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For a model of a driven interface in an elastic medium with random obstacles we
prove the existence of a stationary positive supersolution at non-vanishing driving
force. This shows the emergence of a rate-independent hysteresis through the
interaction of the interface with the obstacles despite a linear (force = velocity)
microscopic kinetic relation. We also prove a percolation result, namely, the
possibility to embed the graph of an only logarithmically growing function in a
next-nearest neighbour site percolation cluster at a non-trivial percolation threshold.

1. Introduction and the main result

In this paper we consider a model for the propagation of one-dimensional fronts
immersed in an elastic medium subject to an external driving force and randomly
distributed obstacles. The goal is to understand the overall macroscopic behaviour
of such fronts and its dependence on the external forcing. Here we prove existence of
stationary solutions at positive driving force, and thus the emergence of hysteresis.

In order to precisely state our model, let (£2, B, P) be a probability space, let w €
2 and fix s € (0,1). The random front at time ¢ is given as the graph (z, u(z,t,w))
of a function u: R x (0,00) x £2 — R solving the semilinear fractional diffusion
problem

ug(x,t,w)
u(z,0,w)
The function f(z,y,w) > 0 is assumed to be locally smooth in z and y for any w

and of the form of localized obstacles of identical shape and random positions with
uniform density, i.e. the obstacle centres are given by a two-dimensional Poisson

(1.1)

—(—A)Yu(x, t,w) — f(z,u(z, t,w),w) + F,}
0.
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Figure 1. Pulling sandpaper out of water.

process. (See assumption 1.1 for a precise statement.) The constant term F' is an
external loading and the fractional Laplacian models the interaction of the front
with the elastic medium in which it is immersed.

Evolution problems of this kind arise in a large number of physical systems; in
particular, the case s = 1/2 is relevant in applications. A simple example is that
of pulling sandpaper out of a glass of water. As illustrated in figure 1, we model
the evolution of the wetting line of the water surface on a rough plate as the plate
gets pulled out of the water. Equation (1.1) can here be formally derived as follows,
the derivation in other physical systems (for, example, crack fronts) being similar.
We assume the motion of the wetting line u: R — R to be slow compared to the
relaxation time of the water surface U: RxRT — R. The system contains an energy
term stemming from the water’s surface energy, which is given (after removing the
constant term from a completely flat surface) as

/ 1+ /NUP F1da.
RxR+

Linearizing this energy around a nearly flat state and cancelling the constant term,

we approximate this as
/ 1IVU|* dz.
RxR+

It is well known that the infimum of this energy subject to the condition that U = u
on the boundary of the domain is given by %[u]%,,,, i.e. the H'/2norm squared
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of the function setting the boundary condition. The variation of the H'/2-norm
squared yields the term containing the square root of the Laplacian in (1.1). The
constant term F' models the constant force with which the rough surface is pulled
out of the water. The roughness of the surface itself acts as an obstacle to the
evolution of the wetting line: it locally requires an additional amount of force to
overcome a grain in the sandpaper. This is modelled by the heterogeneous force
term f, yielding (1.1) as the viscous flow with respect to the involved force terms.
An experimental example of this kind of system can be found in [13]. They use a
similar model, which is also proposed in [7,12]. The non-local term in these papers
is a mean-field version of our term.

Another important application in which a model of the above kind arises is that
of a crack front propagating in a rough medium. Experiments and some modelling
can be found in the work of Schmittbuhl et al. [14]. The derivation of the stress
intensity factor for a non-flat crack front (resulting in the fractional Laplacian)
was first given by Gao and Rice [9]; for simulations using the model and for more
experimental references see, for example, [15]. Non-local operators that model the
interaction with elastic media also arise in models for dislocations [1, 8].

In this paper, we consider a specific form of the function f, which is that of
localized smooth obstacles.

AsSsUMPTION 1.1 (the random field). Fix 71,72 > 0 such that ry > V2ry. Let
{(zk(w), yr(w)) }kerx be a two-dimensional Poisson process on R x [ry,o00) with
intensity A > 0 and consider the random set

Ow) = U B(\/§r1+r2)/2(mk’yk)'
keK

For ¢ > 0, we take f to be of the form

f(l’7y7(U) = qn(rzfﬁrl)/Q * XO(w)>

where 75 is a standard mollifier of radius é and xo is the characteristic function of
the set O.

REMARK 1.2. Given assumption 1.1, it is clear that (1.1) admits a unique viscosity
solution. See, for example, [6], noting that the right-hand side in our equation is
uniformly Lipschitz.

Under these conditions we can state the main theorem of this paper.

THEOREM 1.3 (pinning of interfaces). Assume that the function f is chosen ac-
cording to assumption 1.1. There then exist a deterministic F* > 0 and a con-
tinuous random function u: R x £2 — [0,00) with the property that the function
a(x,t,w) = min(F*t,u(x)) is a supersolution, according to definition 1.4, to the
evolution problem (1.1) for F < F* and for almost every w € (2.

Furthermore, we can choose u such that there exist constants C > 0 and ¢ > 0
so that for any x € R we have P{u(x) > h} < Ce™" i.e. the height of the pinned
interface admits an exponential tail in its distribution. In particular, for any x € R,
the expected value of the height of the pinned interface satisfies E(u(x)) < 8 for
some fized B < oo, depending only on the deterministic parameters of the obstacle
distribution and on s.
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In this theorem we use the definition of a supersolution to a fractional diffusion
equation as found, for example, in [6]. In the following, we write the fractional
Laplacian as A := —(—A)?®. Since s € (0,1) can be taken as a constant throughout
the paper, we do not explicitly denote the dependence of A on s. We repeat the
definition, adapted to our setting, for the reader’s convenience.

DEFINITION 1.4. Fix T" > 0. A bounded lower semi-continuous function u: R x
[0,7) — R is a viscosity supersolution to (1.1) if u(-,0) > 0 and if, for all (x,t) €
R x (0,7) and all (c, p) € R x R such that there exists ¢ > 0 and r > 0 satisfying

u(y, s) = u(,t) + a(r —t) + ply — 2) — oly — 2> + o(r — 1)
for y € B.(z) and 7 € [0,T), we have
a > Au(x,t) — f(z,u(z,t)) + F.

REMARK 1.5. By the comparison principle, of course any random field that can be
bounded from below for almost every w by a field of the type of assumption 1.1
yields the same pinning result. Theorem 1.3 is thus valid for a whole class of models,
as long as a viscosity solution to the model exists.

REMARK 1.6. We will equivalently refer to the stationary function u as the super-
solution, since @ is bounded by u from above for all times.

The physical interpretation of our result is thus the following. Theorem 1.3 states
that there is a non-trivial pinning threshold in our model, since by the comparison
principle (see, for example, [11, theorem 2]), any solution of the fractional diffusion
problem (1.1) with F' < F* and zero initial condition must remain below the non-
negative supersolution u for all times. Note that assumption 1.1 ensures that an
identically zero function is a stationary subsolution to the evolution problem (1.1)
for any F' > 0. Thus, for 0 < F < F*, the interface becomes trapped and reaches,
at least asymptotically, a stationary state. The estimate on the expectation of u
(together with ergodicity) shows that the area (per unit length) swept out by the
interface is bounded.

The paper is organized as follows. In §2 we show the existence of a non-trivial
threshold for the existence of infinite percolation clusters that contain the graph
of a function that only grows logarithmically. This is a generalization of Lipschitz
percolation [4] and the proof for our result is inspired by [10]. In §3, using the
percolation result, the supersolution is constructed. In contrast to [5], due to the
non-local nature of the problem, a simple piecewise construction is no longer suffi-
cient. Finally, in §4 we present some conclusions and open problems.

2. Flat percolation clusters

In this section, let || - || denote the [;-norm on Z™ and denote the ith canonical unit
vector in Z"*! by e; (1 <i < n+ 1). The non-negative integers are denoted by Np.
We will also use the notation for multinomial coefficients

m m! . -
<k;1k:2k> = Tl e Vith D ki=m.
=1
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THEOREM 2.1. Consider site percolation on Z"t* with n > 1: let (2,B,P) be a
probability space and assume that for given p € [0,1] the {0,1}-valued random
variables X.,z € Z"*! are independent and identically distributed with P{X, =
1} = p. We say that site z € Z" " is open if X.(w) = 1, otherwise it is closed. For
each non-decreasing function H: Ng — Nq satisfying:

(i) H(0) =0,
(i) H(1) > 1,

H
(i) lim inf O;kk) >0,

there exists some pg = pu(n) € (0,1) such that for each p € (pu,1) there exists a
set 29 C 2 of full measure such that there exists a function A: 2 x Z" — N that
satisfies the following statements.

(a) For all z,y € Z™ and w € (y, we have that |A(w,z) — Alw,y)| < H(||z —y]|)-
(b) For every x € Z™ and w € 2y we have that (x, A(w,z)) is open.

Proof. Tt suffices to prove the theorem for the case in which H(k + 1) < H(k) +
1 for all ¥ € Ny (which implies that H(1) = 1). Furthermore, we can and will
assume without loss of generality that for all positive integers k1, ..., k,,, we have
H(Y k) < 32, H (k).
For j € N define
R(j) :=sup{k € N: H(k) = j}.

Now we explain what we mean by an admissible path. Let u,v € Z"t!. We
define a blocking-path from u to v to be any finite sequence of distinct sites u =

UQ, UL, - - -, U = v in Z™T! such that for each ¢ = 1,...,k the difference u; — u;—1
takes either the value e,y1 or (y,—H(||y||)) for some y € Z"\{0}. For a given
w € £2, a blocking-path is called admissible if, in addition, for each i = 1,...,k we

have that if u; — u;—1 = e,41, then u; is closed, i.e. X, (w) = 0. The relevance of
such admissible blocking paths in the sense of theorem 2.1 is the following. If for
given w € (2 there exists an admissible blocking path from any site (y,0), y € Z",
to a site (x,h), then every function A satisfying (a) and (b) from theorem 2.1
must necessarily lie above the admissible path. In the following, however, we will
show that if the reachable set of such admissible blocking paths has finite height
everywhere, then our function A is indeed found.
Thus, for z € Z", w € 2, define

Aw,z) := 1+ sup{h € Ny: there exist y € Z" and
an admissible blocking path from (y,0) to (x,h)}.

If A(w,z) is finite for some x € Z", then A(w,x+¢€;) < A(w,z)+ H(1) for each i €
{1,...,n} since otherwise there would exist an admissible blocking path starting at
some (y, 0), going through (x+e;, h) for some h > A(w,x)+ H(1) and continuing to
(and ending at) (z, h—H (1)), thus contradicting the definition of A(w, x). Therefore,
A(w, ) < oo for some x € Z™ in fact implies that A(w,x) < oo for all x € Z". The
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same argument shows that the function x — A(w,x) satisfies claim (a) in the
statement of the theorem for each w for which A(w,0) < oco.

Clearly, if A(w,z) is finite for some = € Z", then (x, A(w,x)) is also open. All
that remains to be shown is that there exists a set 2y of full measure such that
A(w,0) < oo for all w € £.

By assumption, there exist C' > 0 and v > 0 such that R(i) < CeY* for all
i € N. Observe that there exists some K such that the number of sites in Z" with
l1-norm at most k is bounded by Kk™ for all k € N. Fix N € Ny, h € N and
q:=1-—p€(0,1). For z € Z" with ||z|| = N we estimate the expected value of the
number of admissible blocking paths from (z,0) to (0, ) as follows.

For a given such admissible blocking path, let k; be the number of steps of the
path containing a down-jump of size i € N. Then the expected number of such
admissible blocking paths (uj);?zo that contain exactly D € Ny down-steps (in the
sense that Zf:l(enﬂ -(u; —u;—1))” = D) and therefore D + h up-steps is at most

D
> Rt kot DR pon ks
IlK ki

( k17-~-,kD7D+h >q 7;:1( R(Z) )

ki+--+kp+D+h
D+h _~ynD 1 D n\ki+-+k
Sge? Z( ki,....kp,D+h >(KC)1 3

D
" . m+D+h
< gPthe DZ(KC’) Z(/ﬁ kD D—I—h)

m=0
D
D+h m
_ D+h _ ~ynD Kcn m [ +
e S e ("5 ("
m=0
D D-1
< gD themD Z(Kcn)m2m+D+h2D <m+ - >
m=0 m
D m+D—1
g D+h ’Y’n.D22D+h QKCn v D -
T (erenvy? 3 ("7
2D
_ qD+he'ynD22D+h((2Kcm) vV 1)D ( 5 >
g qD+he"/nD22D+h((2KCn) \/ 1)D22D’
where the first two sums are extended over all k1, ..., kp € Ny satisfying Ele ik; =
D and the fourth and sixth sums extend over all k1, ..., kp € Np, which in addition

satisty Y7, ki = m. Let
B :=16e""((2KC™) V 1).

Summing over D from H(N) to co, we see that for g8 < 1 the expected num-
ber of admissible blocking paths from a given point (z,0) to (0,h) is at most
(2¢)"(gB)" M) (1 — gB)~1. The total expected number of admissible blocking paths
starting from any point (y,0), y € Z™, and ending at (0, k) is thus bounded by

o0

(20" (1 —aB) ' Y (EN""1) v 1)(g8)"™). (2.1)
N=0
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Here, K is a constant chosen such that the number of y € Z" such that ||y|| = N
is bounded by KN"* for all N € N. The sum is clearly finite provided that ¢ > 0
is sufficiently small. Now, the first Borel-Cantelli lemma implies that the largest
h for which there exists an admissible blocking path from some (y,0) and ending
at (0,h) is finite almost surely (i.e. is finite on a set 2y C 2 of full measure), and
therefore the assertion is proved. O

REMARK 2.2. The theorem is sharp in the sense that it becomes wrong if in (iii)
‘inf” is dropped and ‘>’ is replaced by ‘=’ since in this case the second Borel—-
Cantelli lemma shows that for each m € N the number of sites x € Z™ for which
all sites (x,h), h € {0,...,H(x) + m}, are closed is almost surely infinite (and
hence strictly positive). This implies that for every m € N, the set of all w € £ for
which there exists a function A: Z™ — N satisfying A(0) < m and (a) and (b) in
theorem 2.1 has measure zero. Hence, the set of all w € 2 for which there exists a
function A: Z™ — N satisfying (a) and (b) in theorem 2.1 has measure zero.

REMARK 2.3. Define py(n) as in the proof of theorem 2.1, i.e. pg(n) is the supre-
mum over all p such that (1—p)5 < 1 and the sum in (2.1) converges. Let p > py(n)
and let A: Z" — N be the smallest function satisfying (a) and (b) of theorem 2.1.
For notational convenience we drop the dependence on w here. Furthermore, denote
the factor behind (2¢)" in (2.1) by Cy, , . We then get for m € Ny and g := 1 —p,

P{A(0) > m) = i P{A0) = h+1} < Copnt f: (29)"
h=m h=m
= Copn(2(1 = P)" 5

so A(0) has exponential tails. Note that the exponential decay rate does not go to
zero as p approaches pg(n) (but C, , g blows up).

3. Construction of the supersolution

The construction of the supersolution is performed in a series of steps. We first split
up R? into boxes large enough that boxes that contain an obstacle of a minimum
strength percolate in the sense of § 2. All obstacles not necessary for the percolation
cluster are then disregarded. In each column of boxes we now have one obstacle at
position (z;,y(x;)). Starting from a periodic supersolution (assuming obstacles at
y = 0 and at periodic distance in = with period larger than the box size), we
construct a supersolution for obstacles centred at (x;,0) by cutting out one period
and using this function locally around obstacle sites. Finally, we can add a smooth
function with less than linear growth (given by the percolation cluster) in order to
obtain a supersolution that passes through the original obstacle sites.

In this section, we make frequent use of the equivalence of the integral repre-
sentation and the Fourier representation of the fractional Laplacian. Furthermore,
we use the symmetry of the fractional Laplace operator and the weak form of it
by switching between applying it to a test function and the function itself. Fur-
ther information can be found in [3]. The extension problem related to fractional
Laplacians has been treated in [2].
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-p P

Figure 2. The function g.

DEFINITION 3.1. For parameters a, p, F5 > 0 with a > 2p (which will be fixed later)
let Fy := pF5/(a — p). We then define

9(@) = —F, for x € [—a,a]\ [-p,pl,

{Fz for z € [—p, pl,
while g is extended 2a-periodically to R.

Note that the average of g vanishes. We now construct a periodic supersolution.
DEFINITION 3.2. Let v be the (modulo some constant) unique periodic solution of

Av=yg.

To render the solution unique we choose the constant such that the average of v
vanishes.

From the eigenvalue representation of A on periodic functions, we can compute
the Fourier series representation of v, which is then used to compute L°°-bounds
and some symmetry properties for v.

LEMMA 3.3. The Fourier series representation of v is given by

N A T 7w\ cos(kmx/a)
U(.’E) = _2a28(2 W sin (/{,‘ap) W .
k=1

Proof. As g is an even function, it suffices to consider only the even eigenfunctions of
—A on the interval (—a, a) with periodic boundary condition. We thus take ¢ (x) =
(1/+/a) cos(kmz/a) with associated eigenvalues A\, = k?7?/a? of the Laplacian.

A simple calculation shows that the representation of g as a Fourier series is given
by

ad Fl +F2 . ™
=9 - < k— .
9(x) ;;:1 - \/5sm( aP) Pk
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Let v = >~ Brpr be the Fourier series representation of v and denote the Fourier
coefficients of g by ag, k= 1,...,00. We then have

(o]
Av(z) ==Y Narpr(e) = g(a),
k=1
and so by comparing coefficients we get

B = — s Ok
. 1 F1 + F2 . U
=~ (g vasin ()

2 a s F1+F2 . m
(1) (P ve ()

This yields (modulo the constant average of v that we assumed to be zero)

= (] (P 1)

k=1
L+ F 7w\ cos(kmz/a)
2s 1 2
= —2a kil a7z i <k:ap> I TSI

O

REMARK 3.4. Note that by the Fourier characterization of H25 (Y) with ¥ =
(—a,a), we have v € H23 (V).

per

As mentioned before, we can now prove some properties of v.
LEMMA 3.5. We have the following:
(i) v(—z) =v(x) for all x € R, v is periodic with period 2a and continuous;

2F) + Fy)

(i) ol < =2l c(2s)a® g for s > 1/2;

2(Fy + F)
- 14

(i) o]l < (2 + log(a) — log(mp)) for s = 1/2;

. o+ F
£ g —_—
(IV) HUHL S(l 28)

p** for s < 1/2.
Here, ¢ denotes the Riemann zeta function.
Proof. (i) The symmetry and periodicity properties follow directly from the corre-

sponding properties of cos(+). The continuity of v follows from the uniform conver-
gence of its Fourier series.

https://doi.org/10.1017/50308210512001291 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210512001291

490 P. W. Dondl, M. Scheutzow and S. Throm

(ii) Using the representation

oo

7T1+25

k1+2s

o) = —202 S D2 g, (,Jp> cos(kmz/a)
a

k=1

from lemma 3.3 together with

sin <kﬂp> ‘ < kzp and
a a

as kmb/a > 0, we get

cos (k Tx)
a

<17

R+ F 7\ cos(kmz/a) P+ Fkrmp 1
> lv2s oM (l‘“ap> pives | S ) o425 g klt2s
k=1 k=1
F1 + F2 1% > 1
= 28 a Z ﬁ
k=1
i+ Fyp
= 7-[-28 EC(ZS)

Finally, this gives

(iii) For s = 1/2 we have

oo

[l — o
k=1

‘—2@2 Bt sin <k’7r/)) 7(:05(]:;96/(1)

¢(2s)a*p.

2(F1 + F»)
2

i sin(kmp/a) cos(kmx/a)

a

k2

™
k=1

With |sin(kmp/a)| < kmp/a, | cos(krx/a)] < 1 and |sin(kwp/a)| < 1, by splitting
the sum into two parts and using an integral estimate for each part one gets

/

2(F, + F. o/7P 1 1
lv(z)| < (122)a(ﬂp+/ Ipf dk +
0 a 1 a k

<1
dk)
/a/ﬂ'p k2

— W(m(l + log (;;)) + a/cjrp)

M(np@ + log(a) —log(mp)))

= M p(2 + log(a) — log(mp)).
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(iv) Similarly, for s < 1/2 we have

Lt E a/”ﬂ 1 ~
lv| < 3( ,0 dk + / ——dk
1+25 a st a/Trp k.1+25
F1+F2 025 m a 172871 +i @ -
771+29 ap a(l — 23) T 25 \ mp
Fy+F ( mp 1 (mp)**  (mp)*
=2 1-—
lt2s (a1—23 ( 1- 28) Tz 2s + 2s
F1 + F2 ™ 1 2s 1 1
=2 1- s =
rlt2s (a1—23 ( 1-— 23) + (7p) 1—2s + 2s
B 2F1 +E( 25  @p (7p)?*
-7 pldas 1—2sal=2s  2s(1—2s)

1

< ———p¥(F + ).
s(1— 25)7r'0 (Fi+ F2)
For the last inequality we used —(2s/(1 — 2s))(mp/a'=2%) <0 as s < 1/2. O

REMARK 3.6. We assumed that a/7p > 1 in the proof above as it turns out later
(when the parameters are fixed) that p < a/18.

Next we will show some monotonicity properties of v.

LEMMA 3.7. The function v strictly increases on [0,a] (and thus, by symmetry,
strictly decreases on [—a, 0]).

We denote by ET := (J;Z__(2ka — p,2ka + p) the set where g is positive and
by E~ := R\ E™ the set where g is negative. With this notation we obtain the
following proposition.

PROPOSITION 3.8. (—A)Pg(x) (given by the integral representation) exists and is
continuous on ET U E~ for any p € (0,1), and one furthermore has

(—A)g(x) {> 0, x€ET,

<0, ze k™.

Proof. The existence and continuity are obvious as g is piecewise constant and we

exclude the points where g jumps. For the positivity, respectively, negativity, take
x € ET. One then has

Fi +F
(=A)Pg CPV/| |1+2P OPV/| 1y|1+22p g (y)dy > 0,

where y g+ is the characteristic function of E* and ‘PV’ denotes the principal value
of the integral. For x € E~ the same calculation gives

Fi+ F
(—AYg(x) = C PV/ ! |H2p _ ¢, PV/| e (0) dy <0,

O
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—a t-a 0 T a *

Figure 3. Intersection of periodic functions with special monotonicity properties.

Using the previous proposition, we can give the proof.

Proof of lemma 3.7. It is clear that v” exists on ET U E~ and is, due to propo-
sition 3.8, strictly positive on E+ and strictly negative on E~. Furthermore, by
the symmetry properties of v one has v'(0) = 0 = v'(a). We thus obtain for

z € (0,a)\{p},

/0 (LA gy fora e (0,p),
Sy =47
*/ (—A)'"*g(y)dy for z € (p,a),

> 0,

where in the last step proposition 3.8 was used. Together with the continuity of v,
the assertion follows. O

The above monotonicity result yields certain elementary properties for the inter-
section points of shifted copies of the function v.

PROPOSITION 3.9. For any translations 1,7 € R and on any interval of the form
(8, 8+ 2al, the functions v(- — 1) and v(- — T2) either intersect each other exactly
twice or they are identical, while in the first case the points of intersection have
distance a.

Proof. Due to periodicity we can assume, without loss of generality, that 74 = 0,
B = —a and 72 € (0, a]. We denote by wy(+) :=v(- —71) = v(:), we := v(- — 72) and
T := T9. Assuming now that 7, — 7 = 7 is not an integer multiple of 2a and using
the symmetry of v, we get
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Al

(I) | | <
d 1-2r,

Figure 4. Split-up of the plane R x [0, c0) into boxes.

Furthermore, using additionally the periodicity of v, we obtain

w1 (37 —a) =v(37 —a) =v(a— 37) =v(—a — i7)
=v(—a+37—7)

=wy(37 — a).
Noting that 7/2,7/2—a € (—a, al], we see that there are at least two points of inter-
section within (—a, a] and they have distance a. Due to the monotonicity properties

of v there cannot be any other intersections in (—a, a] (see figure 3 for an illustra-
tion). O

Now we have collected all the properties of v that we will need, so we continue
constructing the stationary supersolution. Therefore, we split R? into boxes with
volume large enough that the probability of finding an obstacle centre in each box
is larger than the critical probability pg (1) from theorem 2.1. We can then apply
the percolation result stated there.

DEeFINITION 3.10. For k € Z, j e Nand [,d,h > 0, [ > 2ry, we define
Qr = [k(l+d) — 3, k(l+d) + L1],
Qr = [k(l+d) — 21+, k(I +d) + 31— 1],
Qrj = Qr x [(4 — 1)h, jh).

As a direct result of theorem 2.1 and assumption 1.1, we obtain the following
proposition.

PROPOSITION 3.11. Let 0 < av < 1, H(k) := [k®] (i.e. the integer floor of k*) and
let V.= (I —2r1)h > 0 such that

1 —exp{-AV} > pu(1)
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from theorem 2.1.1 Then, almost surely, there exist a function A: Z — N with
[A(z) — A(y)| < H(|lx — y|) for all z,y € Z and a mapping I: Z — K with

(1 (k> Y1(k)) € Qk,A(k)
for all k € Z.

Note that for notational convenience we have dropped the dependence of A on
w € 2. In the following we denote by I the set I(Z).

We now define a flat version of the aspired supersolution by projecting the obsta-
cles, chosen by the proposition above, onto the real line and, locally around them,
taking the minimum over translated versions of v. Explicitly, this is given by the
following definition.

DEFINITION 3.12. Now let d > [, 2a > d + 2 and define for i € I,

(2) v(x—w;) forz €[z —1—id,z;+ 1+ Ld],
u;\xr) =
400 otherwise,

vi(z) = v(z — x;),

Ufat (T) 1= Ilnel}l u; ().

PRrROPOSITION 3.13. With the definitions above, we have that:

(1) ugat s well defined, bounded and continuous;

(ii) given i € I and k € N such that z; € Qr, we have Ufiat () = vi(x) for all
x € Qk'

Proof. (i) For every « € R there are only finitely many w; having a finite value
in . Furthermore, for £ € N and 4,j € I with z; € Qk and z; € Qk+1, due to
proposition 3.9, the functions u,; and u; intersect and are both finite in (z; +x;)/2.
Thus, ugat is well defined as well as bounded and continuous, as v is bounded and
continuous.

(ii) It suffices to show that two functions w; # u;, ¢,j € I, have no intersection
(with the exception of co) inside Q. For z; € Q,, and z; € Q, with |m —n| > 2
this is clear by the definitions of u; and u;. Let x; € Q) and x; € Q1. It is then
enough to show that u; and u; intersect neither inside @y, nor inside Q1. From the
periodicity one knows that u; and u; intersect in x; +|z; —x;|/2 = z;—|z; —x;| /2 =
(i +x;)/2, where x; > z;, due to the fact that z; € Qk, x; € Q1. This property
together with the definition of Q) and Q1 also gives

k(l+d)—3l+rm <z <k(+d)+3l-n
(k+1)(l+d) —2l+rm <z < (k+1)(+d) + 3l —r.

I'We take pgr(1) to be the value from the proof of the theorem in order to be able to apply
remark 2.3.
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Adding the two inequalities and dividing by 2 gives

l+d 1 xi+
K - <2 J
(I+d)+———5+mn 5 o
+
<k(l+d)+T+§—r1
I 1 d
Now using that r; > 0 and [ < d, one gets
l l+d 1
k(l+d)+§<k(l+d)+%f§+r1
<I1‘+£L‘j
I d-1
<(k+1)(l+d)—§—?—r1
l

<(k+1)(+d) - 3.

Then (x;4+x;)/2 ¢ Qr, Qr+1 by the definition of Q and Q1. As the next point of
intersection has distance a to (z; +x;)/2 and a > d+1/2 this shows the claim. O

We next prove that wug,y is a supersolution to a modified equation where the
obstacles are projected to the real line, meaning that for the moment we neglect
the y direction. This will be done by estimating the effect of the fractional Laplacian
for any fixed ¢ € R. In order to perform such an estimate, we first need to fix some
notation.

DEFINITION 3.14. Let £ € R and iy € I be such that uga;(§) = iy (€) = v, (€). If
ui(§) = u;j(§) = uaac(§), we take ig = max{i, j}. Furthermore, we recursively define
the points of (proper) intersection of the periodic function v;, with ugas. Let

Vs > Ufat ON (f_y_ va _y)}

Viy < Uflat ON -y, & —y+r) ’

)
)
Viy > Uflat ON (é—y—ﬁ,é—y)}
Vip < Uglag ON (§ — ¥y, & — Y+ K)

Viy < Uflat ON (§—y—f€,£—y)}
iy > ugar o0 (E—y,E—y+r)J

ay = min{y > 0: dk > 0 with

Vig < Uflat ON (f_y_ﬁvg_y

by := min{y>a1: dk > 0 with
- Vi > Ugiar 00 (E =y, —y+ K

Gf+1 = min {y > by : dk > 0 with ,

bi+1 := min {y > ap4+1: 3k > 0 with

Define d;, and by, in the same way by substituting +y for —y.
With this definition we can state the main ingredient for the following estimates.
LEMMA 3.15. We have
by —ar=>2a and apy1 —bp <a

for all k € N.
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Figure 5. Ilustration for the definition of and distance between intersection points of
local supersolutions with the periodic supersolution v;,.

Proof. Take k € N arbitrarily and 41,i2 € I such that u;, (§ — ar) = ugat(§ — ax)
and wu;, (§ —bg) = ugat(§ — bg) (it is clear by construction that 4; and iz are unique).
Because of proposition 3.9 and the construction of ug,s, one has
Uflay < U3, on [ —ag —a,& — ag).

The definition of a; and proposition 3.9 yield

Vi (§—ak) =v, (E—ar) and v (x) > v, (x) forx € (§—ar —a,§ —ag).

Altogether one has

Vig (@) > vy, (2) = ugar(x) for all x € (§ — ap — a,§ — ag).
Furthermore,
Ufat g Vi, oOn [g - bkaf - ak]

and by the choice of a and by there exists no larger interval J D [ — by, & — ak)
with ugas < v;, on J. Using this, one obtains

(é-_ak;_CLg_ak) C [g_bkag_ak?])

and therefore
b —ar > a.

The other inequality is shown by an explicit calculation. We define r := 2(x;, —
(& —bg)) and zp := x;, — r. Then, by the periodicity property of v;, and v;,, it is
clear that zp is a minimum of v;,. Furthermore, let i3 € I be such that x;, is the
next minimum of ug,¢ to the left of x;,. By construction of ugas, it is obvious that
one has u;, (§ — ar4+1) = Ugat(§ — ak+1). Furthermore, one has z;, < zyp < z;,. From
the proof of proposition 3.13 one then knows that v;, and w,, intersect in

Ti; + 20

§—aky1 = 5
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T T T 1 X
X E—ap,y 29 E-by X, e
& X
(x; +x;)/2
3 2

Figure 6. Illustration to estimate the distance between intersection points of
local supersolutions and the periodic supersolution ;.

The same argument also shows for the intersection of v;, and w,,,
Tiy + 20
5

By the choice of the @, it follows that |x;, — x| = 4, — 4y < d+ 20 — 271 and
therefore |z;, — x4,|/2 < d/2+ 1 —r1 < a. Putting everything together, one gets

§—bp =

Ti, + 2 Tis + 2 Ti, — T4
apt1 —bp = (€ —bk) — (§ — apt1) = 22 : - 32 2 = 22 * <a.

See figure 6 for an illustration. O

REMARK 3.16. In the same way it follows that
Ek_&k>a and dk+1—l~)k<a.

For the case in which ¢ is a point where ug,t is smooth, there is no issue applying
the integral representation directly in order to show that wug.; is a supersolution
to our modified problem. However, at points where ug,; is only continuous, in
particular, where the representing u; changes or where g admits a jump, we have
to be slightly more careful (at least for the case in which s > 1/2).

DEFINITION 3.17. We define the set D of points where ug,; is not smooth (i.e. C?)
consisting of the set
Dy :={ztp: keZ}

of points where the (shifted copy of the) function g admits a jump and the set

Dg::{zk—i—;kH:kEZ}
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of points where the functions v; representing ugat change. We use here the following
notation: for every k € Z we define z to be the unique point x; € Q) with 7 € I.
We then have D = D1 U Ds.

For £ ¢ D we now can prove the following estimate.

LEMMA 3.18. For £ ¢ D (for s < 1/2 we only need £ ¢ D) we have

Ufat (¥) — Ugat(§) Vi () — iy ()
dy < s 027 (
PV/R PEGECEA PV/R ly — &1+

REMARK 3.19. The idea behind the following proof is that we compare the area
between the graphs of uga and v;,, while this area is weighted by the kernel of the
integral representation of (—A)®. In this situation the intervals where ug.; < vj,
give some negative contribution, while the intervals with ug.s > v;, give some
positive contribution. Using lemma 3.15 it is possible to show that the total sum of
all these ‘weighted signed areas’ is negative.

Proof of lemma 3.18. The explicit calculation is done only for the part to the left
of £&. The estimate for the other part follows analogously. Using the same notation
as in lemma 3.15, one has ug,t < v;, on [§ — bk, £ — ax], and so the definition of ugat
together with lemma 3.15 yields

E—ay
/}5 Uufat (Y) — iy (y) dy

—bg
* E—bi+a E—ay
< min { /f Uiy (y) — Uig (y) dy7 / Uiy (y) — Vig (y) dy}

—bk f—ak—a

§—br+a
< / via(y) — vio (y) dy
E—by

<0.

In the same way, using v;, < ugat on [ — aky1,§ — bi], we get

bk
0< /5 Ufiat (y) — iy (y) dy

—Qk+1

§—agt1ta E—by,
<min{ /5 i) = i)y, | vw(y)—%(y)dy}

—Qk+1 §—br—a

E—by
< / 0ia () — vig () dy.
£

7bk —a
Using this, we can split up

/E_ak Ugat (Y) — Vi, (Y) d
3

A A

into the two parts where the integrand is negative and positive, respectively (see
figure 7 for an illustration). Noticing that 1/|y—¢&['*25 < 1/b,7% on [€ —aj11, & —by]

Y
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and 1/b,72° < 1/Jy — €]*+2 on [¢€ — by, £ — ag], we obtain

/g_ak Ugat (Y) — iy (¥) dy
¢

—appn Y€

1 §—bg 1 §—ak
g [ ) @A s [ )~ ) dy
k 3 3

TOk41 —by

1 E—br+a
< W /5 Vi (y) — Vi, (y) dy
k

—bkfa

:07

where in the last step we used that the average of v;, and v;, vanishes. Inserting a
zero of the form —uv;, (§) + v, (§), we obtain

ok Uflat (y) — Uiy (f) s Vig (y) — Vig (5)
0> Uat(Y) — Vio\S) g, YioW) — Vio\&) g,
J / y

canpn Y€ cangn [y

Now using v;, (§) = ugat(§) and summing up for all k in N, it follows that

/E‘l1 Uflat (Y) — Ufat (§) dy < /gal Vio (y) = iy (§) dy.

—o00 |y_§‘1+2s —0o0 |y_£|1+2S

Furthermore, an analogous calculation shows that

/OO Uftat (Y) — Udat (§) dy < /°° Vio (y) — viy (§) dy
&+ar €

ly — €[+ tay ly =&

which, together with uga; = v;, on (f —a1, &+ ar), ylelds

Uflat (Y) — Uat (€ / Vi (y) — iy (§)
PV/ <PV dy.
Ry — &1t ly — fll+2s

DEFINITION 3.20. Let p < rg and Fy < ¢q. We then define
q forze U[ml — 1o, x; + 7o),
iel
0 forx¢ Lj[acZ — 10, Z; + 7o)
il
PRrROPOSITION 3.21. Under the conditions from definition 3.20 we have

91lat ($) =

Auga — 9aas + F <0
for every F < min{q — F, F} }.

Proof. For x ¢ D this is already clear from lemma 3.18 and the definition of ggat.
Furthermore, for z € Dy we know from the construction of v that lim,_,, A ugas(y)
and limy_,, . Augag(y) exist and from lemma 3.18 it is clear that

Jim Augar(y) < lim Avie) (y).

From the construction of ggas we see that limy ., Av;)(y) + F < ggac(z).
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Figure 7. Illustration to estimate and compare the area between
the graphs of ugat and v;,.

For s < 1/2 the case © € D5 is already proven in lemma 3.18. Let s > 1/2 and
x € Ds. Since the derivative of ug,; makes a downward jump at x, we have that
A ugai(x) = —oo and therefore we also have A ugat(z) + F < gfias (). O

We are now prepared to perform the last step in constructing our supersolution
u. That is, we will lift ugmootn locally to the obstacles chosen for the percolation
cluster. Technically this will be done by just adding a smoothed piecewise constant
function for which we first collect some properties.

PROPOSITION 3.22. Let h > 0,d > 0,1 >0, s € (0,1). For A: Z — R such that
|[A(z1) — A(2z2)] < 2h|z1 — 29|™ with 0 < a < 2s there exist a smooth function
uggs: R = R and constants Cy, C1 and Cy that only depend on s and o such that:

(1) U’lift(x) = A(k) fO’r’ any r € Qk} ke Z;

.o h
(ii) ||agulift||Loo < Coﬁ’.
. (d/2+1/2)%"2 L
AV ()] < |
(i) [(=A) (@) < O ===+ Qoo

Proof. Parts (i) and (ii) follow immediately if we define wys := e * 14/2, Where
Uyigy 1s defined as the piecewise constant function

e (2) == A(k) for x € (k(I+d) — 31— 3d, k(1 +d) + 31 + 1d].
To see part (iii), we assume without loss of generality that

ze[-3d— 31, 3d+ 1.
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Let IT := (—3(d/2 +1/2),3(d/2 +1/2)). We then have, from the assumptions on
A and from (i), for all y € R\ II,

€T — (e}
[unige () — wiie (y)] < 6h|(l—|—§)|a (3.1)
because
|z —y|*
i — Uy <2h——=—+4h
|uiige () — wiige ()] T

and for y € R\IT one has |z—y|*/(I+d)* > 1 and therefore 4h < 4h|z—y|*/(1+d)*.
Using that uyg is smooth and grows less than linearly, (—A)®ujs can be repre-
sented by its integral form as

¢ / wiige (¢ — y) + wiige (¢ + y) — 2wt (2) 4
2 R ‘y|1+28 Y-

(=A) upg () = —

By applying some standard estimates [3] we get

s c wige (& — Y) + wige (€ + y) — 2wnige (@
(-4) unft(a:>2‘/R o)t nle ) ~Bunle)

02wt || o= 1
<C— 9 y|2o—1 dy
oy

. Q/ lwiige (2 — y) — wiige ()| + [wie (2 + y) — wine ()] dy.
R\IT

2 ly[t+2s
Putting in (3.1) for wj;g, and calculating the resulting integrals, it follows that

[(=A) g ()]

) 3(d/2+1/2) 1 6h 1
< C|0zwie oo/ ——dy+C / d
|Gl T YT Jo g T

(102w || oo oy (d Z)HS 12h /°° “1oo
<ol a( oy o) 0 yo Ty
2—2s 2 2 (L+d)™ Jsaj241/2)

D2 unse || oo A N 12h d/2 +1/2) 2+
|9zt || . g2 (4 L e 3%25( /2+1/2)
2—2s 2s —« (d+ D~

22

322 p(d IV 12 3972 /4 I\

<Co—Co (5 +5 ms+s)
02—2300d2<2+2) LT <2+2)

where in the last step ||02uyg|| L~ < Coh/d? was used. For

<C

32—23 12 304—23
C d Cy,=C
9 _9s 0 MG 2Ty T

C,=C
we obtain the estimate. O

REMARK 3.23. Note that in item (iii) the restriction o < 2s for the case in which
s > 1/2 gives @ < 1, and thus it suffices if A is Lipschitz continuous and therefore
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Figure 8. Illustration for the construction of wys; the first step.
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Figure 9. Illustration for the construction of wis; the second step.

we could use Lipschitz percolation from [4]. But for s < 1/2, in order to make the
integral finite, the stronger percolation result in theorem 2.1 is necessary.

We next summarize the scaling properties that we will need to finally prove our
main theorem for the case in which 1/2 < s < 1.

LEMMA 3.24. Let 1/2 < s <1 and take Co := (2/7*%)((28) and C, > 5.
Take g > 0 and V > 0 as in proposition 3.11. Choose 0 < Fy < q and take F, > 0
as in definition 3.1. Now choose | > 0 such that

1/(2s)
| > max {47«1’ <(C’1+C2)V) ’(12(01 + 02)‘/7“0)1/(25)7

r1(q — Fh)
1 1+ 2F5rgry + 12F2(01 + CQ)VCOOCZS
(Coo(%)2sle2)1/(2sfl)’ Fyro :
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Taked =1,31/2 = d/2+1 < a < C,l, p = arg/3(Coc Foa**+1¢) and h = V/(1—2r1).
Then we have:

. To a
<o <=,
M) p<35 <35
(11) (Cl + CQ)VZZTZ “on < 5
1 1 1 To
iii) (C1 +C)V oo — < —
) (1 + OV o T o, < B (Gl Bl 1)
. T
(i) ol < 2,
1 ToFQ
—F < ——= .
(v) —Fi <=3 (CocCZ 125 + 1)
Proof. (i) The choice of b, §, a and [ yields
_ 1 arg < 1 ) < 1 )
P 30 Fa® 41, 3CuFpa? L =~ 3 Fy(2)2 121
o !
3 CooFa(35) 71 (1/Coc Fa(5)*71)
_To
=3
From the conditions on rg, 71 and the choice of [, one also gets
rg i l 2 a a
-9 L oz 2
33 125312 18

(ii) From the conditions on I we get

2(C1 + Co)V V7™
< 2r1(q — F3) ) 7
2(C1 + Co)V
2r1(q — Fy) ’
125(1 — 2ry) > 2r1**

S Z(Cl +CQ)V
qg—F, 7

le

where in the last step | > 4r; was used. This gives

q—F 11
Cit+C)Vee
5 (Ot OV

(iii) From the condition

l

S 1+ 2F5rer; + 12F2(01 + CQ)VCOOCC%G
FQTO
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on | we get

rofsl — 2F5rory — 12F2(01 + CQ)VCOOC,fS > 1.

P. W. Dondl, M. Scheutzow and S. Throm

By rearranging some terms, we get from the condition

(12(Cy + Co) V)% <1

on [ that

12(01+CQ)VT0 < 1%
(3.2)

A

ZQS(’I“()FQZ — 2F5rory — 12F2(C1 + CQ)VCOOCZS)

= T0F211+28 — 2F2(T07’1 + 6(01 + CQ)VCOOCgS)IQS

12(01 + CQ)VCOOFQCgslzs + 12(01 + CQ)V’I"()

ll+257’0F2 — 27’0’1"1F2l2s <
1 1 1 rofy
C1+03) Ve —— — .
AN T 5 = BRI T r0)

(iv) From definition 3.1 we know that

Fi+F = (Cﬂ)—Fl)Fz:

Furthermore, from lemma 3.5 we have

o 2(F + Fy)

[ollzee < %

™

a—p

((25)a* 1 p.

Putting these together and using (i), we obtain

a _
||’UHLoo < CoomFZGI?S 1[) < Coo

<

(v) Because F} is as in definition 3.1 we have

p/2

—F1 = —LFQ < _BFQ < —7F2
a—p a a
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Now take u := ugas + uig;. Choose the parameters as in lemma 3.24 and

1 . To
F* == - F Fy 5.
g {q 2 6(CoC2FRl2 + 1) 2}

One then has u > 0, as just seen (note that uyg > r1 and |ugat| < ||v]|p=), and we
can now give the proof of theorem 1.3 for 1/2 < s < 1.

Proof of theorem 1.3 for 1/2 < s < 1. Let the parameters be as in lemma 3.24 and
take wyg (x;) = y; for all i € I, which, due to propositions 3.11 and 3.22, is (almost
surely) possible. From the choice of gg.; we have

—f (@, ugar (7) + wige (7)) < —gaar (2)-
Using this we have for F' < F*,
Au(z) — flz,u(z,w),w) + F < Augas (@) — gaas (@) + F + A wjige ().
With the results of proposition 3.21 and proposition 3.22 it follows that

Au(z) — f(z,u(r,w),w) + F
(d/2+1/2)%2 h

< —min{g — B2, i} + F+ Cy 2 h+02m

h
< —min{q— F5, i} + F+ (C1 + C’g)lz—s,

where in the last step d = [ was used. Now applying the estimates of lemma 3.24
and using h = V/(l — 2r1), we obtain

. ro
Au(z) - f(z,u(z,w),w) + F < —min {q B (e N ro)FQ}
1 1
r N
+ +(Cl +C2)V1251_27f-1
1. "o
< -z - F Py 7
g T {‘1 % 6(Coe C2 Rl + 1) 2} "
o (3.3)

Now picking @ as in the theorem, we see immediately that the requirements in
definition 1.4 are fulfilled: at a point x where @(z,t) is already stationary, o must
be chosen to be greater than or equal to 0 and the inequality in the definition
follows from (3.3). At a point where @(z,t) is propagating with velocity F*, the
parameter o must be chosen to be greater than or equal to F'*. Note that such
a point is necessarily a maximum of u, so the right-hand side in the definition is
bounded from above by F*. This concludes the proof that u is a supersolution. The
estimate on the expected value and the tail distribution of u(x) follows immediately
from remark 2.3 and the choice of pg (1) in proposition 3.11. O

For the case in which s = 1/2 some changes in the choice of parameters have to
be performed due to the worse L*°-estimate on v in lemma 3.5.
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LEMMA 3.25. Let C, = %+/mr3/48e2(36F,/17m)3C3 and choose C, > 5. Take
q>0 and V > 0 as in proposition 3.11. Let 0 < Fy < q and choose F1 > 0 as
in definition 3.1. Now choose I > 0 such that

2
> max{<(c1 + CZ)V), <2V(Ol + 02)) + 4rq, 12MV + 27“1}.
7“1((] —Fg) FQCP To

Take d =1 and%l:%dJrlSagC'al,

— min g 17
P= 48¢2(36F»/177)3 /a3
and h =V/(l — 2r1). We then have:

(1) > 4dr;

. To a .

(H) p< ? < TS;

1 1 q— Iy
(iii) (Cy +02)le o <

1 1 1 1 wrd 1
iv) (Cy+Co)Ve——— < ~Fymin{ - 0 . :
(V) (Ot Vo <5 2mm{2\/48e2(36F2/177r)3C3 13/2’6C'al}’
r
) llolim < 2

1 s 1 0
i) —F; < —Fymin< — 0 — .
) =Fi 2 T { 2 \/48e2(36F2 J17m)3C3° 132" 6C, }

Proof. (i) Given that [ > (2V(C1+C2)/F>C,)*+4ry and (2V(C1+Cs)/F2C,)? = 0,
this is clear.

(ii) From the choice of p it is clear that p < 79/3. From the conditions on g, r;
and the choice of [, we furthermore have

o _n_l 2a_a
3 3 12 " 312 18
(iii) From the condition on [ (using item (i)) some calculation gives
2(CL + C)V
27"1 (q - Fg) ’
2(C1 + Cy)V
q—F

1 1
> (01 + CQ)V?I o .

>

l(l — 27‘1) > 2rql >

q— Iy
2

(iv) From the condition

2‘/(01 + CQ) 2
l><F20p >+4T1
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on [ one obtains

2V (Cy + Cs) 2 4rq 12— d4rql + 41"%
_— l—4 -4 —_——_—_— =
( 7C, < ry < 71+ i ]

(l — 27“1)2

Therefore, taking the square root, one obtains

QV(Cl + Cg) < [ —2r l(l — 27’1)

FQC,) /2 13/2 )

which finally, after rearranging and putting in C,,, yields

11 1 1
. IRC —
11—o2r ~272Crpn

1 1 1
(Cy + Co)V - §F2§\/wr8/48e2(36F2/177r)3C3—

ay3/2’

The second part simply follows by rearranging the condition

> 12MV +2r
To
on [ such that
I =2 > 12 G )Gy,
To
and finally
1 1 17 1
VT 5, = 366, 1
(v) From lemma 3.5 we have
F 4+ F
V]~ < 2= - 2p(2 + log(a) — log(p)).

The choice of F; from definition 3.1 together with item (ii) yields

a a
F1+F2=(p+l>F2= F2<TF2:%F2-
a—p a—p '
Taking both together one gets

36 F:
ol < ( 17ﬂ2)p<2+1og<a> ~ log(mp)).

From the choice of p, we furthermore obtain

< min g 1
P 48¢2(36F,/177)3 /a3

and therefore, by squaring,

2 < min mﬁ% 1 ﬁ
s 48¢2(36F,/17m)3a’ 9 |’
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so in particular,
2 g

= 48e2(36Fy/17m)3

1
p -
a

Using this, by rearranging and adding additional terms we get
2

3
ae 7o

1
g -z
v 48 (36 Fy /177)3p?

<o{1+ srsmsir * 3 ors) + (s )

<pexp | — 10
PP (36, /17m)p )

In the last step the standard estimate for the series of the exponential function was
applied. This shows that we have

ae? < Tpexp S
PP 536m,/1Tm)p )

Applying the logarithm gives

To
2+1 <1 _
+ log(a) < log(mp) + 5(36F,/17n)p

and this finally yields

<36F2

o )p<2 + log(a) — log(mp)) < 2.

(vi) The choice of Fy from definition 3.1 and the definition of p give

p p/2 1F g 1 7
F=-"L < Pip - 272 =
! a—p > a ’ 27 48e2(36F5/177)3 \/a’ 3

oo g 1 7y
= — " min o
2 48e2(36F% /177)3 a3/2’ 3a

As a < C,l we have —1/a < —1/C,l and therefore

BN & R, Ty 1 n
'S 2y 48¢2(36F,/17m)% \Ja' 3

<—&min 71'7“8’ L o
) 48e2(36F» /17m)3C3 13/2° 3C,1

Now we have everything together to prove the claim for s = 1/2.
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Proof of theorem 1.3 for s = 1/2. Choose the parameters as in lemma 3.25 and
define u := ugat + wig With g (w;) = y; for all i € I, which, due to proposi-
tions 3.11 and 3.22, is (almost surely) possible. Lemma 3.25 then shows that u > 0
(as upge = r1 and |ugag| < ||v||L~) and for

o

1 1 3 1 To
5 min {‘1 2, F2 i { 2 \/48e2(36F2/177r)303 13/2° 6C,l } }

using the estimates of proposition 3.21, proposition 3.22 and lemma 3.25, we can
show, analogously to the proof of the case in which 1/2 < s < 1, that

AU(Z‘) - f(xvu(wi)vw) +F<0
for all F < F*. The further conclusion also follows as in the case of 1/2 < s < 1. O

Again due to the different L*-estimate on v for the case in which s < 1/2, the
parameters have to be chosen slightly differently.

LEMMA 3.26. Let 0 < a < 1 such that 0 < 2s — «a and Cy > 5 fized.

Choose, furthermore, ¢ > 0 and V > 0 as in proposition 3.11. Let 0 < F5 < g
be fized and let Fy > 0 as in definition 3.1 as well as C, = ((177/54 - 2% F5)s(1 —
25)70)'/2%. Choose 1 > 0 such that

1/2s 2s 1/2s
I > max {47017 ((CH‘C?)V> 7 ((4r1) n 2V(Q1 + Cy)C, ) }
ri(q — F2) 2 Fymin{C,,ro/6}

Choose d = 1, as well as 31 = 1d+1 < a < C,l, p = 2min{C,,r/6} and h =
V/(l —2r1). Then one has:

(1) 1> 4r;
(i) p< < %;
(iii) (Cy + Cz)vlzisl _12T1 <4 _2F2 ;
(iv) (C1+ Cg)Vlzisﬁ < 21;2(1 min {C’p, 7;30}};
™) llolloo < 235

F: 1
(vi) —=F1 < —C—z min{Cp,rg}l.

Proof. (i) This is clear by assumption.

(ii) From the choice of p we have p < 7¢/3. From the assumptions on rg, 71 and the
choice of [ we have, furthermore,
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(iii) From the choice of [ it follows that
<<Cl - @)V)”QS
> —— .
ri(q — F3)
As [ > 4rq, we furthermore have

2(Cy + Co)V

1252 125(1—-2
- B < r < ( 7‘1),

and therefore, finally,

11 ¢—F

(Ch +C2)Vl2751—27“1 < B

(iv) From the choice of [ we have

. (4r1))?  2V(Cy+ Cy)C, \/*
2 F>min{C,,r¢/6} ’
(4r)?  2V(Cy + C2)C,

1% .
2 FQ min{Cp,ro/G}

Furthermore, we can calculate

(Ur)* _ 20

27‘1 le 2T1
2 47”1

128 _ — —
(47«1)1728 J1-2s’

(47‘1)25 _ l2s _

while in the last step | > 4r; was used. Together, these yield

ZV(Ol + 02)011 < l25 _ (47‘1)28 l2$ — 27"1
F, min{C,,r¢/6} 2 [z

1
= Z2s(l — 27"1)7,

and therefore

11 P min | C roll
1251 —2r; ~ 2C, e 1

(v) From lemma 3.5 we have the estimate

(C1+Cy)V

1
o < —————p*(F1 + F).
ol < Sy (Fi + )
From definition 3.1 we have
a a 18
i+ F = Fy < TF2:7F2,
a—p ﬁa 17
where item (ii) was used. Together these yield
1 18F, p*
e (P 4+ Fy) < L
ol s(1— 25)7rp (Fi+ F) 177 s(1 — 2s)
18
= hp*.
177s(1—2s) 27
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Together with the definition of p we have

18F2 2 18F2 2 177
o Kt p28 22 1-2
lolle= S 75029 S Tms(i—29) 2 \Bix 2L~ 2o

_To

3

To

< 5

(vi) From definition 3.1 we have

2 F. 1
S 7 AL N 5 SN FOR) QR PoR N €
a—p a a 6 6 )a

N
!
|
g
=

o~ =

oo To
C, {C’” 6}

Finally, this enables us to give the proof for the case in which s < 1/2.

Proof of theorem 1.8 for s < 1/2. Choose the parameters as in lemma 3.26 and
define u := ugas + ung with wyg(z;) = y; for all ¢ € I, which, due to proposi-
tions 3.11 and 3.22, is (almost surely) possible. Lemma 3.25 then shows that u > 0
(as uyge = r1 and |ugag| < ||v||L~) and for

1 F: 1
= 2min{q — F, CZmin{Cp, ?}l}’
using the estimates of proposition 3.21, proposition 3.22 and lemma 3.26, we can
show, analogously to the proof of the cases in which s = 1/2 and 1/2 < s < 1, that

Au(z) — fz,u(z,w),w)+ F <0

for all F < F*. Again here, the final conclusion follows as in the case of 1/2 < s < 1.
O

4. Conclusions

In this paper we have shown the existence of a non-trivial pinning threshold for
interfaces in elastic media with local obstacles. Models of the kind discussed fre-
quently arise in physics, for example in the propagation of crack fronts in hetero-
geneous media. Assuming free propagation of such an interface for large enough
driving force (which is trivial to obtain under some conditions on the hetero-
geneity), we have shown the transition of a microscopically wviscous kinetic rela-
tion (force = velocity) for interfaces in elastic media with random obstacles to a
stick—slip behaviour on larger scales. The construction of the supersolution has been
constrained to the 141 dimensional case, i.e. that of a one-dimensional interface
propagating in a two-dimensional plane. In many cases, this is the physically rel-
evant situation. The n-dimensional case is still open due to technical difficulties
mostly concerning the compensation of errors arising from modifying a periodic
solution.
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Furthermore, we have shown a percolation result, namely, a non-trivial percola-
tion threshold for the existence of an infinite cluster in next-nearest neighbour site
percolation that is the graph of an only logarithmically growing function.
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