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We study a system of two coupled parabolic equations that models the spreading of a
drop of an insoluble surfactant on a thin liquid film. Unlike the previously known results,
the surface diffusion coefficient is not assumed constant and depends on the surfactant
concentration. We obtain sufficient conditions for finite speed of support propagation and
for waiting-time phenomenon by application of an extension of Stampacchia’s lemma for a
system of functional equations.
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1 Introduction

We study the interface dynamics of thin liquid films influenced by an insoluble surfactant
(a surface-tension-reducing agent) on a horizontal plane in the presence of gravity. The
motion of the film is modelled in the lubrication approximation by a coupled system of
two non-linear parabolic equations.

The investigation of surfactant spreading on a thin liquid film goes back several decades,
and includes experiments, asymptotic analysis and numerical simulations. For example,
in [18], the first quantitative, spatio-temporally resolved measurements were performed
for the spreading of an insoluble surfactant on a thin fluid layer. They directly observed
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the radial height profile of the spreading droplet and the spatial distribution of the
fluorescently tagged surfactant. It was discovered that the leading edge of a spreading
circular layer of surfactant forms a Marangoni ridge on the underlying fluid. A peak in
the surfactant concentration was observed that trailled the leading edge.

The authors of [32] implemented a Godunov scheme for the lubrication approximation
to the Stokes system to study numerically the development of the leading order insoluble
surfactant for two different equations of state (dependence of the surface tension ¢ on
the surfactant concentration I'): linear ¢(I') = 1 — I' and non-linear ¢(I') = (1 + 0I') 73,
where 0 is an empirical material parameter. They showed that the leading edge of the
surfactant travels with speed which is equal to the surface fluid velocity at that point. It
was shown numerically and confirmed experimentally in [34] that the spreading dynamics
of an insoluble surfactant on a thin liquid film confined by chemical surface patterns can
be represented locally in time by a power law. They determined the time evolution of the
liquid film thickness and the corresponding spreading exponents both from experiments
using interference microscopy and by numerical finite element simulations. It was also
shown in [29] that, with the exception of monolayers with strong cohesive interactions
(strong intermolecular bounds) which tend to retard the spreading process, an insoluble
monolayer increases the rate of drop spreading. Simulation results (with surface equation
of state based on the Frumkin adsorption framework) for small Bond numbers indicated
the existence of a power-law region for the time-dependence of the basal radius of the
drop, consistent with experimental measurements.

Interesting results from experimental study of the spreading of an insoluble surfactant
over a thin liquid layer were reported in [36]. Initial concentrations of surfactant above
and below critical micelle concentration were considered. If the concentration was above
critical, two distinct stages of spreading were found: The first stage was connected with
micelle dissolution; the second one was the transfer stage and this stage was much
slower than the first one. When the surfactant concentration was in the second stage, the
formation of a dry spot in the middle of the film was observed.

Recent modelling work has incorporated aspects of micelle formation into the govern-
ing equations and resulted in trends that are qualitatively consistent with experimental
observations. The following model of a thin film of viscous, incompressible, Newtonian
fluid lying on a horizontal plane, with a monolayer of an insoluble surfactant on its
surface, was derived by Jensen and Grotberg (see [21]):

he + %(h%ghm — Ghy + 3Ahhy))s + %(hzax)x =0, (1.1
(5)
I+ %(r W (Shye — Ghy + 3AR*h))x + (Thay)x = (D(I)Ty)s, (1.2)

where h is the film height; I' is the surfactant concentration in the monolayer; o(I") is
the surface tension; G is a parameter representing a gravitational force directed vertically
downwards; A is related to the Hamaker constant, being connected with intermolecular
van der Waals forces; S is connected with capillarity forces; D is related to the surface
diffusion and is assumed constant in [21].
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Neglecting temperature effects, a fundamental equation of chemical thermodynam-
ics (see [44]) relates the concentration-dependent surface tension ¢ to the free energy,
@, and the chemical potential, @', where both functions depend on the surfactant
concentration I :

o(I')=®(')— T &'(T). (1.3)

By convexity of the free energy, this relation implies a monotone decrease of surface
tension for non-negative concentration. It seems more realistic to assume that the surface
diffusivity of surfactant is not a constant [16,17,22], and given by a non-linear function
of the surfactant concentration I" (see, e.g. [8, (6.1) and (6.2), pp. 158-159]), namely in
the dimensionless form

o(M)y=1+60r73, D)=+, (1.4)

where 0, T and k are positive empirical parameters. It was shown that the parameter 0
depends on the material properties of the monolayer (cf. [8] for details). The empirical
relation (1.4) is based on experimental data obtained for the subinterval 0 < ¢ < 1. For
example, if 6 = 0.15, then (1.4) well describes an oil layer on water [8, Figure 2, p. 159].

The main goals of this paper are to study waiting-time and finite-speed phenomena
for surfactant-driven flows. Our approach is based on now well established non-linear
PDE analysis for degenerate higher order parabolic equations [1,4,9,12,27,33,39]. We
find power-law behaviour for finite-speed propagation and define sufficient conditions for
waiting-time phenomena.

The sufficient conditions: hg(x) < A|x|+ for 0 < n < 2, |hox(x)| < B|x|+ ! for 2 < n <3
(where 4 and B are some positive constants) on non-negative initial data, hy, for the
occurrence of waiting-time phenomenon were derived by Dal Passo, Giacomelli and
Griin [13] for the classic multi-dimensional thin-film equation:

he+ V- (|h]"V Ah) = 0. (1.5)

For the multi-dimensional case and 2 < n < 3, see [26].

In [7], the waiting-time phenomenon in the classic one-dimensional thin-film equation
(1.5) was identified for ho(x) ~ |x|* for 2 < o < %. The result was obtained by means
of matching asymptotic methods and was supported by numerous numerical simulations.
The upper bounds on the waiting time of solutions to the thin-film equation in the regime
of weak slippage was obtained by Fischer in [20]. Fischer also derived lower bounds
on asymptotic support propagation rates for strong solutions to the thin-film equation
in [19].

For more general non-linear degenerate parabolic equations with non-linear lower order
terms, the waiting-time phenomenon was analysed in [24,31,33,39]. In the present paper,
we find sufficient conditions on initial data (hg, I'g) such that interfaces of the liquid film
and of the surfactant do not move. These conditions were not known before and would
be interesting to investigate experimentally.

The first finite-speed results for non-negative generalised solutions of the classic thin-film
equation (1.5) were obtained in [2,3] for the cases 0 < n < 2 and 2 < n < 3, respectively.
For more general types of thin-film equations, the finite speed of support propagation
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phenomenon was studied in [5,6,25,38,40,41] (see also references therein). In this paper, we
analyse the speed of interface propagation, y(¢), for a model (P), defined below. This model
is a generalisation of the original system (S) for partial-slip regimes. The original system
(S) is a special case (no-slip regime) of the model (P) which corresponds to n = 3 and does
not possess a finite-speed propagation property. For the subcritical case 5 <m < n+ 2
in the partial wetting regime 2 < n < g, and 0 < g < 4n + 7 + 3min{0,6m — 5n + 2},
we prove that the speed is finite (¢ is a parameter related to the type of diffusion). Note
that our threshold 5/2 is connected with existence of strong solutions (C! smooth ones)
as we use this regularity to prove finite speed. Therefore, we leave the question open for
the range 5/2 < n < 3. For a subset n — 1 <m < n+ 2, we obtain an upper bound on it:

p(t) < K (177 + 15,

where K is a positive constant depending only on the parameters in the problem and
on the initial data. The first term ¢#7 to the best of the authors’ knowledge is new, and,
apparently, cannot be obtained from standard self-similar type solutions as they have the
asymptotic behaviour t73, see for example [2,3]. The new asymptotic t77 for n = 3 has
better agreement with the spreading rate ¢ that was experimentally observed for the
leading edge of the surfactant in [37]. The last term t%3 coincides with ¢ as qg — 0.
This asymptotic behaviour was discovered in [21] for self-similar solutions of (S) with
constant diffusion.

We also prove finite-speed propagation of the support in critical and supercritical cases
for2<n<3,n+2<m<n+2+3min{n,2q} and 0 < g < 4n+7+3min{0, 6m—5n+2}.
Under appropriate flatness conditions on the initial data and 2 < n < 3, we prove
existence of a waiting-time phenomenon in the subcritical case for 2—3” <m<n+2
and 0 < g < 4n+ 7+ 3min{0,6m — 5n + 2} and in critical and supercritical cases for
n+2<m<n+2+42min{n,3q} and 0 < g < 4n+ 7+ 3min{0,6m — 5n + 2}.

An outline of the paper is as follows. Section 2 is devoted to a generalised version of
the original system and to the description of our main results. In Section 3, we prove the
finite-speed interface propagation. In Section 4, we find sufficient conditions for waiting-
time phenomena. In the Appendixes A and B, we collect technical proofs of the paper’s
statements.

2 Main results

We will consider the generalisation of (S) for the case of partial-slip conditions in a
dimensionless form introduced in [10], namely, the following problem:

he + (fa(W)(hxxx = by + Fpl(Wh))x + (fa—1(h)ax)x =0, 2.1)

i+ (L fue1(W)(hyxx — by + Fy(h)hy)x +
(P) (I fu—2(h)ox)x = (D(I' )T x)x, (22)
he(Fa,t) = hyx(£a,t) = I'y(£a,t) =0 for t > 0, (2.3)
h(x,0) = ho(x), I'(x,0) = Io(x), (2.4)
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in Qr = (0,T) x @, where @ = (—a,a), n =2, fu(z) = EL, fo(z) = 1, and

2 — nz + ! ifm—n<—1
m—-n+1)(m-n+2) m-n+1 m—-n+2 ’
nz—Inlz| —1)ifm—n=-2,
Fum(z) = . (2.5)
nzln|z| —z4+1)if m—n=—1,
n‘z|m7n+2

ifm—n>—1,

m—n+1)(m—n+2)

Flh(2) = £5 > 0, Fun(z) € C2(R!) when m > n and Fyu(z) € C2(RL URY) when

m < n. The well-known physical situation corresponds to n =3, m = —1 (see (S)), hence,
Fs_i(z) = 1z72 4+ z — 3. Moreover,

hix,t)dx = | ho(x)dx =M, | I'(x,t)dx = | To(x)dx = S. 2.6
/Q(xwx Q/O(X)x /(xt)x /o(x)x (2.6)

Q Q

We assume that the initial data satisfy the conditions:

0 < hO S Hl(Q)a Fn,m(hO) € LI(Q)a (2 7)
FyeL*(Q),0< Ty <1, d(Iy) € LY(Q), '

where @ is from (1.3).
Before we state our main result, we need to recall certain restrictions on the regularity
of the coefficients that we introduced in [10]. Namely, it was assumed that

(A1) the function @ : [0,1] — Ry is convex, and

lim z#"(z) = Co (= lim z@'(z) = 0), (2.8)

z—0

where 0 < Cy < 400,
(A2) the function D : [0,1] — IRa' is non-increasing and

lim D(z)®"(z) = C,, (2.9)

z—1—

where 0 < C; < o0 if D(1) = 0.

Note that the conditions above are in good agreement with many equations of state given
in the fluid mechanics literature, for example, see the Frumkin equation, the Langmuir
equation and the Borgas—Grotberg equation of state (for more examples, see [30]).
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Definition 2.1 Let n > 2, m € R!. A generalised weak solution of the problem (2.1)~(2.4)
with initial data (ho, I'g) € H'(Q) x L*(Q), ho > 0,0 < I'g < 1 is a pair (h,I') satisfying

h>0,0<TI <1lae inQr, (2.10)
he /P 3@ NL®0, T;H Q) NH'(0, T;(H'(Q)"), (2.11)
I e L%Qr)NL>®0, T;LXQ))NHY0, T;(H(Q))"), (2.12)
V) (s — hy + FJL (h)hy) € L*(Pr), (2.13)
fac1(Wox, T faos(hoy € LAPr), D) € LXQr), (2.14)
T fu1(W)(hew — he + FL(Why) € LA(Pr), (2.15)

where Pr := {(x,t) € Q7 : h >0} and (h,I') satisfies (2.1), (2.2) in the following sense:

St~

(b 1), ) dt — / / Frr(R)oweby s
Pr

N / / Fall) s — by + FI' )by dxdt = 0, (2.16)
Pr

T
0/ (Io0). ) dt Z [ 11t g + Q/ [ D guasa

N / / T fe1(h) (s — hy + FL' )by dxdt = 0, (2.17)
Pr

for all ¢ € L*0, T; H3(Q)), where H%(Q) := {v € H}(Q) : v, = 0 on 0Q};

h(-,t) — h(-,0) = hy pointwise and strongly in L*(Q) as t — 0, (2.18)
I'(-,t) — I'(-,0) = Iy strongly in (H'(Q))* as t — 0; (2.19)

and hy(£a,t) = hyw(£a,t) = 0 and I'y(Fa,t) = 0 at all points of the lateral boundary,
where {h # 0} and {I" # 1} correspondingly.

In two cases —m > n—2 for n € [2,4) and m > 5 for n € [4,00) — local in time existence
of a weak solution (h, I') of the problem (P) in the sense of the Definition 2.1 was proved
in [10, Theorem 1] when the assumptions (Al), (A2) hold. In addition, the global in
time existence was shown if m < n+2 (and M < M, for m = n+ 2, where M, is some
critical mass). Unfortunately, we cannot show finite speed of the support propagation for
all possible forms of surface tension dependence on surfactant concentration and for all
values of parameters n, m where existence of non-negative weak solutions was obtained.
This is primarily due to the additional smoothness requirements for the weak solutions
in a neighbourhood of a touchdown point that will lead to finite-speed result. Our main
goal is to find the condition on the surface tension behaviour which will guarantee this
additional smoothness property.

https://doi.org/10.1017/50956792516000474 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792516000474

662 M. Chugunova et al.
Theorem 1 Let functions D(z) and ®(z) satisfy

D(2)@"(z) = C,®4~(z)(¥'(2))%, where 0 < C; < 400, (2.20)
’ / D(s)®'(s)ds| < C3017(z), |z @'(z)| < C4@"(z), (2.21)
1

where v € (25, min {1, 2g+) }) and ®(z) € C[0,1] N C(0,1] : &(1) = ¥'(17) = 0. Assume

also that
5 n
2<n< = 2 2
n< 3, 2<m<n+ + 3 min{n, 2q}, (222)
0<gq<4n+ 7+ 3min{0,6m — 5Sn + 2}
and  (ho,I'y)  satisfies to (2.7), supphg C (=ro,10) c Q,

supp (o) C (—ro,r9) € R, and the conditions (Al), (A2) hold. Then, there exists
a time Ty > 0 such that a weak solution (h,I') of the Definition 2.1 has finite speed
of propagation for all t < Ty := y~Y(a — rg), i.e. there exists a continuous function
y(t) € CJ[0, Ty], y(0) = 0 such that supp h(t,.), supp @(I'(t,.)) C (—ro — p(t),ro + 7(t)) € Q.
Moreover, if @ =R! n—1<m < n+2, then there exist a solution of the Cauchy problem
(h,I") and small enough time Ty > 0 such that following upper estimate

2(0) <K (1717 + 150 ) (2.23)

holds for t < Ty. Here, the constant K depends only on the parameters of the problem and
on the initial data.

The theorem above provides control over rate of expansion of domain where {h > 0,I" <
1} by analysing the time evolution of the free boundary, where {h = 0,I" = 1}. This
model assumes that the concentration of the surfactant is equal to I' = 1 if it covers
the dry area of the thin film. After the thin film spreading towards this dry area with
the highest surfactant concentration, the concentration of the surfactant starts decreasing
r <1

Remark 2.1 Note that our admissible o and D satisfying (2.20) and (2.21) have at least
such asymptotic 6(z) ~ 1 —Coz as z — 07, 6(z) ~ (1 —z)"  as z — 17, D(z) ~ (1 —
D with 2 <r<1,0<k<l-rqg=:=2 2 <v< min{L 2(’”1)}. Such

T+l nt2 r+1° n42
behaviour was observed experimentally in [42] for the case when the surface tension depends

on concentration of surfactant in the presence of a polymer. Also, we note that our restrictions
on physical parameters are inconsistent with the Frumkin equation of state.

Remark 2.2 Note, the assumption supp ®(I'y) C (—ro,ro) means that I'y = 1 for all x €
.Q \ Vo,ro

Remark 2.3 Note, the assumption supp ®(I'y) C (—ro,r9) means that I'o = 1 for all x €
.Q \ ro,}"o
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Let Q(s) = {x : x = s}, Qr(s) = (0, T) x Q(s) for all s € R, and
1
ko(s) = / {ihéx + ®(Io)}dx, ko(s)=0 Vs =ro. (2.24)
Q(s)

Let us assume that the function ko(s) satisfies a flatness condition. Namely, for every
s 0 < s <rg, the estimate

ko(s) < x(ro — )} (2.25)
is valid, where y > 0 and
2 6
(n: ) for m < n,
T o2 (2.26)
3m—2n m=n
Theorem 2 Let
2<n<§ 2—n<m<n+2-i—2min{l 3q}
~ = 23 3 > q > (227)

0 < g <4n+ 7+ 3min{0,6m — 5n + 2}.

Assume that (ho,T'o) satisfies to (2.7) with Q@ = R, and meas{Q(s) N suppho} = 0,
meas{Q(s) N supp ®(I'9)} = O for all s = ro, i.e. condition (2.24) is valid, and the flat-
ness condition (2.25) holds.

Then, for a weak solution (h,I") of the Definition 2.1 (with Q = R!), there exists sometime
T* = T*(y) > 0 depending on the known parameters only such that

supp h(t, ), supp D(I' (£, ) N Q(rg) =D VO <t < TF, (2.28)
where y is the constant from the flatness condition. Note that T* — +oo as y — O.

Note that the condition (2.24) is the interplay between the thin-film flatness and the
surfactant concentration. The higher level of the concentration the less flatness of the thin
film is required for the waiting-time phenomenon to occur.

3 Finite speed of propagation

To prove the Theorem 1, we use the following energy inequality, Appendix A contains
the proof of it.

3.1 Proof of finite speed

Lemma 3.1 Let 2<n<3 m> @ q=0and p> 15" Let { € Ci’f(QT) be an
arbitrary non-negative function (T < Ty if m > n+ 2) such that {, = 0 on 0Q. Then,

there exists a solution (h,I") in the sense of the Definition 2.1, constants Cy, C, dependent
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on n, m and q but independent of 2, such that for all t < T

% / (h? +20(I'))¢0 dx + / P dx

Q

—f/10f+2@ »@de—/ () d
+a// (FF P+ (@5 ()2 + Faa(h)o)  ddr

/(h +20(I)) gﬁdx+/c4hg“ dx

Q

+C, // "7 (M) A2 dxdt + Cs // DTN + () |) dxdt
O O
4y [0+ L4 4 Tl 4 Ol dnds

+Cs / / {xqesoy WP+ Rm=2m200) . (3.1)
O

The proof of Lemma 3.1 is in Appendix A.
For an arbitrary s € (0,a — rg) and 6 > 0, we consider the families of sets

Q(s) = Q\ (—19 — s,ro +5), Q7(s) = (0, T) x Q(s). (3.2)
We also define
K(s,0)={x€Q: ro+s<|x|<ro+s+06}, Kr(s,0)=(0,T) x K(s,0).
We introduce a non-negative cut-off function #() from the space C2(IR') with the following

properties:
0 1<0,
() =< P67 —151+10) 0 <t <1, (3:3)
1 7>1.

Next, we introduce our main cut-off functions #,s(x) € C*(Q2) such that 0 < n,5(x) <
1 Vx € Q that possess the following properties:

Nss(x) =1 5 |(150)x] < g5 11s0)el < =53

(|x|—(r0+s)): 1,x€Q(s+9), 15 53 - 1)
0,x€Q\Qs), 80

(3.4)
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for all s € [0,a —1g), 6 > 0 :rg+ s+ 0 < a. Setting {(x) = n,5(x) into (3.1), after simple
transformations, we obtain

LHS = / {R2(x, T) + 2®(I' (T)) + WP (x, T)} dx

Q(Wr(s
n+ 1 C
+C // { 2 YX‘C (F))%}dxdt < ﬁ // therth
Or(s+9) e
—i—C// {hn+3/371+h3m72n+2}dxdt+%//((p"‘”%l‘(r)_i_wﬂ(r))dm
Kr( 55) ol
_c25 " //hmrca 2// + @TH(I)) dxdt (33)

Kr1(s,0) Kr(s,0)

for all s € [0,a —1g), 0 >0 :rg+ s+ < a, where we use that

h3. +20(I'g) + MY dx =0Vs =0,
0x 0

£~2(s)
and a4y =6, 0p = a3 = 0.

Next, we apply the Nirenberg-Gagliardo interpolation inequality (see Lemma B.3) in
the region K(s,0) to a function v := h'T witha= 2, p=2050" g —2 k=0, j=3

(n+2)(&—p—1) 2 2
dy=c*o %0 and 0; = % under the conditions:
p<é&—1fori=1,3. (3.6)

Moreover, we apply Lemma B.3 in the region K(s,0) to a fu?clt)lonz)v = ¢ ( ) w1th

( (g 002)=2) 4
a:\n+2 (Ora—z)b—q+],d—2,k—0,]—1,d2—65 2v(n+2) (OI'dz—Cé )
and 04 = % V> - +2 (or .05 = ﬁ). Integrgting the resulted 1nequa11t1es. with
respect to time, applying the Young inequality and taking into account (3.5), we arrive at

the following relations:

[ J] 6

Kr(s,0) Kr(s,0)
T &i(1=0;) U
g0\ ~! T (l_ﬁ)
_’_Céfaf(lfm) /( / hﬁ+1)
0 K(s9)
T &
+c5af"’nfz‘/< / hﬂ+1> (3.7)
0 K(s)
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[ renc ff 0

KT(Sé KT(S,5)
(1 \(n+2)(’4) 1 h “(HZ)(;?U“(l* °ntq+i)10)4) 1
4+ Co -\ / / d(I')
0 K(s,0)
T \*(n2+2]
1O /( / ) , (3.8)
0 K(s,0)
52// ST <65c// =)
Kr(s,0) Kr(s,9)
q+1
+Co2 / ( / qs(r)) , (3.9)
0 K(s0)
where i = 1,2,3, v; = fjrsflj”l), niz <v<l1l< 2;’1:23). Substituting these estimates into

(3.5) and making the standard iterative procedure similar to [19, Lemma 4.2] for small
enough 0 < ¢; < 1, we arrive at the inequality

3 T &(1—6;) (1,ﬁ)71
p+1 n+2
LHS < CZ |:5 % n+2 /(/ ﬁ+1>
i=1 0
Q(s
T :,
+C5 oj— =1 /x+2 / < / hﬁ+1) :|
0 Q)
oy | g (1)
+Co? (1- s /(/
0 Q(s
x e
+ 05 / ( &) )
0 Q)
T q+1
+ c5*2*‘1/ < / @(r)) =: RHS, (3.10)
0 K(s.9)
where
&i(1—0y) &0 | —1 6(&i—p—1)
1-— =1+———">1
[ ES L Tareprs_g
v(in42)(1 — 04) v(in42)04, -1 2[v(n+2) — 2]
- =1 1. (3.11
p e PETN. T3 +3) vt - G
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Let us denote by G(s) := fﬁ(s)(hﬁ“ + 2®(I"))dx. Then, from (3.10), we deduce that

G(s 4 9) < C(T)5~* GX(s),

where
&0\ G—p-1
= i 1 - 9 i A
o = max {cx ( . o + )
v(n+2)05\ v(in+2)—2 }
2(1— ———— , 24+ —,2 ,
(1-Ssy) 2+ T
o fE =0 o\ &
1<k.—m1n{ T 1 o L
v(n+2)(1 — 04) vin+2)0s\ " v(in+2)
5 2+ D) , 3 ,q+ 1. (3.12)
These inequalities hold provided that
0 ¢i—n—38 .
1 > fori=1,3. .
n+2< < p > z ori=13 (3.13)

Simple calculations show that inequalities (3.6) and (3.13) are valid with some f§ such that

l-n2-nm—-n—-2 q—n

max{—— —— "

-7 .
< f< mm{g,q,3m —2n+1},

then the inequalities (3.6) and (3.13) hold if and only if the restrictions (2.22) are true.
Note that for small enough T, taking into account the boundedness of RHS by a
constant depending on the initial data (namely, ||hox||> and ||@(Ip)||1) and the known
parameters, we can estimate the second summands in (3.7)—(3.9) using the first ones.
Moreover, as &= (I') is bounded in L2(0, T; H'(®)), then &(I') is bounded in L"(Q7)
provided v < 2(543)' Without loss of generality, we can take G(s) = 0 for all s = a — ry,
therefore G(s) is defined for all s > 0. So, finite speed of propagations follows from

(3.7)-(3.9) by Lemma B.2 with s; = 0 and sufficiently small T. Hence,

supp(T,.), supp ®(I'(T,.)) C (—rg —y(T),ro +7(T)) € Q2 (3.14)

for all T € [0, Tp], where Ty =y~ (a — ro).

Using pseudo-spectral Galerkin method, we computed weak solutions of the system (S)
numerically (see Figure 1). As initial data, we took I'g(x) = 0.5 — 0.5 cos(n x/0.7) smoothly
continued by 1 for |x| > 0.7 and ho(x) = 0.16 + 0.12 cos(m x). All coefficients S, G, A are
taken equal to 1. Non-linearity powers are n = 2.3 and m = 3 (partial slip conditions).
The diffusion coefficient D(I') = (1 — I')/*, ¢ = 1/44 and o(I') = (1 — I')}/*. This
numerical result illustrates decreasing of thin-film thickness in the middle point where the
concentration of the surfactant is growing.
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h(x,t), T'(x,t)

FIGURE 1. Numerical evaluation of the surfactant concentration I'(x,t) and of the thin-film drop
height h(x,t) from (S). Snap shorts of the solutions are given at times ¢t = 0,0.02,0.08 by solid,
dotted and dashed lines, respectively.

3.2 Upper bound for the speed of the interface propagation

Now, we establish an exact upper estimate for y(¢) for a solution of the corresponding
Cauchy problem with a compactly supported non-negative initial data such that hy €
H'(R') and &(I'p) € L'(IR"). Using the uniform bound of ||h||;: in Q forn—1 < m < n+2
(see [10, Lemma 3.2, p. 112]), we can show that the upper bound of y(T) is independent of
Q; therefore, the solution can be extended for h by zero and for I by 1 on |x| > ro+y(T)
and thus is a solution on the line for all T < T,. Performing a similar procedure
in [Ty, 2To),...,[mTy, (m + 1)Ty],..., we obtain a compactly supported solution of the
Cauchy problem for all T > 0.

Suppose that Q(s) = R\ {x : |x| < s}, Qr(s) = (0, T) x Q(s) for all s > ro, supphy C
(=ro,70), and y(T) = r(T) — ro. Since the time interval is small, we can assume that
r(T) < 2ro. Hence, for all s € (ro, 2rg), we can take (up to a smooth C? approximation)
{(x) = (]x] — s)+ in (A.28). As a result, we obtain

%/(|x|—s)§rhidx+56 / ®(T)dx + 85C, // (h'T )2, dxdt
Q(s) Q(s+9) Or(s+9)
+6°C, / / (7 (') dxdt < Cs / (r(T) — $)Sh*" =22 dxdt
Or(s+9) Or(s)
+Cs / (W2 + @™ () + 9711} dxdt (3.15)
or(s)

for all T < Ty, s € (ro,2rp). Using the Hardy type inequality

[sl-sirax<c [ (- spras (3.16)

Q(s) Q(s)
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where f, is an integrable function such that f[)(s) (|x| — 8)%2f2dx < 00, Co = Hl —— (this
constant is sharp) and o # —1, we deduce that

/hdx /(|x| Yo dx (/ (|x|—s)jr4dx)%

Q(s+9) Q(s+9) Q(s+4)

Co 112 2
< (/L
< (35) ( (% = hdx)’
Q(s)

whence

2
(/ hdx) <%5’3/(\x|—s)ihidx (3.17)
Q(s+9) Q(s)

for all 6 > 0, s € (rg, 2rp). Substituting (3.17) in (3.15), we get

3 2 3 3
2C0811}p(/ hdx) +5 / ®()dx + C16 // ()2, dxd

Q(s+9) Q(s+9) Q7 (s+0)
+ C5° // )2 dxdt < = // (W2 + @™ () + 71} dxdt
Qr(s+9) or(s)
C3,‘ 6 T h3m 2n+2 dxdt 3.18
+539°(T) x (3.18)
or(s)

for all T < Ty, s € (ro, 2r9). By the Nirenberg—Gagliardo, Holder and Young inequalities,
after simple transformations, for ¢; > 0 and Z”T_l <m<n+ 2, we have

T

/ / " dxdt < €16° / / B2 dxdt + C(6 / / hdx)n+2dt, (3.19)
or(s) or(s) 0 Q)
C3y6(T // FIm=2m42 gyt < ey8° // )2 2. dxdi
0r(s)
y =
+C(€2) ,:r:‘ / ( hx) . (3.20)
0 Qs
/ / () dxdt < €38 / / )2 dxdt
0r(s)
r 55;'1;,&‘;&7;2,
m"ﬁ ::ﬁ;] / or a, (3:21)
0 Q)
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% / / ST dxdt < €40° / (@3 ()2 dxdt
Or(s) Or(s)

T
C q+1
+ 53((‘31)) / / orydx)" at (3.22)
0

Substituting the estimates (3.19)—(3.22) to (3.18) and making the standard iterative pro-
cedure similar to [19, Lemma 4.2] for small enough 0 < ¢; < 1, we arrive at the inequality

Esgp(/ hdx) + 0 s1:p / O(I') dx

Q(s+9) Q(s+9)
. . 2 Gi(s)
+ C46° // {(h*% T H (@ (D) dxdt < Cs> 5 , (3.23)
01 (s+) =1

where

. n+2
Gils) == /( hdx) dt, o = n+4,
0 0

T
Sm—3n+4
n = 3m—n+8
Gats) 1= (1) [ ([ ) T e = 2R
n—m-+2
0 Qs

2(q+D+v(n+2)

@) ::/T </ o) dx) Ty, o = 20 D VS 2]
0

20q+3)—v(n+2)°
Q(s)

S

T
+1
=/( (15F)dx Nt ww =g+ 1).
0 Q
)=

Thus, taking into account Gj(s) = 0 for all s > 2r¢, (3.23) yields

4
Gi(s + 0) < CsTy(T (Z M) (3.24)
k=1
for all s > ro and 6 > 0, where py = p3 = pg = 0, pp = 20 g = =2 g, =
At By = it By = g+ 1. By Lemma B2 with s; = 0, we find thatG(so)—
where

. R 14 2-v(n42) 1
HT) < so(T) = € (T35 4 T30y (T) + TR 4 750 ).

As a2+3 = 1, then we obtain (2.23) for enough small Ty > 0 and for any 0 < T < Tp.
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4 Waiting-time phenomenon

Similarly to (3.15) using the Hardy inequality (3.16), we find that

% / h2dx+52/ ®(I')dx + 52C, // W2 dxdt

Q(s+9) Q(s+9) Or(s+6)
+6%C / / ()2 dxdt < 5~ *Ho(s)
Qr(s+6)
7/ {hn+2 + (D"(";rz) (I_,) + ¢q+1(1—~) + h3m—2n+2} dxdt (41)
or(s)

forall T < Ty, s € R! and § > 0, where, due to (2.24),

Hofs) = -

=3 / X —5) {h +2®(I)}dx, Ho(s) =0 Vs = ro. (4.2)

Q(s)

By the Nirenberg-Gagliardo, Holder and Young inequalities, after simple transformations,
for €; > 0, we have

C‘; n+2 C 61) A L‘gz
5 [[reaa<as [0 i v+ SE [ ([Ra) Ta @)
i 0

or(s) Qr(s) Q(s)
/ / K252 gt < e,6° / / £)2dxdt
or(s) Qr(s)
C(q [l ey
/ / ) dt (44)
n—m+4
0 Q)

for & <m<n+4

/ / () dxdt < €362 / / (7 (I'))2 dxdt
or(s)
Cle3) T 22<{q+.}))+v((n+2)]
q+3)—v(n+2
+m/(/ q5(F)dx> dl’, (45)
O At vt

/ / QI dxdt < €46? / / I))> dxdt
T

C +1
53(;4 / / (') dx d. (4.6)

0 Q)

Substituting the estimates (4.3)—(4.6) to (4.1) and again making the standard iterative
procedure similar to [19, Lemma 4.2] for small enough 0 < ¢; < 1, we arrive at the
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% / h2dx+52/ &I dx+C852// (W' )2, dxdt

Q(s+9) Q(s+9) 0r(5+9)

inequality

Gy (s)

+ Cgo? / (@ ()2 dxdt < 5~ *Ho(s) + Co Z (4.7)

Or(s+d)

where

T
n+2
(1) o > a _ n-—+ 8
GT(S).—/< Wdx) di, o = —
0 0

T Sm—3n+4
@ ) =4 . 2(m+8)
GT(s).—/( iax) n ="
0 Q

T 2(g+1)+v(n+2)
fened 2[4(qg +2) +v(n+2) — 2]
G(3) ;=/ &I d 2(q+3) (Hdt _
T (5) ( (r) x) » 2q+3)—vnt2)
0 Qs

T

G‘;‘)(s) = / (/ <15(F)dx)q+1dt, og =3q +4.

0 Q)

Hence, from (4.7), we deduce

GW(s+9) < C10T<
4 Bi
=CyT (Z 5~ (GP(s) + 5“k4H0(s))> (4.8)
k=1

for all s € R! and 6 > 0, where ; = 42, , = =304 gy — %{ZE)ﬂ%ﬁ Bs=q+ L.
From (4.2) and (2.25), we find

Ho(s) < (ro — 5)5.ko(s) < x(ro — 5). (4.9)
Assume that s+ 0 < rg. As o > 4, then from (4.8), due to (4.9), we arrive at
_ 4 B
G(s40) < CioT (Z 3~ (GP(s) + y(ro — s)?&“*"*’)) (4.10)
k=1

for all s+ < rp, 4 > 0. Let us denote by

G(s) = GF(s) + 2o — 917 > 0.
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Then, (4.10) can be rewritten in the form

_ 4 . B
GY(s+0) < CoT (Z 5_(“"+Z)G(7/f)(s)) + ro — )it
k=1

4 ~ , n gty \ Bi
<t (060 + (A -9 )L @)
k=1

where we use the simple inequality a™ + b™ < (a + b)™ for positive a,b and m > 1. Let us
now check that all conditions of Lemma B.4 are satisfied. We denote

4 _
G — A Br L 1
max(5) : m—?i‘{COZﬁH( E (Gk(s)) )P I(s)} @,
=5 k=1
4 /7i a;+3+y L
— — B i 1 HEOTY  pi—1
— g [ HB—1 § : CiaT B\ wi+D x Y_ 2 i
gmax(s) - ?:l?i({z( o (2 e (CroT) A) ((C10T)ﬁ (ro — S)+ ) * }a

4
co=2""3"(CuoT)%, B = pipapspa.
k=1
Taking s = —20 in (4.11) and passing to the limit 6 — oo, due to the boundedness of
functions Gy(s), we deduce
Gr(—o0) < yracti7, (4.12)

This implies that the condition (i) of Lemma B.4 is fulfilled for so = ro. Because of the
assumption (2.25) on the function ky(s) and

. Prloi +2) . [2(n+6) 3m—n+12 6(q+2) 6
> BT =1} = 1 A+
! 11131:111174{ Bi—1 ka } i 3m—2n vin+2)—2 +
. [2(n+6) 3m—n+12 6(q +2)
= 1 4.1
i {  3m—2n vin+2)—-2 (4.13)

we can find T* such that the condition (ii) of Lemma B.4 is valid for all T € [0, T*].
Here, T* = T*(y) goes to infinity as y — 0. Hence, the application of Lemma B.4 ends
the proof.
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Appendix A Proof of lemma 3.1

Given 0,¢ > 0, a regularised parabolic problem, similar to that of [10], is considered:

hl ( n (hxxx — hy + (F;m)//h Nx + (f:—lai)x =0, (A.1)
+ (L fu—i(hexx = he + (Fp ) he))s + (I f_50%)x
1 &
+5(Wrxxx)x = (D (F )Fx)xs (A2)
he(Ea, t) = hy(Fa,t) = F(£a,t) = I'i(£a, t) =0 for t > 0, (A.3)
h(x,0) = hog(x), I'(x,0) = I'oe(x), (A.4)
where

560y o g5 _ |z I -1
fi(z) =fi(z2)+ 90 = |25 + &fu(z) +9, ( nm) "(2) = fulz) + elz™ (A.5)
Di(z) € C(RY) : D¥(z) > &, (A.6)

@' (¢) for z < ¢, |

s € CH(RY),

P(z)={ Pll@)fore<z<1-—eg Py (z) (A7)

®'(1—¢) forz>1—¢ (6°)(2)=—28/(z)

VzeR!, 6>0,e>0, 2<k<n s>max{n8},y € (0,1). Note that the parameter n is
fixed in the definition of f*(z).

We construct @,(z) that satisfy (A.7) and also satisfy @,(z) = &(z) if e <z <1 —¢ The
0 > 0in (A.5) and (A.6) makes the system (A.1)—(A.2) regular (i.e. uniformly parabolic).
The parameter ¢ is an approximating parameter which has the effect of increasing the
degeneracy from fi(h) ~ |h|f to f{(h) ~ ¢~ !|h|***=". This will allow us to construct positive
approximations h, > 0 when 6 — 0. The initial data, (ho, I'¢), are approximated via

ho + & < ho, € C*7(Q) for some 0 < 0 < 2/(s — 4)
: 1
ho = hy strongly in H"(2), (A.8)

I, € CY7(Q) : Ty, € [e,1 —¢], T, e I strongly in L*(Q).
£—

The ¢ term in (A.8) “lifts” the initial data so that they are smoothing from H!(Q) x L*(Q)
to C*7(Q) x C*7(Q). Note that the system (A.1)~(A.2) without the term 5(¢,/ 3 ) s

uniformly parabolic in the sense of Douglis-Nirenberg because f%(h) = > 0 and

2 (DXL) = T fr_a(h)(@®Y(I')) + T (fi—y (WY (a®)(I')
= f(WDAT) + T2/ ) (f5(h)fi_a(h) = (i i (h)) = 6 > 0.
The term (=7~ 7 ( B I'vy ) makes this system uniformly parabolic in the sense of Petrovskii.
Moreover, the boundary conditions (A.3) are of Lopatinskii—Shapiro type. This implies

existence of a proper continuation on the whole line (cf. [35] for example). Using the
parabolic Schauder estimates from [35], one can generalise [15, Theorem 6.3, p. 302] and
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show that the regularised problem has a unique classical solution (hs,, I's;) € Cif”lﬂ/ YQx

[0, 7s.]) % C»:}U"’I’L"”M(Q x [0, 7s.]) for sometime 75, > 0.
Now, we assume that 75, is the local existence time from [15, Theorem 6.3, p. 302].
Following Kamin and Vazquez, we introduce change of variables (see [28, p. 41])

U(SH(-X’ t) = /(h&:(ya t) - Ijls) dy: “(35:(xa t) = /(F(Sa(ya t) - fé) dy,
where h, = |;2—|fh0g(x)dx, r, = |512—‘f1ﬂ08(x)dx. Then, (vse, us.) i a solution of the
Q Q

following problem:

Vser + [0 (Vsex + he)Jsa(Vss)
+ fo 1 Wsex + )0 (Use + T'5)) s = 0, (A9)
sy + (Usex + To)fio_ 1 J5:(0sz)
+ (usen + To)fy_ (056 + he) (0 (usen + Ty))
0
D (usex + I';)
Use(Ea, 1) = V5. xx(£a, 1) = Use(£a,t) = Usexx(Fa, t) =0, (A.11)

- Dg(ués,x + I:e))ués,xx + Usexxxx = 0: (AIO)

where J&::(Uc?z:) ‘= Udgxxxx — Udexx + (Frsz,m(u&;,x + ljlé:))/lvét:,xw
The problem (A9)—(A.11) has a wunique classic solution (vsg,us,) €

Cijv,lﬂ‘/él (@ % [0,75,]) % C;l;rv,l+7/4(Q x [0,75.]). It follows that ||v(;ﬁHC%%@) and
230,
llusell .12 —  are uniformly bounded with respect to J, ¢ and 75,. Note that these uniform

C218(0r)
bounds follow from

(vses tse) € L0, T; HA(Q)) x L>(0, T; H'(R))

and
(5o, User) € LA(Q7) x LI(0, T;(H'(Q))")

(cf. for details [43, Lemma 7.19, p.175] to vs, and [1, Lemma 2.1, p.183] to us.). Therefore,
for any fixed values of d, ¢ and Tj,. > 7s: by Eidelman [15, Theorem 9.3, p.316], we
can continue our local in time solution (vs,,u,s), and as a consequence (hs., I';s) from
[0,75:] to [Tse Tioc]- Indeed, since (vse, us.) is continuous with (vsex, Us.) continuous, then
(Vssx + heytisex + T) is a solution of (A.1)~(A.4) and (hse, ['ss) = (Voo + hey thsex + Te).
Hence, we can continue a solution (hs,, I';5) of the original problem (A.1)-(A.4) until time
T} that does not depend on 6 and ¢, see [10] for details. We also omit the details of the
limit process, positivity of h, and upper and lower bounds 0 < I' < 1.

Lemma A.1 (entropy estimate) Let (h, I';) be a solution of the problem (A.1)—(A.4), where

0=02<n< % m= 2”2_3. Then, there exist independent of ¢, positive constants cy,c, and
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c3 such that the following entropy estimate

/ Gy(h)dx + ¢, / / W h2_dxdt + ¢, / W 2ht dxdt < / G,(ho) dx + c3 (A.12)
Q or or Q

holds for any o € [max{—2(m —n+ 1), — 1)}, 1], where ¢; =0 if o = 1.

Proof of Lemma A.l. First, we obtain the entropy estimate for the solution (h,, I";), where
h, > 0 (see for a proof of positivity [10, Section A.4, p.122]. Multiplying (A.1) with 6 =0

by G.(h), where G/(z) = szyz)’ and integrating over Q, we deduce that

1 _
d / () dx + / .+ Wy dx + & : %) / W21 dx
Q

dt

W f1(h)

0 o hy dx. (A.13)

/ (L) (A dx +
Q
Due to the Cauchy inequality, we arrive at the estimates

/ h*(Fy,)" (ks dx < / R dx = - / W' dx
m—n+o+1
Q Q

n’ ,
(m—n+1)+a
/hhxxdx+461(min+a+1) /h dx,

W fe(h n?
Maihvxdx /hZO' nh2d + (n /fn 2([’1
Q

fi(h)
=—L/h2“ Hhdx + 7T —2) /f (h)(c*
20— n+1 > n—2
<e /h“h2 dx+€%/h3a2n+2 dx
SO T 420 —n+ 172
Q

2(n
4621’1—1 /fn 2(h

for arbitrary e; > 0. Using these estimates in (A.13), we find that

1—
%/Gg(h)dx—i-(l — €1 —63)/h“hixdx+ al 3 %) /h“—zhidx
Q Q

Q
n , 2

< (m—n+1)+ao 2 300—2n+2

461(m—n+oc+1)2/h dx+4e3(2ocfn+1)2/h dx

Q Q

n’(n—2) . 5

=2 e £)2 dx. A.14
s [ fie s (A 14

Q
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Choosing €; > 0 such that ¢; + €3 < 1, integrating (A.14) in time, and taking into account
uniform boundedness of ||h,|| o710y and [|(fi_(h:))"?6%| 120, in & > 0 (see [10]),
from (A.14), we deduce the entropy estimate. O

By (A.12), we have

{h§ B¢ xx }e0 18 uniformly bounded in L*(07), (A.15)

{h;%2 R }eso is uniformly bounded in L*(Q7). (A.16)

In particular, using (A.15) and (A.16) with ¢ — 0, we can show that our solution h € C'(Q)
for a.e. t > 0 (proof is similar to [1,Theorem 3.1, p.190]). Note that this regularity allows
us to take limit in local energy estimate when ¢ — 0 on the set {h < u}.

Next, we obtain the local energy estimate for the solution (hg,I';), where h, > 0.
Multiplying (A.1) with 6 = 0 by —(¢h,), and integrating in Qr, we find

%/hi(bdx—%//hid)tdxdt—i—//ffl( Wb dxdt

1/ ¢dx+/ fg(h 17( ) ( Nhyhyoc ¢ dxdt
J/ Fo s — A (FE ) () Qb + hychs) dxdt

- / Fno1(Mo5 (heod + 2hax s + hypry) dxdt. (A.17)
or

It is easy to check, using a priori estimates obtained in [10], that the integrals on the
right-hand side of (A.17) are uniformly bounded with respect to ¢ > 0. For arbitrary y > 0,
h. — h strongly in the space Ci’tl ({h > u}). Therefore, passage to the limit ¢ — 0 in all of
the integrals in (A.17) over the domain {h > u} is straightforward. As to integrals over
the domain {h < u}, we have, for example, by virtue of (A.15) and uniform boundedness
of ||(fi_5(h:))/?6%||120,) in &> 0,

[[ sicimoihapeasa

{h<u}

/f“ o asae) ([ S )
{h<u}

1

2

h2 dxdt <C,u? —0asu—0.

Analogously, it is easy to check that all of the other integrals in (A.17) over {h < u} are
bounded from above by some continuous function, k(u), such that k(u) — 0 as ¢ — O.
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Therefore, first passing to the limit ¢ — 0, and afterwards letting 4 — 0, we easily obtain

/h2¢dx— f// W, dxdt—l—/ fn(h)h2 ¢ dxdt

{h>0}

/h(z),cqbdx+/ Fu(h)(1 = F) (h)hchycp dxdt

{h>0}

- / / Fulh) s — By 4 F2 () sy + hxbr) dcdt

{h>0}

- // fnfl(h)o-x(hxxx¢ + 2hxx¢x + hx¢xx) dxdt

{h>0}

1
= E/hé,xqbdx+11 + 1, +1Is. (A.18)
Q

Now, we bound the terms I;. First,

= / / f”(h)hixqﬁdxdt—k% / / FI )kt ¢ dxdt—i—% / Fa(hh ¢, dxdt

{h>0} {h>0} {h>0}

/ / Fu(R)h s dxdt — / Fa(WE) (Whyhy dxdt

{h>0} {h>0}

_ //fn(h d)dxdt—}-el/ (Ful W2 + " *HO) dxdt

{h>0} {h>0}

61)//h"+2 |"i;‘"' )dxdt + C(e )//W 22 dxdt, (A.19)

L=2 / Fu(hescheby dxdt — 2 / Fohchsghs dxdt

{h>0} {h>0}

—|—2/ Fu(W)F, (W)hchyy dxdt+/ Fu(M)hyxxhy s dxdt
{h>0} {h>0}

- / / Fu(h)h2 ¢ dxdt + / Fa(h)F) (W) dxdt

{h>0} {h>0}

<62/ (fu(W2 + B b > + W 202 R, + " ~*hS) ¢ dxdt

X\X

{h>0}

Clen //h o +|¢¢f§| # 8) p+ Cle //h S

(A.20)
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- / fn—l (h)dxhxxx¢ dxdt — 2 / fn—l (h)o-xhqusx dxdt

{n>0} {h>0}
- //fn—l(h)gxhxd)xx dxdt < 63/ fn YX\¢dth
{n>0} {h>0}
+es //fn(h e, dxdt+63/ Il h)h2¢‘xd dt + 3"("_2) //f _a(h)o2 dxdt
{h>0} {h>0}
< e / (fuW2 .+ 0" iy |* + W *08) ¢ dxdt
{h>0}
3
/ hn+2( + o v 2, / farhlpdxdr,  (A2D)

where f,-1(z) = ((n 1)7fn(z)fn Z(Z)) (n 1)7 <L
Multiplying (A.2) with 6 =0 by &/(I' ( )¢ and integrating in Qr, we deduce

/qs(r ¢dx—// I, dxdt

//D(F )@/ (I 2¢dxdt+/ fi_5(h)(a%)*p dxdt = /qsg(ro)wx

Q

+ / / DI )pdxdt + / fi 5(hI ®UT )ty dxdt
/ fn 1 y(hwx_h +( nm) )hy)d)dxdt

//F@’ )f o 1(W)(haxx — hy 4 (Fy )" (W)hy) b dxt, (A.22)

where D,(z) := f | D?(s)®;(s)ds. Without loss of generality, we will assume that estimates
(2.20), (2.21) are valid for approximations D?(z) and ®,(z) for all z € R!. Then from
(A.22) with ¢ = 1, we arrive at the uniform boundedness in ¢ > 0 of ||®f%](F)||Lz(O,T;H1(Q)),
|| ®:(I")||Lo+1(0,) and, in particular, ||[I" @ (I") || T for v € (0,1). Using this information,
it is easy to check that the integrals on the rlght hand side of (A.22) are uniformly bounded
with respect to ¢. For arbitrary u > 0, h, — h strongly in the space CX’, {h > u}). Therefore,
passage to the limit ¢ — 0 in last two integrals from the right-hand side of (A.22) over the
domain {h > pu} is straightforward. As to integrals over the domain {h < u}, we have, for
example, by virtue of uniform boundedness of [|(f%(h,))"/*(hew — hy + (FE,)" (W)l 1201
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and ||F¢§(F)\\L¢(QT) ing>0,

/ / T o) (h)(hee — b+ (F} )" (Whi)dx dxdt
{h<u}

/ folh) (e = s + (F5,)" (h)hy)* 3 dxdt % / Un "fl r¢;(r))2 dxdt)%

{h<u}

1
<cu (//(rqsg(r))dedz)z <CU'T —0aspu—0

for v € (0, %). Analogously, it is easy to check that the another integral in (A.22) over
{h < u} is bounded from above by some continuous function, k(u), such that k(u) — 0
as i — 0. Therefore, first passing to the limit ¢ — 0, and afterwards letting ¢ — 0, taking
into account (2.20), (2.21) and 0 < I < 1 a.e. in Q7, we easily derive

Q/ F)(;de—// &(I" ), dxdt

402 / / (@ (1)) dxdt + / / fu-2(h)ai¢ dxde < / P(Lo)¢ dx
Or

Q

LG / / G ()| s |dxdt + / Fooa (T ®(I Yoy dxdt
or or

- / Fr () — i+ EL ()b dicdt

{h>0}
n / / T & () fr 1 (D) e — e + FL (W) by dxd
{h>0}
— / ®(Io)d dx + Cs // S| |dxdt + Ty + o + Js. (A.23)
Q Or

Now, we bound the terms J;.

51//fn 2(h)a2p dxdt + C(5y) //f _»(h) r<p(r))2‘];‘ dx

<4 //f _a(h)e2 dxdt + C(3y //h"+2¢’x dxdt + C( 1)//|rqs' ﬁ‘ﬂ dxdt,

(A.24)
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_//fnfl(h)gxhxxx(ls dth"‘//fnfl(h)thxd)dxdt

{h>0} {h>0}
— / / fa1(M)axF)l (W dxdt < 65 / / fu(h)h2 ¢ dxdt + 6, / / Fu(h)h% ¢ dxdt
{h>0} {h>0} {h>0}
+5, / / Falh)(F}, () g dx dt—l— 3 (” FE NPT / / fn_2(h)a2¢ dxdt
{h>0}
<o, / / (fulW2 . + h"=*h8) ¢ dxdt + C(5,) / W2 dxdt
{h>0}
—2)
C(9,) / pim=2nt2 4, dxdt—i— / fu_a(h)a2¢ dxdt, (A.25)
Or

Jy= / / T & ()1 (Wb ddt — / / T () fu 1 (W) dxde

{h>0} {h>0}

—i—//FcD'(F)fwl(h )F) (Mo dxdt < 63 //fn 2. dxdt

{h>0} {h>0}

+5; / / fa(h)h2 ¢ dxdt + 55 / Fa(h)(F),(h)* ¢ dxdt

{h>0} {h>0}

C(53) //f _o(h)(I @'( r)2¢x dxdt < 53// (fa(h)R2. + h"~*h8) ¢ dxdt

{h>0}

n+2 ¢2 3m—2n+2
/h ((;’>+¢)dxdt+C(5 //h b dxdt

C(33) / / Ire'(r)|= (A.26)

Summing (A.18) and (A.23), in view of estimates (A.19)-(A.21), (A.24)—-(A.26) and
(2.20), (2.21), using Lemma B.1, we arrive at

/(h2+2<D(F qbdx—f/ (h? 4 20(I)) b, dxdt
+cl// 2)xxx¢dxdt+Co/ (@' ()2 ¢ dxdt

+ Cz/ Fu_a(h)(0x)* dxdt < 3 /(h(z)x +29(I'y))¢ dx
Q
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+c3// () xdxdt+C4// DTN ) dxdt

3
+Cs //hn-&-2(¢+7+$+ ¢¢;‘c| ¢¢;32<| )d dt

+Cs / / W32 dxdt. (A.27)

Taking ¢ = (% in (A.27), we deduce that

1 2 6 1 2 6
5 [0 w20 ax =5 [ [ 0k 4200, ax
Or

Q
+C / / (B + (@ (D)2 + foa(h)(0)2} dxdt

/ (W3, +2®(I'0)) 8 (x,0)dx + C3 / /
Q

+Cy / / S + () dxdt + Cg / W20 dxdt

L dxdt

+Cs / / (P20 + 6 4+ 002 4 030} + O J0ul)) ddt. (A.28)

Multiplying (A.1) with § =0 by {*(h + %), B > 152, § > 0 and integrating on Qr, using
Young’s inequality, and letting § — 0 and ¢ — 0, we obtain the following estimate:

/C“hﬁ“(T // W (), < /C4h/3+1 dx
e / / COLF a2 + W RS} dcdt + 4 / COfa(h)(o)? dxde

{h>0} Or
+C(€4) // {X{C>O}hn+3/371 + hn+2(€6 + Cs) + h3m72n+2C6}dxdt’ (A29)

where f§ > % Summing (A.29) and (A.28), we obtain (3.1).

Appendix B

Lemma B.1 ( [3,23,25]) Let Q C R! be a bounded domain, and let < n < 3. Then, the
Jollowing estimates hold for any function v € CY(Q)NH} ({v > 0}) such that v =20, v, =0
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on dQ and [, o™ dx < 0o:

/(p6{v"_4v§+v” 2 5 3\+v” 1|vxx\ tdx < { / (p6v”v€mdx+ / n+2 dx}

Q {v>0} {¢>0}

n+2 n n

/(p (0" Podx < of / ¢ dx + / v 2f + 9020k + 0'loul ldx |,
Q {v>0} {p>0}

where @ € C?*(Q) is an arbitrary non-negative function such that ¢ = 0 on 0Q, and the

constants ¢ > 0 are independent of v.

Lemma B.2 (Stampacchia’s Lemma for Systems [23]) Let (B1,...,0n) € R",m > 1, and let
p = H'}':l Bi» Bi = [/% = H}”:]’#i Bj. Assume that Gi(s) are non-negative non-increasing
functions satisfying the inequalities

Gil(s +0) < ci(i G"(S))ﬂ’ ¥s>0,8>0, i=Tm

= o
with real constants ¢; > 0, f; > 1, and oz = 0 for i = 1,m, and o; > 0 for
i = 1,/ for some 1 < ¢ < m. Let G(s) = . l(ck )(Gk(s)> , and let the function

—1 B 1
H(s)=ml Y\, ¢k (c “) (Gk(s)) " be such that H(s1) < 1 at a some s, > 0. Then, there

exists a positive constant ¢ > 1 depending on m, ocl, Pi, £ and H(sy) such that Gi(so) =0

— —h Bt 1
for all i = 1,/, where s = s1 + ¢ Zk | ( ) (G(sl)) A )“kl". Note, if / = m, then
N 0.

Lemma B.3 ( [14]) If Q c RY is a bounded domain with piecewise-smooth boundary, a > 1,
b e (0,a), d>1,and 0 <k < j, k,j € N, then there exist positive constants d; and d,
(dy = 0 if Q is unbounded) depending only on Q, d, j, b and N such that the following

inequality is valid for every v(x) € WH(Q) N L"(Q):
k1
L(f c [k’ 1)‘
-1 L

Note that if Q = B(0,R)\ B(0,r) and k = 0, where B(0,x) is ball with the radius x and the

(a—b)N

origin at 0, then dy = c¢(R—r)" @

HDkU

S ==

La(Q) < dl HD]UHLd(Q) ||U||Lb(Q) + d2 ||U||Lh(Q) ’ 0=

Lemma B4 (see [11]) Let (i,....pn) € R"m > 1, and let p = [[}_, Bj, i = § =
I =1t Bj. Assume that G(s), g(s) are non-negative non-increasing functions satisfying the
inequalities

Gi(s +0) < c,( 5; + (s)) VseR, §>0, i=TLm (B.1)
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with real constants ¢; >0, f; > 1 and o; > 0. Let the functions

m Bk 1 - B,
Ginan(s) 1= max{meq2’ (3" (Gi(s)) )=}, e =27 (el
=Lm k=1

k=1

B,
and gmax(s) := max,

1 — pi—1
i (m2F) (213*1 S (ck)ﬁk) “(a(s)) % be such that

(i) for some s; € (—00,5), the inequality Gumax(s) < kigmax(s) holds for all s < s,
(i1) gmax(s) < ka(so —s) for all s < 59

<

&

Bi—1 _ Bi—1
where ky > (1—max_{2" 7 }) " and 0 <k < ki '(1—k;' —max,_;;{27 7 }). Then,
Gi(s) =0 for all s = sy.
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