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Abstract
In collective pension arrangements without a sponsor guarantee, assets and liabilities are commingled,
and members’ benefits are adjusted to reflect emerging plan experience. Stakeholders pay attention to
the fairness of the intergenerational transactions arising from the inclusion of certain design elements;
however, implicit intergenerational transactions exist even in pure collective defined contribution
(CDC) arrangements without any such explicit stabilization mechanisms. In this study, we find that
the implicit risk transactions are uneven: significant value transfers among cohorts can result from joining
a pure CDC plan. We then compare these to the additional value transfers arising from explicit stabiliza-
tion mechanisms.

Keywords: Asset and liability management; collective defined contribution; funded pension schemes; hybrid pension plan;
intergenerational risk-sharing
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Collective pensions without a sponsor guarantee are becoming increasingly common in the occupa-
tional pension sphere. Under these plans, the plan sponsor’s commitment is limited to contributions
at a specific level or within a predefined range. Plan members, including those still working and those
who already retired, pool their assets and liabilities and bear risk collectively. In many cases, the plan
has a targeted benefit level or aspiration, but actual benefits may vary from this target due to economic
or demographic experience. The target may be defined in nominal or real terms and may be strongly
or weakly funded.1

Examples of such plans include target benefit plans and shared risk plans in Canada (e.g., Munnell
and Sass, 2013; Wang et al., 2018), collective defined contribution (CDC) plans in the UK, and most
collective plans in the Netherlands (e.g., Kortleve, 2013; Bovenberg et al., 2016). The Dutch plans are
classified as either CDC or defined benefit (DB) without a hard guarantee. In all cases, indexation of
benefits (if offered at all) is conditional on the financial position of the plan, and accrued benefits must
be cut if the funded position is weak and additional assets cannot be secured. In this study, we use the
term CDC to describe these types of plans.

In a world of dwindling sponsor guarantees, these plans are seen as a desirable alternative to indi-
vidual defined contribution (DC) plans, and rightly so: the risk-reducing benefits of collective pen-
sions with risk-sharing elements are well documented in the literature, including Bovenberg et al.
(2007), Gollier (2008), Beetsma and Bovenberg (2009), Blommestein et al. (2009), Cui et al. (2011),
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1For an exhaustive description of such plans, see Wesbroom and Reay (2005).
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Beetsma et al. (2012), and Boes and Siegmann (2018). On the asset side, collective pools tend to create
economies of scale that have been shown to improve members’ outcomes (e.g., Bikker and De Dreu,
2009; Dyck and Pomorski, 2011; Bikker, 2017). On the liability side, temporary subsidies among
generations can create stability without sacrificing expected benefit levels; this enhances utility
when members are risk averse (e.g., Gordon and Varian, 1988; Shiller, 1999; Weil, 2008;
Westerhout, 2011).

As noted by Bovenberg et al. (2007), one disadvantage of risk-sharing designs is that intertemporal
smoothing may lead to persistent intergenerational value transfers when shocks are spread out over
more than the individual’s remaining lifetime. Therefore, it is essential to consider the fairness and
intergenerational wealth redistribution effect of collective pension schemes. From an ex ante perspec-
tive, a pension plan can be fair if the market value of contributions paid throughout one’s life is equal
to the market value of benefits received during the years in retirement. Cui et al. (2011) argued that
well-structured intergenerational risk-sharing could be a positive-sum game from a welfare perspec-
tive, although it is a zero-sum game in market value terms. They concluded that collective pension
schemes could be welfare improving over the optimal individual life-cycle benchmark, and the
expected welfare gain of the current entry cohort does not come at the expense of older and future
cohorts, from an ex ante perspective.

Evaluation of fairness must take into account all risk transactions within the plan. This includes
those that are explicit—that is, arising from stabilization mechanisms that are easily visible to stake-
holders—such as countercyclical buffers and contingency reserves. It also includes those that are
implicit and, therefore, more difficult to notice or assess, such as the change in the valuation rate,
for instance. In practice, the focus tends to be on the fairness of explicit stabilization mechanisms.
One of our goals is to increase awareness of the implicit risk transactions and to re-evaluate explicit
mechanisms in light of these.

Our conceptual model for a generic CDC plan draws on the work of the Canadian Institute of
Actuaries’ Task Force on Target Benefit Plans (CIA, 2015b), which identified the following five key
elements: the contribution rate, the target benefit, the affordability test, the triggers, and the actions.

The contribution rate is the first design element to be set by the CDC plan sponsors. It can be
expressed as a dollar amount or a percentage of the member’s salary. In most cases, the contributions
paid by the plan sponsors are determined at plan inception and fixed thereafter. In some plans, the
contribution rate is adjustable to help balance the plan’s funding position; however, such adjustments
are restricted to a limited range. The contribution rate and funds available at plan inception constitute
the total funding resources of the plan.

The target benefit is the benefit that the plan is aspiring to provide; unlike in DB plans, this benefit
is not guaranteed. The target is usually defined in a way that is similar to DB plan benefits, for
example, a fixed percentage of career or final average earnings multiplied by the member’s years of
service. Although the actual benefits received by the plan members vary with plan experience, the tar-
get benefit acts as a guidepost, allowing members to estimate their retirement income. The target bene-
fit must be consistent with the chosen contribution rate so that there can be a reasonable expectation
ex ante of the target being achieved.

The affordability test is performed at each valuation to determine whether the target benefits are
affordable. The result of the test is usually expressed as a funded ratio, equal to a measure of plan assets
divided by the pension liabilities. Whether the target benefits appear to be affordable will depend on
the choice of assumptions and methods used to value the plan’s assets and liabilities.

The triggers are used to determine whether the plan’s trustees should take some action given the
results of the affordability test. In the case of a pure CDC plan, there is only a single trigger, such that
whenever the funded ratio deviates from 100%, action is taken immediately to remedy it. In this case,
there is very limited risk-sharing among different generations, and the actual benefits may be nearly as
volatile as in individual DC plans. To stabilize the retirement income, a lower and upper trigger can be
set, forming a corridor within which no action is taken: in this case, the actual benefit will only be
adjusted once the funded ratio hits either the lower or the upper trigger. Under such designs, when
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the plan performs better than expected, part of the surplus may be paid out as benefit improvements,
but the rest of the surplus is saved to build a buffer to protect benefits during adverse conditions. This
double-trigger design is an example of an explicit benefit stabilization mechanism.

Finally, the actions are the changes that should be made when the triggers are hit. There are several
options, which include adjusting the benefits (with respect to past or future service, or both), adjusting
the contributions (in plans where the contribution rate is adjustable within a limited range), or chan-
ging the investment strategy (e.g., updating the asset allocation).

The first two elements (i.e., the contribution rate and the target benefit) determine the plan cost
and the funds available, while the last three (the affordability test, triggers and actions) control the
risk-sharing structure. Different design choices and assumption sets have an impact on the risk trans-
actions among members and can significantly change the distribution of the pension benefits payable
to different cohorts. We start by comparing the distribution of benefits under a pure CDC plan against
the corresponding distribution under an individual DC plan benchmark to isolate any implicit risk
transactions. We then explore the impact of additional design elements.

The foundation of our investigation is to use derivative pricing techniques to value contingent
claims within the pension fund. Kocken (2006) studied embedded options in DB plans with condi-
tional indexation and in pure CDC plans. The pension plan modelled by Kocken (2006) was straight-
forward: the membership was reduced to two groups of participants (actives and retirees), and the
retirement benefits were assumed to be paid out through two lump-sum payments.

Hoevenaars and Ponds (2008) extended the work of Kocken (2006) by considering each individual
cohort instead of the two broad membership groups. Their approach, based on Ponds’ (2003) valued-
based asset and liability management (ALM), is a combination of stochastic projections, generational
accounting and derivative pricing techniques. The plan’s operation is projected using Monte Carlo
simulation, and the real-world cash flows are recorded separately for each generation. The market-
consistent value of the pension contract for each generation is then evaluated using risk-neutral
valuation.

We apply the value-based ALM method as implemented by Hoevenaars and Ponds (2008) to a
pure CDC plan without any explicit stabilization mechanisms and find the net market-consistent
value of this pension arrangement for each generation. This value can be interpreted as the impact
(positive or negative, for each cohort) of moving from an individual DC plan in which there is no
risk-sharing to a pure CDC plan and is therefore a measure of the value of the implicit risk transac-
tions. We explore this value further by decomposing it into the amounts corresponding to the upside
and downside risks. We also differentiate between the value derived from benefits received while the
plan is ongoing versus the value attached to any residual assets to which a cohort might be entitled at
the end of our projection horizon when the plan is assumed to terminate. Finally, we repeat our cal-
culations for CDC plans with alternative implicit and explicit design elements, including one that uses
a different discount rate for valuing plan liabilities, and two others with explicit benefit-stabilization
mechanisms.

The contributions of this study are threefold. First, the shortcomings of current North American
actuarial practice are highlighted in the context of a pure CDC plan with a single benefit adjustment
factor. Specifically, we report that non-negligible value transfers are present among different cohorts,
and these transfers stem from (1) the use of a single valuation rate based on the actuary’s estimate of
the expected return on assets (EROA) and (2) the risk-sharing that arises from the use of a single
benefit adjustment factor. These transfers are implicit as the pure CDC plan does not have any explicit
benefit-smoothing mechanisms. Second, we assess the impact of changing the valuation rate to a single
bond-based rate—a common alternative—and report that it does not make the deal entirely fair for all
generations from an ex ante perspective. Third, we investigate explicit stabilization mechanisms
involving two triggers and a no-action range—so-called corridors. This feature reduces the volatility
of retirement benefits without triggering significant additional value transfers if the corridor is sym-
metric, whereas plans with designs that are biased towards savings tend to shift value from older to
younger generations.

262 Lu Yi et al.

https://doi.org/10.1017/S1474747220000293  Published online by Cam
bridge U

niversity Press

https://doi.org/10.1017/S1474747220000293


The remainder of the paper is organized as follows. Section 1 presents the economic framework
used in this study. The structure of the generic CDC plan is described in Section 2. Section 3 discusses
the use of derivative pricing techniques to price embedded options. Intergenerational transfers are
assessed in Section 4. Then, Section 5 is devoted to the introduction of explicit stabilization mechan-
isms in the generic CDC plan. Section 6 investigates the CDC plans—with and without explicit sta-
bilization mechanism—from a utility theory perspective. Some robustness tests are presented in
Section 7. Finally, Section 8 concludes.

1. Economic and financial framework

An economic scenario generator (ESG) is required to make stochastic projections. It can be defined
under both real-world (physical or P) and risk-neutral (pricing or Q) measures. The real-world ver-
sion of the ESG focuses on expressing a particular future view of the economy, and it enables us to
investigate how the pension plans would perform under specific future economic conditions. By con-
trast, the risk-neutral version of the ESG is used to consistently evaluate contingent cash flows, whose
values depend on the stochastic economic variables. Since we are interested in both the possible future
outcomes and the value of intergenerational transfers under different plan designs, we need to con-
struct an ESG that is capable of simultaneously handling both real-world and risk-neutral measures.

In this study, we use a model that combines the first-order vector autoregressive model, that is,
VAR(1), and the generalized autoregressive conditional heteroskedasticity model, or GARCH(1,1).
The mean reversion feature and the autocorrelation among the economic variables are captured by
the VAR(1) model—similar to that used by Hoevenaars and Ponds (2008). In addition, the constant
volatility in the VAR(1) model is replaced by a more realistic time-varying volatility, which is modelled
by GARCH(1,1) processes. We also allow for a general correlation structure between the different
noise terms in the spirit of Escobar et al. (2019). For more details, see Appendix A.

A corresponding risk-neutral version of our VAR-GARCH model can be derived by assuming that
the time-varying risk premiums are affine functions of the economic state variables. This risk-neutral
model is consistent with the stochastic discount factor (SDF) approach used in Hoevenaars and Ponds
(2008). Further details on the risk-neutralized version of the model are available in Appendix A.

This study considers four key economic variables. Let rsn and rln be the monthly nominal yield of a
short-term bond and of a long-term bond at the beginning of month n, respectively. Additionally, let
in be the monthly inflation rate applicable during month n, and rn be the monthly S&P/TSX composite
index (log) return cum-dividend in excess of the short rate (i.e., rsn).

Canadian economic data from May 1991 to December 2018 are used. Further details on the data-
sets can be found in Appendix B.2 To find the model parameters, we conduct a two-stage estimation
procedure for the ESG. In the first step, the VAR-GARCH model real-world parameters are estimated
using maximum likelihood estimation. In the second step, the risk premium parameters l0 and l1 are
calibrated, conditional on the real-world VAR-GARCH parameters, by minimizing the sum of the
squared differences between the historical zero-coupon yields and the model zero-coupon bond yields
calculated from the Q measure using Monte Carlo simulation. This two-stage estimation procedure is
consistent with the approach used by Hoevenaars and Ponds (2008). Additional details regarding the
estimation are available in Appendix C.

2. Stylized plan and key features

We construct several variants of the generic CDC design and simulate their operation under the vari-
ous economic scenarios generated by the processes described in Section 1.

Before the inception of the CDC plan, members are assumed to have had individual DC accounts
in which they accumulated assets while employed and from which they drew assets once retired. The

2We exclude the pre-1991 data because the Bank of Canada adopted a 1%–3% medium-term inflation control target in
1991.
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individual DC account balances of all members (active and retired) are transferred into the CDC plan
and commingled at inception. The pension fund is liquidated after 100 years, and all the remaining
assets are distributed to the participants as a lump-sum payment at t = 100 based on predefined
entitlement criteria.

Plan membership is stationary, with 100 new members entering the plan each year at age 30, retir-
ing at age 65, and dying at age 86.3 There are no decrements before age 86, so there are 56 cohorts of
precisely 100 members each at all times.4 Moreover, participation is mandatory.

Salaries increase at the beginning of each year. The growth rate applicable in year t consists of the
annual inflation rate in year t, ĩt , and a fixed annual increase for promotion and merit, m = 0.5%.5 The
starting salary of the new entrants at time zero is $50,000. The salaries of subsequent cohorts of new
entrants are the same in inflation-adjusted terms. All active members contribute at the same fixed rate
c of 4.7% of salary, payable at the beginning of each year. The total contributions made to the plan at
time t are denoted by Ct.

The target benefit TBx,t at time t of an active member aged x is based on a final-pay formula

TBx,t = bt (65− 30) PFSx,t , x , 65,

where the target annual accrual rate bt applies to all service (i.e., past and future). The projected final
salary PFSx,t is the salary that a member aged x at time t is projected to earn in his final year of employ-
ment (i.e., just before retirement). The salary is projected under the assumption of a constant future
inflation rate of 2%. Retirement benefits Bx,t are paid to a retiree aged x at the beginning of year t based
on the current target accrual rate and each retired member’s actual final-year earnings S64,t−(x−64),
without indexation after retirement. The value of retirement benefits Bx,t can be expressed as

Bx,t = bt (65− 30) S64,t−(x−64) , x ≥ 65.

When the target accrual rate is adjusted, the benefits of all members, including retired members,
change. The total benefits paid from the plan at time t are Bt =

∑85
x=65 100Bx,t .

The initial target accrual rate b0 is set to 1%. A test is performed at the beginning of each year,
before contributions are received and benefit payments are made, to decide whether the target accrual
rate determined in the previous valuation is still affordable. Given the availability of funds and the
future contribution commitment, two crucial elements will affect the result of this affordability test:
the valuation assumptions and the valuation method used to evaluate the plan assets and liabilities.

For the plan assets, we assume that half of the fund is invested in equities modelled in Section 1 and
the rest is invested in a rolling portfolio of 15-year zero-coupon bonds, rebalanced annually. Annual
effective returns for each asset and for the combined portfolio are obtained directly from the simula-
tion results of the VAR-GARCH model.6 The annual portfolio return in year t—a by-product of the
ESG—is denoted by rPt . The value of the plan assets Ft can be expressed recursively as

Ft = (Ft−1 + Ct−1 − Bt−1) (1+ rPt ).

The assumptions needed to value the plan liabilities relate to mortality, future salary increases, and the

3The age at death is selected such that a fixed annuity from age 65 to this age is equivalent in value to a life annuity issued
to a 65-year-old male. We use the 2014 Canadian Pensioners Mortality Table and an interest rate of 4.64% to obtain the value
of the life annuity (based on the average long-term bond yield). This approach ensures that the liability associated with the
stream of pensions we use in our work (from age 65 to age 86 for each member, without decrements) is equal to the liability
that would arise if we allowed for mortality between ages 65 and 115.

4Even though this assumption is unrealistic, it makes our results easier to interpret because mortality and population
dynamics more generally can impact our results in a non-trivial way.

5The annual inflation rate in year t is computed from the monthly inflation rates generated using the model in Section 1.
Specifically, ĩt = exp

∑12t
n=12(t−1)+1 in

( )
− 1.

6In this study, we generate 10,000 paths of the ESG, starting each series at their long-run levels.
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valuation rate. For purposes of the affordability test, all members are assumed to die at age 86, and
salaries are assumed to increase at a fixed annual rate based on a forward-looking inflation assumption
of 2% per year and the 0.5% per year increase for merit and promotion. The valuation rate applicable
at time t varies with the economic scenarios generated by the processes in Section 1. It may reflect the
actuary’s (imperfect) estimate of the expected return on the plan assets as of the valuation date, or it
can be based on the yield on long-term bonds as of that date.

The actuary’s estimate of the EROA is constructed by following the ‘building block approach’ in the
guidance material published by the CIA (2015a). We take the yield on 15-year zero-coupon bonds at
time t as the actuary’s best estimate of the long-term returns expected on the bond portion of the pen-
sion fund from time t onwards. To estimate the long-term return on the equity portion of the fund, we
add a fixed risk premium to the 15-year zero-coupon bond yield.7 We use an equity risk premium of
4.5%, which is consistent with the current risk premium in the economy (Graham and Harvey, 2018).
Therefore, the valuation rate based on EROA is r̃lt + 1/2 (0.045), where r̃lt is the long-term bond yield,
expressed as an effective annual rate and derived from the ESG outputs.8

Plan liabilities are determined using the Entry Age Normal cost method as described in Aitken
(1996). We chose this method because it is consistent with a level contribution rate applied throughout
a member’s working life, and therefore avoids the intergenerational cost subsidies that arise when
benefit allocation-type cost methods (e.g., unit credit) are combined with a uniform contribution
rate. Under the Entry Age Normal method, the actuarial liability with respect to each member is
equal to the present value of the member’s projected benefits less the present value of their future nor-
mal costs. The normal cost is calculated as the level per cent of salary that is required to finance the
targeted benefit over the member’s entire working life, from entry to retirement. The actuarial liability
of the plan at time t, Lt, is the sum of the individual liabilities. Note that, for purposes of the afford-
ability test performed at time t > 0, the members’ projected future benefits are first determined using
the target accrual rate bt−1 established at the previous valuation. Therefore, Lt is based on bt−1. The key
output of the affordability test is the funded ratio FRt = Ft /Lt.

The initial target accrual rate b0 is consistent with the contribution rate c in the sense that the nor-
mal cost established under the Entry Age Normal method with respect to this target is 4.8% when using
a valuation rate equal to the actuary’s best estimate (i.e., EROA) at plan inception. The benefit accrual
rate may be adjusted at subsequent valuation dates according to pre-specified rules in the pension con-
tract based on the result of the affordability test. In a pure CDC plan, there is only a single trigger point
set to a funded ratio of 100%. Under this plan design, whenever the funded ratio determined by the
affordability test is not equal to 100%, actions are taken immediately. Specifically, at each time t > 0,
the new accrual rate bt is determined by multiplying the accrual rate bt−1 established in the previous valu-
ation by a factor at . For the pure CDC plan, we implement the following adjustment factor:

at = FRt = Ft
PVTBt − PVFNCt

,

where PVTBt is the present value of the targeted benefits with respect to both past and future service for
active and retired members, and PVFNCt is the present value of future normal costs for active members,
both based on the most recent target accrual rate, bt−1. This factor returns the funded ratio after adjust-
ment to exactly 100% by construction.

As noted above, using a single trigger leads to highly volatile retirement benefits. Plan stakeholders
may wish to add an explicit benefit stabilization mechanism with a double trigger and a no-action
range between the trigger points. We study in Section 5 two plan designs with such explicit

7This approach is frequently used in North America. The same approach is included in the Alberta target benefit plan
regulations for calculating the ‘benchmark valuation rate.’ (Alberta Reg 154/2014, 2014)

8The ESG models the continuously compounded bond yields; therefore, we need to transform continuously compounded
monthly returns to obtain effective annual yields.
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stabilization mechanisms. In the first one, the no-action range is set symmetrically around a funded
ratio of 100%. In the second, the no-action range is biased towards savings, with the lower bound
set at a funded ratio of 100%. In both cases, when either the lower or upper trigger is hit, the target
accrual rate is adjusted to bring the funded ratio back to the edge of the no-action range.

The starting asset value at the inception of the CDC plan F0 is the sum of members’ individual DC
account balances. We assume that each member’s individual account balance is precisely equal to that
member’s Entry Age Normal liability calculated using a valuation rate equal to the EROA. This means
that, when the affordability test is performed at plan inception, the funded ratio will be exactly 100% as
long as the valuation rate used in the affordability test is also equal to the EROA. If, on the other hand,
the affordability test uses a valuation interest rate based on the long-term bond yield applicable at time
zero, the funded ratio will differ from 100%, and the initial target accrual rate b0 will need to be modified.

3. Quantifying risk transactions using derivative techniques

In this section, our goal is to quantify the risk transactions within the stylized CDC plans described in
Section 2. We follow the value-based ALM methodology implemented by Hoevenaars and Ponds
(2008) and first determine the cash flows with respect to each cohort. These cash flows fall into
four categories: the individual DC plan account values transferred at the inception of the CDC
plan, the contributions made while the CDC plan is ongoing, the benefits received from the CDC
plan while it is ongoing, and the residual assets distributed to members when the plan is terminated.9

These cash flows can be constructed under both real-world and risk-neutral scenarios. The real-
world cash flows reflect the contribution and benefit payments that the plan member would expect
under possible economic conditions in the future. The cash flows calculated under the risk-neutral
scenarios are not meaningful in themselves; however, they enable us to calculate the market-consistent
value of the pension deal for each generation at time zero and to investigate the gains and losses of
each generation arising from their participation in the CDC plan.

From these cash flows, we compute the generational value of the pension deal as the risk-neutral
expected present value, at plan inception, of all cash flows of a specific cohort.10 Specifically,

• The retirees at the inception of the plan start receiving their retirement benefits immediately after
inception. Their pension value is equal to the value of the benefits they have yet to receive minus
the funds they bring into the plan at inception.

• For active members at plan inception, the value of the deal is equal to the value of the retirement
benefits they will receive net of the value of the funds they bring into the CDC plan and all their
future contributions.

• The generations that are not yet in the plan at inception but that are already dead when the plan
is terminated will receive their benefits in exchange for their contributions. The value of their
pension deal does not include any residual payout.

• For the members who are still in the plan 100 years after its inception, the value of the pension
deal includes the value of the actual retirement benefits and the residual payout they will receive,
less the value of the contributions they will make.

More details on the technical derivations of the generational values are given in Appendix D.
While changes in the generational value from design to design reveal shifts in the overall risk profile

of each cohort, it is useful to explore these shifts at a more granular level, distinguishing between

9The plan’s residual assets (after the last set of contributions is received and the last set of benefit payments is made at
time 100) are distributed in proportion to each member’s remaining Entry Age Normal liability.

10Sharpe (1976) laid the groundwork for the use of contingent claim pricing in the pension literature, and since then,
numerous studies have considered a similar approach to assess pension deals. Specifically, Ponds (2003) used option pricing
to value intergenerational transfers; others, such as Hoevenaars and Ponds (2008), Broeders (2010), Cui et al. (2011) and
Lekniūtė et al. (2016), have also successfully employed this method in the recent past.
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changes in upside versus downside risks, and between risks associated with the ongoing benefits versus
risks associated with the residual payments. We, therefore, also decompose the cash flows under each
CDC design into the corresponding cash flows under an individual DC plan benchmark and any add-
itional (positive or negative) cash flows.

If the starting account balances and subsequent contributions are the same under the individual
DC benchmark as they are under the CDC plan and both plans enjoy the same portfolio returns,
then the additional cash flows must relate to differences in the benefit payments and the residual
values. These differences occur because the CDC plan adjusts the benefits of each member with ref-
erence to the experience of the whole plan, whereas adjustments to the payouts from the benchmark
plan only reflect the experience of a single individual. Effectively, by joining the CDC plan, the parti-
cipants write put options to the plan, which waive part of the benefits they would have obtained in the
individual DC plan. In exchange, participants are offered call options written on the fund surplus. The
same applies to the residual asset under the CDC plan: it can be thought of as the residual asset under
the individual DC plan plus a put option written by members and a call option received by members.
This yields four kinds of options: a benefit put option, a benefit call option, a residual put option, and
a residual call option. More details on each of these options are given in Appendix D.

The total generational value is computed as the sum of these four options. As explained in Cui et al.
(2011), the call and put option values can be used to assess the potential for ex post risk: the larger the
option values, the more potential for ex post risk—and this is the case even if the total value of the
options is nil.

4. Evaluation of CDC schemes

We now turn to evaluating intergenerational transfers under specific CDC designs. We first assess the
pure CDC plan. Specifically, we appraise the performance of the plan and compute the market value of
the pension deals. Then, we investigate alternative affordability tests, that is, different valuation rates
and their impact on redistribution.

4.1 The pure CDC plan

We first consider a pure CDC plan—our base case—where the valuation rate used in the affordability
test is closely tied to the actuary’s best estimate, based on the EROA.

The initial target annual accrual rate b0 is 1%. No immediate benefit adjustment is needed at time 0
because the funded ratio produced by the affordability test is precisely 100% by construction (i.e., the
target accrual rate is consistent with the combination of the starting asset value F0, the contribution
rate c, and the valuation basis).

Since half of the plan assets are invested in the stock market, which earns the equity risk premium
in the long run, the EROA valuation rate should be close to the actual investment return, on average.
The median spread between the simulated asset return and the simulated valuation rate hovers around
0% each year, indicating that the fund is as likely to experience investment gains as losses.

We make a few observations about the performance of the plan using some of the metrics consid-
ered by Sanders (2016) before turning to the value-based ALM framework. The distribution of the
funded ratio of this plan is quite steady over time; Figure 1 reports the funnel of doubt of the funded
ratio distribution over the next 100 years. The median is 100% at time zero and remains there until the
last payment is made. The funnel of doubt is rather narrow around this median value, with 2.5th and
97.5th percentiles of 0.87 and 1.23, respectively.

Pensioners do not want their retirement benefits to fluctuate every year. However, since the pure
CDC plan has a single trigger, the benefits are not very stable: Figure 2 depicts the distribution of bene-
fit adjustments by size at each valuation date. Specifically, it reports that the probability of increasing
or decreasing the benefit drastically (i.e., by more than 5% in absolute value) in any given year is quite
high—approximately 50%. Throughout the projection period, the likelihood of negative adjustments is
somewhat similar to that of positive adjustments.
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This pattern can also be observed when computing the annual replacement ratio, which attempts to
capture the cumulative impact of the adjustments over the lifetime of a member. In fact, the distribu-
tion of the replacement ratio is very steady over the 100-year period: the median of the replacement
ratio settles near 55%.

In practical settings, the distribution of funded ratios, benefit adjustment factors, or replacement
ratios under the physical measure may be used by stakeholders to assess intergenerational equity.
We felt it was important to point out that even though the pure CDC design considered here (includ-
ing the specific valuation framework and the benefit adjustment mechanism) appears to be fair in
these respects, it might not be so in risk-adjusted terms. We use the value-based ALM framework
to shed light on the intergeneration value transfers in terms of the market-consistent value.
Figure 3 shows the generational pension value for different cohorts under the pure CDC plan calcu-
lated as explained in Section 3. The values on the x-axis represent the ages at plan inception of the
various cohorts who enter the plan. Since the value of the pension deal is defined as the market
value of all payouts minus all contributions, a pension value of zero represents a fair deal without
any value transfers at plan inception.11

Figure 1. Funnel of doubt of the funded ratio for the pure CDC plan.
Notes: The funded ratio of the pure CDC plan before the adjustment is calculated at each valuation date for the base plan. The 2.5th,
25th, 50th, 75th, and 97.5th percentiles of the simulated distribution of the funded ratio are shown.

Figure 2. Distribution of benefit adjustments by valuation year for the pure CDC plan.
Notes: The distribution of the size of the benefit adjustments is calculated at each valuation date for the pure CDC plan. Each bar in the
figure summarizes the distribution for a given year.

11Since this analysis considers the value of the pension deal in terms of market-consistent value, it reflects collective pre-
ferences. This should not be confused with the value (i.e., utility) based on individual members’ preferences, which we inves-
tigate in Section 6.
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In Figure 3, the value of the pension deal for generations who are older than 44 at inception is posi-
tive, meaning that these cohorts are expected to be net winners if they enter this pure CDC plan. By
contrast, the other generations (i.e., those less than age 44 at inception, including those not yet born)
can expect to be net losers, on an ex ante basis. Without access to any external funding sources—as it is
the case here—the pension deal is a zero-sum game in market value terms, so one cohort’s gain comes
at the expense of other cohorts. Specifically, the cohort that is worst off (those around age 25 at plan
inception) loses nearly $8,300 in value (17% of their salary at inception), whereas the cohort that is
best off gains approximately $15,400. In sum, although this plan does not have explicit risk-sharing,
Figure 3 draws attention to the implicit risk-sharing structure of the pure CDC plan.

This result—non-zero pension deal values—is evidently in opposition to Cui et al.’s (2011) main
result. In the latter, the authors set up a plan in such a way that it is always fair from an ex ante stand-
point. Specifically, they select the sharing rules such that the contribution and benefit levels’
risk-neutral expectations are equal to their targets. We note that, when converted to the physical meas-
ure, their approach gives rise to benefits that drift upwards over time, even though these benefits are a
martingale under the risk-neutral measure by construction (see Figure 2 of Cui et al., 2011).12

By contrast, in our study, the real-life inspired sharing rules are set up with the intention of keeping
the expected value of the benefit accrual rate more or less constant in the real world. This reflects the
desire of stakeholders to maintain a level expected replacement ratio over time. However, due to the
presence of a positive equity risk premium in the real world and its absence in the risk-neutral world,
the constant expected benefit accrual rates in the real world translate into a decreasing pattern of
expected benefit accrual rates in the risk-neutral world. This favours older members at plan inception
who are expected to receive higher benefits in risk-adjusted terms than the cohorts that follow. The
pattern shifts after about 15 years and the expected benefit accrual rate under the risk-neutral measure
eventually stabilizes.

Figure 4 reports the value of the options embedded in the pure CDC plan for all cohorts. The bene-
fit option plot (top panel) indicates that most cohorts that are currently in the plan—between 30 and
86 years old at inception—have significant upside potential as measured by the value of the benefit call
options (VTBC): up to $21,000 in market value terms. This upside comes at the expense of the future
generations, who have significant downside potential, as measured by the value of their benefit put
options (VTBP).

Figure 3. Pension deal value for the pure CDC plan.
Notes: The value of the pension deal is calculated using Equation (9) for all the generations who enter the plan before its termination. The
x-axis in the figure shows all the cohorts of members, with negative numbers representing the cohorts who are not yet born at plan inception.

12This is due to the presence of a positive equity risk premium in the economy, which makes the risky asset’s expected
return under the physical measure larger than that under the risk-neutral measure.
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The price of the options in the top panel of Figure 4 also informs us of the size of the ex post trans-
fers, as explained in Ponds (2003). There is potential for large (positive) ex post transfers to older gen-
erations, whereas the transfers would possibly only be modest (and negative) for current active
members and future cohorts.

The middle panel of Figure 4 reports the value of the residual call and put options (VRC and VRP,
respectively), which are small for most cohorts: up to $3,000 in market value terms. The long simu-
lation horizon might explain this, to some extent.

Finally, the bottom panel of Figure 4 shows the aggregate value of the surplus and deficit options
from the first two plots. Since the value of the individual DC plan is equal to zero for each generation,
the value of the pension deal for each cohort is equal to the total value of the call options of that cohort
less the total value of the put options for the same cohort.

4.2 On the reasons behind non-zero value transfers

Although there are no explicit intergenerational risk-sharing mechanisms built into this plan design,
value transfers between different cohorts still exist. There are two reasons for this: (1) the pricing of
benefits on an actuarial rather than risk-adjusted basis at each valuation date and (2) the implicit shar-
ing of the liability-side gains and losses among all members.

The impact of the naive pricing of benefits for purposes of the annual affordability test is both sig-
nificant and persistent. As described in Section 2, the contribution rate is calibrated by the actuary at

Figure 4. Embedded options for the pure CDC plan.
Notes: The value of the embedded options is calculated for all generations who enter the plan before its termination. The figure on the
top shows the generational values of VTBP and VTBC calculated using Equations (12) and (13), respectively. The figure in the middle
shows the generational values of VRP and VRC calculated using Equations (10) and (11), respectively. The figure at the bottom
shows the total value of the call options and the put options for each generation.
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inception using a target benefit rate of 1%. However, instead of equating the risk-adjusted expected
values of the contributions and benefits as in Cui et al. (2011), the present value of the contributions
received during a member’s working life is set to be equal to the present value of the targeted benefits
under a single deterministic scenario using the actuary’s estimate of expected future returns. Similarly,
the starting asset value is set to be equal to the actuarial liability determined using the same method-
ology. This approach reflects current actuarial practice but misprices the targeted benefits in
risk-adjusted terms. Specifically, it undervalues both the risk-adjusted liability and the risk-adjusted
future cost of benefits at plan inception by replacing the distribution of possible future returns with
a single value and by treating the expected equity risk premium as certain to materialize. As a result,
members in the early years receive more than their ‘fair share’ of benefits. The mispricing continues at
each new valuation date, although its size and direction change over time due to the dynamics of our
ESG.

The second design feature contributing to the value transfers is the single adjustment factor that is
applied to all members’ benefits in respect of both past and future service. Under the pure CDC plan,
this adjustment factor is equal to the funded ratio; benefits are increased (decreased) whenever there is
a gain (loss) relative to the actuary’s assumptions made in the previous valuation. Gains and losses can
arise from both the asset and liability side. Since each member’s asset share is invested the same way, it
is reasonable that asset side gains should affect members’ benefits in equal proportion. However, not
all members contribute to the gain or loss in the same proportion on the liability side.

Our model admits liability-side gains or losses from three sources: a discrepancy between assumed
and actual inflation, a change in the actuary’s valuation rate (tied to the long bond yield), or a discrep-
ancy between the contribution rate established at inception and the normal cost of benefits.13 These
gains and losses and their impact on benefits are clearly visible ex post, yet it is not immediately obvi-
ous that they should lead to redistribution ex ante: the advantages and disadvantages of implicit risk-
sharing may cancel out across possible future economic states or over the life cycle. There are several
obstacles to this in our model. First, although the actuary expects gains and losses to cancel out in the
cross-section in the physical world, they will not do so under the risk-neutral measure. Second, in our
ESG, the market price of risk varies with time; hence, the market price of the benefit-risk faced by a
member when young does not necessarily cancel out the market price of the benefit-risk faced by the
same member when older.

4.3 The impact of alternative affordability tests

Every fairness assessment performed using the value-based ALM method is extremely sensitive to (1)
the population dynamics, (2) the starting point for economic projections (i.e., equilibrium versus
non-equilibrium), and (3) the accuracy of the actuary’s estimate of the expected equity risk pre-
mium—or the valuation rate broadly speaking. We will now focus on the last item.

The relationship between intergenerational equity and key design choices in CDC plans is of great
concern to actuaries and other stakeholders. For instance, the pure CDC plan analyzed in Section 4.1
uses the EROA valuation rate (i.e., anticipating the equity risk premium) in the affordability test.
However, one area of particular interest and active debate is the choice of valuation rate and its impact
on intergenerational equity. Using a valuation rate based on bond yields is a possible alternative to
EROA. Recently, Sanders (2016) investigated the changes in the dynamics of the retirement benefits

13In our model, inflation only affects salaries so gains from this source only result in liability-side gains for active members,
yet these gains are spread among all members including those who are retired. Gains due to a change in the valuation rate
affect each member’s liability in proportion to its duration; however, with only a single adjustment factor applied to all mem-
bers, these gains are, again, spread out among participants in equal proportion. Finally, the benefit accrual rate is updated at
each valuation date based only on the funded ratio. Since the updated cost of future benefits is not taken into account when
establishing what is affordable at the new valuation date, a gap can develop between this cost and the contribution rate estab-
lished at inception. This gap, which exists in respect of active members only, gives rise to a gain—spread among all members
—at the next valuation date.
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in simple CDC plans after applying EROA as the valuation rate. Ma (2018) also explored the issue of
selecting discount rates for assessing the funded status of the same types of CDC plans and concluded
that a valuation rate based on EROA is more equitable and serves the best interests of all members. To
test the conclusion of Ma (2018) under our framework, we change the valuation rate to bond-based
rates while leaving all other design features unchanged.

Effectively, this change results in an average decrease of approximately 2.3% in the valuation rate,
increasing the median spread between the simulated asset return and the simulated valuation rate.
Since the initial asset value is unchanged, but the valuation rate is lower, the starting funded ratio
will be lower than 100% (see Figure 5). This results in a significant negative benefit adjustment at
the first valuation date, which quickly returns the median of the funded ratio to 100%. A significant
proportion of the deficit that becomes visible at the first valuation—to which all generations contrib-
uted at inception—needs to be paid off indirectly by the members who are already retired via benefit
reductions. Furthermore, because the new valuation rate tends to slightly underestimate the investment
return in the first few years, retirees pay for a more substantial portion of the deficit. After the first few
years, positive and negative benefit adjustments are steadier yet biased towards positive adjustments, as
shown in Figure 6.

Figure 7 reports the value of the pension deal under this modified plan (i.e., solid black line for the
EROA plan in Section 4.1 and dashed grey line for the modified plan). In contrast to the positive pen-
sion value under the pure CDC plan in Section 4.1, the members who are already retired at plan incep-
tion have a negative market-based pension value when using a bond-based valuation rate. This is
because their retirement benefits need to be reduced at first as the plan is in deficit from the initial
contributions of both the active and retired members. Those who are still active at plan inception
(i.e., who retired after the initial deficit was reduced to zero) are better off because the deficit resulting
from the inadequacy of their initial contributions is paid off by the retirees, and the probability of posi-
tive benefit adjustments is higher.

Overall, the values are shifted from the older generations to those below age 65 at inception. Most
of the benefit loss for older generations comes from the higher likelihood of negative benefit rate
adjustments in the early years.

In our first findings, the difference between the retirement benefit dynamics in the EROA case and
the bond-based case is inconsistent with Ma (2018). Under our specific model and plan provisions,
using the EROA as the valuation rate could not be characterized as ‘more equitable.’ Using the bond-
based rate simply shifts benefits from current retirees to active members, but does not bring the ex ante
pension deal values closer to zero. In other words, only switching the valuation basis does not make
the plan more equitable.

This conclusion is, however, conditional on the fact that the plan starts with a funded ratio below
100%, as implied by the EROA-based contribution rate and initial asset value F0. If we instead consider
a plan entirely based on the bond-based valuation rate, then we have a different picture. However, this
would significantly change the initial structure of the plan; it doubles the contribution rate from 4.7%

Figure 5. Funnel of doubt of the funded ratio for the bond-based plan (EROA-implied funding).
Notes: See the description of Figure 1.
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to 8.7% and increases the initial value of the fund by 25%. Figure 7 reports the difference between
these two cases (see the dashed black line). With this change, the pension deal values are much
more similar to those obtained with the EROA rate, although they are larger in absolute value, gen-
erally speaking. This new conclusion seems to be consistent with Ma (2018), meaning that a bond-
based valuation rate could create additional intergenerational risk transfers.

5. Introducing explicit stabilization mechanisms

The retirement benefits in the pure CDC plans investigated in the previous sections are adjusted at every
valuation date and can fluctuate significantly. Plan designs with two triggers are commonly adopted in
practice to add stability to pure CDC plans. There may be a sense among stakeholders that the benefit
stability achieved by introducing the no-action range comes at no additional cost. In reality, this stability
is made possible by requiring potentially more substantial intergenerational subsidies, which may have
hidden costs. In this section, we investigate these subsidies, focusing on ex ante fairness.

5.1 Triggers centred on a funded ratio of 100%

We first add a no-action range for funded ratios between (100− ( y/2))% and (100 + ( y/2))% to the
plan design in Section 4.1 (i.e., the pure CDC plan with the EROA as the valuation rate), where
y/100 is the width of the corridor. Since this range is centred on a funded ratio of 100%, this plan
is called a symmetric corridor plan. Under this plan design, benefits are unchanged until the funded
ratio moves outside the no-action range, at which point adjustments are made to bring the funded
ratio closer to the edge of the range. For example, if the width is 40% and if the funded ratio is
140% at the valuation date, then an adjustment factor is applied to the target accrual rate to bring
the funded ratio to 120%.

For these plans, as for the corresponding plan in Section 4.1, the median of the funded ratio starts
at a value of 100%: the median funded ratio in the symmetric corridor plan remains at the midpoint of
the no-action range.

The effectiveness of the no-action range in reducing the frequency and magnitude of benefit
changes is demonstrated in the top panel of Figure 8: the benefits remain unchanged from one
year to the next with a probability of more than 70% if the width of the corridor is 40%.14 The

Figure 6. Distribution of benefit adjustments by valuation year for the bond-based plan.
Notes: See the description of Figure 2 for further details.

14We obtain similar results for narrower corridors, although the probability of a constant benefit rate declines as the width
decreases.
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Figure 7. Pension deal value for the EROA plan and the bond-based CDC plans.
Notes: See the description of Figure 3 for further details. The solid line represents the generational values under the EROA plan. The dashed grey line corresponds to the bond-based plan that uses the
EROA-implied structure, and the dashed black line represents the generational values under the collective DC plan with a bond-based valuation rate while using a fully funded plan at inception and a
consistent contribution rate.
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probability of a significant benefit adjustment (i.e., an increase or decrease greater than 5%) occurring
in any given year is reduced from 50% to 15% with a corridor width of 40%.

The top panel of Figure 9 reports the value of the pension deal under the symmetric corridor plan
design for three different corridor widths: 10%, 20%, and 40%. This figure indicates that the no-action
range centred on a funded ratio of 100% adds significant stability to the plan without creating value
transfers that are too large.15 The pension deal value is virtually the same for a corridor width of 10%
across all cohorts when compared to the pure CDC plan. It becomes slightly larger (in absolute value)
when the width is 20% or 40%. Specifically, if the width is set to 40%, the best cohort gains approxi-
mately $25,700 (instead of $15,400 for the pure CDC case) whereas the worst cohort loses approxi-
mately $12,500 (instead of $8,300 with the CDC).

In summary, adding a symmetric corridor to a pure CDC plan is a desirable feature because it
makes the distribution of the benefit adjustments more stable over time without substantially altering
the value of the pension deal.

5.2 Triggers centred on a funded ratio above 100%

Canadian regulations for CDC plans allow the use of no-action ranges, although not ones centred on
100%. Generally, the regulations require the lower end of the no-action range to start at 100%. In this
section, we implement a plan with lower and upper trigger points set at funded ratios of 100% and

Figure 8. Distribution of benefit adjustments for 40% symmetric and saving corridor plans.
Notes: See the description of Figure 2 for further details. The top panel reports the distributions of benefit adjustments for the sym-
metric corridor case with a width of 40%. The bottom panel shows the distributions for the saving case with a width of 40%.

15These results depend on a stable demographic profile and the assumption that the simulation of the economic variables
is started from the long-term equilibrium level. Given the present low-interest-rate environment, it may not be reasonable to
assume that the economic and demographic conditions remain stationary over the next 100 years.
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(100 + y)%, respectively, where y is either 10, 20, or 40. Since the no-action range is deliberately biased
towards saving, we call this a saving corridor plan.

Regarding the dynamics of the funded ratio, the first few years form a transitional period during
which time the distribution of the funded ratio widens and drifts upwards. The median funded
ratio moves from a value of 100% at plan inception to the centre of the no-action range (i.e., (100
+ ( y/2))%): instead of staying on average at the fully funded level as the symmetric corridor plan
does, the saving corridor plan is expected to accumulate additional buffers. As a result, the benefits
are less likely to be adjusted upwards and more likely to be adjusted downwards than under the sym-
metric corridor plan, at least in the early years. This is confirmed by the bottom panel of Figure 8 for
which we see the transitional period lasting 15 years in the case when the corridor width is 40%. After
the first few years, the probability of the benefits remaining unchanged at a given valuation date is
approximately 70% using a corridor width of 40%, which is similar to the symmetric corridor plan.
This is because the no-action ranges have the same ‘size’ or ‘span’ in terms of the funded ratio.
However, the probability of positive benefit adjustments in later years is slightly higher, and the prob-
ability of negative benefit adjustments is slightly lower under the saving corridor plan than under the
symmetric corridor plan because positive returns on the surplus tend to spin-off additional gains.

The bottom panel of Figure 9 illustrates the value of the pension deal under the saving corridor
plan designs. There is a definite shift in value from older to younger cohorts. In terms of market-

Figure 9. Pension deal value for the corridor plans and the pure CDC plan.
Notes: See the description of Figure 3. The top panel reports the value for the symmetric corridor case with widths of 10%, 20%, and
40%. The bottom panel shows the value for the saving case for the same width. The solid black line represents the generational values
under the pure CDC plan.
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consistent values, the young active cohorts at plan inception are expected to have the largest gain equal
to nearly $4,000 more than the pure CDC plan if the corridor width is 40%. The generations retiring
immediately after plan inception—or close to retirement—have the most extensive losses (approxi-
mately $11,300 more than the CDC plan for the widest corridor considered), equivalent to nearly
23% of their final-year earnings. This is because a part of the surplus that would otherwise fund benefit
increases is retained in the plan for accumulating a larger buffer. From these results, we can conclude
that the benefit stability created by the saving corridor plan comes at someone’s expense: in this case,
at the expense of older generations.

To conclude this section, the saving corridor increases the value of the pension deal for the current
active members and future cohorts at the expense of the older generations by reducing the benefit rate
at an early stage. The initial benefit reduction helps to create an additional cushion; this feature is
indeed similar to Allen and Gale’s (1997) two-stage approach, that is, intergenerational risk-sharing,
followed by intertemporal smoothing (Allen and Gale, 1997: 538).

6. Certainty equivalent values

However, a question remains: even if there are non-zero ex ante risk transfers between the different
generations, is it in the best interest of most members to be part of this CDC plan? In other words,
even if a member is on the losing hand of the deal (i.e., negative pension deal value), he/she might
be better off given his/her preferences. To answer this question, we use utility theory.

We recognize that there is some tension between the risk-neutral valuation used above and utility
theory. Nonetheless, they are used for different purposes in this study: the former informs us of the
fairness of a pension deal whereas the latter sheds light on the members’ preferences.

We represent individual preference ordering with a utility function. Specifically, we use the con-
stant relative risk aversion utility function defined over a single nondurable consumption good. Let
px,t denote the time-t consumption level for a member aged x. The individual’s preferences are
then defined by

U({ px+t,t}
100
t=0) =

∑100
t=0

e−dt p
1−f
x+t,t

1− f
,

for an individual aged x at inception, where ϕ measures the degree of risk aversion and δ is the sub-
jective discount rate. Throughout the paper, and unless indicated otherwise, we set the subjective dis-
count rate δ equal to 0.04 and the risk aversion parameter ϕ to 5.16 To simplify our calculation, we
discard the generations that would receive a residual payment at time 100 (i.e., born more than 15
years after plan inception).

Our comparisons are performed on the basis of the certainty equivalent consumption (CEC). This
welfare measure gauges the performance of different pension plans and can be computed easily in our
setting by solving this equality:

EP
∑100
t=0

e−dt p
1−f
x+t,t

1− f

[ ]
=
∑100
t=0

e−dt CEC
1−f
x

1− f
, (1)

where the left-hand side of the equation is the individual’s expected preference.
Figure 10 reports the CECs for all the cohorts, except for those born more than 15 years after plan

inception, under both the pure CDC plan (black solid line) and the DC scheme (dotted line). Overall,
for all the cohorts considered, the pure CDC yields higher utility making this plan better than the DC

16Our results are robust to different values of subjective discount rate δ and risk aversion parameter ϕ. Details are available
upon request.
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one from an individual preference perspective. The difference seems to be quite small for older gen-
erations because they only receive a few payments before they die. Nonetheless, this difference grows
over time and can be quite significant for current active members and future cohorts. The implicit
risk-sharing in the pure CDC plan (e.g., inflation and duration mismatches) makes the benefits less
volatile than those of the DC scheme over time, thus increasing the utility gained from joining the
CDC plan.

Regarding the explicit stabilization mechanisms, the top panel of Figure 10 shows the CEC esti-
mates for all the symmetric corridor plans considered in this study (i.e., widths of 10%, 20%, and
40%). Adding a symmetric corridor seems to increase the CEC for older generations and reduce it
for younger generations, generally speaking. Moreover, the impact of the corridor is more noteworthy
for wider corridors than narrower corridors. For instance, a 10% symmetric corridor does not seem to
substantially change the CEC estimates when compared to the pure CDC—even if it significantly
changes the distribution of the benefit adjustments. However, for a 40% symmetric corridor, the
CEC is lower than that of the DC plan for younger members. In this case, it seems that the interge-
nerational risk-sharing is too large and that members would be better off in a DC scheme.

The bottom panel of Figure 10 reports the CEC estimates for the three saving corridor plans con-
sidered in this study. The saving corridor increases the CEC estimates for current young active mem-
bers and future generations as they are less likely to have benefit reductions. Their CECs also grow as a
function of the width of the corridor: the wider, the better. This is done, however, at the expense of the
older cohorts who have CEC estimates below that of the pure CDC plan and the DC scheme.

To summarize, the explicit stabilizing mechanism yields CECs that are above those obtained for the
DC scheme for reasonable widths. Nonetheless, the width of the corridor might impact some of these
conclusions: a wider corridor would make the benefit more stable over time, generally speaking, but

Figure 10. Certainty equivalent consumptions at inception for the corridor plans.
Notes: The CEC is calculated for each generation between −15 and 86 using Equation (1) for the pure CDC plan (solid black line), the DC
plan (dotted black line), and the corridor plan with a width of 10% (dashed black line), 20% (solid grey line), and 40% (dashed grey line).
The top panel reports the CEC for the symmetric corridor case with widths of 10%, 20%, and 40%. The bottom panel shows the CEC for
the saving case for the same width.
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this comes at the cost of increasing the (absolute value of) the pension deal and reducing the utility
one might obtain from this plan—especially for younger cohorts.

6.1 Optimal corridor policy

In our previous analysis, the corridor width was exogenous to the problem; we selected 10%, 20%, and
40% as examples. One may also be interested in finding a corridor width endogenously, that is, opti-
mal for the underlying problem. Specifically, we could try to derive an optimal stabilization
mechanism.

In this section, we optimally select the corridor width based on the total expected life-time utility of
a group of individuals X ; in this application, X is either the 30-year-old entering the plan (i.e.,
X = {30}), the active members (i.e., X = {30, . . . , 64}), the retired members (i.e.,
X = {65, . . . , 86}), or the entire membership (i.e., X = {30, . . . , 86}). The optimization problem of
the pension fund then becomes

y∗= argmax
y

∑
x[X

EP
∑100
t=0

e−dt p
1−f
x+t,t

1− f

[ ]
,

where the consumption is a function of the corridor width. This problem is therefore static and can be
solved using Monte Carlo simulations.

Table 1 reports the optimal width parameter y/100 for the different corridor settings (i.e., symmetric
and saving) and for the different groups of individuals mentioned above. For the entry cohort, symmet-
ric corridor plans are suboptimal (as shown in Figure 10), and the optimal saving corridor has a width of
40.6%. Overall, the new entrants benefit from the buffer as the benefit level will have time to increase
over the next 35 years. Also, the additional buffer minimizes the likelihood of benefit reduction.

We witness a similar story for the current active members: the symmetric corridor plan is subopti-
mal (i.e., y = 0), meaning that the pure CDC leads to a higher utility for active members. The optimal
saving corridor has a width of 3%, meaning that active members would benefit from a saving corridor.
The current younger members are massively benefiting from this buffer, as shown in Figure 10.

For retired members, the optimal width is 82.8% for the symmetric corridor and 0% for the saving
corridor. This result is in accordance with our intuition: a saving corridor for retirees means benefit
reductions in the early years to finance the buffer which, in turn, reduce the expected utility. On the
other hand, a symmetric corridor reduces the variance of the benefits and increases the utility for
retired members.

Finally, when considering the whole plan membership, plans with symmetric corridors are optimal
as they increase the expected utility of older active members and retirees who dominate the utility met-
ric. Plans with saving corridors are suboptimal for these cohorts—and remain so when considering the
entire membership.

Indeed, this is only one example of optimal corridor widths as the members’ expected utility is only
one facet of this very complex problem. For instance, members or sponsors could also be interested in the

Table 1. Optimal corridor width.

Group of individuals, X Symmetric corridor Saving corridor

Entry Cohort, {30} 0.000 0.406
Active, {30,…, 64} 0.000 0.030
Retired, {65,…, 86} 0.828 0.000
All Members, {30,…, 86} 0.514 0.000

Notes: This table reports the optimal corridor width y/100 for the different corridor settings (i.e., symmetric and saving) and for the different
groups of individuals X . The symmetric corridor is a plan that has funded ratios between (100 − y/2)% and (100 + y/2)%. The saving corridor
is a plan with lower and upper trigger points set at funded ratios of 100% and (100 + y)%.
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stability of benefits, the evolution of funded ratio or the size of the ex ante transfers. These dimensions
were not accounted for here, and we leave this complex yet very interesting question for future research.

7. Robustness tests

In this final section, we perform some robustness checks to verify that our results hold under different
assumptions. First, we consider a shorter horizon of 55 years (instead of 100 years), and then we inves-
tigate what would happen if we began the economic scenarios at a different point in time; that is, at the
end of our sample in 2018.

7.1 Considering a shorter horizon

The pure CDC plan in Section 4.1 is investigated again, although this time with the last payment date
set 55 years from now. We select 55 years because this corresponds to a full life cycle in our framework;
that is, the generation who joins the plan at inception at age 30 will die just when the plan is
terminated.

Figure 11 reports the value of the pension deal for all generations over the next 55 years. Similar to
Figure 3, the value of the pension deal for generations who are older than 44 at inception remains
positive. Cohorts younger than 45 years old at inception are net losers overall. The size of these losses
is similar to those calculated with a 100-year horizon.

Figure 12 shows the value of the options embedded in the pure CDC plan for all cohorts when
using a horizon of 55 years. Again, the benefit option values are very similar to those obtained
with a 100-year horizon. However, the residual option values are slightly larger: the residual put
options can be quite significant, especially for the generation aged 10 at plan inception (i.e., approxi-
mately $8,400). In this case, the simulation horizon is probably not long enough, and the benefit
options of future cohorts are not large enough to finance the gains of older generations. These
gains are, therefore, financed by the residual options resulting in high VRP values.

In sum, most of the results reported in Section 4.1 are in accord with those obtained with a shorter
horizon, the only exception being the residual options. In the case considered in this section, the size-
able pension deal value of older generations still needs to be paid for by cohorts that are still alive at
plan termination.

7.2 Starting at a different point in time

In our previous tests, we used the economic variables’ long-run averages as the starting values in the
Monte Carlo engine. In this second robustness check, we evaluate the pure CDC plan again but now
consider a different starting point; specifically, we select the end of our sample in this section.

Figure 13 illustrates the pension deal values for economic scenarios that start at their long-run
averages (solid line) and for sampled paths that begin at the value observed at the end of the estimation
window (dashed line). When compared to the case in Section 4.1, using the end-of-sample values
makes the younger generations’ values three to four times larger, on average. Similarly, the pension
value for older generations is also larger by a factor of three to four, on average: the size of the ex
ante intergenerational transfers can be quite large in absolute value. One explanation for these add-
itional transfers, from younger members to older cohorts, is that the probability of obtaining a positive
benefit adjustment early on could be substantial when considering the end-of-sample values (i.e., more
than 65%), which is consistent with the fact that interest rates were low in 2018 and are expected to
increase in the long term.

The CEC estimates based on the end-of-sample values are reported in Figure 14. Generally, older
generations have CECs that are larger than those for the DC scheme, in line with the results of
Figure 13. On the other hand, younger cohorts tend to have smaller CEC values than their DC scheme
counterparts. For the last generation considered, both CEC values seem to be the same, meaning that
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from this point forward individuals should prefer the pure CDC plan. At this point, it is safe to assume
that the actual distribution of the economic factors should have returned to their long-run distribu-
tions and that the conclusions hereafter should be comparable to those in Section 4.1.

Figure 12. Embedded options for the pure CDC plan using a horizon of 55 years.
Notes: See the description of Figure 4 for further details.

Figure 11. Pension deal value for the CDC plan using a horizon of 55 years.
Notes: See the description of Figure 3 for further details.
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To conclude, it seems that there is an optimal time to start a pure CDC plan, and when interest
rates are low with respect to their long-run averages is not the right moment as this would substan-
tially increase the size of the intergenerational risk transfers.

8. Conclusion

In this research, we study intergenerational equity under different CDC designs using the value-based
ALM framework. We investigate the wealth redistribution effect of changing key plan design elements,
such as changing valuation assumptions and adding explicit benefit stabilization mechanisms. The
operation of several CDC plans is studied using Monte Carlo simulation over a 100-year time horizon.
The cash flows of different generations are recorded separately using the generational accounting tech-
nique. The contingent retirement benefits paid under each plan are formulated as combinations of
several embedded options written between the pension fund and the plan members. The value of
the pension deal for each generation is evaluated using the risk-neutral asset pricing technique and
compared across different plan designs.

To generate the economic scenarios on which the future evolution of pension funds depends, a
real-world VAR-GARCH model is constructed. In addition, a corresponding risk-neutral model is
derived and calibrated to help with the pricing of the embedded options within the pension contract.

Figure 14. Certainty equivalent consumption at inception for the pure CDC plan using the end-of-sample values.
Notes: See the description of Figure 10 for further details.

Figure 13. Value of the CDC plan for all cohorts using the end-of-sample values.
Notes: See the description of Figure 3 for further details. We use the values obtained at the end of the sample as the starting point in the
Monte Carlo engine.
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The first design studied in this research is a pure CDC plan with a valuation rate based on the actu-
ary’s estimate of the EROA. In the second plan, the EROA valuation rate is replaced with a bond-based
rate. Finally, we study two plans with benefit-stabilizing designs, including the so-called symmetric
corridor plan and the saving corridor plan.

The main contributions of this paper are threefold. First and foremost, we highlight the shortcom-
ings of current North American actuarial practice in the context of a pure CDC plan with a single
benefit adjustment factor. We demonstrate that the combination of (1) using a single valuation rate
based on the actuary’s estimate of the EROA, and (2) the risk-sharing arising from the use of a single
benefit adjustment factor, creates non-negligible value transfers among different cohorts. These trans-
fers are implicit in the design and arise without the inclusion of any explicit benefit-smoothing
mechanisms. Second, we show that changing the valuation rate to a single bond-based rate still
does not make the deal entirely fair for all generations from an ex ante perspective. Third, adding a
symmetric corridor is shown to reduce the volatility of retirement benefits without triggering signifi-
cant additional value transfers, whereas plans with designs that are biased towards savings tend to shift
value from older to younger generations.

Another important finding of our study is that there is significant potential for redistribution in
CDC plans even though current designs and disclosures do not support transparency around this.
Specifically, in our results, the generations aged between 30 and 55 at plan inception are expected
to lose value under all EROA-based plan designs investigated. This conclusion is somewhat trouble-
some from a policy perspective. The challenge is, therefore, to find a design that protects the pension
value of these ‘middle cohorts,’ instead of transferring part of it to either younger or older members.
This may involve ring-fencing part of the initial assets brought into the plan for the exclusive benefit of
specific cohorts—so benefits are not paid out too fast—or releasing unused surplus upon the death of
each member instead of retaining it in the plan—so benefits are not paid out too slowly. Ring-fencing
is an exciting feature to include in pension designs and is left for future research.
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Appendix A
Let us fix a probability space (V, F , P) and a filtration F = {F n :n [ {0, 1, . . . , N}} satisfying the usual conditions. The vec-
tor zn = [rsn, r

l
n, in, rn]

` is modelled by a four-dimensional VAR-GARCH model, that is,

zn+1 = m+ aSn+1g 14 − (a ◦ a)Sn+1g̃ 14 + b(zn − m)+ a S1/2
n+11n+1, (2)

where ◦ is the Hadamard (element-wise) product of two matrices, 1n+1 � N (0, I4) is a four-dimensional vector of standar-
dized innovations, I4 is the 4 × 4 identity matrix, and 14 is a 4 × 1 vector of ones. Parameter m is a four-dimensional vector
that controls the constant mean reversion levels for the state variables, b is a 4 × 4 matrix for the autocorrelation coefficients
that control the speed of mean reversion of the economic variables, g is a four-dimensional diagonal matrix related to the
equity risk premium in the spirit of Engle and Granger (1987) and Heston and Nandi (2000), and g̃ is a four-dimensional
diagonal matrix related to the convexity correction for stock index returns. Parameter a is a lower-triangular matrix that
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controls the correlation between the different factors in our model; it has the following structure:

a =
1 0 0 0
a21 1 0 0
a31 a32 1 0
a41 a42 a43 1

⎡⎢⎢⎣
⎤⎥⎥⎦.

This idea is similar to the affine multivariate GARCH model recently proposed by Escobar et al. (2019). Let yn+1 = S1/2
n+11n+1

represent the contemporaneous noise terms. Equation (2) can then be rewritten as

zn+1 = n+ aSn+1g 14 − (a ◦ a)Sn+1g̃ 14 + bzn + a yn+1, (3)

where n = (I4 − b) m is a four-dimensional vector.
The matrix Sn+1 is a time-varying variance-covariance matrix. For the sake of tractability, the correlation between the

contemporaneous noise terms is assumed to be zero, meaning that the dependence between the variables is modelled through
the a coefficients—similar to the Cholesky decomposition for continuous-time models. The simplified Sn+1 is then a diag-
onal matrix, that is,

Sn+1 = diag([ s2
1,n+1 s2

2,n+1 s2
3,n+1 s2

4,n+1 ]).

Each conditional variance s2
i,t+1 is modelled by an independent univariate GARCH(1,1) process such that

s2
i,n+1 = vi + aiy

2
i,n + bis

2
i,n for i = 1, . . . , 4, (4)

where ai is the ARCH parameter that controls how this period’s shock will impact the next period’s volatility, bi is the
GARCH parameter that controls how persistent the next period’s volatility is with respect to the current volatility, and ωi

is a constant term.
The GARCH update equation (i.e., Equation (4)) can also be written in a matrix form as

Sn+1 = v+ A diag(yn)
2 + B Sn, (5)

where v, A, and B are three 4 × 4 diagonal matrices with vi, ai, and bi as the ith diagonal elements, respectively, and diag(yn)
is a diagonal matrix with vector yn on the diagonal.

The parameters γ and g̃ in Equation (2) are two four-dimensional diagonal matrices, where

g = diag 0 0 0 g4
[ ]( )

and g̃ = diag [0 0 0 1/2]( )
.

Specifically, for the excess stock return, parameter g4 is the so-called equity risk premium parameter similar to the
GARCH-in-mean process proposed by Engle and Granger (1987).17

The VAR-GARCH model is transformed into a corresponding risk-neutral model for pricing purposes. Specifically, in
our study, we define our change of measure via a pricing kernel which is a function of the risk factors in the model:

Mn+1

e−rsn
= dQ/dP|Fn+1

dQ/dP|Fn

= e−L`
n+1yn+1

EP[e−L`
n+1yn+1 |Fn]

,

where yn+1 = S1/2
n+11n+1 is the time-n four-dimensional noise term under the real-world model, and Ln+1 is a four-

dimensional vector representing the time-varying market prices of risk.
As discussed in above, yi,n+1 follows a normal distribution with mean of 0 and variance of s2

i,n+1 under the physical meas-
ure. We can thus derive the moment generating function of yi,n+1 under the measure Q as

EQ[euyi,n+1 | Fn] = EP
e−L`

n+1yn+1 euyi,n+1

EP[e−L`
n+1yn+1 |F n]

∣∣∣∣∣ Fn

[ ]
= exp

u2

2
s2
i,n+1 − uLi,n+1s

2
i,n+1

( )
.

17As stated in Engle and Granger (1987), the compensation required by risk-averse agents for holding assets that have a
time-varying degree of uncertainty must vary. The GARCH-in-mean model addresses this issue by establishing a risk-return
relationship where the risk premium is expressed as a function of the current conditional variance.
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It is easy to show that the innovations are in fact normally distributed with a mean of −Li,n+1s
2
i,n+1 and a variance of s2

i,n+1,
where Λi,n+1 is the ith element of Λn+1. Therefore, the elements of the Q-measure noise terms y∗n+1 could be defined as a
function of the P-noise terms, that is,

y∗i,n+1=yi,n+1 + Li,n+1 s
2
i,n+1, for i = 1, . . . , 4. (6)

The elements of y∗n+1 are independently distributed, each with parameters N (0, s2
i,n+1). Therefore, vector y

∗
n+1 can also be

written in the following form:

y∗n+1=yn+1 + Sn+1Ln+1. (7)

We then assume that the risk premium is affine in the state variables, that is,

Sn+1Ln+1 = l0 + Sn+1g
∗ 14 + l1zn,

where l0 is a four-dimensional vector that contains constant parameters while l1 is a 4 × 4 matrix that accounts for the time-
varying part in the risk premium. The parameter g∗ is given by

g∗=diag([ 0 0 0 g∗4 ]),

and g∗4 addresses the equity risk premium of the excess stock return captured by the GARCH-in-mean model.
From Equations (6) and (7), we can establish the relationship between the noise terms under the real-world measure and

those under the risk-neutral measure as

yn+1 = y∗n+1−(l0 + Sn+1g
∗+l1zn).

Substituting these noise terms in Equations (3) and (5), we can get the corresponding risk-neutral dynamics of our
VAR-GARCH model:

z∗n+1=(n− l0)+ aSn+1(g− g∗)14 − (a ◦ a)Sn+1g̃ 14 + (b− l1)z
∗
n+a y∗n+1,

where

y∗n+1=S1/2
n+11

∗
n+1

and

Sn+1 = v+ A diag(y∗n−(l0 + Sng
∗+l1zn−1))

2 + BSn.

To achieve consistency between the real-world model and the risk-neutral model, the discounted value of the equity index
should behave as a martingale, i.e., g∗ = g.18 Moreover, the following conditions should be satisfied:

l0,4 = n4 and l1,4 = b4,

where l0,4 is the 4th element of vector l0 and l1,4 is the 4th row of matrix l1. With these three conditions, we can derive the
risk-neutral dynamics of the excess stock return process as

z∗4,n+1=− 1
2
s2
4,n+1 + y∗4,n+1.

18A model is arbitrage-free if and only if there exists a change of measure under which the discounted processes for all
traded assets are martingales—in our case, the equity index.
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The discounted value of the stock price Sn+1 is, therefore, behaving as a martingale under the Q measure:

EQ[Sn+1e
−rsn+1 |F n] = EQ[Sne

z4,n+1 |F n] = Sn EQ e−
1
2s

2
4,n+1+y∗4,n+1

∣∣∣ Fn

[ ]
= Sn,

because y∗4,n+1 �N (0, s2
4,n+1).

Appendix B
The yields of zero-coupon bonds with maturities ranging from 3 months to 30 years are available on the Bank of Canada’s
website. We use the yield on 3-month Canadian Treasury bills and the 15-year bond yield observed on the first trading day of
month n as proxies for the short-term bond yield, rsn, and long-term bond yield, rln, respectively. The yields on bonds with
1-year, 3-year, 5-year, 7-year, 10-year, 12-year, 14-year, and 15-year maturities are used in the estimation of the risk premium
parameters l0 and l1.

The values of the consumer price index (i.e., CPIn) at the end of month n (with base year 2002) are taken from Statistics
Canada’s website. The month-n inflation rate in is calculated as

in = log
CPIn
CPIn−1

( )
.

The closing price of the S&P/TSX Composite index (i.e., Sn) at the end of month n and its annualized dividend yield (i.e., Dn)
are obtained from Statistics Canada’s website. This index includes the stock prices of the largest companies traded on the
Toronto Stock Exchange. The continuously compounded total stock return, Sn, can be calculated as

sn = log
Sn
Sn−1

+ Dn

12

( )
,

and the excess stock return rn in excess of the risk-free rate, proxied by the 3-month Canadian Treasury bills yield, is
defined as

rn = sn − rsn.

Appendix C
First of all, the mean reversion level m of the VAR-GARCH process is set to the historical mean of the economic variables,
except for the excess stock return. As explained in Appendix A, the market risk premium for equities is driven by the time-
varying uncertainty level. Therefore, we assume that the mean-reversion level of the excess stock return is proportional to its
long-term variance. The other parameters in Equations (2) and (4) are estimated using maximum likelihood estimation.

The sequence {zn : n = 1, 2, .., N} contains the N observed values of the five economic variables. Let Q be the vector that
contains all the model parameters. Since 1n is a white noise vector such that 1n � N (0, I4), the conditional distribution of
{zn − m : t = 2, . . . , N} given Fn−1 is

zn − m | F n−1 � N (mn(Q), Sn(Q)),

where

mn(Q) = EP[zn − m | Fn−1] = aSng 14 − (a ◦ a)Sng̃ 14 + b(zn−1 − m)

and Sn(Q) = VarP[zn − m | Fn−1] = a(v+ A diag(y2n−1)+ B Sn−1)a
`.

Let us assume that a y1 = z1 − m. The following residuals are thus given by

a yn = zn − m− mn(Q), for n = 2, . . . , N.

Under the normality assumption, the conditional log-likelihood for the time-t observations is given by

Ln(Q; zn) = − 4
2
log (2p)− 1

2
log |Sn(Q)| − 1

2
(zn − m− mn(Q))`S−1

n (Q)(zn − m− mn(Q)).
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The vector Q is estimated by maximizing the total conditional log-likelihood function, that is,

L(Q) =
∑N
n=2

Ln(Q; zn).

Because the predictions done in this study are over a very long time horizon—more than 50 years—it requires that the ESG be
stationary. As explained in Lütkepohl (2005), the stationarity condition for the VAR process requires that all eigenvalues of
the autocorrelation matrix b have a modulus of less than 1. To make sure that the conditional variances are non-negative and
stationary, the GARCH parameters ai, bi, and vi also need to satisfy the following conditions, as defined in Bollerslev (1986):

ai ≥ 0, bi ≥ 0, vi ≥ 0, and ai + bi , 1, for i = 1, . . . , 4.

We assume that the risk premium is zero for the inflation and dividend yield and, as discussed in Appendix A, that the
risk premium parameters of the excess stock returns are the same as the real-world parameters to achieve consistency between
the real-world model and the risk-neutral model. By making these assumptions, some of the parameters in l0 and l1 are
fixed and the number of parameters that need to be estimated is reduced to 10. Let u be the vector that contains all the
free risk premium parameters and let l0 and l1 be two matrices that are defined as

l0 =
u1
u2
0

0.001798

⎡⎢⎢⎣
⎤⎥⎥⎦, l1 =

u3 u4 u5 u6
u7 u8 u9 u10
0 0 0 0

−1.062872 0.163627 0.052101 0.150444

⎡⎢⎢⎣
⎤⎥⎥⎦.

The risk-neutral parameters are calibrated by minimizing the sum of the squared differences between the historical yields of
the zero-coupon bonds and the model bond yields. Under the Q measure, the bond yields with different maturities can be
calculated by using Monte Carlo simulation. For specific values of l0 and l1, we generate 10,000 risk-neutral scenarios for
each month.19 Thus, the price of a zero-coupon bond paying $1 and maturing in T months at any given historical time point
nh can be approximated by

P̂(T)
nh

= EQ exp −
∑T
m=1

rsnh+m

( ) ∣∣∣∣∣ Fnh
[ ]

≈ 1
10,000

∑10,000
i=1

exp −
∑T
m=1

rs,(i)nh+m

( )
,

where rs,(i)nh+m denotes the ith simulated short rate in the mth month after the starting time nh. Then, the model continuously
compounded monthly yield for the T-month zero-coupon bond at time nh is given by

r̂(T)nh
= −

log P̂
(T)
nh

( )
T

.

The vector u is then calibrated such that the sum of the squared difference between the model bond yields r̂(T)nh
and the actual

bond yields r(T)nh
is minimized, that is,

argmin
u

∑N
nh=1

∑
T

(r̂(T)nh
− r(T)nh

)2, (8)

where T∈ {12, 36, 60, 84, 120, 144, 168, 180}.
Panel A of Table 2 reports the estimated parameters Q̂ (with standard errors in brackets) for the VAR-GARCH model.

From the VAR estimate, we can observe that both the short-term and the long-term bond yields are well-explained by their
own lagged value and the inflation rate. The model explains a large proportion of the variations in the short-term and long-
term bond yields with R2 values as high as 97.33% and 98.99%, respectively (see the rightmost column of Panel A). Inflation
rates appear to be weakly related to lagged values, with an R2 of 2.93%.

Panel B of Table 2 shows the estimates of the GARCH parameters and the estimated unconditional variance levels for the
five economic variables. In the GARCH model, a relatively high ai and low bi indicates a more volatile variance than those
with relatively low ai and relatively high bi. Figure 15 reports the historic time series along with funnels of doubt for future
values of the four economic variables at a monthly frequency.

19At the beginning of each month, we start our simulation with the then current values of the economic variables and
project the series forward for 180 months.
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The estimates for the risk premium parameters are given in Table 3. With these estimates, the value of the objective func-
tion in Equation (8) is 0.0108. Table 4 reports the mispricing statistics of the fitted bond yield term structure. The fit is worse
on the short end of the yield curve: on average, the model overprices the 1-year bond yield by 0.036%, which is the highest
mispricing shown in the table.

In the VAR-GARCH model used in this study, the conditional covariance and correlation are given by

Cov[zn | Fn−1] = aSna
`,

Corr[zn | Fn−1] = [diag(aSna
`)]−1/2aSna

`[diag(aSna
`)]−1/2,

as explained in Escobar et al. (2019).
Figure 16 shows the conditional correlation time series for each pair of the four economic variables used in our ESG. By

taking the sample average, we obtain the following mean correlation structure:

Corr[zn | Fn−1] =
1 0.2000 0.0050 −0.0740

0.2000 1 0.0058 −0.1466
0.0050 0.0058 1 0.1058

−0.0740 −0.1466 0.1058 1

⎡⎢⎢⎣
⎤⎥⎥⎦.

Table 2. Physical parameter estimates for the VAR-GARCH model.

Panel A: VAR estimates.

rsn rln in rn R2

b rsn 0.979189 0.012955 0.003454 0.000181 0.973311
(0.004619) (0.000056) (0.000080) (0.000240)

rln 0.009219 0.965544 0.000000 0.000235 0.989861
(0.000002) (0.000092) (0.000006) (0.000172)

in −0.005007 0.008171 0.154463 −0.000864 0.029288
(0.000023) (0.000034) (0.000160) (0.000482)

rn −1.062872 0.163627 0.052101 0.150444 0.027263
(0.000001) (0.000002) (0.000003) (0.000011)

rsn rln in rn
a rsn 1

–
rln 0.175056 1

(0.000077) –
in 0.076007 0.086163 1

(0.000008) (0.000006) –
rn −13.357710 −28.694348 1.185294 1

(0.000001) (0.000001) (0.000009) –

rsn rln in rn
n −0.000006 0.000113 0.001211 0.001798
g - - - 3.285995

Panel B: GARCH estimates.

rsn rln in rn

v × 105 0.000143 0.000060 0.024849 6.093082
(0.000018) (0.000012) (0.007520) (1.234538)

A 0.263830 0.052562 0.037890 0.134866
(0.072630) (0.000578) (0.000134) (0.000187)

B 0.716117 0.925859 0.937223 0.826283
(0.000512) (0.000067) (0.000175) (0.000074)

Notes: The VAR-GARCH parameters are estimated using maximum likelihood. Panel A reports the estimates of the mean process, including
the autoregressive matrix b, the correlation parameters a, the constant vector n, and the convexity correction and equity risk premium
vector g. Panel B shows the estimates of the GARCH parameters.
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Figure 15. Funnels of doubt for the four economic variables in the economic scenario generator.
Notes: These figures show the monthly historic time series, as well as funnels of doubt for future values. After 2018, the solid line repre-
sents the median of the distribution and the dotted line the 95% confidence interval (2.5th and 97.5th percentiles of the distributions).

Table 3. Risk-neutral parameter estimates for the VAR-GARCH model.

l0

l1

rsn rln in rn

rsn 0.000000 0.016527 −0.029869 0.023762 −0.000893
rln 0.000115 0.015008 −0.039489 −0.006966 0.000603
in 0.000000 0.000000 0.000000 0.000000 0.000000
rn 0.001798 −1.062872 0.163627 0.052101 0.150444

Notes: The risk premium parameters l0 and l1 are calibrated by minimizing the total squared differences between the model zero-coupon
bond yields and the actual zero-coupon bond yields.

Table 4. Statistics of the historical mispricing term structure.

r(12) r(36) r(60) r(84) r(120) r(144) r(168) r(180)

Mean 0.00036 0.00003 −0.00001 −0.00005 0.00003 0.00003 −0.00007 −0.00013
Std. Dev. 0.00286 0.00329 0.00267 0.00216 0.00130 0.00084 0.00058 0.00059

Notes: The difference between the model bond yield and the actual bond yield, r(m), is calculated for the 318 historical months available. The
first row of the table reports the averages of the differences for bonds with different maturities m (given in months) and the second row
reports the standard deviation of these differences, denoted by Std. Dev.
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This is, in fact, very similar to the unconditional correlation structure obtained by using a simple VAR model:

1 0.2600 0.0092 −0.0826
0.2600 1 0.0884 −0.1530
0.0092 0.0884 1 0.1255

−0.0826 −0.1530 0.1255 1

⎡⎢⎢⎣
⎤⎥⎥⎦.

So, overall, it seems that the model captures the correlation averages over the four variables in a satisfactory way.

Figure 16. Conditional correlation for each pair of the four economic variables in the economic scenario generator.
Notes: These figures show the monthly conditional correlation time series as estimated by the VAR-GARCH model.
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Appendix D
This appendix supplements the information of Section 3. Let

• Fx,0 be the individual DC account balance of a member aged x at time 0,
• Cx,t be the contribution made at time t by a member aged x,
• Bx,t be the benefit payment received at time t by a member aged x, and
• RVx,100 be the residual asset value received at t = 100 by a member aged x.

We let Vx be the value of the pension deal evaluated at t = 0 for a member aged x at plan inception, and Qf
t be the one-period

risk-free discount factor applicable in period (t− 1, t] such that

Qf
t = (1+ r̃st)

−1

and Qf
0 = 1. The subscript x in Vx ranges from −70 to 85, with negative values of x representing cohorts that are not yet

born at plan inception. The generational value of the pension deal under a CDC plan is the risk-neutral expected present
value at t = 0 of all cash flows of a specific cohort:

Vx =

EQ − ∑65−x−1

i=30−x
Cx+i,i

∏i
j=0

Qf
j

( )
+ ∑100

i=65−x
Bx+i,i

∏i
j=0

Qf
j

( )
+ RVx+100,100

∏100
j=0

Qf
j

( )∣∣∣∣∣F 0

[ ]
if x , −15

EQ − ∑65−x−1

i=30−x
Cx+i,i

∏i
j=0

Qf
j

( )
+ ∑86−x

i=65−x
Bx+i,i

∏i
j=0

Qf
j

( )∣∣∣∣∣F 0

[ ]
if − 15 ≤ x , 30

EQ −Fx−0 −
∑65−x−1

i=0
Cx+i,i

∏i
j=0

Qf
j

( )
+ ∑86−x

i=65−x
Bx+i,i

∏i
j=0

Qf
j

( )∣∣∣∣∣F 0

[ ]
if 30 ≤ x , 65

EQ −Fx,0 +
∑86−x

i=0
Bx+i,i

∏i
j=0

Qf
j

( )∣∣∣∣∣F 0

[ ]
if x ≥ 65

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

. (9)

The formulas above correspond to the groups of members described in the third paragraph of Section 3, in reverse order.
Practically speaking, the expected values are calculated by averaging over all risk-neutral scenarios.

We calculate these generational values under different CDC designs. Differences in the generational values of specific
cohorts from design to design indicate a shift in that cohort’s risk profile. In an individual DC plan without risk-sharing,
all generational values are zero by definition since each cohort exactly pays for its own benefits without any cost or risk
subsidies from other cohorts. As a result, the values of Vx under a pure CDC plan can be interpreted as the market-consistent
value of the implicit risk transactions in that plan.

To calculate the various put and call options, we let B′
x,t be the annual retirement benefit drawn from the individual DC

account by a member aged x at time t, and let RV ′
x,100 be the remaining individual DC account value at t = 100 of a member

aged x.
The benefit put option is a basket of options that the participants write to the pension plan. These options expire at con-

secutive benefit payment dates starting at t = 1. The payoff of a benefit put option expiring at time t written by a member aged
x at plan inception is defined as

BPx,t = max [B′
x+t,t − Bx+t,t , 0].

The option is in-the-money when B′
x,t . Bx,t .

The benefit call option is a basket of options that the plan writes to the participants, expiring at each consecutive benefit
payment date. The payoff of a benefit call option expiring at time t written to a member aged x at plan inception is defined as

BCx,t = max [Bx+t,t − B′
x+t,t , 0].

The option is in-the-money when Bx,t . B′
x,t . This option is the opposite of the benefit put option. Together, these two (bas-

kets of) options capture the deviations of the retirement benefits under the CDC plan relative to the individual DC
benchmark.

The residual put option is a basket of options that the participants write to the pension plan, expiring at t = 100.
The payoff of the residual put option written by a member aged x at plan inception is defined as

RPx = max [RV ′
x+100,100 − RVx+100,100 , 0].
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At the termination of the pension plan, there are still generations who have not received their full benefits and generations
who are not yet retired. These generations can make claims on the fund’s residual wealth. The value of the assets that are left
in the group fund depends on how much is spent on the benefits of the members who have already retired. For generations
who are still active at the plan termination date, the residual asset they receive is not necessarily equal to the accumulated
value of the contributions they have already made, which is the residual payment they would receive under the benchmark
individual DC plan. When the residual put option is in-the-money, it implies that some of the benefits received by the already
retired generations come at the expense of the other generations.

The residual call option is a basket of options that the pension plan writes to the participants, expiring at t = 100. The
payoff of the residual call option written by the pension plan to a member aged x at plan inception is defined as

RCx = max [RVx+100,100 − RV ′
x+100,100 , 0].

This option is the opposite of the residual put option. When it is in-the-money, it implies that additional funds are left over
for future generations above and beyond what they would be entitled to under the individual DC benchmark.

Since the benefits and residual values of both the CDC plan and the individual DC plan are scenario dependent, these are
Margrabe options whose value at time zero can be calculated under the risk-neutral measure:

VBPx,t =EQ max [B′
x+t,t − Bx+t,t , 0]

∏t
j=0

Qf
j

( )∣∣∣∣∣F 0

[ ]
,

VBCx,t =EQ max [Bx+t,t − B′
x+t,t , 0]

∏t
j=0

Qf
j

( )∣∣∣∣∣F 0

[ ]
,

VRPx =EQ max [RV ′
x+100,100 − RVx+100,100, 0]

∏100
j=0

Qf
j

( )∣∣∣∣∣F 0

[ ]
,

(10)

VRCx = EQ max [RV ′
x+100,100 − RVx+100,100, 0]

∏100
j=0

Qf
j

( )∣∣∣∣∣F 0

[ ]
. (11)

The value of the total benefit put option VTBPx for a member aged x at plan inception is the aggregate value of all the benefit
put options written by that member. It is equal to zero for cohorts who are still active at plan termination (i.e., born more
than 35 years after plan inception) and it is equal to

VTBPx =
∑100

t=max [65−x,0]

VBPx,t (12)

for other generations.
Similarly, the value of the total benefit call option VTBCx for a member aged x at plan inception is

VTBCx = 0 if x , −35∑100
t=max [65−x,0] VBCx if x ≥ 35

{
. (13)

For generations born more than 35 years after plan inception, the value of the options written on the benefit payouts is
zero; thus, the gain or loss in value triggered by joining the CDC plan is reflected in the value of the residual options only.
The total generational value of a member aged x at plan inception is the sum of the value of these options:

Vx = VTBCx − VTBPx + VRCx − VRPx ,

which is consistent with Equation (9).
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