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Abstract

In [4], Kifer, Peres and Weiss showed that the Bernoulli measures for the Gauss map
T(x)=1/x mod I satisfy a ‘dimension gap’ meaning that for some ¢ > 0, sup,, dim 1, <
1 — ¢, where ., denotes the (pushforward) Bernoulli measure for the countable probability
vector p. In this paper we propose a new proof of the dimension gap. By using tools from
thermodynamic formalism we show that the problem reduces to obtaining uniform lower
bounds on the asymptotic variance of a class of potentials.

2020 Mathematics Subject Classification: 37C45 (Primary); 37D35, 28 A80 (Secondary)

1. Introduction

Let x € [0, 1]\ Q. It is well known that there exists a sequence {i,},en known as the
continued fraction expansion of x that satisfies

ir + -
? 34+...

Continued fractions are closely related to the Gauss map which is definedas 7 : [0, 1]\ Q —
[0, 11\ Q

T(x)= l mod 1.
X
Let ¥ = NN, ©* denote the set of all words of finite length with entriesin Nand o : £ — X
be the shift map given by o ((i,)nen) = (Int1)nen. Often we will let i denote a point i =
(I)neny € Z. T is ‘coded’ by (¥, o) meaning that T o [1 =I1 o ¢ where the ‘coding map’
I1:X — [0, 1]\ Qs given by

MG = lim 7, ' o... 7, ([0, 1]) =
n—o0Q0 " 1
i+

ir +

1
izt+...
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It is well known that T has an absolutely continuous invariant probability measure pr
given by

1 1

A)=——
ur(A) log2 J, 1+ x

By using the coding map I, we can construct many more 7 -invariant measures, by ‘push-
ing forward’ o -invariant measures from X. In particular, if m is a o-invariant measure then
w=moll™!is a T-invariant measure. In this paper we will be focused on pushforward
Bernoulli measures. Given a countable probability vector p = (p,).en, let m, denote the
Bernoulli measure on ¥ which satisfies my([iy---i,]) =p;, - - - pi,, where [i;---i,]=
{jeX:ji=i1, -, ja=1i,} denotes the cylinder set for the word i;...i,. We define
pp =, o I17" and we will also call this a Bernoulli measure.

We will be interested in the Hausdorff dimension of Bernoulli measures, where the
Hausdorff dimension of a Borel probability measure w is defined as

dim p = inf{dim A : u(A) =1},

where dim A denotes the Hausdorff dimension of the set A. By the work of Walters [10],
wur is the unique absolutely continuous invariant probability measure for 7' and realises the
supremum

hGur) — [ log |T'lder = sup {h(u)—/IOgIT’Idu:/long’Idu<00}=0, (1)
neM(T)

where M(T) denotes all T-invariant probability measures and 4 (-) denotes the measure-

theoretic entropy. As a direct consequence of (1) we deduce that for any p for which

h(pp) < 00,

h
dim pp = X <1, )

where the formula dim(-) =h(-)/x(-) is known to hold for all finite entropy ergodic
measures and x (up) = [ log |T’|du, is known as the Lyapunov exponent of i,.

What is not clear from (2) is whether there is a ‘dimension gap’ at 1. We say that there is
a dimension gap if there exists some ¢ > 0 for which

supdim pp, <1 —c,
peP

where P denotes the simplex of all probability vectors. In this paper we will prove the
following result.

THEOREM 1-1. For each p € P let p,=my,oI1~" denote the pushforward Bernoulli
measure which is invariant under the Gauss map. There exists ¢ > 0 such that

supdim pup <1 —c.
peP

Theorem 1-1 was already proved by Kifer, Peres and Weiss [4] who showed that

sup dim pp, <1 —107". 3)
peP
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We briefly sketch their proof. Given w € £* and § > 0 let '}, be defined by

.

which is the set of points whose orbits visit the interval IT([w]) with an asymptotic frequency
which differs by § from the one prescribed by wr. By using the ergodic theorem it is not
difficult to show that for some 8y > 0, dim 1, < max{dim I'?", dim ['}}} for all p. Also define
Jo(x)=TI([iy - - - i,]) if x e [T([d; - - - i,]), that is, J,(x) is the ‘level n’ projected cylinder
that x belongs to, let | J, (x)| denote the diameter of J,(x) and consider the set

n—1

1 A
= (") = pr (T(W)

r = {x € (0, 1) : lim sup
i=0

n—oo

&= e© D) 1L <exp(—in) @
j=1n=j

which is the set of points whose orbits ‘frequently’ visit a ‘small’ neighbourhood of 0. Kifer,
Peres and Weiss showed that for some Ay > 0, dim &,, < 1 which allowed them to reduce the
problem down to finding an upper bound for the dimension of the set of points in F‘f“ and
F‘f({ which don’t belong to &;,. They then showed that for any § > 0,

sup dim(I'2 \ &) < 1

wex*

which completed the proof.
Another proof of Theorem 1-1 was given by the author and Baker in [1] where it was
shown that there exists a Bernoulli measure pq such that

dim p1q = sup dim .
peP

Notice that by (2) this immediately implies the existence of a dimension gap, however it
gives no quantitative information about the size of the gap.

In this paper we propose a new proof of the dimension gap. All objects which have been
discussed so far have some interpretation in the language of thermodynamic formalism; for
instance pr and w, are Gibbs measures, the dimension can typically be written in terms
of the entropy, and the variational principle (1) describes the existence and uniqueness of a
measure of maximal dimension. Therefore, it is a natural question to ask what is the meaning
of a dimension gap within the framework of thermodynamic formalism. As a consequence
of the new proof that is given in this paper we demonstrate that a dimension gap corresponds
to the existence of uniform lower bounds for the asymprotic variance of a class of potentials.
This is of particular interest since this appears to be a rare example of an application of lower
bounds for the variance. We remark that while our approach does give some information
about the size of the gap, since it does not improve on [4] we will not make it explicit in
order to keep our arguments concise.

Throughout the paper we will assume that if h(up) =— Y, Pnlog p, < oo then the
entries (p,),en of the probability vector p are decreasing and satisfy p, = O(1/n?) (mean-
ing that there exists a constant K > 0 such that p, < K/n? for all n). To see that we can make
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the first assumption, suppose that for some k € N, p;,; > p;. Define p’ to be the probability
vector given by

Dy ="Dn if n¢{k, k+1}
, _ Pkt Prn

n

ifnelk k+1).

Then since h(pp) > h(pp) and x (up) < x (pp) (see for instance [1, lemma 3-5]), it follows
that dim pp > dim pp. We can make the second assumption since given any probability
vector p and any ¢ > 0, we can choose some probability vector q with the property that
g, =0 for all n sufficiently large whose dimension ‘approximates’ the dimension of p,
that is, | dim pq — dim p,| < € (see for instance [1, proposition 3-6]). Since 4 is finitely
supported, trivially g, = O(1/n?). Therefore it is sufficient to consider probability vectors
that satisfy both assumptions on their weights.
Throughout this paper we denote

=———>7€(0,1 5
T TR ®
where z; :=TI((111...)).

Morally there are similarities with [4] in the way in which the new proposed proof will be
organised. To be precise, while Kifer, Peres and Weiss showed that it was enough to consider
the dimension of the set of points in F‘f" and F‘f(} which did not belong to &;,, we’ll show
that it is actually sufficient to study the dimension of Bernoulli measures whose probability
vectors satisfy the following hypothesis for some constant 0 < & < < 1.

Hypothesis 1-2. The probability vector p satisfies — Y p, log p, < oo and additionally
either

(@ pi,p2>¢or
(b) p1>.

In particular, we’ll show that there exists ¢ > 0 and 0 < ¢ < ¥ < 1 such that whenever p
does not satisfy Hypothesis 1-2 for this choice of ¢ then dim , <1 — c. Essentially this is
down to the fact that if Hypothesis 1-2 is not satisfied, ©, must assign a lot of mass to a
small neighbourhood of 0 (since the entries p, are decreasing) which allows us to bound the
dimension of the measure directly from the fact that the Lyapunov exponent is forced to be
large.

Consequently this allows us to restrict our attention to p which satisfy Hypothesis 1-2.
Fixing such p, by using tools from thermodynamic formalism we will show that we can
relate dim jt,, to the derivative of a particular function S,(¢) (defined in (14)) at t = 1. By
using the properties of 8, we will show that the problem reduces to obtaining a lower bound
on B;(#) which holds uniformly for all 7 belonging to a compact interval and all p which
satisfy Hypothesis 1-2. In turn, this reduces to studying lower bounds on the asymptotic
variance of a particular class of potentials, which comprises the main body of work in this
paper.

The paper is organised as follows. In Section 2 we provide some preliminaries, includ-
ing the necessary tools from thermodynamic formalism and some useful properties of the
Gauss map. In Section 3 we will show that there exist some constants ¢, gy > 0 such that
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if h(up) <00 and p does not satisfy Hypothesis 1-2 for ¢ =gy or if hA(up) =oc then
dim up < 1 —c. In particular, this will allow us to assume that Hypothesis 1-2 holds for
& = g for the remainder of the paper. In Section 4 we obtain a bound on the dimension of
measures which satisfy Hypothesis 1-2 (for € = ;). In Section 5 we tie the last two sections
together to provide a proof of Theorem 1-1. Finally in Section 6 we discuss a generalisation
of Theorem 1-1.

2. Preliminaries
2-1. Symbolic coding

Let ¥, ¥*, o, I1 be defined as before. Fori € X* let |i| denote the length of the word i. For
i,je X letiAje X U X" denote the longest initial block common to both i and j. We equip
Y with the metric d given by d(i, j) = exp(—[i A j|) if [i A j| < oo and d(i, j) = O otherwise.
Given i = (i,),eny € X, We let i], =i; - - - i, denote the finite word obtained by truncating i
after n digits. Given i - - - i, € ¥* let (iy - - - i,,)* denote the unique periodic point i € ¥ of
period n for which i|, =i - - - i,,. Given a finite word i; - - - i,,, denote Z;,..; = TI([i; - - - i,]).
Note that since Z, = [1/(n + 1), 1/n), |L,| =1/n(n + 1) = O(1/n?).

2-2. Function spaces on [0, 1]
Let C ([0, 1]) denote all continuous functions f : [0, 1] — R. Let

Lf], = sup |f(x) — fFD)I
XF#y |X—y|

denote the Lipschitz constant of a function f : [0, 1] — R. We say that f is Lipschitz (con-
tinuous) if [ £]; < oco. Let C*!([0, 1]) denote the space of all bounded Lipschitz continuous
functions and equip this with the norm ||-|[o1 = [-]1 + |||l co-

We say that a potential f : [0, 1] — R is locally Hélder if there exist constants C > 0 and
0 < o < 1 such that for all n > 1 the variations var, (f) decay exponentially:

var,(f)= sup {|f(x)—fO)l:x,y€eL; .} <Ca (©6)

iy...i,eN"

Note that f being locally Holder does not necessarily imply that it is bounded. We define

Ho = {fi[(), 11— R: f is bounded and sup () <oo}

n
n
n o

and denote the space of all bounded locally Holder functions by H = Ug.q <1 He. If f € Hy,
define the seminorm [ f], to be the smallest constant C that one can take in (6) and we equip
Ho with the norm |- [le = []o + II* loo-

We say that a locally Holder potential f : [0, 1] — R is summable if

> exp(sup flz,) < oo, (7)

neN

2-3. Thermodynamic formalism

We can define the topological pressure of a potential g as follows.
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Definition 2-1 (Topological pressure). Let g : [0, 1] - R be a locally Holder potential.
Then the pressure of g is given by

1
P(g)= lim ;log( ) exp(s,,goc))),

x:Thx=x
where S, g(x) denotes the Birkhoff sum S,g(x) = g(x) +--- g(T" 'x).

In general, the pressure of g can either be finite or infinite, but if g is summable then
P(g) < oo.

Given a locally Holder potential g : [0, 1] — R, we say that a measure u, is a Gibbs
measure for g if there exist constants C, P > 0 such that for all n e N, i € ¥* with |i| =n
and x € Z;,

n g (Ls)
“exp(S,g(x) —nP)

®)

Note that we do not require u, to be invariant.
By [7, corollary 2-10] we know about the existence of T'-invariant Gibbs measures.

PROPOSITION 2-2 (Existence of Gibbs measures). Let g : [0, 1] — R be a locally Hélder
summable potential. Then there exists a unique T -invariant (probability) Gibbs measure i,
for g. Moreover, the constant P in (8) is given by P = P(g).

Gibbs measures have a useful characterisation via the Ruelle-Perron—Frobenius theorem,
see [7, corollary 2.10].

PROPOSITION 2-3 (Ruelle-Perron—Frobenius theorem). Let g:[0, 1] —> R be a locally
Holder summable potential with P(g) =0 and let L,:H — H be the transfer operator
given by

Lofx)=)" exp(e)f().

Ty=x

Then there exists a unique (positive) eigenfunction L,h =h and a unique eigenmeasure
Ly = [, where Ly denotes the dual of L,. Moreover i is a Gibbs measure for g. Let
M, :'H — H be the normalised operator defined by

1
M f(x) = ) h(y) exp(g(¥)) f(¥)

Ty=x

so that M1 =1. Then dpu = hdji is the unique T-invariant Gibbs measure for g and
M= p.

Given u € H we call u —u o T a coboundary. We say that two locally Holder functions
[, g:10, 1] = R are cohomologous (denoted by f ~ g) if there exists some function u € H
such that

f=g4+u—uoT.
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2-4. Regularity of T
It is easy to check that for all x € [0, 1], |(T?)(x)| > 9/4. That means that although T is

itself not uniformly expanding, the second iterate T2 is. Since T'(x) = —x 2 and T"(x) =
2x 7 it follows easily that

T//(x)

7 | = 9
I")T'(z) ®

sup sup
neN x,y,zeZ,

Consequently, one can use (9) to show that —log|7’| is locally Hoélder; in particular
—log|T'| € ’H%. Throughout the rest of the paper we fix « =2/3. A consequence of the
Holder regularity of — log 7’| is the following useful bounded distortion property, see for
instance [3, section 7-4 lemma 2].

PROPOSITION 2-4 (Bounded distortion property). There exists some C > O such that for all
neN i ---i,eX*andx,yel;

Lo

I
(T") (y)

In particular for any x € T,

Lo

I(T") )]
|1.11 l,l| ! \
3. Measures that do not satisfy Hypothesis 1-2

In this section we show that there exists some c, € > 0 such that if p does not satisfy
Hypothesis 1-2 for this choice of ¢, then dim up, <1 —c.
Given A > 0 recall that £, was defined to be

=UJ e @ D170 <exp(=an)}. (10)

j=1n=j

For 1/2 <s < 1 we denote

k(s)=log | sup — | < 00. (11)
(xe(O 1)2 |T’(T Lols
By [4, theorem 4-1], forany A >0and 1/2 <s < 1
dlm€A§S+%” (12)

We begin by using (12) to show that any measure with infinite entropy (and therefore
infinite Lyapunov exponent) will have dimension at most 1/2.

LEMMA 3.1. Let u, be a Bernoulli measure such that h(up) = 0o. Then

1
dim p, < =

[\
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Proof. Let h(up) = 00. Then x (p) = 00. Thus for w, almost every x,

n—1
1
lim inf — § log | T(T*(x))| = oo.
n—-oo n
k=0

Fix A > 0. Then for 1, almost every x

n—1
% > log(T'(TH(x))) > 24 (13)
k=0

for all n sufficiently large. By rearranging (13) we obtain that for all x that satisfy (13), there
exists a subsequence n;, such that

(™)' ()™ < exp(=24m)
for all k € N. By Proposition 2-4 this implies that
[T )] S CIT™) ()] 7' < C exp(—=2hmi) < exp(—ing)

along the subsequence n;, provided A is sufficiently large. Therefore x € £ which implies
that 1, (&) = 1 since we were considering x that belong to a set of full measure.

Let1/2 <s < 1.By (12),dim &, <s 4 «(s)/A. Since up(E;) =1 for all A, it follows that
dim p, <5+« (s)/A where «(s) is given by (11). Since s can be chosen arbitrarily close to
1/2 and X can be chosen to be arbitrarily large, the result follows.

We can use similar ideas to consider measures with finite entropy whose associated
probability vectors do not satisfy Hypothesis 1-2.

LEMMA 3-2. Fix 1/2 < s < 1. Let Ay > 0 such that sy + k (sg) /Ao < 1. Then there exists
g0 > 0 such that if h(up) < 00 and p does not satisfy Hypothesis 1-2 for € = g then
K (80)

dim p, < 5o+ Y
0

Proof. Fix A sufficiently large that so 4 « (s0) /Ao < 1. Fix N sufficiently large that

—V it log | T (x)| > 2Aq,
XGIN

where 1 was defined in (5). Fix ¢, sufficiently small that ¢y < (1 — ¥ )/2N. Since the p, are
decreasing it follows that )\, p, > 1 — 1 — Nego. Thus since &y < (1 —¥)/2N,

1—
/log |T'|dpp > 4 inIf log |T'(x)| > 2Xo.
XeELy

As in the proof of Lemma 3-1 this implies that x,, almost every x belongs to &, and therefore
dim pp < 5o + Kk (S0)/Ao-

4. Measures that satisfy Hypothesis 1-2

Throughout this section we fix ¢ = g given by Lemma 3-2 and we fix a probability vector
p that satisfies the following hypothesis.
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Hypothesis 4-1. The probability vector p satisfies that dim p,, > 3/4 and additionally either

(@) pi,ppzeor
() p1> .

If p satisfies Hypothesis 4-1 we may also say that i, satisfies Hypothesis 4-1. Note that by
Lemma 3-1, dim 1, > 3/4 implies that (up) < 0o and so Hypothesis 4-1 is slightly stronger
than Hypothesis 12 (in particular, if p satisfies Hypothesis 1.2 then either dim p, <3/4 orp
satisfies Hypothesis 4-1). Also, since (1) < 0o we have dim pu, = h(up)/ x (1p). To make
our arguments clearer we also assume that p, > 0 for all n, although the proof could be
easily adapted without this extra assumption.

The main result in this section is that we can obtain a uniform upper bound on the
dimension of any measure p, whose probability vector satisfies Hypothesis 4-1.

LEMMA 4-2. There exists n, > 0 such that for any ., that satisfies Hypothesis 4-1,
dim pup <1 —1;.

We briefly describe the link between the constant n; and the asymptotic variance which
we mentioned in the introduction. Assuming that p satisfies Hypothesis 4-1, we will show
that dim up = | ,Bl/,(l)l for a convex, decreasing function B, (¢) (see (14)) for which ,(0) =1
and B, (1) = 0. We will show that ,31/,/ (t) can be written in terms of the asymptotic variance of
some potentials which depend on ¢ (and p) (18). Therefore obtaining uniform lower bounds
on the variance (i.e. on ,Bl’,/ (t)) for ¢ belonging to some subinterval / C [0, 1] will allow us to
obtain uniform upper bounds on |ﬁl/,(1)| = dim pp. In particular, ; will be proportional to
the uniform lower bound that we obtain on the asymptotic variances that appear in (18).

The method used in this section is inspired by an approach that was described in a talk of
Kessebohmer, based on his uncompleted joint work with Stratmann and Urbarski related to
the dimension gap for the Gauss map.

For a fixed probability vector p define the Bernoulli potential f,:[0, 1]\ Q —
(=00, 0] by

fP = Zlog pnlln'

neN

Notice that f, is the Gibbs potential for the Bernoulli measure u,. We are now ready to
introduce the function .

Definition 4-3. Fix a probability vector p that satisfies Hypothesis 4-1. We can define the
function B, : [0, 1] — [0, 1] where B,(¢) is defined implicitly as the solution to

P(—pBp(1) long/|+tfp)=0. (14)
Denote the function

Jor=—Bp®) logT'| + f,. as)

Note that it is not immediately obvious that 8, should be well-defined; this fact will follow
from Proposition 4-4.
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We denote the function that appears inside the pressure in (14) by g, : [0, 1]\Q = R

8p.r = —Bp() log |T'| + 1f,. (16)

By Proposition 2-2 we know that there exists a unique invariant Gibbs measure for g, ; which
we will denote by up ;.

The function g, will be the object of our focus throughout this section. In the following
proposition we summarise its important properties.

PROPOSITION 4-4. The function By : [0, 1] — [0, 1] satisfies the following properties:
(1) Bp(t) is convex and decreasing on [0, 1];

(i) Bp(0) =1 and Bp(1) =0;
(iii) By(¢) is analytic for t € [0, 1]. Moreover the first derivative of B, (with respect to t) is

given by
, —J Jeditp,
By(1) = = fodites rv (17)
[ log|T"|dp,
(so in particular dim pp = | ,BI’,(I) |) and the second derivative is given by
op (=B log |T'| + fp)
By(t) = 22— , (18)
Jlog|T"|duyp,
where the variance Gﬁpvr (=B, () log |T'| + fp) is given by
02 (for) = / £2dpp+2Y ( / Foi - foao T"dup,t) . (19)
n=1

Moreover, these properties determine the graph of By(t); see Figure 1.

Proof. Itis easy to see that 8, is decreasing, since

/ o (i i)'
P log T +1fp) = lim - log ( ZN [Ty (TG - i,,>°°>>|ﬂv<'>> '

To see that §, is convex, notice that forany n e N, and a, u, t € (0, 1)

(1—a)u (1—a)u

Z pit.pl i, in
L [(T") (TT((iy - . . i) ®N[BO |(T") (TI((iy . . . i,)%°)) [Tk W

a 1—a
pi - D pi - Di
< - - :
(l.] 2 |<T")/(n(<n...ln)OO)>|ﬂp<'>> < ZW |(T")/(n<(z1...ln>°°>>|ﬂp<u>)

..... i,eN? i1,...,Iin€

by Holder’s inequality. Therefore

P(—(app(t) + (1 — @) Bp(u)) log |T'| + (at + (1 — @)u) fy)
<aP(=Bp) log |T'| +1fp) + (1 —a)P(—Bp(u) log |T'| + ufy) =0.
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\

1

Bo(t)

t 1\

Fig. 1. A typical graph of By (?).

Therefore it follows that By(at + (1 — a)u) < aBp(t) + (1 — a) Bp(u) since when ¢ is fixed,
P(—blog|T'| +tf,) is decreasing in b.

For the second part, by using Proposition 2-4 it is easy to see that P(—log|T'|) =0
which implies that 8,(0) = 1. Similarly it is easy to see that P(f,) =0 thus it follows that
Bp(1) =0.

To prove the third part, we begin by showing that g, is analytic in a neighbourhood of 1.
Let r < 1/2. By Proposition 2-4 and the fact that p, = O(1/n?),

1
d>p =0 (Z W)

neN neN

and therefore is a finite sum. Let (¢, b) € [1 —r/2, 1 +r/2] x [—r/2, r/2]. Then since p, =
O(1/n?) there exists a constant K > 0 such that

P(=blog|T'| +tfp)

. 1 -z ny/ . NN
Snlggozlog( > i ) TRNTNY (TG -+ ) >|z)
iy, eN"

. 1 —r r It
< lim —log( S i i) T Py pi) (T 1T D TEC 2)

nween -0, €N”
1 - r
< lim — log E (pi, -+ pi,) "K"C":
n—-oo n . N Nn
-lp€

= % log C +log K + log (Z pi’) < 00,

neN
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where the second inequality follows by Proposition 2-4. Therefore, by [6, theorem 2-6-12]
P(—blog|T'| +tfy) is analytic for all (¢, b) € [1 —r/2, 1 +r/2] x [=r/2, r/2] and by the
implicit function theorem B,(¢) is analytic for all # € (1 —r/2, 1 4 r/2). We will return to
show that B, is analytic on the whole interval [0, 1] after verifying that (17) holds for any
te (1 —r/2,14r/2) (and indeed for all ¢ at which B,(¢) is analytic).

To verify (17) we follow the arguments of Ruelle [8]. Fix ¢ such that §, is analytic at ¢.
We differentiate (14) and apply [6, proposition 2-6-13] and the implicit function theorem to
deduce that

~y0) [ tog T, + [ fudiap, =0 (20)

In particular, since 8,(1) =0, it follows that 1, | = p and therefore

— h('up) — ffpd/’Lp,l
X(p)  [log|T'|dp,
Using this we can now show that in fact B,(¢) is analytic for all t €[0, 1]. By

Hypothesis 41 | ,Bl’)(l)| =dim pp, > 1/2, therefore it follows by convexity of S, that B, (¢) >
(1 —1t)/2forall ¢ € [0, 1]. In particular for all ¢ € [0, 1]

dim e, =B, () =1B,(D)].

ﬂp(t)+t>ﬁp(t)+%t>%. 1)

Fix t and choose ¢ sufficiently small so that B,(t) +t —2¢ > 1/2. Then for all (u, b) €
(t — &1 +8) X (,Bp(t) — &, :Bp(t) +8)9

/ o i
P(=blog|T'| +ufy) = lim - log (ZN |(Tny(n<<i>°°>)|b)

, 1
gC +10g(ZW> < o0,

neN

where C' is a constant coming from Proposition 2-4 and the fact that p, = O(1/n?), and the
final inequality is because b +u > Bp(t) +1 — 2¢ > 1/2.

By the implicit function theorem and [6, theorem 2-6-12], B,(¢f) is analytic for all f €
[0, 1], and the derivative ,Bl’) () satisfies (17) by the same arguments as before.

To verify (18) we differentiate (20) to obtain

d (/ log |7"|dysp.r) d (/ fodup.)
dr dr

=0.

By (1) / log |T'|dpp,s + By(1)
By [6, proposition 2-6-14],

d ([ log|T’|dup,)
dt

=0, (—By(1)log|T'| + f,, log |T'])
and

d (f fpdl’vp,f)

G = O, CHO LT+ o, fy)
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and therefore
Bl(t) = Oy, (B 102 |T' + fy)
PR [log T Idpg,

By (20), /,Lp,,(—,Bl’J(t) log |T'| 4+ fp) =0 for all p and ¢ (where up,(f) denotes f fdup),
thus Uip., (fp.0) is given by (19).

>0. (22)

By rewriting dim p;, as the absolute value of the derivative of 8, at 1, we are now able
to exploit the tools of calculus to find an upper bound on |B,(1)| =dim p,. In particular
we are interested in showing that §, is ‘uniformly convex’ in some compact interval of ¢.
Therefore we need to obtain lower bounds on B;(7) which are uniform over all p which
satisfy Hypothesis 4-1 and all ¢ belonging to some compact interval.

By (22), we are interested in finding an upper bound for the Lyapunov exponent x (itp )
and a lower bound for the variance ajw (fp.r) which henceforth we will denote by ali (fo.0)-
The Lyapunov exponent is not difficult to estimate from above, but we will delay this until
Lemma 4-19. Instead, our primary focus will be obtaining a lower bound for the variance. It
is well known that the variance satisfies

ops(fou) = / fodptp, +2) ( f ﬁ,,t-ﬁ,,toT"dupJ) (23)
n=1

for any function fp, ¢ which is cohomologous to f}, ;. The second term on the right-hand side
of (23) is what makes it difficult to study lower bounds on the variance. Therefore, our aim
is to find a coboundary Uy, ; — Uy ; o T such that if we substitute fp,, =for+Up;—Up;oT
into (23) then the right hand term will vanish. Therefore, in the first part of this section we
introduce a family of transfer operators which will aid us towards obtaining the appropriate
function Uy, for which alf’ (fo)=[ fli ,ditp . To this end, we introduce a family of transfer
operators.

Definition 4-5. For a fixed p and r we define the bounded linear operator £, , : H—H by

Lpw(x) =Y exp(gp.(y)w().

Ty=x

Note that this can be written alternatively as

Ly w(x) = exp(gp (T, x))w(T, ' x).

neN
Notice that each operator in the family above is well defined since

_ Py
2 exp(&o (1,0 =D i S < 0

neN neN

It will be more convenient for us to work with the normalised transfer operator.

PROPOSITION 4-6. There exists a normalised operator My, : H — H given by

My,w= h;}ﬁ,,,,(hp,,w)
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such that My, 1 =1, where hy,, is the unique fixed point of Ly ,. Equivalently M, ,w =
> 1y €XP@p. () w(y) where gy, = gp: + hyp, — hyp, o T. Moreover, My ity = jip, and
dtp. = hy dfip, where L3 iy = fip,;.

Proof. This is essentially a restatement of Proposition 2-3.

When seeking upper estimates on the variance, the second term on the right-hand side in
(23) can easily be dealt with, for instance one can bound it above by knowing an explicit
rate for the decay of the correlation functions. However, when one is interested in lower
estimates, this term makes the variance difficult to bound from below. Since (23) holds for
any f,, which is cohomologous to f,,, it would be useful if we could find some f,, ~ f,.
for which

/fp,t < fou 0 T"dptp, =0

for all neN. Since My up,=pp, and M;‘,(fp,, . fp_, oT™) =fp,,/\/l;q,(fp,,) we can
rewrite the above as

/ fP,t : fp,t oT"dpup, = / Mg’,(fp,r : fp,[ o T")dup,
- / fp’t ‘M;J(fp’f)dlu*p.t =0.

Writing fp., = fou + Ups — Uy, o T for some coboundary U, — U, o T, it transpires that
the property we want is My, ,(fp + Up, — Uy, o T) =0. This leads us to the following
definition for U, ;, which we now fix.

Definition 4-7. Define Uy, : [0, 11\ Q — R by
UP'I = Z 'M;,l (fp,[)
n=1

and f,,: [0, 11\ Q — R by
f;ll = fp,t + Up,t - Up,, oT.

It will be a consequence of Lemma 4-11 that U, , € H, (although it is already not difficult
to see this: it is easy to show that M, , f, ; € H,, and therefore by [6, theorem 2-4-6] one
can deduce that ||Mg’t fo.lle decays exponentially fast in 7). As suggested above, it turns
out that this definition for U, fits our purposes.

LEMMA 4-8. Forallp and t,
Mo (fo.) = My, (fos + Ups — Uy, 0 T) =0.

Proof. Tt follows from definition that
Mp,r(fp,t) - Mp,t(fp,t) + Mp,r(Up,t) - Mp,r(Up,t o T)

=M, (fo) + D M (for) =Y M (fouoT)

n=2 n=2
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= Z M;,t(fp,t) - Z M;l),t(fp,t ] T)
n=1

n=2

=Y M (for) — ZM o My (fpuoT))
n=1

n=2
00

M” (fp z) ZM (fpl P,T(l))

n=I

0.

As an immediate corollary to the above, we can write the variance as a single integral as
we intended.

COROLLARY 4-9. We can write
7o) = [ T2 b
Proof. By (23)
Uli,(fp.,t) =/ ]iitdﬂp,t +2 i/ o+ Joao T"dpp.
n=1

Therefore,

U]i,(fp,z) :/ﬁ,dﬂp,t‘FzZ/fp,t'fp,roTnde,t
/fptd,upt'i'ZZ/M fpt fptOT )dﬂpt

/fp,dup,+22/fpt (o) ity

= / f;i[d/’l“p,t

since /\/lg,t(fp,,) =0foralln eN.

Now that we have managed to find a cohomologous function fp, fp.« with the prop-
erty that o) (fp.) =/ fptd,up,, we can shift our focus to estimating [ fp,dup, in a
uniform way

Let I =[1/8, 1/4] and notice that forall r € I,

1 1 1 3 9
Bo(t) = Bp (Z) = f”(“l) . (1 — Z) > Zlﬁ,’,(l)l > T (24)

1

since B, is convex and dim up, > 3/4. Let Z be a finite set of periodic points of 7. Suppose
there exist constants ¢; and ¢, such that, for all p and ¢ € I:

(1) there exists a periodic point z € Z of period n such that %lS,l fp,,(z)| >cy;
Q) [fpila <2
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Then we can bound | fp% .dup,: from below by a ‘strip’ of the integral which is deter-
mined by an interval centred at an appropriate point z’ in the orbit of z =IT(i) for which
| fp,t(z’)| > c1. We simply need to make the interval width sufficiently small so that fp,,
remains large within the interval, which we can do by using the Holder properties of fp,,. In
particular if m is large enough that «™ < ¢ /2c; then for any y € Z;

|m»
e ) = for(D) < C—z‘

so it follows that for all y € Z;,, |fp,,(y)| > ¢ /2. Therefore
ci

1 .t (Zi,,)- (25)

o (fpr) = / fo Qptp, >

Therefore we see that a uniform lower bound on O'li ,(fp.r) depends on the following three
lemmas. In what follows each statement holds uniformly for all p that satisfy Hypothesis 4-1
andall ¢ € [.

LEMMA 4-10. Givenie X* let z; denote the periodic point for T given by z; = IT((1)*).
There exists a uniform constant ¢, independent of p and t such that for any t and p, there
exists z € {21, 22, 212} for which

1 -
‘Es2fp,t(z) Zcr.

Moreoever, for any p which satisfies py > ¥, | fp.. (1) = c1.

LEMMA 4-11. The function Uy, € C%1([0, 1)) for all t and p. Moreover; there exists a
uniform constant ¢, such that [ fp ;1o < cs.

LEMMA 4-12. There exists c¢3 > 0 such that for any p and t,

(pi, -+ pi,)
IT'(z) - - - T'(T"=17)|Pe®

oo (pi, -+ pi,)!
PT@) - TI(T )

|ﬂ,,(t) < Mp,t(z-i]...i,,) <

foranyneN,iy...i,eN'andz €1,

Teeein®

In particular, if Lemmas 4-10-4-12 hold then for each p and ¢ one can find z €
{z1, 22, z12, 221} for which |f,,(z)| = c;. Therefore, by fixing m sufficiently large that
a™ < ¢1/2c;, it follows that

2 i i€t
0p (fp) 2 ZC3 on

for all # € I and p that satisfy Hypothesis 4-1.

4-1. Proof of Lemma 4-10

We begin by proving Lemma 4-10. Essentially this boils down to two key observations.
Firstly observe that S, fp ;(z) = S, fp,:(z) for any periodic point z = T"z since f,, and f;;

https://doi.org/10.1017/50305004121000104 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004121000104

A new proof of the dimension gap for the Gauss map 59

are cohomologous. Secondly observe that by the non-linearity of 7', — log |T’| is not locally
constant whereas f, is. In particular, this means that

‘1 . T'(z)T'(22)
T'(z12)T'(z21)

Proof of Lemma 4-10. Fix t and p= (p1, p2, ...). Recall that by the convexity of B,
|Bp(D)] = |B,(1)| = dim pup > 3/4. Put

1
Cc11 = = |10

8

T'(z1)T'(z2)
& T ) T (z)

Without loss of generality we can assume that both

| o@Dl =1— By() log |T'(z1)| +log pi| < cu (26)
and

| fo.r(22)| =1 = By(1) log |T'(z2)| 4 log pa| < ciy 27

since otherwise we are done. We will show that this forces |%Sz So.i(z12)] > c11, which will
complete the proof.
By (26) and (27) it follows that

1
§| — B,(1)10g |T"(z1)T'(z2)| + log p1p2| < e

Moreover
B len = |/3{)2<’)| log TT(Z;;EZ?)
< % | =B, (1) log IT"(21)T' ()| + log p1 ps|
+% |—B,(1) log |T'(212)T' (z21)| + log p1 pa|
< % | =By (1) 10g | T' (212)T' (z21)| + log p1pa| + cui.
Therefore

1 , /
3 | =B, (1) 1og |T"(212) T' (za1)| + log pi pa| = 418, (Dlers — en = 2en,
where the final inequality is because | ,Bl/, () =3/4.

Next, put c¢;p =1/21og|T'(z1)|. Recall that by definition of ¢ in (5), if p; > i this
implies log p; > —1/41log |T'(z;)|. Therefore, since —,Bl’)(t) > 3/4 it follows that

3 / 1 / 1 /
[ for (2Dl = 7 1og [T' ()| = 7 log [T (z1)| = 7 log IT"(z1)| = c1a-
Finally, putting ¢; = min{cy;, ¢} we complete the proof.
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4-2. Proof of Lemma 4-11

In this section we will prove Lemma 4-11. By [6, theorem 2-4-6] we know that for each p
and ¢ there exist constants ¢, , > 0, 0 < pp, < 1 such that for all f € H, with up,(f) =0,

M, Flla < cpuop I Fla-

We would like to prove a uniform (in p and ¢) version of the above property. In fact we
will work with the Lipschitz norm instead, and show that we can choose uniform ¢4 > 0,
0 < p < 1 such that for all p and ¢ and f € C%!([0, 1]) with wp(f)=0,

||Mg,rf||0,1 < C4,0"||f||0,1. (28)

To do this we will make use of ‘Hilbert—Birkhoff cone theory’ [5, 9] which provides technol-
ogy that yields particularly explicit estimates for the rate of decay of norms under transfer
operators, which will allow us to verify that a uniform property such as (28) holds. The result
will then follow by obtaining upper bounds on || M, f, llo,1 and ||M12M Sfoellor

We begin this section by summarising the tools from Hilbert—Birkhoff cone theory and
how these can be applied to transfer operators. For more details the reader is directed to
[5, 9]. For a > 0 define

C.={weC(0,1]):w>0and wx) <" Mw(y)}.

Then C, is a closed convex cone; this means that Aw € C, and w; + w, €C, for all > >0
and all w, wy, w, € C,. We can define a partial ordering < on V by

v=w & w—vel,U{0}.

Moreover, using this partial ordering one can define the projective metric ® on C,; we
will not actually require an explicit characterisation of this metric but it is defined and dis-
cussed in [9, proposition 2-2 and Example 2-3]. The following proposition follows from [9,
propositions 2-3 and 2-5].

PROPOSITION 4-13. Ler L : C([0, 1]) — C([0, 1]) be a linear operator and C, be the cone
as defined in (29), equipped with the projective metric ®. Suppose there exists a > 0 and
A € (0, 1) such that L(C,) C Cy,. Then:

€]
D= sup O(L(v), L(w)) < o0; 29)
v,wel,
(ii) there exists r € (0, 1) that depends only on D such that for all v, w € C,,
O(L(v), L(w)) <rB(v, w).

The following is an easy modification of [5, lemma 1.3].
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PROPOSITION 4-14. Let ||-|l, ||I-ll2 be two norms on C([0, 1]) and consider the cone C,
which induces the partial ordering <. Suppose there exists C > 1 such that for all f, g €
C([0, 1D
—f=g=xf=lglh <Iflh
gl < Cli £l

Then given any f, g € C, for which || f 11 =Igll1,

If =gl <C*(e® = DI o

We also note that it is easy to check that — f < g < f implies that ||g|lc < || flleo and
lgllLtem < |l fllLtm for any measure m on [0, 1]. Additionally one can check that — f <
g < f implies that [Igllo.s < (1 +a)?[ fllo.1-

We will now apply Proposition 4-13 to the operator /\/llz,’ , to deduce that it strictly contracts
the projective metric ® (with the view to later combine this with Proposition 4-14 in order
to prove (28)). The following lemma will also provide us with uniform regularity properties
for the fixed points hp ;.

LEMMA 4-15. There exists a >0, D < oo and r € (0, 1) such that for all v, w € C,,

sup O(M;,(v), M3 (w)) <D (30)
v,weC,
and
OWM; ,(v), M ,(w)) <rO®, w). @31

Moreoever, forall x, y € [0, 11\ Q and all p, t

th(x)

th(y)

exp(—alx —y|) < sexplalx — yl). (32)

Proof. We begin by proving that the analogues of (30) and (31) hold for E;Z),r for some ay, ro
and D,.
Since f;, is locally constant,

[8p.r]a = [Bp(1) log | T"[]o < [log | Tl

so there exists « < 0o such that [g, /]« < « for all p and 7.
Let ag >0, w €C,, and x, y € [0, 1]. Recall that for all x, |(T?)(x)| > 1/a*>=9/4. In
particular, this means that any local inverse branch of 7% must be contracting by «?. Thus

(Ly,w)(x) =Y exp(gp (T, x)w (T, ')

neN2

<) exp(ep (T, y)w (T, 'y) exp( + ao)| Ty 'x — T, yD)
neN2

<) explep (T y)w (T,'y) exp(e (2« +ap)lx — y).
neN2
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Choose a? < Ay < 1 and ay > 2a’k /(Ao — ). Then it follows that

(L2, w)(x) < (L2, w)(y) explagholx — y]). (33)

Clearly Clz,_tw >0 and Elznw € C([0, 1]). Therefore £l2,q,Ca0 C Ciyay- Therefore by
Proposition 4-13 there exists Dy < oo such that sup, ,.c (©(L(v), L(w))) < Dy and there
exists some ry € (0, 1) which depends only on D, for which

OL2,(v), L3, () <re® (v, w) 34

for all v, w € C,,. In particular ry and Dy are independent of p and ¢.
Using (34) we can prove (32) for a =ay. Let N € N and consider integers m, n > N.
Using (34) we can write

O (L1, LanH 1) <rg O(LYG ™, L3GMH1) < Dory)f

for each k € {0, 1}. Let L' = L' (f1,,). Since ||£;j,,,1||u = |1 for all j € N, we can apply
Proposition 4-14 to the norms ||-||; = ||-||.: and |||l = |||l to deduce that for all n, m > N,

L1 — L2710 < exp(O©(Ly 1, L271)) — 1
< exp(Dory) — 1
<

D() exp(DO)réV.

This implies L’;.tl is a Cauchy sequence in the uniform norm ||-|lo. Thus the limit
lim, . £ ;1 € C,, and is a fixed point of £, ;. In particular, since the fixed point is unique,
this means that zp; = lim,,_, o E;,l and therefore hp, , satisfies (32) for a = ay. We now use
this fact to prove (30) and (31).

Let a; > 0. Then

(M w)(x) =hy}(x) > exp(er (Ty ' x)w (T, x) by, (T, 'x)

neN?
<ht ) 3 exp(el, (T 0w (T'5) by (T ) exp((2c +ao +an) Ty ' — T yD)
neN?
<hpr() D exp(el (T y)w (T,7'y) hp. (T 'y) explao + e (26 + ap + a)|x — y).
neN?

Choose a?> < A; < 1 and a; > (ag + 2a’k + a?ay)/ (A1 — ?). Then it follows that
(Mp,w)(x) < (M w)(y) explarilx — yl). (35)

Fix a =max{1, a}. Clearly M7 ,w >0 and M; ,w € C([0, 1]). Therefore M ,C, C Cy,.
Thus by Proposition 4-13, (31) holds. Moreover since a > ay, hy; € C, and so (32) holds.

Next we obtain a uniform upper bound on the operator norm of M, ,, when restricted to
the cone C,.

LEMMA 4-16. There exists A > 0 such that for all f € C, and all p, t,

2
MG flloa < All fllor-
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Proof. Firstly, we can immediately see that ||./\/l'l§,, flloo < |l flloo for all k € N. Next, since
f €C,, by Lemma 4-15 it follows that Mlz,'ft f €C, as well and therefore setting F = Mf,”

2o
— ("M —DFx) < F(x) — F(y) < (e = DF(y)
for all x, y € [0, 1] which implies that
|F(x) — F(y)| <ae||Flloolx — |

that is, F is Lipschitz with Lipschitz constant [F]; < ae®| F|ls. Thus [Mf,’f,f]l <
ae | M2 flloo < ae || flloo-

Now using lemmas 4-15 and 4-16 we can apply Proposition 4-14 to the operator Mlz,qt to
deduce that (28) holds.

LEMMA 4-17. There exist constants c4 > 0 and 0 < p < 1 such that for all p, t and f €
C*'([0, 1]) with pp, (f) =0,

MG fllor < cap™ 1 Nlo.r-

Proof. Let f € C*'([0, 1]) for which p,,(f)=0.If f is constant, f =0 since its integral
is 0 and thus the result follows trivially. If f is not constant, || f|lo.; > 0. Let f; and f, be the
positive and negative parts of f respectively, so that f = f; — f> with f;, f, > 0. We can
guarantee that they belong to a cone by adding a constant. In particular, f; + || f|lo.1 € C; for
each i since

Ji@) + 1 flloa < <fi(x)+||f”0,l)>
————— =exp|log| ———F—

)+ flor L)+ 1 flo

[0 — £)
— exp (log (L2 =) Ly
eXp<°g (ﬁ(y) il T ))
I flloalx =yl )
< 1 — 11
S eXp<0g<ﬁ(y)+||f||o,1 * )

< <I|f||o,1lx—y|>
<exp| —"F———
Fiy) +1flloa

< exp (||f||0.1|x —)’|>
Il f 1o,
= exp(lx — y),

where the fourth line follows because log(1 + z) < z for any z > —1. Denote n = || 0.1
Then f; + n € C,. Then since pp,(f1) = tp(f>) we have

”Mlz)’jtf”o’l = ”Mlzfz(fl +1n) — Mlz,'f,(fz + M llo,1
< ||M12,7,(f1 + 1) = p, (f1 + Mo + ||Ml2,',',(f2 + 1) — p (2 +Mlo-

Denoting L' = Ll(up,,), we can apply Proposition 4-14 for ||-||, = ||-]|. and ||-[l2 = [|-]lo.1
to obtain

IMZ, Fllon < (14 @)*@xp© (M, (fi + 1), 1tp (fi + D) = DIMZ(fi + )0
+(1+a)*(exp(O@ (M (fo + 1), ttp. (fo + MDY = DIMZL (2 + mllo.1-
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Next we can apply (31) to get

IM flloa < (14 a)(exp(r"O(fi + 1. pp (fi + M) = DIM(fi +m) o
+(1+a)*(exp(r" O (fo + 1, ip, (f2 +mD) — DIMY(f2+ mllos
< (1+a)*(exp(r" D) — DA fi + nllos + I 2+ nllo.r)
< (1+a)*Dr' exp(Dr") (Il fillos + | f2llo. +2m)
<41 +a)*ADePr"| fllo.i,

where A is the uniform constant from Lemma 4-16.

Before we can use this result to prove Lemma 4-11, we need uniform bounds on
|Mop.: fo.illo1 and ||/\/ll2,’t fp.illo1 for all p that satisfy Hypothesis 4-1 and ¢ € 1. Observe
that for 7 € I, |,Bl’,(t)|, |p! log p,| < 8. To see that this holds for |p log p,|, define o, (x) =
x"log x for x € [0, 1]. Differentiating with respect to x we obtain

d t—1 t—1 t—1
a(oe,(x)):tx logx +x""" =x""(tlogx +1).

Clearly the only turning point in [0, 1] is x = e~ and since o, (0) =, (1) =0 this is a local
minimum for ¢, that is, a local maximum for |x’ log x|. Moreover, for t > § > 0,

_1 —1 _1 1 1 1 -1 1
o (e"7)=e loge r:—;e > ——e =as(e 7).

Therefore,

SR

1 1 1
Ix" log x| < ey (e )| < las(e™ )| = 3671 <
The claim follows because 1 =[1/8, 1/4].

LEMMA 4-18. There exists a constant cs >0 such that for all p that satisfies
Hypothesis 4-1, allt € I and k € {1, 2}

||M];,,,fp,r||0,1 < ¢s.
Proof. Observe that

—pi By () log | T'(T,7' (x))| + pj, log p,
T (T, x) | ®

My foa @) =hyy(x) Y hyp.o (T, ).

neN

By (32) and Proposition 2-4, there exists a uniform constant C which is independent of p, ¢
and x such that

logn
|Mp,tfp,t(x)| <C Z W

neN

Thus we get a uniform upper bound for | M, fp:lls and ||Mf,’t Jp.tllo by recalling that
IMG, foulloo < 1M, fp.illoo and because B, (1) > 9/16 by (24).
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To obtain the desired bound on [M,,; f;, /11, we write M, , f;, , in the form

Mo for () =Y By (X1 (x),

neN

where h, (x) = hy (xX)hp, ((x +n)~") and u, is given by

2p;,By(t) log(x +n) + p;, log p,
(x + n)?H® '

un(-x) =

Observe that as A, , € C,, we can use the same arguments as in the proof of Lemma 4-16 to
deduce that |hp ;(x) — hp;(y)| < ae||hp;llo|x — y|. Therefore using (32) and the inequality

1 () = By O < W ool (G 1) ™) = By (1) ™D+ g oo g 1 0) = B ()

we obtain

7 (x) = ha ()] < @ellhp lloollig ;lloclx — yI 4+ ae lp 13 1 112 1x = Y1

N IN

2ae*|x — y|.
Using this, (32) and the inequality

|hn(x)un(x) - hn(y)un(y)l < ”hn||oo|un(x) - Mn()’)| + ”un”oo|hn(x) - hn(y)|7

we obtain

Mo fos () = Mo fpu DI < D ey (0) = un (0] + Y 2a€™ [l [loolx — y]. (36)

neN neN
There exists a uniform constant C which is independent of p, # and x such that

logn

< -
Uup(x) < anﬂp(,)

therefore the second sum in (36) is uniformly bounded for all p and #. To verify that the first
sum is bounded by a constant multiple of |x — y|, observe that

d _ 2p,(By (1) = 2B,(1) Bp (1) log(x + n) — By (1) log p)
o= PR -
As before, there exists some uniform constant C which is independent of p, ¢ and x such
that
d <C logn
aun(x) X n2ﬁp(l)+1

from which it follows that the first sum is also uniformly bounded by some constant multiple
of |x — y| which is independent of p and ¢. We can bound IMlz,q,qu,(x) — Mlz,’,fp_t(y)l
similarly, thus the result follows.
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We are now in a position to prove Lemma 4-11.

Proof of Lemma 4-11. For all p that satisfy Hypothesis 4-1 and r € I and n > 1,

2 2
[Mp’:l[fp,f]] < ”Mp’j[fp,l”o,]
-1 2
0" IM, il

n—1
C4C50 )

o

<
<

where the penultimate inequality follows by Lemma 4-17 and the last inequality follows by
Lemma 4-18. We can obtain an analogous upper bound for [Mf,f‘,“ Sfo.li forn > 1.

Therefore, [Up ] is uniformly bounded in p and ¢, which in turn implies that [Up ], is
uniformly bounded in p and ¢. Since

1
[l = [B,(0) log | T"|1u < [ﬂ{, (g) log |T’|] < 8llog T[],

o

the result follows.

4.3. Proof of Lemma 4-12

In this section we investigate the Gibbs properties of wp, and thus prove Lemma 4-12.
Consequently this also allows us to deduce that [ log |7”|d i, ., which appears in the expres-
sion for B;(¢) in (18), is uniformly bounded above for any p that satisfies Hypothesis 4-1

andallr e 1.
By definition, up, is a Gibbs measure for the potential g, , and therefore we know that for
each p and ¢ there exists a constant 0 < Cp ; < oo such thatforalln e Nand all iy - - - i, € X%,
4 (pi, - pi,) (pi, -+ pi,)’'
< )<
PLITI(Z) - - - T/(T"— 1) |Pe® = Moo Ziv..iy) < Cpo |T'(z) - - T'(T"1z)|P®" 37)
We’ll prove that in fact we can choose a uniform constant ¢; such that (37) becomes
. (pi, - pi)' (pi, -+~ pi)'
< L) < 38
C3 1T/ (z) - - T'(T"17)|Fp® Mpt(Liy.i,) < €3 T T (T 1) o ® (33)

uniformly for all p and ¢.

Proof of Lemma 4-12. Recall that g, = gp, + hp — hp, o T (see Proposition 4-6). Since f,
is locally constant,

[8p.rle = [=Bp (@) log |T'|]a < [log T[]

and therefore [g, ], can be bounded above by a constant which is independent of p and .
Alsoif x, y € Z;, ; then by Lemma 4-15

Leeeln

hp, (x)
hp.: (y)

and therefore [hp ], can be bounded above by a constant which is independent of p and ¢.
Therefore there exists T > 0 such that [g, ], < 7 for all p and 7.

|log hy (x) —log hy ()| = |log <alx —y|
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Now we can apply arguments similar to [2]. Let n € N and any i, - - - i, € N". Then
Mp,t(-z'iz,...,i,l) = / IIiz‘...‘in ()C)d/Lp,t(X)

:/ Z IIHJZ.,.‘.[,, (y)d/'Lp,z(x)

Ty=x

= / > exp(@p 1z, , () exp(—gpr (1)) dtp. (x)

Ty=x

= / My Az, (x) exp(=gp.(x)))dtp., (x)
:/ exp(—g'p,,(x))d,up,,(x),
7

where the final line follows because M 1ty = fip.-

Letz €Z;, ;. Then
Mp,z (:Z’-lz ,,,, i,l) CXP(g’p,r(Z)) < CXP(Oln [gp,t]oz)ﬂp,t(l—il,.u,in)
so that
/’Lp,t(z-h,m,i,,) ~ nr-~
———— exp(—8p.1(2)) = exp(—a"[gp.r]a)-
o T i) . .
Moreover, we can proceed to obtain the following sequence of inequalities
wp. (Li....i,) ~ n—lps
—— - exp(—8p,((T2)) = exp(—a"" [gp:]a)
Mp,t(L;,...,in) P! P!

tp.1(Zi,) exp(—=&p. (T""'2)) = exp(—a[gp.i1a)-
Multiplying these all together we obtain

M > exp (— [gp’l]a) . (39
exp(S,8p.: (2)) l—«a

Now,

S, (log hp,t - log hp,t oT)(z) = 10g hp,t(z) - 1Og hp,t(TZ)
+log hy(Tz) —log by (T?2)

+loghy (T"'z) —log hy (T"z)
hp,t(Z) S

=1lo > —a.
&, (T72)

Plugging this into (39) we obtain

t Iz i g tla
Hpsi...ii) > exp <— 8prle a) 2 exp (— - a) : (40)
exp(S gp. (2)) -« 1
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By rearranging this inequality and expanding the ergodic sum we obtain the desired lower
bound. The upper bound follows by an analogous argument. O
We can now deduce that f log |T’|d p,, is uniformly bounded above for all p and ¢.

LEMMA 4-19. There exists a uniform constant L such that for all p that satisfy Hypothesis
4-1Tandtel,

/log |T'|dpup, < L.

Proof. By Lemma 4-12, pu, (Z,) < c3p./|T'(x)|?@ for any p which satisfies Hypothesis
4-1,any t € I, any n € N and x € Z,,. Therefore for all p and ¢ we have

/ log |T'(x)] _ -~ 2logn
/log'T'd“‘” CZKZ oo ¢ 32 P2

Since by (24) we know B, () > 9/16, the result follows.

4-4. Proof of Lemma 4-2

Sl~1ppose p satisfies that p;, p, > €. By Lemma 4-10 there exists z € {21, 22, 212} such that
182 fp.:(2)1/2 = c1. Let z = T1(i). Fix m sufficiently large that @™ < ¢;/2¢,. By Lemma 4-12
and the fact that inf,cz,uz, 1/|T'(x)| =1/9,

m

&4
Mpt(Iz] z,,,) =z C3 9_m
By (18), (25), Corollary 4-9 and Lemma 4-18, forall t € I =[1/8, 1/4],

cle’
() > — 41
o>y gt 1)
Similarly if instead p satisfies that p; > v, by Lemma 4-10 it follows that f;,(z;) > ¢;. Let

=TI1(i). Again by Lemma 4-12,

vi et
9m 9m

and therefore (41) also holds forall t € I =[1/8, 1/4]. Set y, = C%S%/4 -9"c3 L. Since By, is
convex, ,Bl; () is increasing for all t € [0, 1]. Moreover, since d,Bl’, (t)/dt = ,8;,’ (t) = y, for all
t el =][1/8, 1/4] it follows that

Mp, t(l'zl zm) = Cil

1
/ / VE
—1=p8p(1) — Bp(0) = / B, ()dr < B, (1) — 16
0
The result follows from the fact that — /31’,(1) =dim pp. L]

5. Proof of Theorem 1-1

By Lemma 3-1 we can restrict to the case where A (up) < 00. The proof then follows
from Lemmas 3-2 and 4-2. Fix ¢ = gy > 0 that satisfies Lemma 3-2. If p does not satisfy
Hypothesis 4-1 then either dim p, < 3/4 or

K (s)

dlm,u,Pgs—l—— <1
Ao
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by Lemma 3-2. Otherwise, by Lemma 4-2

dim pp <1 =71y,

which proves the existence of a dimension gap.

6. Generalisations

The method used in this paper can be generalised to prove the existence (and bounds
on) a dimension gap for more general countable branch expanding maps under a suitable
‘non-linearity’ assumption on the map.

In particular, let {Z, },cn be a countable collection of open non-empty disjoint subintervals
of [0, 1] such that (0, 1) C UneN Z, and let T, : Z, — [0, 1] be a sequence of expanding
bijective C? maps (so |T)| > 1). Define T : [0, 1] — [0, 1] as

T(x)=T,(x) ifxeZ,,

T0)=0,
where we put 7 (x) = T;(x) for k =min{n :x EZL} if x is a common endpoint of two
intervals. Similarly, we adopt the convention that 7' (x) = T//(x) where k =min{n : x € Z,}.

Let T:[0, 1]— [0, 1] be a countable branch expanding (Markov) map as described
above. Additionally assume that 7 satisfies the following conditions.

(1) Some iterate of T is uniformly expanding. There exists [ € N and A > 1 for which
(TH' () > A>1
for all x € [0, 1].

(2) Rényi condition. There exists k < oo such that
T"(x)
I"n)T'(z)
(3) Fast decaying interval lengths. There exists s < 1 such that

Z|In|s < 00.

neN

sup sup
neN x,y,zeZ,

=K < 00. 42)

(4) Non-linearity assumption.

T'(z)T"(z2) # T'(z12) T (z21)- (43)

Then there exists some 1 > 0 for which

supdim pp, <1 —17
peP

and n depends on A, [, k, s and a ‘non-linearity’ constant 6 which is given by

T (z)T’
6 = log (z1)T"(z2) £0.
T"(z12)T'(z21)
We now make some remarks about assumptions (1)—(4). Firstly, (2) guarantees that
—log |T’| is locally Holder, which we saw was crucial for the proof. This in turn allows

one to show that an analogue of Proposition 2-4 holds for 7', which is also utilised at many
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points throughout the proof. In fact, the reason why our method yields a particularly poor
estimate on the dimension gap when T is the Gauss map is precisely because the constant
k in (42) is given by « = 16, which ends up appearing in several exponents throughout the
proof.

Next, we note that (3) is a sharp condition. To see this, suppose there does not exist
s <1 for which Y, 1Z,|° < o00. Let 0 <7 < 1 be arbitrary. By assumption Y -, |Z,|" =
00. Thus, we can choose some large N for which Z’;:N |Z,|' > 1 for some k > N. Fix
py = (p1, p2, - . .) Where

0 n<N orn>k,

b= c|Z,|" N < p, <k,

where ¢ is a normalising constant so that Zﬁ: v €¢lpal" = 1. Consider the Bernoulli measure
Mpy - Since h(pp, ) < oo it follows that the dimension dim pp, = h(p, )/ x (1tp, ). Applying
the analogue of Proposition 2-4 it follows that there exists a uniform constant C > 0 for
which log |T'(x)| < —log |Z,| + C for all n € N and all x € Z,,. Therefore

— Y clTl log el T,
— Y el (log|Z,| — ©)

=t Yk (elZ, ) log |Z,]) — log ¢
— Y Tl og T,y +C

dim pp, >

Since N can be chosen arbitrarily large to make — Zﬁ: v(clZ,|" log |Z,]) arbitrarily large,
we deduce that dim up, — t as N — oo. Therefore, for all 0 <t <1 we can choose a
Bernoulli measure with dimension greater than ¢, proving that a dimension gap does not
exist.

Finally, (4) describes the fact that T sees some non-linearity on one of the first two
branches. This is precisely the property that was used in Lemma 4-1 and would be sufficient
(though not necessary) to prove an analogue of Lemma 4-1 for a more general map 7.
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