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Log-concavity [log-convexity] and their various properties play an increasingly important
role in probability, statistics, operations research and other fields. In this paper, we first
establish general preservation theorems of log-concavity and log-convexity under operator
¢ — T (¢,0) = E[¢(Xg)], 6 € ©, where © is an interval of real numbers or an interval of
integers, and the random variable Xy has a distribution function belonging to the family
{Fy,0 € ©} possessing the semi-group property. The proofs are based on the theory of
stochastic comparisons and weighted distributions. The main results are applied to some
special operators, for example, operators occurring in reliability, Bernstein-type operators
and Beta-type operators. Several known results in the literature are recovered.
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1. INTRODUCTION
A nonnegative function ¢ defined on an interval D C R is said to be log-concave on D if
dlax + (1 —a)y) > [p(x)]*[é(y)]' ™™ for all z,y € D and a € (0,1).

If ¢(x) > 0 for all € D, then an equivalent condition is that log ¢(x) is concave on D. ¢ is
said to be log-convex if the above inequality is reversed. A log-concave or log-convex function
¢ on D does not have internal zeros, that is, there does not exist three points x,y,z € D
such that z < y < 2z, ¢(y) = 0 and ¢(x)p(z) > 0. Similarly, a sequence {a,, n € N} is said
to be log-concave, if a,, > 0 for n € N={0,1,...}, and

a? > apy1an_1 foralln € Ny ={1,2,...}.

{a,} is said to be log-convex on N if the above inequality is reversed. A log-concave or
log-convex sequence {a,} does not have internal zeros.
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Log-concave [log-convex] functions have many nice analytical properties and play an
important role in statistics, probability, operations research, reliability, economics and other
fields. Saumard & Wellner [30] is a comprehensive review of log-concavity in the statistics
literature, which also includes some connections between log-concavity and other areas of
mathematics and statistics. An [2] and Bagnoli & Bergstrom [7] are two other reviews of log-
concavity in econometrics. For more on log-concavity, we refer the reader to Dharmadhikari
& Joag-dev [14], Finner & Roters [15], Finner & Roters [16], Liggett [21], Sengupta &
Nanda [31], Wang & Yeh [34], Kahn & Neiman [19], Yu [35], Bobkov & Madiman [9], Badia
& Sangiiesa [5,6] and references therein.

Let % be a class of functions ¢ : D — R, satisfying certain Property-P, and define an
operator:

¢ — Ty(4,0), 0€0,

where ¢ is a (possible) parameter, and © is an interval of real numbers or an interval
of integers. What conditions must the function ¢ and the operator T} satisfy in order
that T3(¢,-) has Property-P? This is a preservation problem, that is, the operator T} as a
function of 6 possesses or inherits Property-P of the function ¢. Property-P can, for example,
be increasing, concave, Schur-concave and so on. There is a long history of preservation
theorems in the literature (see, e.g., [22] and references therein). Preservation theorems
have generally enabled one to understand the property preserved and to generate other
functions with the same property.

In this paper, we consider preservation properties of log-concavity and log-convexity of
function ¢ under the operator 7;. The semi-group property plays an important role in the
whole paper. Let © be an interval of real numbers or an interval of integers. A family of dis-
tribution functions {Fy, 0 € O} is said to possess the semi-group property (see [28]) if Fp, *
Fy, = Fy, 19, whenever 61,05 € © and 01 + 02 € ©, where * denotes convolution; that is,

F91+92(£L') = /Fﬁl(xft)dFG'z(t)a z € R
R
If {Fy,0 € ©} has the semi-group property, there exists a stochastic process {Xy, 0 € O}
with independent increments and Xy has the distribution Fy for all § € ©.
The rest of the paper is organized as follows. In Section 2, we present general
preservation theorems of log-concavity and log-convexity under the operator

¢ r—T(¢,0) = E[p(Xp)], 0€0,

where the random variable Xy has a distribution function belonging to the family {Fy, 6 €
©} possessing the semi-group property. The proofs are based on the theory of stochastic com-
parisons and weighted distributions. In Section 3, the main results of Section 2 are applied
to some special operators, for example, operators occurring in reliability, Bernstein-type
operators and Beta-type operators. Several known results in the literature are recovered.

Throughout, the terms “increasing” and “decreasing” mean “nondecreasing” and “non-
increasing”, respectively. a/0 is understood to be co whenever a > 0, and 0/0 is not defined.
All ratios are well defined. All expectations and integrals are implicitly assumed to exist
whenever they are written.

2. GENERAL PRESERVATION THEOREMS

First, we recall the definitions of some stochastic orders from Shaked & Shanthikumar [32].
Let X and Y be two random variables with respective survival functions F' and G. Then,
X is said to be smaller than Y
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in the usual stochastic order, denoted by X < Y, if F(t) < G(t) for all t;

e in the hazard rate order, denoted by X <y, Y, if G(t)/F(t) is increasing in ¢;

e in the reversed hazard rate order, denoted by X <., Y, if G(t)/F(t) is increasing in
4

e in the likelihood ratio order, denoted by X <), Y, if X and Y have respective density

(mass) functions f and g, and if g(¢)/f(t) is increasing in .

The relationships among these orders are shown in the following diagram:

X<Y = X< Y

4 4
X<V = X<4Y

To prove the main results, Theorems 2.4 and 2.5, we need three useful lemmas.

LEMMA 2.1 ([17,24]): Let © be a subset of the real line R, and let Xy be a nonnegative
random variable having a distribution function Fy belonging to the family P = {Fy,0 € O},
which satisfies that Fp, <y Fp, whenever 01,05 € © and 6, < Oy. Let U(x,0) be a real-valued
function defined on R x O, and be measurable in x for each 6. Then,

(i) E[¥(Xe,0)] is increasing in 0, if U(x,0) is increasing in 0 and increasing in x;

(ii) E[¥(Xy,0)] is decreasing in 0, if U(x,0) is decreasing in 0 and decreasing in .

Let ¢ : R — R4 =[0,00) be a measurable function. For a random variable X, with
distribution function Fy, 8 € O, we define the weighted distribution corresponding to Fy as

G¢(as|0):/ZOIE[ZZE;)w]dF9(u), VzeR. (2.1)

We use the notation Hy;[Xp] to denote a random variable having distribution function
Gy (z|0). The weighted distributions have been applied in several areas, such as reliability,
renewal theory, biometry, ecology and wildlife population studies. We refer to Patil [27]
and Patil & Rao [26] for a survey of weighted distributions. Under the assumption that the
underlying random variables are independent and have marginal density or mass functions,
Li et al. [20] in their Theorem 2.3 established the subadditivity [superadditivity] property of
weighted distributions for log-concave [log-convex] weight functions in the sense of the usual
stochastic order. However, this subadditivity [superadditivity] property also holds when the
underlying random variables do not have density or mass functions. We state it here as a

lemma.

LEMMA 2.2: Let Xy, Xo,..., X, be independent and nonnegative random variables, and
let ¢ : Ry — Ry be a measurable function. Assume that Hy[X1], Hy[Xo], ..., Hy[X,] are
independent.

(i) If ¢ is log-concave, then Hy [ | Xi] <st >oiy Hy[Xi];
(ii) Ifgﬁ[ is ]log—convex, then Hy D0 1 X;] =g Yoiy Hy[Xi] and, hence, Hy[ X1 + Xo] >4
Ho[X1].

PROOF: We use an idea similar to that in the proof of Theorem 2.3 in Li et al. [20]. We give

the proof of part (i); the proof of part (ii) is similar. First, assume n = 2, suppose that ¢
is log-concave on R and denote by F; the distribution function of X; for each i. It can be
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checked that there exist nonnegative random variables Y7 and Y5 with the joint distribution
function given by

Pl +32) 2
G(y1,92) / / E[o(X: T Xa)] dFy(xy)dFa(x2), Y (y1,y2) € RY, (2.2)

such that

Hy[ X1 + Xo] =4 Y1 + Y5

From (2.2) and the independence of X; and X, it follows that Y; has the marginal
distribution function

" gt [ Ebn X
= e 1 vy A amte) = [ GRS 4t

Note that Hy[X;] has the distribution function

Gd)(yi):/oyl%dﬂ(u), VyeR,, i=1,2

The remaining proof involves the following two steps.

(a) We first show Y7 <,, H;[X1], which implies
Y1 <« Hy[X1). (2.3)

To show it, it suffices to verify that G1(y)/Gg(y|1) is decreasing in y € Ry, that is,
for 0 <y < yo,

/ : Elp(z + X2)|dFy(z) - / N o(u) dFy (u) > / " Elp(x 4+ X5)] dF (z)
0 0 0

Y1
dF
« [ otwarw
or, equivalently,
Y1
/E[¢($+X2 dF (z / o(u) dFy(u
0
Y2
> [T Blotu+ X)) R (w)- " 4(2) AR ()
Y1

0

- / / yzE[‘b(“XMu)—¢<x>¢<u+xz> dFy(x)dFy(u) 2 0. (2.4)

This is true since the integrand in (2.4) is nonnegative by using the log-concavity of
¢. Hence, (2.3) follows.
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(b) For any A > 0 and y; € Ry, denote A = [y1,y1 + A). We then aim to show
[Y2|Y1 € A] <u Hy[Xo). (2.5)
Note that the conditional distribution function of Y5 given Y; € A is

y1+A ry
T + xo) dFy (x1) dFs(x
Gop(y]4) = P(Ya < y|Y; € A) = 4 2o¢( 1+ 22) dFy (21) dFy( 2).
fO (;5({,61 +{L‘2) dFl(:Cl)dFQ({EQ)

Y1

It requires to prove that G|1(y|A)/Gg¢(y|2) is decreasing in y € R,. Note that

Can(vlA) _ JUE [V (s + w2) AFy (1) dFa(a)

Co2) [ o(x) dFs(x)

VE[¢(x + X7)] dFa(x)
fo dF2 )

=[Fi(y1 + A) — Fi(y1)]

where X{ has the same distribution as that of X; given X; € A. A similar argument
to that of Case (a) yields that Gy (y|A)/Gy(y|2) is decreasing in y € R, and, hence,
(2.5) follows.

Observing (2.3) and (2.5), by Theorem 6.B.3 in Shaked & Shanthikumar [32], we have
(Y1,Y2) <s¢ (Hy[X1], H3[X5]). Then by Theorem 6.B.16 (a) in Shaked & Shanthikumar
[32], we obtain

Hy[ Xy + Xo] = Y1 + Yo < Hy[X1] + Hy[Xo].

For n > 2, the general result follows by induction. This completes the proof of the
lemma. |

Based on part (ii) of Lemma 2.2, we have the following result for a family of distribution
functions with the semi-group property.

LEMMA 2.3: Let Xy be a nonnegative random variable having a distribution function belong-
ing to the family {Fy,0 € O}, which possesses the semigroup property. If ¢ : Ry — Ry is
log-convez, then

Hy[Xo,] <ot Hy[Xo,]

whenever 01,05 € © and 01 < 0.
By Lemma 2.3, we can establish the following preservation property of log-convexity.

THEOREM 2.4: Let Xy be a nonnegative random wvariable having a distribution function
belonging to the family {Fy,0 € ©}, which possesses the semi-group property. Then, for a
function ¢ : Ry — Ry, T(¢,0) = E[¢(Xyp)] is log-convex in 6 € O if ¢ is log-convex on Ry.
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PROOF: Assume that ¢ is log-convex. To prove the desired result, it suffices to prove that

T(¢,01 +9) - T(¢,02 +9)
T(¢7 01) - T(¢7 92)

(2.6)

whenever 0; < 03 and § > 0 such that 6;,0; + 6 € ©. Denote by W; = Xy, 15 — Xy, for i =
T(¢,0;)  E[p(Xe,)] E[¢(Xe,)]

1,2. Then W; =4 W3 and Ws is independent of Xj,. First, note that
T($,0i+96) _ Elp(Xo, + Wa)] _ E {]E |:¢(X67’, + Wa) W2:| }
d(x + Wa) }
=FE —————=2dGy(x|0;
[ 25 adstain
=E{E[Y(U;, W2)|Wa]}, (2.7)

where W(u,w) = ¢p(u+ w)/d(u) for (u,w) € RZ, and U; is a nonnegative random vari-
able, independent of W,, which has a distribution function belonging to the family
P ={Gy(-|0:),i = 1,2} with G4(-|0) defined by (2.1).

Observe that the following two facts hold.

o U(u,w) = ¢(u+w)/p(u) is increasing in u € Ry for each w € Ry since ¢ is log-
convex;

e By Lemma 2.3, we have U; <g U, since 61 < 05.

Applying Lemma 2.1 yields that E[V (U, w)] < E[W(Usz, w)] for all w € R. Therefore,
it follows from (2.7) that

T(¢, 01 + 6) T(¢,05 4+ 0)
— 2 = E{E[Y (U, W5) W3]} < E{E[¥ (U, Wo)|[W5]} = — "2
et = E(E(V(U:, W) Wal} < E(E[V(Ua W) Wal} = —5io2T
This proves the log-convexity of T'(¢, 0) with respect to 6. |

Next, we investigate the preservation property of log-concavity.

THEOREM 2.5: Let Xy be a nonnegative random wvariable having a distribution function
belonging to the family {Fy,0 € ©}, which possesses the semi-group property. For a function
¢ : Ry — Ry, define an operator T'($,0) = E[¢(Xp)].

(i) If ¢ is log-concave, and if
Xo, <ir X9, whenever 01,05 € © and 6; < 05, (2.8)

then T(¢,0) is log-concave in 0 € ©;

(ii) If ¢ is increasing and log-concave, and if
Xo, <nr Xo, whenever 61,0 € © and 0y < 6o, (2.9)

then T(¢,0) is increasing and log-concave in 6 € O;

(iil) If ¢ is decreasing and log-concave, and if
Xo, <in Xo, whenever 61,60 € © and 0, < 6o, (2.10)

then T(¢,0) is decreasing and log-concave in 6 € ©.
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PrOOF: We proceed the proof by using a similar argument to that in the proof of Theorem
2.4. Assume that ¢ is log-concave. To prove the desired result, it suffices to prove that
T(¢,61 +9) _ T(¢,02 +9)
T(¢, 01) N T(¢792)

whenever 6, < 65 and § > 0 such that 0,,60; + 6§ € ©. Let W1, W5 and Uy, Us be as defined
in the proof of Theorem 2.4. Now we consider three cases as follows.

(2.11)

(i) Suppose that ¢ does not possess the monotonicity. We consider the subcase that
Xp has a density function fy (the proof of the discrete case is similar). In this case,
G4(+|0) has a density function given by

Sfolw)

9o (ulf) = oy’ "€ Ry (2.12)

Since Xp, <ip Xp,, it follows that Uy <j, Uy and, hence, U; <g Us.
(ii) Suppose that ¢ is increasing. Then, by the characterizations of the hazard rate order
(see Theorem 3.1 of [18]), (2.9) implies that G4 (-|01) <g, Gy(:|02), that is, Uy <g Us.
(iii) Suppose that ¢ is decreasing. Then, we know from Capérad [11] that (2.10) also
implies Uy <g Us.

Thus, for all three cases, we have that U; <¢ Us and ¥(u,w) = ¢(u+ w)/Pp(u) is
decreasing in u € Ry for each w € Ry. By Lemma 2.1, we get that E[U(U;,w)] >
E[U(Us, w)] for all w € Ry. Therefore, from (2.7), it follows that (2.11). Thus, we complete
the proof. |

Remark 2.6: 1t is worthnoting that Theorem 3.7 of Badia & Sangiiesa [5] established similar
results to Theorem 2.5. We point out the difference between Theorem 2.5 and Theorem 3.7
of Badia & Sangiiesa [5]. First, our proof is different from theirs. Second, Badia & Sangiiesa
[5] constrains the operator T'(¢,0) to be continuous in § € Ry and the parameter space
to be ® =R,. In order to ensure that T'(¢,#) is continuous in 6 € Ry, they imposed the
assumption of continuity in probability of the process {Xp,0 € R, } as follows:

lirri]P’(\Xt —Xs|>€) =0, foralle>0andt>0.

Note that the semi-group property of { Xy, 6 € O} is equivalent to the property of indepen-
dent and stationary increments. Hence, Theorem 2.5(i) generalizes Theorem 3.7(c) of Badia
& Sangiiesa [5] by dropping off the assumption that T'(¢,0) is continuous in 6 € R,.. How-
ever, the results of Theorem 2.5(ii) and (iii) and those of Theorem 3.7(a) and (b) of Badfa
& Sangiiesa [5] do not include each other as they consider a slightly more general class
of distributions called the class IPII [IPDI] (independent positive increasing [decreasing]
increments) under the additional assumption that T'(¢,0) is continuous in § € R

An immediate consequence of Theorems 2.4 and 2.5 is the following proposition, which
is interesting in itself. Let Z be a random variable with distribution function H. Recall that
Z is said to be ILR (increasing likelihood ratio) if Z has a log-concave density or mass
function; Z is IFR (increasing failure rate) if H(x) is log-concave in € R, and Z is DRHR
(decreasing reversed hazard rate) if H(z) is log-concave in = € R. It is well known (see [8])
that ILR implies both IFR and DRHR.
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PROPOSITION 2.7: Let {V,,,n € N} be a sequence of independent and identically distributed
nonnegative random variables, and let ¢ : Ry — Ry.. Denote S,, = > . Vi forn € N, and
set Sp = 0.

(i) If ¢ is log-concave and V1 is ILR, then E[¢(S,,)] is log-concave on N;

(ii) If ¢ is increasing and log-concave, and Vi is IFR, then E[¢(S,,)] is log-concave on
N;

(iil) If ¢ is decreasing and log-concave, and V; is DRHR, then E[¢(S,,)] is log-concave on
N;

(iv) If ¢ is log-convex, then E[p(Sy)] is log-conver on N.

PrOOF: (i) Since 0 <j, X,,11, it follows from Theorem 1.C.9 of Shaked & Shanthikumar
[32] that S,, <j; Sp41 for n € N. Thus, the desired result follows from Theorem 2.5(i).

(ii) By Theorem 1.B.4 of Shaked & Shanthikumar [32], the IFR property of V; implies
Sn <hr Snt1 for n € N. The rest proof follows from Theorem 2.5(ii).

(iii) By Theorem 1.B.45 of Shaked & Shanthikumar [32], the DRHR property of V;
implies S,, <;1, Sp+1 for n € N. The rest proof follows from Theorem 2.5(iii).

(iv) It trivially follows from Theorem 2.4. This completes the proof of the proposition.

|

Badjia [3] proved part (iv) of Proposition 2.7 by using a different method. However, his
method does not apply to the case of log-concavity.

For any interval A C R, the indicator function 1, is log-concave. Thus, under the
condition of Proposition 2.7, if V; is ILR, then P(S,, € A) is log-concave on N; if V; is IFR,
then P(S,, > b) is log-concave on N for any b € R, ; and if V4 is DRHR, then P(S,, <b) is
log-concave on N for any b € Ry.

Choose the special parameter space © = N, and let X,, denote the partial sum S,, of
random variables {V,,,n € Ny }. Checking the proofs of Theorems 2.4 and 2.5 carefully, we
know that Proposition 2.7 can be generalized by dropping off the assumption that Vi has
the same distribution as V5. We state it in the following proposition without the proof.

PROPOSITION 2.8: Let {V,,,n € Ny} be a sequence of independent nonnegative random vari-
ables such that Vi, ~ F for k > 2(Vy may have a different distribution from Va), and let
¢ : Ry — Ry. Denote S, =" | V; forn € Ny, and set Sy = 0.

(i) If ¢ is log-concave, and Vi and Va are ILR, then E[¢(S,,)] is log-concave on N;

(ii) If ¢ is increasing and log-concave, and Vi and Vi are IFR, then E[¢(S,)] is log-
concave on N;

(i) If ¢ is decreasing and log-concave, and Vi and Vi are DRHR, then E[¢(S,)] is
log-concave on N;

(iv) If ¢ is log-convex, then E[¢(Sy,)] is log-convex on N.

We end this section with a remark concerning the preservation of convexity and
concavity for some operators.

Remark 2.9: Let Xy be a nonnegative random variable, on a complete probability space
(Q, % ,P), having a distribution function belonging to the family {Fp, 6 € R}, which pos-
sesses the semi-group property. It was shown in Adell et al. [1] that if ¢ is convex on R4,
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then the operator T(¢,0) = E[p(Xy)] is also convex in 6 € R, and the operator

Ty(¢,s) =E {qb (f(:ﬂ (2.13)

is convex in s € [0,1] for any ¢ > 0. Clearly, these two operators also preserve concavity.
The proof is based on the construction of reverse martingale,

X — X
<;s,§;>, 0<s<t< o0,
-5

where .Z! is a o-field generated by {X, : Vu € [0, s] U [t,00)} with respect to (2, .Z,P).

3. APPLICATIONS
3.1. Preservation of Reliability Properties under Renewal Processes

Consider a renewal process {N(t),t € Ry} with independent interarrival times {X,,} with
a common distribution function F, that is,

N(t) =max{n:S, <t,ne N}, teR,,

where Sy =0, S, => 1, X; for n € Ny, and F(0) <1. Let T be another nonnegative
random variable, independent of {X,,n € N} }, with distribution function G. Denote by
G, =1-G, and G.(x) = limy1, G(t) for all x € R. Then

P(N(T) > n) =P(S, <T) =E[G.(S,)], n€N, (3.1)

and

P(N(T) <n) =P(Sn41 > T) =E[Gi(Sn41)], neN. (3.2)

It is easy to see that if G [resp. G is log-concave on R, then so is G [resp. G.], and that
if G is log-convex on R, then so is G..
An immediate consequence of Proposition 2.7 is the following corollary.

COROLLARY 3.1: Let {N(t),t € Ry} and T be described as above.

(i) If T is IFR, and if F is DRHR, then P(N(T) > n) is log-concave in n € N;
(ii) If T is DRHR, and if F is IFR, then P(N(T) < n) is log-concave in n € N;
(iii) If T is DFR, then P(N(T') > n) is log-convex in n € N.

Badia & Sangiiesa [4] proved Corollary 3.1 by using a different method under the
assumption that the distribution function of 7" has no common discontinuity points with
the distribution functions corresponding to .S, for all n. Corollary 3.1(iii) was also recovered
by Badia [3] under the same assumption. Corollary 3.1(i) can also be derived from Ross et
al. [29]. Note that T is IFR and DRHR if T is a constant. From Corollary 3.1, it follows that
if F is DRHR, then P(N(¢) > n) is log-concave in n € N, and if F is IFR, then P(N(t) < n)
is log-concave in n € N.

By Proposition 2.8, Corollary 3.1 can be generalized to the delayed renewal process.
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3.2. Preservation under Bernstein-Type Operators

Throughout this subsection, let {N(t¢),t € Ry} be a standard Poisson process, that is, a
counting process with independent and stationary increments such that N(0) = 0 and N(¢)
follows the Poisson distribution with parameter ¢. Let {M(¢),t € R} represent a standard
Gamma process, that is, a process with independent and stationary increments such that
M(0) =0 and M(t) follows the Gamma distribution with shape parameter ¢ Also, we

assume that {N(t),t € Ry} and {M(¢),t € Ry} are independent.
Consider the following Bernstein-type operators [3,5,12,13]:

e Bernstein operator

By (6.1) = §¢ (S) (’;)xka —a) 7k, wefo)

(3.3)

with ¢ :[0,1] — R. Denote by J, ~ B(n,x), where B(n,z) is the binomial distri-
bution with parameters (n,z). Then, B,, has the stochastic representation given

by

B =8 o ()] =2 |0 (N

e Szasz—Mirakyan operator

e k
Si(d,) =) ¢ (f) e " (tl‘j,) , x>0, t>0,
k=0 :

which has the stochastic representation given by

60 -85 (X)) 20,150

> ‘N(t) n} , Vzel0,1], t>0.

(3.4)

The generalized phase-type distribution introduced in Shanthikumar [33] can be

derived via Szasz—Mirakyan operator.

e Szasz—Mirakyan—Kantorovich operator

e k (k+1)/t
Si(¢, ) = § te—”@/ p(u)du, x>0, t>0,
k

/t

which has the stochastic representation given by

Sﬂ¢@=EL£Z?H¢C)M

with

Gﬁ(x)=/ﬂz+1¢(?>du:/ol¢<xju>du, z > 0.

e (Gamma-star operator

G(cbx)—/oosb(e)eagmldﬁ x>0,t>0
t\¢¥, 0 t F(tx) ) — Y )

which has the stochastic representation given by

Gilo.a) =20 (V)| az0. 050

t
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(3.5)

(3.6)

(3.7)

(3.8)
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A counterexample was given in Badfa [3] to illustrate that Bernstein operator doses not
preserve the log-convexity. Badia [3] gave a wrong counterexample with ¢(z) = (z — 1/2)2
to show that B, does not preserve the log-concavity because ¢ is not log-concave on [0, 1].
This was also pointed out in Badfa & Sangiiesa [5]. A log-concave function on R can not
have any internal zero. In fact, it was shown by Mu [25] that Bernstein operator preserves
the log-concavity.

By Remark 2.9, Szasz—Mirakyan and Gamma-star operators preserve the convexity and
concavity. Note that N(t1) <), N(t2) and M (t1) <), M(t2) for all to > t; > 0. Applying
Theorems 2.4 and 2.5 to (3.4), (3.5) and (3.8), we have the following corollary.

COROLLARY 3.2: The Szdsz—Mirakyan, Szdisz—Mirakyan—Kantorovich and Gamma-star
operators preserve the log-concavity and log-converxity. That is, if ¢ is log-concave [log-
convex] on Ry, then Si(¢p,x), S;(p,x) and Gi(¢,x) are log-concave [log-conver] in x €
R..

PROOF: The proof of Si(¢, z) and Gi(¢, z) are trivial. We only show the result for S} (¢, x).
Tt suffices to show that ¢* defined by (3.6) is log-concave [log-convex] when ¢ is log-
concave [log-convex]. The log-convexity follows immediately from Theorem 9.3 in Saumard
& Wellner [30]. Here, we give a proof for log-concavity. Since ¢ is fixed, it suffices to show
that

¢(z)is log — concave = ¢* (z / ¢(z +u)du, is log — concave. (3.9)

Tt is trivial to see that the log-concavity of ¢ implies that ¢(z + ) is log-concave in (x,u) €
R4 x [0, 1]. Then, by Prékopa’s Theorem (see also Theorem 3.3 in Saumard & Wellner [30]),
which says log-concavity is preserved under marginalization, we get that (3.9) holds. |

The preservation of log-convexity in Corollary 3.2 was also established by Badia [3].
Badfa [3] gave a counterexample with ¢(z) = (z — d)? (d is a positive constant) to illustrate
that Szasz—Mirakyan and Gamma-star operators do not preserve the log-concavity. However,
this counterexample is wrong because ¢(z) = (z — d)? is not log-concave on R .

In fact, the preservation of log-concavity for Szdsz—Mirakyan operator can be proved
directly as follows. Assume that ¢ is log-concave on Ry. Then, ay = ¢(k/n) is log-concave
in k € N. To prove that S;(¢,z) is log-concave in x € R, it suffices to verify that S(z) =
> peo arx® /k! is log-concave on R . To this end, note that

ok
1
Zo‘k“ k'’ S ZO"“” ke
Then, for any z € Ry,

(S @) = S(@)S" (@) = [ 3 ana k.,) (Zak ) (Zawk,)

o
x
= Z ﬁ oigrou—ip1 — ao_iqa] > 0.

This means that S(z) is log-concave on R .
A special consequence of Corollary 3.2 concerning Gamma-star operator is the next
proposition, which is well known in convex geometry. Marsiglietti & Kostina [23] exploited
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Proposition 3.3 to derive a lower bound on the differential entropy of log-concave random
variables.

PROPOSITION 3.3 ([10]): The function

Hr) = —— / 2 1(z) do (3.10)
0
is log-concave [log-convexr] on R, , whenever ¢ : Ry — R is log-concave [log-convex].

PROOF: The proof follows by observing H(r) = G1(¢,r), where G¢(¢,r) is given by (3.7)
with ¢(z) = (x)e”. [ |

3.3. Preservation under Beta-Type Operators

Beta-type operators are associated with beta-type probability distributions, two of which
are as follows ([1]):

e Beta operator
_ e)t(l—m)—l
(1 =)

which has the following stochastic representation

1 (gtz—l
At(¢,m)=/0 (6) B(g 49, t>0, xe(0,1),

Ai(¢,z) =E {é <AZ{4(§$))] : (3.11)

where {M(t),t € Ry} is a standard gamma process.
e Inverse Beta operator

1 etac—l

Dt(¢a1’)=/0 ¢<9)B(tm,t) . G do, t>0, x>0,

which has the following stochastic representation

Dy(¢,z) =E {gz) (A‘{%))} , (3.12)

where {M(t),t € Ry} and {V(¢),t € R} are two independent standard gamma
processes. Here,

1 etxfl
f(o‘t'r7 t) B(t{L‘7 t) (1 + 9)tw+t’ 0 e =+

is the density of an inverse Beta distribution with parameters tz and t.

Both Beta and inverse Beta operators preserve the convexity and concavity (see Remark
2.9 or [1]). Since log-convexity is closed under mixture, it follows from (3.12) and Theorem
2.4 that the inverse Beta operator preserves the log-convexity.
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TABLE 1. Preservation of log-concavity and log-convexity under operators

Operators Log-concavity Log-convexity
Bernstein operator By, Preserved Not preserved
Szasz—Mirakyan operator St Preserved Preserved
Szdsz—Mirakyan—Kantorovich operator S} Preserved Preserved
Gamma-star operator G Preserved Preserved
Beta operator Ay ? ?
Inverse Beta operator Dy Not preserved Preserved

COUNTEREXAMPLE 3.4 (The inverse Beta operator does not preserve the log-concavity):
Choose ¢(x) = e~ *, which is both log-concave and log-convex. Define Zy = 1+ 1/V(t). Then,
Dt(¢7x) = ]E[Zt]itm; and

(%Dt(qﬁ, x) = —tE[(Z;) """ log Z4), %;Dt(qb, z) = t*E[(Z:) """ log® Z).
By Hoélder’s inequality, it follows that
ED ’ _ ﬁ
[895 (&, x)} Dt(¢’z)8x2 Di(p,x) <0, Vaz>0.

Therefore, Di($,x) is not log-concave.

It is unknown whether Beta operator preserves the log-concavity or log-convexity. More
generally, it is still unknown whether T} (¢, s), defined by (2.13), is log-concave or log-convex
in s € [0,1] for each ¢ > 0 under the assumptions in Remark 2.9.

We may summarize in Table 1 the results obtained concerning preservation of log-
concavity and log-convexity under different operators in subsections 3.2 and 3.3.
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