Vi

—VinllZ2 = (0:Vin, Vin).

(P AW — B AT} + Pu@) + By (35)
From (2.46) and (3.3) it follows that
{Rimy, Vin) < 1Bgmyllz2|Vinll 2 < Cllus |l mrm Now < CN,. (3.6)

From (2.45) and (3.3), it follows that (P;(u)U,y,,Uy,) < CNZ. By using this and
by noting that A(u)U,, includes at most (m — 2)th derivatives of u,, we get

(Pr(w)Unm, Vin) = (P1(w)Unm, Um) + (Pt (w)Unm, A(u)Upm) < CN,. (3.7)

https://doi.org/10.1017/50308210516000470 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000470

A fourth-order dispersive closed curve flow on S? 1257

In this section, any term whose L?-norm is bounded by CN,,, such as R(m), will be
denoted by R;; subscripted by some (i, j) € (NU{0})?, and any term including 8, U,,
(without the symmetric structure such as T3(u)0,Uy, or Ty(u)0,Uy,) whose inner
product with V;,, can be bounded by C N2, such as P;(u)d,U,,, will be denoted by
P;;U,, subscripted with some (i, j) € (NU{0})2.

We now look at Py(u)(A(u)Up,) — 0 (A(u)U,,). We write

Py (u)(A(w)Un) = 0i(A(w)Unn) = Z{P4(U)(/1i(U)Um) — 0 (Ai(u)Un)},  (3.8)

and consider each Py(u)(A;(w)Up,) — 0¢(A;(w)Uy,) with ¢ = 1,2 separately.

First, we consider Py(u)(A1(u)Up,) — 0:(A1(w)U,y,). Roughly speaking, A;(u) acts
on U, as a pseudo-differential operator of order —2. In other words, up to second-
order partial differential operators in Py(u) are negligible, since Ay (u)U,, includes
at most (m — 2)th derivatives of u,. Indeed, a simple computation yields

P4(A1(U)Um)
= ad?{u AP (A (W)Up)} + a(m — 1) (02 (A1(w)Up), u A ug)u + Rig
= ad?{u NP (A (w)Uy,)} — %dl(m — D)((0Up, u Atz )u A gyt A g )u + Ry
= a0 {u N OZ(A1(u)Up)} — 3di(m — 1)|ug|*(0uUnm, u A ug)u + Ryy.
Moreover, (2.31) and (2.47) with ¥ = m — 2 and the assumption that m > 4 imply
that
d
Oy (A1 (w)Up,) = —i(@ﬁ;’“zux, wA Ug)u Aty + Rio
= %(8;”*2%3 — Nty .., 07 g ) u A ug )u A g
a

— 2dy (2{u N O2(0 Puy) fu A ug)u Ay
— 2di(m = 3)((82(0 up), u Atz )u, u A ug)u Aty + Ris
= —eRy — 3di(u A O2Up,u A ug)u Aty
—dy(ug A OpUp, u A ug)u A ug + Rig
= —eRy + Ay (w)ad* {u A 02U} + di|ug|*(0pUp, w)u A ug + Rig,
where Ry = —(dy/2a) (8™ 2u, — N(u, ..., 0™ u,), uAug )u Au,. Collecting these
relations, we have
P4(/11(U,)Um) — at<A1(U)Um)
= €R1 + [a&i{u N 6§},A1(u)]Um + p174Um + R11 — Ryg4, (39)
where
Py U, = —3di(m — 1)|ug 2 (0:Un, u A g )t — di[ug]*(0p U, w)u A ug.

To deal with the second term of the right-hand side of (3.9), we set A;(u) =
—(d1/2a)B1(u)d; 2 with By(u) = (-,u A uz)u A u, and write

[02{u A 02}, Ay (W)]Uy, = —2d1[02{u A 02}, B1(w)9, *|Upn,. (3.10)
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The formal expression makes sense since both 82{uAd2U,,} and U,,, = 92(9" 2u,)
are regarded as images of §2. Bearing the right-hand side of (3.10) in mind, we
deduce that
[07{un 02}, Br(w)0; *|Un
= 02 {u A OX(B1(u)0,%Un)} — B1(w)0, 20%{u A 02U, }
= 02{u A (B1(w)Up, + 2(0:B1)(w)0; Uy, + (02B1) ()9, 2Up) }
— Bi(u){u A d*U,}
=u A By (w)02U,, — By(u)(u A 02U,,)
+ 2uy A By (4)0,Un, + 4u A (02 B1) (w) 0, U, + Ris
= 2B (u)(u A O2Uy) + (Bi(w)u A - +u A By (uw)92U,,
+ 2uy A By (4)0,Upy + 4u A (02 B1) (w) 0 U, + Ris, (3.11)

where
(0:B1)(w)0,Up, = 0, {B1(1)0,Up } — B1(w)0,{0:Up }

is given by
(0:B1)(0)Y = (0xUp, u A Ogig)u Aty + (OxUppy e A tig)u A Oz iy
The terms of the right-hand side of (3.11) are expressed as follows:

Bi(u)(u AO2U)
= (U A O2Up,u A ug)u Aty = (02U, g )u A g = Ty (w) 02Uy,
(Bi(w)u A - +u A By(u)02Upn,
=(uA 8§Um, UA U )UA Uy +u A (8§Um, UA Ug U A Uy
= uA{(O2Up, )tz + (02U, A g )u A g}
= u A {|ug 202U — [ue|?(02Up, u)u}  (due to (2.24))
= |uI|2u A 8§Um
= 0p{|uz*u A 0,Upm} — 2(0ptie, Uz )t A OpUpy — || ?us A 0,Uy,
= 0 {|ue*u A 0, Up} — 2(0,T2)(1)0,U,,  (due to (2.16))
Uy A B1(w)0,Up,
=ty A (OpUp, A g )u A Uy = g |2 (0pUn, u A ug ),
u A (0xB1)(u)0:Up,
=uA{(0xUpm, u A Optiz)u Aty + (OpUpm,u A g )u A Opug
= —(0:Upm, u A Optig)ty + (0pUpmy u A ug){(u, Optig)u — Opuy }
= —(0pUpm, u A Optiz )ty — (0xUpn, u A Uy ) Optiy, — |uz|2(3mUm, UA Uy )U
= (0,To) (u)0pUpyy, — T3(w)0pUpny — 1) * (0p Upny u A ug )
(due to (2.19)—(2.20)).
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Collecting the information, we have
[02{u A 02}, Bi(w)*|Un
= 2T (w) 02Uy + Op{|us|®u A 0uUp } + 2(0,To) (w) 0, Uy,
— 4T3(u)0, Uy, — 2|uz|2(8mUm,u/\um)u+R15. (3.12)
From (3.9), (3.10) and (3.12), it follows that
Py(u)(Ar(w)Unn) — 0, (A1 (u)Unn)
=Ry + diT1 (w) 02Uy, — 2d1 0, {|us|*u A 0,Un } — di(0:T2) () 0y Us,
+ 2d1T5(v) 0, Uy, + P1 5U,, + Ry, (3.13)
where
Py 5Up, = Py aUp, + di|ug[*(Optim, w Aug)u  and Ry = Riy — Ria — 2di Rys.

Next, we observe that Py(u)(Ax(u)Uy,) — 0¢(A2(u)Uy,). Though As(u) acts as
a pseudo-differential operator of order —2, second-order derivatives of U, do not
appear in the computation, since By(u) = |u,|? Id commutes with the action uA.
A simple computation yields

Py (u)(Az(w)Unn)
= a0?{u A *(A(w)Up)} + a(m — 1) (03 (Az(w)Up), u A ug)u 4 Rog
= a@i{u A ai(Az(u)Um)} — %dg(m — 1)|ugg|2((‘3wUm7 w A ug)u+ Roj.
Moreover, (2.31) and (2.47) with k = m — 2 and the assumption that m > 4 imply
that
d
Ou(Aa()Un) = 2 [ FO.07 21z + Rop
d
= a0 Py = N, 0 )
fe!
+ %d2|u$|28§{u A 85(3;”_21%)}
+ Ldo(m — 3)|ua [*(92(07ug), u A ug)u + Ros
= —eRy + %d2|um|2{u A BiUm + 2up A OpUpy + Opiz AUy}
+ Fda(m — 3)|u[* (02U, u A ug)u + Rag
= —eRy + éd2|uz|2u A O2Up + 2dafug[*uqs A 0,Uny,
+ da(m — 3)|up[* (02U, u A g )u + Ray
= —eRy + Ao (w)ad?{u A U} + Ldalug|®uy A 0,U,
+ %dg(m — 3) || ?(0pUpn, u A ug)u + Ray,
where Ry = (da/8a)|ug|>(072u, — N(u, ..., 07 u,)). Collecting these relations,
we have
Py(A2(w)Up) = 0(Az(w)Unn)
= eRy + [@d?{u A 2}, Ag(w)|Upn + PrUm + Rao1 — Rog, (3.14)
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where
]5176Um = —%dg\uz|2u$ A0 U, — idg(m — 2) | (0pUpny u A ug ) u.

To deal with the second term of the right-hand side of (3.14), we set As(u) =
(d2/8c) Ba(u)0; 2 with Ba(u) = |u,|? Id and write

[@d2{u A 02}, Ag(w)]Up, = 2da[02{u A 02}, Ba(u)0; *|Un,. (3.15)
By the same simple computation as in the second step, we see that

[02{u A D2}, By(1)0; 2|Upn = (u A Ba(u) — Ba(u)u A -)0?U,y, + 2uy A By (w)0,Uy,
The terms of the right-hand side become
(u A Ba(u) — Ba(uw)u A 02U = u A |ug|*02U,, — |ug|*u A 02U,
= O’
Uy A Bo(1)0uUp = |tg|*tg A OpUnpn,
u A (02 B2) ()0, Up, = 2u A (Optiy, Uy )0 Unpy
= 2(0,T) ()0 Up, — |tz [* e A 0xUpp.

This shows that
[02{u A 02}, Bo(u)0, XU, = 8(9:T2) (w)0pUpy — 2|tz 2ty A 0xUp + Ros.  (3.17)
From (3.14), (3.15) and (3.17), it follows that
Py(u)(Az(w)Uy,) — 8¢ (A9 (w)Upn) = €Rg + da(9,To) (1) 0y Uy, + Py 7Upy + Ra, (3.18)
where
Py 7Up = Py Uy, — (da/4)|us|*us A 0;Un  and  Ro = Roy — Ros + 2daRos.
We now recall (3.8) and combine (3.13) and (3.18) to obtain
Py(u)(A(w)Up) = 0i(A(u)Un)
= e(Ri + Ro) + di Ty (u)92Up, — 118, {|us|?u A 0,U}
+ (—d1 + d2)(0:T2) () 0p Uy, + 2d1T3(w) 0 Upy
+ PrsUp + PLrUp, + Ry + Ry (3.19)

Furthermore, by substituting U, = V,, — A(u)U,, into some (not necessarily all)
terms of the right-hand side of (3.19), and by noting that A(u)U,, includes at most
(m — 2)th derivatives of u,, we obtain
Py(u)(A(w)Un) = 0i(A(w)Unn)
= (Ry + Ro) + di Ty (w) 02V, — 10 { |tz *u A 0, Vi }
=+ (—dl + dg)(@ng)(u)&ch + 2d1T3(u)8me
+ P 5Up + PrUp + Ry + Ra + Rs. (3.20)
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Then (2.32) with £ = m and (3.20) imply that (3.5) becomes
OtV = =02V, + £Q + P4(u)Vm + P (W)U + R, (3.21)
where

Py(u) Vi = ad?{u A 02V} + a(m — 1)(3Vim, u A ug)u

+ om0 {0ptie A O Vin} 4+ 0u[{1 + (v + 2d1) |ua* u A 0,V

+ (A — dy)T1 (W) 02V, + (Agn + dy — d2) (05 T2) (w)0: Vi,
+ (ca,m — 2d1)T3(w)0y Vin, + ca,mTa (1) 0y Vi,

Pi(w)Uy, — P1 5Uy, — P17Upy,

O A(w)Uy,) + N(u, g, ..., 0" 3u,) — Ry — R,

Rimy — R1 — Rs — Ra.

P1 (u)

Q
R

By using (3.21), we see

DU VnlZs = —e(0 Vi, Vi) + (G Vin) + (Pa(u) Vi, Vi)
+ (PL (W)U, Vi) + (R, Vi), (3.22)

2dt

We evaluate the right-hand side of (3.22). In the same way as that used to show
(2.48), we use integration by parts, the Sobolev embedding and Young’s inequality
to show that

—&(02Vim, Vi) + €(Q, Vi) < —3£(|02V,||32 + CN2,

where the constant C' is independent of . Furthermore, the terms 9,U,, included
in P,U,, cause no trouble when we take the inner product with V,,, in L?, that is,

(P (w)Up, Vi) < CN2
holds. In addition, it is easy to see that R < C'N,, and <R, Vi) < CNZ,. Moreover,

(Pa(t) Vi, Vi) < a1 — 1) (83 Vi, w A iz )i, Vi) + (At — d1){T1 (0)02Vim, Vi)
+ (Agm + di — d2){(02T2) (u)0: Vin, Vi) + CN}Y, (3.23)

follows from integration by parts. Let us look at the first term of the right-hand
side of (3.23). A simple computation shows that

(D2Vimyu A ug ), Vi) = (32U, u A g ), Upy) + ((O2Un, w A g )u, A(u)Uy,)
{2 (AW) U )y u A g Ju, Vi)
=: E4 + E5 + EG.

We recall here that

Ey < (m+ 1)(T1(w)02Un, Up) + 3(m + 1) (m + 12){(8,T2) (w) 9 U, U )
+ Cllug || Fm
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follows from (2.53) with & = m. Since U,,, = V;;, — A(u)U,, and A(u)U,, includes at
most (m — 2)th derivatives of u,, we obtain

By < (m + 1)(Ty(0)02Vin, Vin) + 2 (m + 1) (m + 12)((02T5) ()03 Vim, Vi) + CN2,.

For Es, noting that A(u)U,, includes at most (m — 2)th derivatives of u,, we
integrate by parts and use (2.25) with k& = m to deduce that

Es < —((Up, u Aug)u, 03 (A(w)Up)) + CNZ,

31 (Uit A 11 )t (DT 0 A 10 )1t A 11 — ;%((Um,u At ), |t 20 Un)
+ CNZ,
= —g—;((Um,u A ug)u, [ty [20,Uy,) + CNZ,
< CNE.

For Eg, by integrating by parts, we have
Es < —((02(A(w)Up), u A ug ), 0, Vi) + CNZ,.

By (2.25) with k& = m, we note that both 92(A(u)U,,) and (u, 9, Vi) = (u, 0,Up) +
(u, 0y (A(u)U,,)) include at most mth derivatives of u,. By noting this, we find that
Es < CNZ, holds. Collecting the estimates for E4, E5 and Eg, we get

((ai’Vm,u A Uy )ty Vin)
< (m 4 V(T4 ()02 Vi, Vi) + 2(m + 1) (m + 12)((0:T5) (1) 0y Vin, Vi)
+CONZ. (3.24)
From (3.23) and (3.24) it follows that
)

(Pa(w) Vi, Vin)
<{a(m — 1) + A — di {1 (W) Vi, Vi)
+ {2a(m?® = 1)(m + 12) + As 1, + di — do }{(0:T2) (W) 0y Vi, Vi) + CNZ,.

We now choose d; and dy so that

a(m2 — 1) + Al,m —d; =0,

la(m® —1)(m+12) + As,, +di — do = 0,

where A1, Ag ., are given by (2.34). Then (]54(u)Vm, Vi) < CNZ2, holds.
Consequently, we derive

3
2d1t||v IZ2 < =5 187 VmlIZ2 + CN. (3.25)

Finally, in view of (3.4) and (3.25), we come to the conclusion that there exists
a positive constant C' depending on «, 3, v, m, ||uoz| g+ and not on & such that

d

gNm(us(t))z < ON,,, (uf(t))? (3.26)
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for all ¢ € [0,T7]. This shows that
N (uF (£))* < Nim (u0)* exp (C(||uow | 714)1) (3.27)

for all ¢ € [0,77] and m > 4. Then it follows from the definition of T} that
4Ny(ug)? = Ny(u(T2))? < Ny(ug)? exp (C(||uoz || g2)TF). By solving the inequal-
ity, we can conclude that T} > T := log4/C(||uoz|/g4) for any € € (0,1] and
{Nm(u®)}ee(0,1) is bounded in L>°(0,T'). This completes the proof. O

4. Proof of theorems 1.1 and 1.2
This section will be devoted to the proof of theorems 1.1 and 1.2.

Proof of theorem 1.1. Assume that m > 6. The existence of a u € C([0,T] x T;S?)
that satisfies u, € L>(0,T; H™(T;R3)) N C([0,T]; H™ 1(T;R?)) and solves (1.1),
(1.2) has been established in theorem 3.1. Therefore, to complete the proof of the-
orem 1.1, we first show the uniqueness of the solution and then show the L2-valued
continuity of ™u, in time, that is, 0"u, € C([0,T]; L*(T;R3)).

(i) Uniqueness of the solution. Let u,v € C([0,T] x T;S?) be two solutions to
(1.1), (1.2) satisfying u,,v, € L>(0,T; H™(T;R?)) n C([0, T); H™ (T;R?)). Set
z = u — v. We shall show that z = 0. More precisely, we can bound the energy
estimate for z within H? by evaluating the L?-norm of a gauged function of 0, z,.
For this purpose, set U = Oyuz, V = Oyvy, and set W = U — V = 0,2z,. To
investigate the energy estimate for ||W||2,, we begin with the study of the PDE for
U. After lengthy calculations, we obtain
KU = ad?(u A O2U) + 9. {(1 + y|uz|*)u A 0, U} + BTy (u)02U

+ (58 +39)(0:T2) (WU + (58 +7)Ts(w)0:U

=+ (%5 - 'Y)T4(U)a:cU + (1 - %ﬂ\uxl2)ux N OU

+(—38+ )| ? (OpU, w)u A ug

+O(UP|ug|* + [Uul). (4.1)
The computation actually agrees with the previous results obtained from (2.4) and
(2.29) with k =1, U = Uy, € = 0. Moreover, we do not need to deal with the third-
order term of the form (93U, uAu, )u, because the coefficient a(k—1) vanishes when
k =1 in (2.29). Noting also that (9,U,u) = (0%uy,u) = —3(ptiz, uz) = —3(U, uy)
follows from |u|? = 1, we see that

|tz |*(0:U, w)u Ay = O(|U| |ug|*ul).
Thus, we get
U = ad2(u A O2U) + 0. {(1 + y|ug|*)u A 0, U} + BTy (u)O2U
+ (364 37)(0: 1) (W), U + (58 + ) T3(u)d.U
+ (36 = NTu(w)d,U + (1 = 3By *)up A0, U
+ O(UPlug [ + [UP[ul + U] g |*ul). (4.2)
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The same PDE as (4.2) is satisfied by V. Then, by taking the difference between
0;U and 0;V, we obtain

OW = P(W)W + (1 — 3BJuy|*)us A0, W + R, (4.3)

where

Pu)W = ad2(u A O2W) + 0, {(1 + y|uz|*)u A 0, W}
+ BT (W)W + (58 + 37)(0:T2) (u) 0 W
+ 3B+ NT3(w) W + (5 — 7)Tu(u)0: W, (4.4)
R=ad3(z NV) + 0u[{(1 + [z *)u — (1 4+ 7ve[*)v} A8, V]
+ B{T1(u) = Ty (0)}2V + (35 + 37){(0:T2) (u) — (8, T2)(v)} 0.V
+ (38 + T (u) — T3(0)}0,V + (38 — N{Tu(u) — Tu(v)}0,V
+{(1 = 3BlucP)ue — (1 = §B8lval*)va} A OV
F{O(UPual® + U] + U[ug| *[u])
= O(V Pl + VPl + [V [va|*[v])}- (4.5)
Hereafter in the proof, all positive constants depending on ||uz||zec(o1;me) and

V2| oo (0,7; 110y Will be denoted by the same C' without further comment. In partic-
ular,

Ha UT”LQO((O T)xT) X C and ||6 ’UT”Loo ((0,T)xT) X C for any ka,l,...,S

follow from the Sobolev embedding.
In this setting, we evaluate

1d
2dt
by applying (4.4), (4.5). The linear combination of T} (u)92W and (9,T%)(u)d, W in
P(u)W causes loss of derivatives in the classical energy estimate. To avoid this, we

introduce the same type of gauged function as that used in the proof of theorem 3.1.
Set

—IWIl. = (@W, W)

W =W + A(u)W, (4.6)

A(w)W = —;—l(z,u/\um)u/\um—l— e—2|um|2z, (4.7)
a

8a

where e; and ey are real constants that will be decided later. Instead of ||z(t)|| gz,
we consider the estimate for D(z(t)) defined by

D(=(t)) = {l=(OZ2 + Iz )72 + IW@)I[7237>. (4.8)

We shall show that
1d
2dt
for all t € [0, T). If this is true, we have 0 < D(z(t)) < D(2(0))e?“*, which combined
with D(z(0)) = 0 implies that z = 0.

D(2(t))? < CD(2(t))?
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In this connection, it is easy to show that
1d
S lzO72 + |z ()72} < CD(2(t))? (4.9)
2dt

for all ¢ € [0,T]. Thus, it suffices to evaluate

1d

2dt

For this purpose, we consider the PDE for . From (4.3) and (4.6), we have
W = W + 8, (A(u)W)

= P(u)W — {P(A(w)W) — 8 (A(w)W)} + (1 — 3 Blus|*)us A 0, W + R.
(4.10)

W (B)[122 = (@:W (1), W (1)).

Observing the form of R, we see that the mean value theorem and m > 6 yield
|R| 2 < C||z| 2. This implies that (R, W) < C||z||%, and thus we have (R, W) <
CD(z)?. The above estimate shows that the L?-norm of R is bounded by C||z|| -
In what follows, any term whose L?-norm is bounded by C||z|| gz will be denoted
by R;, with some 7 € N, without further mention.

Next, we look at P(u)(A(u)W) — 8,(A(u)W). By noting that A(u)W = O(|z|),
we see that

P(u)(A(u)W) = ad*{u A O2(A(u)W)} + R;.

On the other hand, it follows that

B (A(w)W) = —%(zt,u Attt A g+ 86%|uz|2zt + Ro.

Observing that z; = au A 92W + Rg follows from a simple calculation, we have
O (A(w)W) = —%(au ANOPW,u A ug)u Ay + ;—2|um|2au A OPW + Ry
= A(u)ad*{u A ?W} + Ry,
where A(u) = —(e1/2a) By (u)d;2 + (e2/8a)By(u)d; 2, and By (u) and By(u) have

x )
been defined in the previous section.
Collecting these relations, we have

Pu)(A(u)W) = 9y(A(u)W)
= [@d?{u A D%}, /I(u)]W 4+ Ry — Ra
= —%el[ai{u A 0%}, By (u)0; 2]W + %62 [02{u A 02}, By (u)d, 2|W
+ Ry — Ry. (4.11)
In view of (3.12), (3.17) and W = W + O(|z|), we derive that
P(u)(A(u)W) — 9y (A(u)W)
= e1T1(w)O2W — Le10u{|us|Pu A W + (—e1 + €2) (0, To) (), W
+ 261T3(u)61W - i62|um|2ur A O W + 61|ur\2(5‘mW, UA Ug)u
+ Ry — Ry + Rs. (4.12)
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Observing (4.4), (4.10) and (4.12), we set e; = 3 and es = 95/2 + 37 to obtain
OW = ad2(u A OZW) + 9. [{1 + (v + Ler)|ua[*}u A 0, W]
+ (58 +7 = 2e)) T3 (W)W + (36 — 1) Ta(u)0, W
+{1— (38— 2e2)|ua|* us A W — e1]ug|* (W, u A ug)u

+R—Ri+ R4 — Rs. (413)
In view of (4.13), integration by parts yields
1d, .- ~
S SIW IR < OD() + (1~ (3~ dea)lual?bu A 0, 1V)

- 61<|UL|2(6»LVV7U A Ug;)u, W)

We look at the second and the third terms of the right-hand side. By noting that
|u? = 1, we see that

(Wyw) = [ + fou? = Byt 2)
= O(|z] + |zz]), (4.14)
(0.1, ) = O[2] + |2] + W), (4.15)
By using integration by parts and (4.15), we have ((9,W,u A ug)u, W) < C||z|32,
which combined with W = W + O(|z|) implies that (9, W, uAu,)u, W) < CD(z)2.
On the other hand, a simple computation and (2.21) yield
Uy N OW = uy ANOLU — vy ANOLV — 2, NV
= (0:U,u A ug)u — (0, U, u)u A ugy — {(0:V,0 Avg)v — (0, V,v)v Avg}
— 2 N OV
= (0 W, u A ug)u — (O W u)u A ug + O(|2] + |22]).
Therefore, by using (4.14) and (4.15), integration by parts and W = W+ O(|2]),
we have (uz A 9, W, W) < CD(z)?. Collecting the information, we obtain
1d
2dt
which combined with (4.9) implies that

IW@)II7: < CD(2(1))?,

S D) < OD(=(1)?

for all ¢ € [0,T]. As is stated above, this completes the proof of the uniqueness.

(ii) Proof of the L*-valued continuity of O™u, in time. Let u be the unique solution
to (1.1), (1.2) satisfying u, € L*(0,T; H™(T;R?)) N C([0, T]; H™ 1(T; R?)). We
shall prove that V,,, € C([0,T]; L?(T;RR?)). If this is true, then the fact that 07 u, €
C([0,T); L*(T; R3)) follows from w, € C([0,T]; H™!(T;R3)). This implies that
uy € C([0,T); H™(T;R?)). For this purpose, it suffices to prove that

1&8 Vin(t) = Vin(0) in L?(T;R3), (4.16)
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since the continuity at other times can be proved in the same way using the unique-
ness of the solution. To prove (4.16), the estimate (3.27) plays a crucial role. Indeed,
if we let £ | 0 in (3.27), the lower semi-continuity of L?-norm implies that

Vi @)1z + e (@)1 Fm-1 < (Vi (0)[172 + 1z (0)[[Frm-1)e "
for t € [0, 7). By using this and u, € C([0,T]; H™ (T;RR?)), we see that

limsup ||V (1) [ 72 < [[Vin (0)]|72- (4.17)
t10

On the other hand, we find that wu, is weakly H™-valued continuous in time, by not-
ing that u, € L>(0,T; H™(T;R?)) N C([0,T]; H™~1(T;R?)). Combining the weak
continuity at ¢ = 0 and (4.17), we obtain (4.16). O

Proof of theorem 1.2. Equation (1.1) with @ = 8 = v = 0 possesses a recursion
operator to generate a hierarchy of completely integrable equations (see, for exam-
ple, [1,2,7] and references therein). Among them, we point out that Anco and
Myrzakulov [1] derived a hierarchy of integrable S%-valued models of the form

wy = (u A By — g0y H{(uAug, ) up = fV, n=0,1,2,..., (4.18)

and a set of conserved quantities I,, = fX H™ dz, n=0,1,2,..., for each model
(4.18), where X = R or T. They provided the following explicit expression of H (n).

1

H® — _—
14+n

9y {(ug, O f ™)} (4.19)
When a # 0, 8 = 2y = 5a our (1.1) has the structure
w = f —af®,

This means that each I,,, n =0,1,2,..., is also a conserved quantity for (1.1).

Let T > 0 be the maximal existence time of the solution u to (1.1), (1.2).
Assume that T < oco. To complete the proof of theorem 1.2, it suffices to show
that ||uz(¢)| = is bounded on the time interval [0,7"). Indeed, if this is true, then
we can extend the solution beyond 7', which implies that T' = oc.

We now turn our attention to the a priori estimate for |luy,(t)||gm. In view
of (4.18) and (4.19), we find that conserved quantities Iy, for n = 0,1,... are
expressed as

1 5
o A Ay R
T

I = 2oz 2, 714/(ur,8zum)2dxfz/ \ur|2|a£um|2dx+§/|ux\6dx ,
2 T 2 T 8 T

and inductively

Iy, = %H@fumﬂiz + / Py, Optiy, ..., 0" tuy)de, n=3,4,..., (4.20)
T

https://doi.org/10.1017/50308210516000470 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000470

1268 E. Onodera

where P (ug, Oy, - . ., 0% tu,) is a polynomial of u,, Oy, . . ., 07 tu, and satisfies

|P<u1:78xux7~“78;_1ux)| = Z O(|agjcluml‘a£uz|) (421)
G4+ (e +1)=2n+2,
0<J1,..,jeSn—1
From (4.21) and the Gagliardo—Nirenberg inequality, it follows that there exists a
positive constant C,, depending on n such that

[Pl s, 02 e < €, 3 0 8 s 537,
T (J1+1)+-+(je+1)=2n+2,
01500 JesSn—1
where p = (2n 4+ 1 — £/2)/n. Noting that ¢ is required to satisfy 3 < ¢ < 2n + 2
in the summation above, we see that 1 < p < 2 and ¢ — p > 0. Thus, by using the
Young inequality and the conservation law for Iy, that is, ||u;(t)||L2 = ||woz] L2, we

get
/ [P (g, Optig, . . ., 07 tuy) | do < pl|02us|32 + C(p, |[uoe|L2), (4.22)
T

where p is arbitrary positive constant, C(p, ||uos||r2) is some positive constant
depending on p and ||ug.||z2. By applying (4.22) with p = 1/4 to the conserva-
tion law Ig(t) = Ig(0), we show that

3l10zua ()lI72 < 5l107u0s 17 +/T\P(um@zuz,-~-,5§uz)(t)\dx

+ / |P(u0:c> amuOma ceey E)ﬁuoz)l da
T
< S103u0a |2 + H10%ua |3 + H0%uoall3a + CCluonl2),

which implies that [|03us(t)[|32 < C(||uoz|l ) on [0,T). By interpolating this and
[uz ()| 22 = ||uozl L2, we see that sup,epo 1y [ ()[4 < Ozl ). On the other
hand, in the same way as before, we can show that

N (u(1))? < OOl ) N (w0, 1€ [0.7),

where C(-) denotes a non-negative non-decreasing function on [0,00). Collect-
ing the information, we see that N, (u(t))? < N, (u(0))?exp (C(||uoe||g2)T) <
C(||woz || grm, T) holds for any ¢t € [0,7). Thus, the equivalence of |ug|gm and
Ny (u) implies that ||ug ()] gm < C(||uoz||gm,T) for any ¢ € [0,T). This completes
the proof. O
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Appendix A. Proof of lemma 2.1

Our proof consists of the combination of a sixth-order parabolic regularization and
the classical energy method for |jug||%m.

A sixth-order parabolic regularization

Fix ¢ € (0,1] and ¢ € (0, 1] independently. We consider the IVP for a sixth-order
parabolic PDE of the form

g = 6Fs(Uy gy - .., O0Uy) — eFy (U Uy - . ., Oouy)
+ o A O3 uy + B(Optiy, Uz )t Aty + Y|tz |*u A Optiy +u A Oy, (A1)
U(O,Ji) = UO('I)7 (AQ)

where u = u(t,z): [0,00) x T — S? is an unknown function, ug = ug(x): T — S? is
the same initial function as that in the original problem (1.1), (1.2), and

Fo(u, gy ..., 82%) = Ogux + 6(8§uz,uz)u + 15(8§’uz,8zuz)u + 10|8§uz|2u (A3)

forms the sixth-order parabolic term 6 Fg(u, ug, . .., 05u,) added to (2.1). Similarly
to Fy(u, ug, . .., 03u,), the choice of Fg(u, uy, . .., d5u,) comes from the observation
that Fg(u, ug, ..., 00u,) = 02u, — (02u,, u)u if |ul? = 1.

We shall show the following.

LEMMA A.l. Let €,6 € (0,1], let m be a positive integer satisfying m > 4, and
let ug € C(T;S?) satisfy uo, € H™(T;R?). Then there exists a positive constant
T.5 =T(e,0, ||uoz||am) > 0 depending on €, §, o, 5, 7y, and on ||uog||gm such that
(A1), (A2) admits a unique solution u = us° € C([0,T. 5] x T;S?) that satisfies
us? € C([0, Tz 5); H™(T; R?)).

The proof of lemma A.1 is divided into the following two propositions.

PRrROPOSITION A.2. Under the same assumptions as in lemma A.1, there exist a
positive constant T- 5 = T(e, 9, ||uoz|zrm) > 0 and a unique u = u=° € C([0,T-.5] %
T; R3) that satisfies uS° € C([0,T.5]; H™(T;R®)) and (A1), (A2).

PROPOSITION A.3. Under the same assumptions as in lemma A.1, assume that u €
C([0,T: s); H™(T; R3)) satisfies (A1), (A2). Then |u| =1 holds on [0,T: s] x T.

Noting that (A1) is a semilinear sixth-order parabolic equation with leading-
order term dd>u,, we can prove proposition A.2 by using the contraction mapping
argument, where the parabolic smoothing effect coming from the estimate

|(2min)Te 0™ | < 6(5¢) 6

foralln e Z,t >0, 7 =0,1,...,5 plays the crucial part. The argument is standard
and hence we omit the detail. Note also that the constraint |u|? = 1 is ensured by
proposition A.3, where the form of Fg(u, uy,...,0%u,) and Fy(u, ug, ..., 03u,) play
the crucial part.
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Proof of proposition A.8. We define a function h = h(t,z): [0,T; 5] x T — R by
h(t,z) = |u(t,z)|* — 1.

It suffices to show that h = 0. The idea to evaluate h comes from the argument by
Nishiyama and Tani in [16,20]. A simple computation shows that

hy = 2(u, uy), (A4)
Ozhe = 2{(u, Opuz) + [uz|*}, (A5)
Ozhe = 2{(u, 0Zuz) + 3(us, Orus)}, (A6)
Bhe = 2{(u, Buz) + (uz,a Uz) + 3|0z uz |}, (A7)
Ozha = 2{(u, Ogu) + 5(us, Ouz) + 10(dptis, O3uz)}, (A8)
hy = 2{(u, D>uy) + 6(um,84uw) + 15(0ptty, O3uy) + 10]02u, )} (A9)

As u satisfies (A 1), we have
%ht = (u,us) = 8(u, Fo(u, g, . .., 00uz)) — e(u, Fu(t, Uy, . .., O2ug)). (A 10)
It follows from (A 4), (A5) and (A7) that
(t Fa(t s 8%0)) = (1, 030 + 4011z, 0z) [0f? + 3{0p 2
— 10%h, + 4(0Pup, ) (uf? — 1) + 310y, 2l — 1)
= 102h, + {4(02us, uy) + 3|0sus | }h. (A11)
In the same way, it follows from (A4)-(A7) and (A 9) that
(u, Fo(tu, tg, ..., 00uy))
= (u, 03uz) + 6(Fyua, us)ul® + 15(03us, Dus) [uf® + 10|05 uq * ul?
= 10%h, + {6(0pus, us) + 15(02us, Opug) + 10]02u, [*h. (A12)
Substituting (A 11) and (A 12) into (A 10), we deduce that
hy = 8[02ha + {12(9pus, us) + 30(82uy, Opug) + 20{02uy|* HA]
— €[02hy + {8(02uy, uy) + 6|0pu.|*}h]. (A13)
Applying (A 13), the Sobolev embedding and integration by parts, we obtain
5 dtHh”L2 = (h,he) < =0]107hallZz + 6CHIIRIL2 — ellOuhalTz +eCallhlZ2, (A14)

where C (respectively, C3) is a positive constant that depends on «, 3, v and
Hux||Loo(07T€’5;H4) (respectively, Huw||Loo(07T€’6;H3)). From €, € (0, 1], it follows that
there exists a constant C' > 0 that depends on «, 3, 7, |[uz|/z~(0,1. ;;m4) and not

on € and ¢ such that d
&Ilh(t)lliz < C|h )17,

which implies that
11172 < [|A(0)[|72 exp(Ct) on [0,T: 6]

Since h(0) = |u(0,z)|*> =1 = |ug(z)|* — 1 = 0, we see that h(t) = 0 in L? on [0, 7% 5],
which completes the proof. O
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Energy estimate to prove lemma 2.1

For fixed € € (0,1], let {u®°}5¢(0,1) be a family of solutions to (A1), (A2) con-
structed in lemma A.1. We shall show that there exists a T, = T'(e, ||ugz||ge) > 0
that is independent of § € (0,1] such that {u$°}se(0,1) is uniformly bounded in
L>=(0,T.; H™(T; R3)). Set v = u®% and Uy = 0%u, for k < m as before. We take
the (k + 1)th derivative of (A1) in z to get the same expression as in (2.4) with an
additional term, that is,

OuU = 0" Y Fs(u, ..., 00u,)} — e0FTHFy(u,. .., 03u)} + Plu, ..., 08 uy,).
(A15)
It follows that
1 d m m
5@mugm = (0Uk,Uy) = 6Es — By + » (P(u,..., 08" u,),Us), (A16)
k=0 k=0
where Eg is defined by Eg = > (0" { Fs(u, ..., 05u,)}, Ug) and Ey is defined
by Eq =Y o (05T Fy(u,. .., 02us)}, Ug). We have already evaluated the second
and the third terms of the right-hand side of (A 16) to obtain (2.55). This shows

that
> (P(u, ..., 05 ug), Up) < Clluzl o)zl Frmr (A17)
k=0
e m
B < =5 D 02U + Cllluall )|l Fm - (A 18)
k=0

See (2.55) with € = 0 for (A 17), and see (2.48) for (A 18). Hereafter in this section,
any non-negative monotonically non-decreasing function in A is denoted by the
same C(A), which may depend also on «, 8, v, m but is independent of ¢ and
d. We next look at the first term of the right-hand side of (A 16). After lengthy
computations similar to those used to obtain (2.48), we obtain

(005 H{Fo(u,ug .., 0us)}, Ur) < —50103UklI72 + Cllual o) ual 7,

which implies that

6 m
0Es < —5 Y1020l + Cluall ) luz| - (A 19)
k=0

Combining (A 17)—(A 19), we obtain

d m m
g luellim <=0 0202 — 2 > 107UkI172 + Cllluallms) luallfrme- (A20)

k=0 k=0

The loss of derivatives caused by the third term of the right-hand side of (A 20)
can be absorbed by the second term. Indeed, by the Young inequality of the form
ab < ea?/2 4 b% /e for a,b > 0 and for £ > 0 and integration by parts, we see that

Clltta|3mer = Clltallim + Cll0:Um |32 = Cllua|}im — CLO2Um, Un)
< Le)| 02U |22 + (C + C2/e) |tz || 2
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Collecting the above information, we deduce that

d i £
&Huxllrﬁm <=0 03Ukl7= — 3 S 02UNF + (14 1/2)C(lual rr4) a7
k=0

k=0
< (1 1/2)C o)l P

This implies that there exists a T. > 0 depending on ¢ and ||ug,||g+ and not on
§ € (0,1] such that {u5°}se0,1) is bounded uniformly in L>(0,T.; H™(T;R?)).
Then the standard compactness argument yields the existence of a u that solves
(2.1), (2.2) on the time interval [0,7.] and satisfies u, € L>(0,T.; H™(T;R3)) N
C([0,T.]; H™"=(T;R?)). The uniqueness of the solution and the H™-valued con-
tinuity of u, in time follow from the similar classical energy estimate, where the
smoothing effect coming from the added fourth-order parabolic term again plays
the crucial part. We omit the detail.

Appendix B. The detail of the calculations

We describe the detail of the calculations carried out to obtain (2.6)—(2.7). We
recall (2.5) and write P(u, ug, ..., 08 4u,) = T+ 11+ I + IV, where
1= ad" 1 (un duy,), IT = SO (0t Uz )u Ay},
T = Y0P |ug|u A Opug}, TV = 0¥ (u A Dpuy).

Each term is calculated separately by the product formula:

k+1
=« Z ]9+1Cjal;+1_ju AN 6%4_3%;3
Jj=0

- a{u N0y g + k1 Crtte A Oy P + k1 Cr1 Ot A 0
k-3
+ k1Cko2000n AOF g + Yk 11C508 T ug A 8£+BUw}
=0
= a{u AU 4 141Crtie A 02Uy + 14 1Ch10,up A 02Uy
k-3
RO ST ST S
=0
- a{c’ﬁ(u A 2Us) + (k+1Ch — 2)ug A 02Uk + (51 Crm1 — 1004 (0zuq A 0,Uy)
k-3
+ (k4+1Ck-2 — k41Cr—1 + 1)02uy A O, Ui + Z k+1Cj8§’jux A 3{.*3%};

§=0
(B1)

|
n=g Y Kt DY ooty 9100070 A 05,

lq'r!s!
ptg+r+s=k+1, P
0<p,q,m,s<k+1
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|
= 5{(8§+2Um, Uz )U A Uy + %(@]frlum, Ozl )U N Uy

n 1)!
+ %(85_‘—17117“35)”9: Aty + %(654_1“%“98)” A Oty

+ (Ozuy, alafﬂuz)u AUy + (Opthg, Uz )u A 8’;“%
+ O((la:%uz| |tz | + |8wu1|2 + [0 tg| ‘um|2)|a§uz|)
£X ogorudloru oz ) |

P1,P2,P3,P4
= ﬁ{(@iUk, Up)u A g + (k + 2)(0pUg, Optig)u A uy

+ (k4 1)(0.Ug, ug)u A Optig + (Optiy, ug)u A OpUy
+ O((laﬁuzl || + |axufc|2 + |0p iy ‘Um|2)|Uk|)
£ X ogorudloruora o)) (B2)
P1,P2,P3,P4

where the summation in the final line of (B2) is over all (p1, p2, ps,ps) satisfying
1<pr <k=1,0<p2,pa <k—1,-1<ps—1<k—1 and pi+p2+ps+ps = k+2;

1)!
III = v Z (k+1) (0P, g )Ohu A 05 uy,

Iglrlg) V27
p+g+r+s=k+1, P
0<p,q,r,s<k+1

(k+1)!

1 (O, Uz ) A 8’;+1u$

- 7{(%, ug)u A OFT2u, +
(k+1)! (k+1)!
k! k!
+ (6§+1uz, Ug )u A Oty + (Ug, a’;+1uz)u A Opty
+ (9((|8§uz| || + |8xuz|2 + [0ty | |“r|2)|8’a§uz|)
£OX oozudlozu oz ) |

P1,P2,P3,P4

(Ug, Optiz)u A 8’;+1uz + (Ugy Uz ) Uz A Bﬁﬂuw

= fy{|ux2u A O2UL + 2(k + 1)(0ptug, ug )u A O Uy + (k + 1)|ug|*us A 0,Us
+ 2(0,Up, i )u A Optiy + O((|0% | [ug| + |0puz)? + [0ptie] [ue]?)|Us|)

LY O g 08 |02l |a§z4ux>}

P1,P2,P3,P4
= fy{az(|ux2u A OpU) + 2k(0ptig, ug)u A OpUy + k|ug[*ue A 0,Uy,
+ 2(8,Up, i )u A Optiy + O((|0% | [tg| + |0puz)® + [0pte] [ue]?)|Us|)
s X o(arudloruora o))

P1,p2,P3,P4

(B3)
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where the summation in the final line of (B3) is over all (p1,p2,ps3,ps) satisfying
0<p1,pe<k—1,-1<ps—1<k—-1,1<py<k—1and p1+p2+ps+ps=k+2;
k+1
IV => 1 1Cos " Tunojtu,
§=0
= u A 2uy + o1 Crug A O uy + 11 Cro10,ug A OFuy
k—2
+ g A Opug + Y k1 GO T un 0
j=1
= u AUk + 141Crtgp A OpUs + k11Ch_10us A Uy,
k—2
+ U AOptin + > 51C508 Tug ATy
j=1
= 0z (u A OzUk) + (k+1Ck — Dug A 0,U
k—2
+ (k+1Ck—1 — 1)830’111 AU, + Z k+1Cja§_juz A\ 8;'“%. (B 4)

Jj=1

By combining (B1)-(B4), we deduce (2.6) and (2.7).

Appendix C. Proof of propositions 2.2-2.4

Proof of proposition 2.2. Since (2.14) and (2.16) easily follow from definitions (2.11)
and (2.13), we omit the detail.

We show (2.15). If u,(z) = 0 at = € T, (2.15) obviously holds as (Ty(u)Y1,Y2) =
(Y1, Ty(u)Y2) = 0. If u,(x) # 0 at € T, it suffices to show that

lua|(T4(u)Y1, Y2) = (Ta(w)|us Y1, [us*Y2) = (Jus|*Y1, Ta(u)|ua|*Y2)
= |ug|*(Y1, Ta(u)Ya). (C1)

The first and the third equalities of (C1) are obvious. The second equality of (C1)
follows from (2.24) and |u|? = 1. To see this, we use (2.24) to find that

Ta(u)|ug |*Yy = (|ug|* Y1, Optiy + g2 u)u A vy — (Jug |2V, ug)u A Oyt
= (Optg, Uz ) (Y1, Uz )u Aty + (Optls, u A U ) (Y1, U A Uy )U A Uy

— |ug |2 (Y1, ug)u A Oyt (C2)
In the above computation note that (u, dyu, + |uz|*u) = —|ug|? + |uz|*> = 0 holds
as |u|? = 1. By taking the inner product of the right-hand side of (C2) and |u,|*Ya,

we have

(T4(u)|uw|2Y1, |UI‘QYQ) = |uw|2(awu,;,uw)(Yl,uI)(Yg,u A ug)
+ g | (Optie, u A ug ) (Y1, u A ug) (Yo, u A ug)
- |ux‘2(}/1aux)(|ux|2}/27u/\axuac) (C3)
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By using (2.24) with Y = Y; again, we see that

— e [P (Y1, ug ) (Jue [*Ya, u A Dy )
= —|ug|* (g, u A Optig) (Y1, uz) (Yo, ug)
— g |2 (u A tg, u A Oy ) (Y1, ug) (Yo, u A ug)
= |ug |2 (Optig, u A ug) (Y1, us) (Yo, ug)
— |um|2(8zum,um)(Yl,um)(YQ,u/\um). (C4)

From (C3) and (C4) it follows that
(T () [ue*Y1, [z |*Y2)
= |tug |2 (Optie, u A ug) { (Y1, us) (Yo, ug) + (Y, Aug) (Yo, u A ug)}.

The right-hand side of the above is obviously symmetric with respect to Y7 and Y53,
which implies the desired equality (T (u)|uz|[?Y1, [ug)?Y2) = (Jug|?Y1, Ta(u)|u]?Y2).

O
Proof of proposition 2.3. To begin with, we define T5(u) by
T5(w)Y = 3{(Y, Opug)u A ug + (Y, uz)u A Opuy
— (Y, u A Opug)ugs — (Y, u A ug)Opug}. (C5)
We also note the relation
0. T) ()Y = T5(w)Y. (C6)

Indeed, from (2.24) and |u|? = 1 it follows that

To(w)Y = 3un {Jus > (Y, w)u+ (Y, up)us + (Y, u Aug)uAug b
= %{(Y, Ug)u Ay — (Yiu A ug)ug },
and hence (C 6) follows from the definition (2.13).
From (2.9)—(2.13) and (C5) and (C6) it follows that
(Y, pug)u Ay = 3{(Y, Oty + |us*u)u A ug — (Y, ug)u A puy }
— s P (Yo w)u A ug + 3{(Y, 0uz)u A ug + (Y, ug)u A Opuy b
= 1Ty (W)Y — $u, (Y, w)u Ay + 3{T5(w)Y + T5(u)Y'}
=10, T2) (W)Y + LT5(w)Y + 3Tu(w)Y — 3u. P(Y, u)u A uy

and

(Y, uz)u A Oy = 2{(Y, up)u A 0yuy — (Y, Oty + ug|*u)u A ug}
+ %|u$|2(Y, w)u A ug + %{(Y, Uz )U A Oyt + (Y, Optiz )u A iy }
= —1Ty(w)Y + %\um|2(Y, w)u A ug + 2{T3(w)Y + T5(u)Y}
= %(8¢T2)(U)Y + %Tg(u)Y - %T4(u)Y + %\ux|2(Y, w)u A Uyg.
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In order to observe (2.19) and (2.20), we set T5(u)Y = (Y, uAu,)0pu, and Ty (u)Y =
(Y, u A Opug)uy, and write

(Y, u A ug)Opty = 5(To(u) + Tr(w)Y + 5(To(u) — Tr(u))Y, (C7)
(Y, u A Opug)uy = 2(To(u) + T7 ()Y — 2(Ts(u) — Tr(w))Y. (C8
On the other hand, we can show that
(To(u) + T7(w))Y = T5(w)Y — (9:T2)(u)Y, (C9)
(To(u) — Tr(w))Y = Ty(u)Y — |uz|* (Y, u A ug)u. (C10)

Indeed, (C9) follows from

((T6(u) + T7(u))Y1, Ya)
= (Y1, u A ug)(Oztig, Ya) + (Y1, u A Ozuy) (g, Y2)
= (Y7, (Ya, Opuqz)u A uy + (Yo, ug)u A Opuy)
= (Y1, T3(u)Ys + (9, T5)(u)Y2) (due to (2.17), (2.18))
= (T3(u)Y; — (0, T2)(u)Y1,Ys) (due to (2.14), (2.16)),

and (C10) follows from

((To(w) = Tr(u))Y1, Y2)
= (Y1, (Yz, Opugz)u A uy — (Yo, ug)u A Opuy)
= (Y1, Ty(u)Ys — |ug |* (Yo, w)u Aug)  (due to (2.17), (2.18))
= (Ty(uw)Yy — |uz*(Yi,u A ug)u, Y2)  (due to (2.15)).

Thus, by substituting (C9) and (C10) into (C7) and (C8), we obtain (2.19) and
(2.20). O

Proof of proposition 2.4. Tt follows from (2.24) that

\um|2uz ANY =u, A {|um|2(Y, wu+ (Y ug)uy + (Yu Aug)u Aug}
= |up P(Y, w)ug Au+ (YyuAug)ug A (uAug)
= —|u. P(Y,w)u A ug + (Y, u A ug) |ug *u,

which implies (2.21). By differentiating both sides of (2.21), (2.22) is obtained. In
the same way, by differentiating both sides of (2.22), we see that

Pur NY = (Y,u A O2uz)u — (Y, u)u A 02uy + (Y, ug A Optig)u — (Y, u)ug A Oty
+2(Y,u A Opug )y — 2(Y, ug)u A Oy + (Y, 0 A ug)Optiy
— (Y, Opug)u A uy. (C11)

Here, (2.21) with Y = 0, u, yields

Ugp A Optiy = (Optig, U A U )t — (O, U A Uy = (Dpliy, U A Up )t + |tg |21 A .
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By substituting this into the third and the fourth terms of the right-hand side of
(C11), we have

Pur NY = (Yyu A O2uz)u — (Y, u)u A 02uy + |ug |2 (Y, u A ug)u

— Jug (Y, u)u A ug 4+ 2(Y, u A Optig )ty — 2(Y, ug)u A Optiy
+ (Y, u A ug)Opus — (Y, Opug)u A ug,

which can be expressed as (2.23) by using (2.17)—(2.21). O
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