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Upscaling of dislocation walls in finite domains
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We wish to understand the macroscopic plastic behaviour of metals by upscaling the micro-
mechanics of dislocations. We consider a highly simplified dislocation network, which allows
our discrete model to be a one dimensional particle system, in which the interactions between
the particles (dislocation walls) are singular and non-local. As a first step towards treating
realistic geometries, we focus on finite-size effects rather than considering an infinite domain
as typically discussed in the literature. We derive effective equations for the dislocation
density by means of I'-convergence on the space of probability measures. Our analysis yields
a classification of macroscopic models, in which the size of the domain plays a key role.
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1 Introduction

Dislocations in metals are curve-like defects in the atomic lattice of the metal. Typical
metals have many dislocations (as much as 1000 km of dislocation curve in a cubic
millimetre [25, p. 20]), and their collective motion is the microscopic mechanism behind
macroscopic permanent or plastic deformation.

At scales of millimetres or more, plastic deformation is well described by continuum-
level theories (see e.g. [4, Ch. 6]); at scales of 1—100 um, however, the specimen size,
material grain size, and dislocation distribution scales become comparable, and these high-
level theories break down. At these smaller scales, crystal plasticity models attempt to
capture the interaction between dislocations and grain boundaries by including additional
degrees of freedom representing dislocation densities.

Although more detailed, such (meso-scale) crystal-plasticity models depend on clos-
ing the Bogoliubov?Born?Green?Kirkwood?Yvon hierarchy of multi-point correlation
functions at the two-point or three-point correlation levels. Current methods commonly
postulate a closure assumption involving certain averages, and estimate these averages
from the statistics of smaller-scale models. see for instance [6,7,18,27,35,37].
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While this statistical approach makes sense from a practical point of view, the question
remains whether discrete models of dislocations could not be scaled up rigorously, without
ad hoc closure assumptions—although possibly in a simpler setup. Such a rigorous
upscaling has been performed, for instance, for the case of parallel dislocations on a single
slip plane, represented by a ‘queue’ of points on the real line [11-13,15,19], for arbitrary
planar dislocations [2,26], for arbitrary collections of parallel dislocations [5,14,29], and
even for the scale of atoms to individual dislocations [1,24].

However, these upscaling techniques fail to capture one of the more intriguing aspects of
interacting dislocations: the cancellation that takes place in pile-ups of edge dislocations
at grain boundaries. Roy et al. pointed out [31] that the stresses in such pile-ups are
very sensitive to the local stacking of the dislocations, leading to incorrect predictions if
the averaging is not done correctly. This may also be the reason why there are multiple,
mutually contradicting dislocation-density models in the literature (e.g. [10,17,18]).

Sparked by this observation, Scardia et al. analyzed the structure of pile-ups in detail [16,
32], and showed that five different regimes exist, depending on a local aspect ratio (see
also [20,22,34] for an analysis of one of these regimes using formal asymptotics). We
describe the results of [16,32] in detail below.

The authors of [16,32] made several simplifying assumptions, one of which is to allow
the dislocations to move in a half-infinite domain. Since dislocation-density models aim
to describe the cases where grain size and pile-up width are comparable, a finite domain
bounded by grain boundaries on both sides is more natural. In this paper, we therefore
generalize the results of [16,32] by considering any finite length for the domain in which
the dislocations are situated. This brings us to our main research question:

How do finite domains change the results from [16,32]?

After introducing our discrete model (Section 1.1), we describe the upscaling procedure
in Section 1.2. Then we state Theorem 1.1 - our main result - and how to interpret it from
a practical point of view.

1.1 Setting of the discrete energy

Inspired by [31], we consider the dislocations to be arranged equidistantly in n+ 1 vertical
walls of dislocations, which are assumed to be infinitely long. Figure 1 shows a schematic
picture of this configuration.

In the steady state, we obtain the positions of the dislocation walls, denoted by
X1 <X <...<X,, by minimizing the energy given by

& =&Y+4 6540, (1.1)
n  n—k ~ ~
%) =kY v (nx”k X >
h b
k=1 j=0

n
PR =0 %
i=1

0, ifX, <L
O(L) %) — > nxx Lo
7% { oo, otherwise.
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FIGURE 1. Configuration of dislocations in the discrete model.

V(r)

FIGURE 2. The interaction potential V.

Here, V is the interaction potential between walls, which is defined by
V(r) :==rcothr —log|sinhr| —log2,r € R. (1.2)

The potential V' is even, has a logarithmic singularity at the origin, and is strictly convex
and monotonic on (—oo,0) and (0,00) (see Figure 2 for a plot). The energy & involves
five model parameters: n, the number of walls minus 1; h, the distance between two
subsequent dislocations in a wall; o, a constant external load applied to the system; L,
the position of the right boundary; K, a material constant.

Let us explain our model in terms of the expression for &(X). The interaction part &®
is minimized by spreading the walls far apart in the interval (0,c0). The 0 is due to
the pinned wall at the impenetrable barrier located at Xp = 0. Due to the logarithmic
singularity of V' at 0, none of the other walls will be located at X,. The parts coming
from the external load &F) and from the right impenetrable barrier & are minimized
by putting the walls close to 0. The unique minimizer (see Proposition 3.3) of & balances
these effects. A thorough understanding of this balance will explain how the finiteness of
the domain changes the results from [16].
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1.2 Upscaling

As mentioned in the introduction, the collective behaviour of dislocation walls will be
obtained by scaling up the system described above, resulting in an energy functional E
which depends only on a dislocation density p. For this we need to define what it means
for u to be “close to” a vector X of discrete wall positions. We do this by using the narrow
topology. Setting

1 n
n = ; 255‘1
=1

we say that p, converges in the narrow topology to u if and only if
/ Qdu, — @du for all ¢ € Cp([0,0)). (1.3)
[0.00) [0,00)

As V has a logarithmic singularity at 0, the energy landscape of & contains ((n)
singularities. Hence & will never be close to any limiting energy E in any L*™-topology.
Instead, we aim to prove that & I'-converges to E provided that an appropriate scaling is
applied. With I' -convergence, we can show that the minimizer of & is close to a minimizer
of E. Furthermore, I"-convergence is robust to a perturbation by a continuous functional
(which may model another type of external force term, for example).

From now on, all the parameters (L, h, K, o) depend on n. In order to obtain a
meaningful limit we rescale the positions x and the energy & in a specific n-dependent
manner (see Section 2 for a motivation for the scaling choices made in the following).

There are two natural length scales for the rescaling of X; one given by the size L, of
the domain, and the other provided by an intrinsic scale arising from the balance between
the load parameter ¢, and the interaction term &, Inspired by [16] we define this second
length scale as

ln= L}ln&’l’ (14)
b
where &, is a parameter which scales like the aspect ratio between the dislocations in
Figure 1, i.e. the typical horizontal distance between walls divided by h,. It depends on
the parameters in the following way:

nK
by = fn " | with 1.5
* / ( na,,hn> W (L3)
na?, a< 1
| n
fula) = a -<a<l, (1.6)
n
loga+1, 1<a.

Tn = (1.7)

to characterize the relative size of /, and L,,.
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FIGURE 3. Plots of f, (see (1.6)) for ny < ny < nj.

Whenever 7, is asymptotically smaller than L,, ie. y, > 1, it is natural to rescale the
positions by Z,. In this case the scaled energy is given by

1 1
—6 (X" — 5 log ﬁ if &, < 1/n,
En(Xn) — ;l n n (18)
E((nX"), otherwise.
no,ly

The I'-convergence result of E, to E is stated in [ [16], Theorem 1]. There are five
expressions for the related limiting energy E, depending on which of five scaling regimes
&, belongs to. We come back to this while discussing Table 1.

On the other hand, when L, < 7/, i.e. y, < 1, the barrier at L, is likely to determine
the typical length scale for X, and we scale X with L,. The expression for the aspect ratio
then also changes:

nL, X
Up 1= —— = Pyl (1.9)
nh,,

In this case (ie. y, < 1 or y, ~ 1), we scale the energy as follows:

Yn 1 e .

——& Ln ! — -1 > f n 1 >

no,L, (Lax7) 2 % 2no, if o, < 1/n

exp (2o0,(1 — 1/y, .

E,x) = P mg . /7 ))g(L,,x"), if o, > 1, (1.10)

72
& (L,x"), otherwise.

no, Ly

In order to state the main result we extend E, to apply to measures by setting

1 n
Ey(x"), if =~ > 6,
j=1

0, otherwise.

En(p) = (1.11)
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Table 1. Expressions for EV, the interaction part of the limit energy. If 7, > 1, one has to
read &, instead of o,. y is defined as the limit of vy,

regime ED(n) p
1 1 [e [ 1
oy K — = log dp(y)du(x) 1
n 2)o Jo [x —yl
. ¢ 0 poo _
> ¢ S vt = e 2
0o Jo
1 o0 o0 5 . _
U<t { [v) [ o it dut = o, .
n .
o0, otherwise
A ¢ . B
0 ¢ c/o (kz_:l V(kp(—x>>p(x) dx, if du(x) = p(x)dx, 4
00, otherwise
2e21 if an_ <1 Z-ae
1<K ay, (<t} 72 p < €., 5
0, otherwise

Table 2. Expressions for E¥) and EM the parts in the limit energy coming from the
external force and the second barrier. The constant C is given by (1.12)

regime E®(n) E®(u) q

pe> 1 / xdu(x) 0 1
0

0, ifsupppc<][0,1], )
oo, otherwise.

Tn =7 C(y;(om) /0 x dpu(x)

0 { 0, if suppu < [0,1], 3

<1 o0, otherwise.

Theorem 1.1 (Convergence of the energy) Let o, and y, be such that they satisfy any of the
criteria as in the first columns of Tables 1 and 2. Then boundedness of E,(u,) (as in (1.11))
implies that (u,) is compact in the narrow topology. Moreover, E, I -converges with respect
to the narrow topology to

E=EY 1L E® 4 E(L),

where the components are given in Tables 1 and 2, except for the particular case in which
1 < o, and exp (2ocn(1 — l/y,,)) — 00, which is treated in Theorem 5.1.

The state of the art before this paper is given by Table 1; Table 2 shows our generaliz-
ation of the results of [16] to finite domains. For a given set of parameters (n, Ly, h,, K,,
an), we can calculate 7, and consecutively y, and o,, and thus we know a priori which of
the expressions for E®W(y), E®)(u) and EM(u) we have as limit energy.
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FIGURE 4. Plot of the regions in parameter space in which either EM® <« E® E® « EWL),
or EF) ~ ED, The axes show the asymptotic behaviour of 7, and «,. Although the parameter space
is divided in a matrix of five by three blocks, their boundaries do not correspond to specific scalings
of o, or y,.

In all cases the limit energy gives rise to a well-posed variational problem: minimizers
exist and are unique (Theorem 5.2). By the standard results on I" -convergence, minimizers
are the limit of the sequence of the finite-n minimizers (Corollary 5.3).

1.3 Discussion

We started with the question how the finiteness of the domain changes the results
from [16]. We now discuss the assertions of Theorem 1.1 from this viewpoint, for which
we use a schematic plot of the parameter space (Figure 4).

e First note that if y, > 1, ie. L, > /,, then we recover the same limit energy as in [16].
This can be considered a consistency check, showing that the results of this paper
generalize [16].

e Moving away from the case of [16], the case y, < 1 is the simplest: here the finiteness
of the domain completely dominates the external forcing (first column in Figure 4). The
scaling is independent of the external forcing, and the limit energy is governed by the
balance between the interactions and the finiteness of the domain.
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e The critical case y, — 7 is more subtle (second column in Figure 4), as can be recognized
e.g. in the constant that multiplies the force term of the limit energy. This constant is

given by
Y, if o, < 1/n,
C(yi(m)) == q B/2, ifay>1, (1.12)
72, otherwise,
where  f = lim exp (20s(1 — 1/7,)). (1.13)
n—0o0

It describes the transition between E(M < E®) (ie. C(y; (o)) = o0), to EF) < EW (ie.
C(7;(oy)) = 0). When C(y;(0y)) € (0,00), both terms of the energy contribute a finite
amount. Indeed, for these values of C (y;(oc,,)) we could have chosen the scaling for X
to be as in (1.8) as well. The I" -limit would contain just as much information. However,
we use the other scaling (1.10) for purely practical reasons.

When o, > 1, the transition is very delicate: C(y;(xs)) € (0,00) if B € (0,00), which
can only occur if y = 1. This is indicated in Figure 4 by the vertical line at y, — 1. If
B = oo, then E®)(u) = oo, and hence the scaling of % by L, doesn’t give a useful limit
energy. That is why the case f = oo is excluded in Theorem 1.1. The scaling as given
by (1.8) does work. This is made precise by Theorem 5.1, from which we conclude that
EW is indeed negligible with respect to EF) in this case.

e For o, > 1 and y, bounded such that § & oo (i.e. the part of parameter space given by
the left half of the first row of Figure 4), the energy E is degenerate in the sense that
it is only finite at exactly one point, the measure u = &|(1). Hence it only contains
information about the minimizer. One way to obtain more information in the limit
energy is by using a logarithmic rescaling of E,. In Theorem 5.4 we state our result that

—1

)

e It might be instructive to note that the five expressions for E¥(u) only depend on 7y,
through the choice of rescaling with &, versus a,. This observation implies that the
presence of the second barrier does not influence the interaction behaviour of the walls.
Indeed, if one (numerically) calculates the minimizers of both E, and E, one observes
that the qualitative behaviour of the dislocation walls in the bulk is not affected by
the second barrier. Hence, we omit the related plots, and refer to [16] for plots of the
minimizers without a second barrier. Regarding the behaviour of the dislocations near

the boundaries, we observe the same effect as in [16] (i.e. a boundary layer if and only
if o, scales as in the first two rows of Table 1), but now at both barriers.

1
20,

r d
logE, — <MH1_H¢;

This paper is organized as follows. In Section 2 we motivate our choice of scaling for
the energy. We prove Theorem 1.1 in Section 4, which requires a detailed description of
our setting and its notation (Section 3.1) followed by crucial arguments that support the
proof (Section 3.2 up to and including Section 3.4). This leaves us with the small range
of parameters which is excluded in Theorem 1.1, with the question whether the limiting
energies still have a unique minimizer (and whether the discrete minimizers converge to it),
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and with the issue that the limiting energy in the dilute case (i.e. o, > 1 and y < 1) solely
contains information about the minimizer. These three issues are all separately solved
in Section 5. In Section 6 we reflect on the introduction. In the Appendix we discuss a
few technical steps in the proof of Theorem 1.1, and we briefly recall the definition of
I' -convergence together with its basic properties.

2 Scaling of the energy

In this section we give some heuristic arguments for the scaling of (1.8) and (1.10); a
more detailed calculation can be found in [32, Sections 4-8].

The crucial step in rescaling the system is the choice of the spatial scale, i.e. the scale
of x. Of the three energy terms, the interaction energy favours spreading, while the other
two favour concentration; we determine the resulting spatial scale by comparing the
length scale generated by the interaction-forcing pair (§"-6)) in (1.1) with the size L of
the finite domain. Whichever is smaller determines the resulting spatial scale.

We therefore determine the size of structures that arise from the trade-off between &%
and &), As it turns out, the scaling of this size can be found by simply requiring that
both terms are of the same order, and it even is enough to test this on the special class
of structures that are equispaced, i.e. x]! = iAx/n, for some Ax. For these structures, one
calculates

n nk wnAx/h
i kAx nhK
(1) — o ~ (1:) ~ 2
oer kg; jz:o: V(n h ) mAx Jo Visids, & o Ax, @D

where we assume Ax/h < 1 for the approximation of the sum by the integral.

We can now recognize the different regimes, by assuming some behaviour of the aspect
ratio Ax/h and deriving the corresponding parameter regime. If nAx/h 2 1, then the
integral above is of order 1, and the two terms are of the same order when

(Ax)> ~ =, or equivalently — ~ \/T
no h noh
This suggests that

01<g<1imliesg K
n S T SRS o

On the other hand, if nAx/h < 1, then the integral in (2.1) is of order (nAx/h)log(nAx/h).
It turns out that the logarithm contributes a constant to the energy (see (1.10),), but plays
no role in the spatial scaling. We therefore find that

Ax 1. .. Ax =K K \*
07<<;1mphes—~—=n — .

h ah noh
Finally, when Ax/h > 1, the approximation by the integral in (2.1) breaks down; instead,

n n—k
kAx Ax —2Ax/h

k=1 j=0
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For large Ax/h the exponential dominates, leading to

. Ax > 1 implies Ax ~ 1log£ zlog\/ﬁ.
h h 2 noh noh
which explains the logarithmic behaviour of f, in (1.6).
To connect these guesses with the scaling of x, note that in the equispaced case the
total pile-up length / equals nAx, so that by (1.4) and (1.6)

g_i A_f Ky
o " T\ e, |

Up to some constants, the three regimes above can now be recognized in the definition
of the function f, in (1.6).

Having determined the typical length of a pile-up /, in the case of unconstrained
positions, we compare this length with the imposed constraint L,; whichever is smaller
determines the total length, and therefore also the aspect ratio Ax/h. This mechanism
determines the changeover between &, (L larger than /,, no effective constraint) and o,
(L, smaller than /,, the constraint determines the scale) when y, = L,//, changes from
larger to smaller than 1.

3 Preliminaries
3.1 Notation
3.1.1 Basic notation

e We denote a sequence by (ay).

. 0, Ais true,
XAy = o0, A is false.

e R :=RU {4}
e We denote the Lebesgue measure by Z.

e For £ € BV(IR), we denote the distributional derivative by DE. If € is at least weakly
differentiable, we use the common notation &’ for the real-valued derivative of ¢&.

e #(]0,00)) := space of probability measures.
e Let X be a metric space and E : X — IR. A subset Y < X is said to be energy dense if

{(),E(y))|y €Y} <Y xR is dense in {(x, E(x))| x € X},
or equivalently,
Vxe X3y, <Y 1y, > x and ,}i_)noch(y,,) = E(x).
The set Y is said to be lower energy dense in X with respect to E if

Vx e X 3A(y,) =Y :y, > x and limsup E(y,) < E(x).

n—0o0
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Note that energy density implies lower energy density. We need to prove lower energy
density of two sets a number of times, but often it is just as easy to show that they are
even energy dense.

e We use the symbols ~, < and < to precisely denote the different scaling regimes for y,
and &, or o,. They are defined as follows. Let (a,), (b,) = R, then

a

a, ~ b, = b—" converges to some C € (0, o0),
n
. a

a, L b, = limsup— =
h—00 bn

0,
a, < b, = a, ~b, or a, K b,.

We similarly define > and =. Two sequences (a,), (b,) = R do not have to satisfy any
of the above criteria. However, these sequences are not important to us, as we shall
argue in Remark 3.2.

In the standard asymptotics literature, ~ typically means a,/b, — 1. This is expressed
here by writing a, = b, + 0(c,), where a sequence ¢, < b, is specified.

3.1.2 Difference in notation compared to [16]

We use a slightly different expression for K and V' to simplify formulas. To make the
connection clear, we decorate the corresponding quantities in [16] by a sub- or superscript
GPPS, in honour of the authors. The connection is given by K = Kgpps/n> and

V(r) := 2 Vepps (%)

Remark 3.1 (Properties of the interaction potential V') V as defined by (1.2) satisfies:
(i) V is even;

(ii) Vlowm) is strictly convex;

(i) V(r)=1logl+1—1log2+ 0(?) for r <1 ;

(iv) V(r)=2re > + O(re™™) for r > 1.

3.1.3 Scaling regimes

We use the letter ¢ € {1,2,3} to indicate any of the three scaling regimes for 7, in Table 2.
As a result, g labels the columns in Figure 4 in decreasing order. We also use g = 0,
which corresponds to y, = oo, to indicate the setting without second barrier (as in [16]).
Let us immediately use ¢ to unify the notation for the aspect ratio: let o9 be defined by

V= olV) i=g,, o= = a, (3.1)

Similarly, we introduce p € {1,...,5} to indicate any of the five scaling regimes for &, in
Table 1. In decreasing order, p labels the rows in Figure 4. The following list illustrates
how we exploit the indices p and ¢ to distinguish scaling regimes:

e (p,q): we consider any scaling for « and 7, at the same time.
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e (p,3): we consider y, < 1, but no restriction on the scaling of «(?). We also refer to this
by “case ¢ = 3.

e (5,0): 1 <&, and y, < 1.

e (2,q)forg=23:049~1/nand y, <1

e ((2—4),q): short-hand notation for (p,q) for p = 2,3,4. It means that 1/n < o9 < 1
and no restrictions on the scaling of y,.

Not all possible sequences ¢ and 7, can be characterized by a single value for p or q.
Fortunately, the following remark shows that these sequences can never yield a unique
limit for the related energy functionals.

Remark 3.2 (Explanation for conditions in Theorem 1.1) Let o\?) or y, be such that they
can not be characterized by a single value for p or q. Then there exist at least two sub-
sequences that belong to a different class (or converge to a different constant ¢ or 7y ). As
can be seen from the expression in Tables 1 and 2, this would give different limit energies,
depending along which of these subsequences we take the I -limit, and hence the I -limit
does not exist for such sequences o9 or y,.

3.1.4 Energies for fixed n

From this point on, we denote the energy as stated in (1.8) and (1.10) by
EPO = glrai) L peaF) L pal) . g R,

where
= {(x1,... € [0,00)" [ x1 < x2 < ... < Xy}

Furthermore, we define x¢ := 0 to indicate the pinned dislocation wall at the left barrier.
Now we can explicitly denote all the components of the energies E{P?) in terms of the
two parameters o) and y,:

=
:
>v*

i 1 1 e
(Lg3) - ) — _

E PV (x") = o 22 V(nocq ( X — X] )) 2 log 2noc(nq)’

A gla) ik
BTN = 223 0 OV (nag? (G — X))
k=1 j=0
exp (2(c@) — 1)) < =X
,q i ( n) ’Sa:lq) )) V(nocﬁ,q) (x;!+k _ X';)),
n

n 1 n
EPOIRN = 3

i=1
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1
E;(11’(2_3);F)(xn) = Vn; Z X7,
1 l_"l
EF00T0 () = 13
i=1

‘ 1 1 n
E;S,(273),F) x") = ex (2fxn <1 — >> - X?’
(x") = exp ) e

i=1
(P,(0=1);L) (ymy —
En (X ) = X<y}

EPEIB(x") = Lixn<1}-

The constant in E(M%(x") is introduced to balance a constant contribution to the
energy for each wall-wall interaction, regardless of their intermediate distance. From the
expressions above and V' being strictly convex on (0, c0), it is easy to see that the following
proposition holds:

Proposition 3.3 E(9) : Q, — IR is strictly convex.

3.1.5 Limit energies

We continue with the notation for the limit energies. Let

EP0) : ([0,0)) — R,
E("’q)(,u) — E(p,q;i)(u) 4 E(""’;F)(,u) + E(”"’;L)(u),
of which the expressions for the components are listed in Tables 1 and 2. To be precise,
we need to define y = oo in case ¢ = 0,1 and y = 0 in case ¢ = 3, in order to make sense

of the expression of E>4)(y). Observe that in case p = 5 and ¢ = 2, 3, the expression for
EP9(u) reduces to

_ _ B
EPT (1) = 26 a1y + 3 Lp=1)- (3.2)

In some cases, it will be useful to reformulate E?®? in terms of elements from
X = {&:(0,1) - [0,00) | ¢ non-decreasing}. (3.3)

The elements ¢ € X relate to u € 2([0,00)) by being the inverse of the cumulative
distribution of u. To state this more precisely, we use the following notion of pseudo-
invertibility. Let f : (a,b) — (c,d) non-decreasing, then we call

f7H) = sup{x € (a,b) | f(x) <y}

the pseudo-inverse of f. By using the pseudo-inverse, we can denote the relation between ¢
and p by

&= (x> u([0,x]))", =D (), (3.4)
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where D stands for the distributional derivative. Later on, in Theorem 3.11, we derive the
related metric on X, which allows us to prove I -convergence of the energies either on
2([0,00)) or X.

Before writing out explicitly the components of

EPD(g) = EPai(g) 4 EPaP) () 4 EPaL (&),

for ¢ € X, we note that the following equalities follow from (3.4)

1

maxsuppp =sup¢, |pleo = infe”

where the second equality only makes sense if ¢ € Wlfwlr and if p is absolutely continuous

with p = dp/d¥. Together with these inequalities, it is easy to see

E@@&”@r=<AwV>Alé

EWO-9i(g) =z /01 <Z Vv (2ke') )
=1

26_211{-)<1}, if&>1ae.,
o0, otherwise,

E((1—5),(0—1);F)(5) = /1 £,
0

B9 1= c) | &,
0

E(S,(073);i)(€) =

E((I*S)S;F)(é) =0,
E((1—5),(0—1);L)(5) o
E((I—S),(2—3);L)(é)

= A{supé<i)s

where C?)(y) is the same constant as defined in (1.12) (we have changed the second
argument to p for convenience).

In cases p = 3,4, 5, it turns out to be convenient to use both descriptions of E®%). Since
it will be clear from the context in this paper which of the two descriptions we use, we
do not make a distinction notation-wise.

Just as in (1.11) we can regard EP9) as

EP? : X - R,

EP9(&), if Ix € Q, : & = &, in the sense of Definition 3.9,
0, otherwise.

Epo) o= {

Again, we will not make a notational distinction.

3.2 Using density to construct recovery sequences

Lemma 3.4 will serve as the backbone for the proof of Theorem 1.1.
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Lemma 3.4 (lim sup inequality for a dense subset) Let M be a metric space, M < M
dense, F,, F : M — R. If
(i) Yo € My I(u,) < M : u, — v and limsup F,(u,) < F(v), and

n—0o0

(ii) Yu e M I(v,) = My : v, = u and limsup F(v,) < F(u),
n—aoo
then Yu € M I(u,) < M :u, — u and limsup F,(u,) < F(u).

n—o0

Remark 3.5 The proof of Lemma 3.4 is based on a diagonal argument. See e.g. [ [9],
Proposition 6.2] for the proof of a similar statement. Minor, obvious adjustments to that
proof are needed to prove Lemma 3.4.

The following Lemma turns out to be very useful in our application of Lemma 3.4. It
gives a sufficient condition for condition (ii), which consists of easier subproblems. In a
way, it shows that one can show condition (ii) iteratively. Since the proof can be done by
a straight-forward diagonal argument, we do not show it here.

Lemma 3.6 (Alternative for Lemma 3.4, condition (ii)) Let M be a metric space, My < M
dense, k € {2,3,..}, Mic My =...My :=M, and F,, F : M > R. If

Vie{l,...,k—1} Yue M I(va) = Mj : v, > u and limsup E(v,) < E(u),

n—oo

then condition (ii) of Lemma 3.4 is satisfied.

3.3 Link between #([0,00)) and X

In (3.4) we have shown how elements from £([0,0)) relate to those of X. Here, we like
to give a topology on X for which I' -convergence of E?9 to E®9 on X with respect to
that topology is equivalent to I'-convergence of E»? to E®4 on 2([0,0)) with respect
to narrow convergence. This statement follows easily from Theorem 3.11. Before stating
it, we need two definitions:

Definition 3.7 (Topology on X) Let &,,& € X. We say that &, — & in BV),(0,1) if for all
6 € (0,1) we have that &, — ¢ in LY(0,1 —8) and D&, — D¢ in 2((0,1 — §)) with respect
to the narrow topology, where D is the distributional derivative.

Remark 3.8 Our motivation for using é € (0,1) instead of just taking 6 = 0, is that &(s)
may go to oo if s T 1. This happens when the related u € ([0, 0)) has unbounded support.

Definition 3.9 (Embedding discrete wall density) For a sequence of (n—+ 1)-tuples denoted by
(X)p) e, that satisfies xi = 0 and x}_; < x} for all n € N and for all i € {1,...,n},
+
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we define () = 2([0,0)) and (&) = W'(0,1) by

Un = — Z 5x;.’» (3.5a)

En(s) =Xy +n (x] —x]y) (s— l_n 1), for s e (l_n 1,%). (3.5b)

Remark 3.10 We have made the choice to exclude x§ from the definition of w,.

A useful interpretation of u, and &, is as follows. For a Borel set A of X, the fraction of
dislocation walls in A is given by u,(A). &, uses the property that the walls are ordered by
their position. &,(i/n) is the position of wall i. All the intermediate values of £, are chosen
to be convenient in the I' -convergence proofs.

Theorem 3.11 (Link between u and & [16]) Let ((x”)” )nE]N (tn), (&) as in Definition
3.9. Then the following two statements are equivalent :
(i) &y —<¢in BVloc(Oa 1),
(ii) pn — W
Moreover, if any of the two statements above hold, and ¢~ € W1(0,c0), then

_du _ ey
_d,f_(é )

3.4 Properties of the “F” and “L” part of the energies

The energies EP4F) and E4Y have special structure. The related properties are useful
in reducing the complexity of the proof of Theorem 1.1. Here, we make these properties
precise.
Let
Yns if p=1,
CP (o) =S 72, if p e {2,3,4], (3.6)
exp (200(1 — 1/y4)), if p=25.
If ¢ = 3, we have CP(y,,2,) — 0. If ¢ = 2, we obtain CP(y,,a,) — CP(y). We will
require C”)(y) to be finite. This means that for p = 1, we have to impose f§ < oo. Note
that this is exactly what we require in Theorem 1.1.
Without violating (1.11), we can regard EP4F) EPaL) - 2([0,00)) —» R as

E PAO=1F) () _E(p,(Ofl);F)(N):/ xdu(x), (3.7a)
0
Er(lp.(2—3);F)(u) = Ci,p)()’n,an)/ x du(x), (3.7b)
0
E P30 () = PR3y, (3.7¢)

The following proposition is now a straightforward consequence of the statements above:
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Proposition 3.12 (Continuous convergence of the force term) For any p € {1,...,5} and any
q €1{0,...,3} (except for the case p=5, ¢ =2 and f = o (see (1.13))),

EP4F) _ EaF), (3.8)

where the convergence is as in Definition B.2 (i.e. continuous convergence) on the space
2([0,1]) with respect to the narrow topology.

Remark 3.13 Proposition 3.12 basically allows us to decouple the force term from the energy
in the proof of Theorem 1.1 whenever q = 2,3. This is mainly due to Theorem B.3, but we
need additional arguments because the energy is defined on %([0,00)) instead of (|0, 1]).

Proposition 3.12 does not always apply due to the restriction to 2([0, 1]). In that case,
we still have lower semicontinuity, which also holds for E®(2—3:0):

Proposition 3.14 EPO-1:F) gung EPC=3L) gre lower semicontinuous on 2([0,00)) with re-
spect to the narrow topology.

Proof of Proposition 3.14 Both EP(O-DF) and E(2=3L) can be written as integrals over
lower semicontinuous functions that are bounded from below. Lower semicontinuity of
EPO-D:F) and EPC=3D) follows from the Portmanteau Theorem.

O

4 Proof of Theorem 1.1

Theorem 1.1 consists of two statements; a compactness property and I"-convergence of
the energies. The first can be proved in a few lines, which we do next. After that, we
continue with the proof of the I'-convergence.

By the compactness property, we mean that if for some (u,) < 2([0,00)) we have
that E{P9(u,) is bounded, then (u,) is compact in the narrow topology. For ¢ = 0 this
is given by [ [16], Theorem 1]. For ¢ = 1, we have EPV > EP9 5o the compactness
property follows easily form the case ¢ = 0. For ¢ = 2,3, we have EP)(u,) < C
implies E»C=3L)(y,) = 0, and hence supp p, < [0, 1]. This gives tightness of (u,), and by
e.g. Prokhorov’s Theorem the compactness property follows.

We prove I'-convergence of the energies by establishing the two inequalities

for all u, — u, liminf EP9(u,) > EP9(u), (4.1a)
n—oo

for all i there exists u, — u such that limsup E??(u,) < EP9(u), (4.1b)
n—oo

forallp=1,...,5and ¢ =0,...,3 (except for the case (p,q) = (5,2) and § = o0). Here u,
and p are probability measures on [0, 00). Note that it is sufficient to prove (4.1b) for all
p with E®9(y) < oo.

In these inequalities, E?9 and E»¥ are sums of three terms

EP9) = Erai) 4 praiP) L pasl) - qpd g = g4 4 @) L plrash)
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which are given in the list starting on page 760 and in Tables 1 and 2. Since similar results
were proved in [16] for similar energies without the final (“L”) term, we will be using
many results from [16]. The following lemma lists them. It uses the following (sub)spaces:

Y = {u € 2([0,00)) | supp u bounded, u < &, and j? e L*(0, oo)}

X ={£:(0,1) » [0,00) | ¢ non-decreasing},
YO = whl0.1),
lnCr

YO = (e YW|¢ > ¢ for some & > 0],
YO = (& € YW | ¢ piece-wise affine}.

The tilde on Y is due to us using another definition for Y ® in the proof of Theorem 1.1.

Lemma 4.1 (Results from [16])
(i) (liminf inequality). Let p,,p € 2([0,00)), and w, — w. For all p € {1,...,5} and all
q €10,...,3}, we have

liminf EP99 (g, ) > EP4D(y). (4.2)

n—o0

In addition, for all 0 < I < J < n,

n n—k

1 Z 3V (noa(xji — X)) = (J _ I)V(nocnx; :f’). (4.3)

kl]O

(ii) (limsup inequality). Let p € {1,...,5}, p € P([0,00)). Then there exists u, — u such
that
limsup E?9(u,) < EPO(p). (4.4)

(iii) (Condition (i) of Lemma 3.4). Fix p € {1,...,5}. If p <2, let u€ ¥. If p = 3,4, let
EeYW ifp="5let ¢ € YO, Let

P inf {x € [0,00) | w([0,x]) = i/n}, for p=1,2, (4.5)
W= (L) grp=3s (46)
X = (14 2)é <rll> , Jorp=5, (4.7)
for some sequence ¢, | 0. Let (1) be defined as in (3.5a). Then
limsup EPO (1) < EPO (), (4.8)
n—o0
limsup EPO9 (1) < EPOD (), (4.9)
n—aoo

where u?) == p if p <2, and p» = (5*1), (as in (3.4)) else.

(iv) (Condition (ii) of Lemma 3.4). Fix p € {1,...,5}. If p < 2, let M = P([0,00)) and
M, = ¥, otherwise let M := X and M, := Y?). Then condition (ii) of Lemma 3.4
holds for F := EP0).
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We now continue with the two inequalities (4.1).

4.1 The liminf inequality (4.1a)

In cases ¢ = 0,1 either the domain is [0,00) (¢ = 0) or after rescaling the right-hand
bound converges to +c0 (¢ = 1). Therefore the domain restriction enforced by E(4:%)
becomes unimportant in the limit n — oo, and for all p we can simply disregard it:

(4.2),3.8)

V=

lim inf EP9(u,)

n—o0

E®4) (1) + EPCH () + lim infE’(lpﬂq;L)(’u)
n—a0

> EPE) () + EPED () = EPD(p),

which proves (4.1a) for all p and for ¢ =0, 1.

In cases ¢ = 2,3, where the rescaled domain is [0, 1], the functional E4Y) becomes
important. When g = 2,3, E»%Y is independent of n (see (3.7¢)) and lower semicontinuous
with respect to the narrow convergence (see Proposition 3.14). We then calculate for
pe{l,...,4} and ¢ = 2,3,

(42)(38) 4
liminfE,(ip’q)(Mn) > E(p,q;l)(u)+E(p,q;F)(#) —i—liminfE(p”“L)(un)

n—aoo n—oo

= EPS) () + EPEF) () 4 EPED(y) = EPD(p).

This proves (4.1a) for these cases.

Finally, we discuss the case ¢ = 2,3 and p = 5. Here the boundedness of the domain
and the exponential behaviour of the tails of V' create a behaviour that is different from
that on unbounded domains. We calculate, forany 0 <I <J <n

n n—k

s _ exp —
E’(1 () = - ZZV nocn ek — j))
n k=1 j=0
(4.3) 2 —1))1 " — Xt
> wf(J—I)V(nanxj X’). (4.10)
oy n J—1
Taking I = 0 and J = n in this expression, we find that
. e 2(o, — 1
E;(15‘q’1)(,un) = MV(O{H(X: - xg))
n
2oty — 1
> eXp((O;#))V(ocn) since x|, < 1
n
=2e2 + O(e ™) by Rem. 3.1(iv). (4.11)

Therefore

liminf E*)(1,) > 2¢72 + liminf [EQ4) () + EQ4Y ()] = 2672
h—0

n—oo

In order to show that liminf, ., E9(u,) = E®9(u), we still need to show that
liminf, ., E®?(u,) = oo whenever u #+ Lloyy- If supppu & [0,1], we have that
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E{>#M(u,) = oo by (3.7c) and Proposition 3.14. If suppu <= [0,1] and u + 2|01, there
exists an interval (a,b) = R such that 6 := (b —a)'u((a, b)) > 1. Define I, and J, by

no__ : n n n o __ n n
Xj, = min (x| x] > a} and  X) = max {x]'| x} < b}.
Using Prokhorov’s characterization of narrow convergence, we calculate

limsupd(x) —xj) < d(b—a) = ,u((a, b)) < lim inf,un((a, b)) = liminf E(Jn —1,+1),

n—oo ) n—w n

and therefore

n n

X7 —x 1
. J, I

limsup n—+——* < —.
n—oo Jn _In 5

Continuing from (4.10) we then find

exp (2(oy —

) 1
EG49(p,) > ) %(Jn — L)V (2,071

Un

> 2e72(b — a) exp[2a,(1 — 67| (1 + O(e™2/%)). (4.12)

This converges to +oo since é > 1.

4.2 The limsup inequality (4.1b)

The case ¢ = 0. When g = 0, (4.1b) is given by Lemma 4.1.(4.1). However, for the specific
case p = 5, we present an alternative proof here. The proof is easier and more explicit
than the proof as given in [16]. Moreover, the arguments in the following proof are easier
to extend to the cases in which g + 0.

We conclude (4.1b) from Lemma 3.4 after showing that its two conditions are satisfied.
We use Lemma 3.4 with the subset

YO :={fe YW |inf¢ >1}.

Condition (i). Let ¢ € Y. We construct £, by using linear interpolation (see (3.5b))
with x := £(i/n). Observe that for any i, j € {0,...,n} with i > j, we have the estimate

» -
(=) = ¢t —cG/mi = [ e (4.13)

jln
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Let m = inf & > 1. We calculate

n n—k
Z V (noen (i = xj))
k=1 j=0
n
Z Z (noc,, ) by (4.13) and V decreasing

=1 j=0
n
> (n—k+ 1)2mke,e ™ (14 O(e>™*)) by Rem. 3.1(iv)
k=1

< Zmnocn(l + (9(6721711" )) Z ke72mkcc,1
k=1

2mno, (14 O(e™2"))e 2™ (1 + O(e= ™)), (4.14)

from which it follows that

exp (2(om n ok

Eils’o;i)(in) = V nan j+k - X;’))

no
n k=1 j=0

2m 2, (m-1) (1+0(e ") — 0.

S

e2

It remains to show that the limsup also holds for the force term. As &(1) < oo, it is
possible to use Proposition 3.12 to conclude that E&OF) — EGOF) continuously.

Condition (i1). By Lemma 3.6 it is enough to show that the following two inclusions are
energy dense:

YO cY® < X with respect to EGY. (4.15)

Energy density of the second inclusion follows from Theorem A.2. The first inequality
is easy to prove: take ¢ € Y™ with ECO(¢) < oo. This implies inf &' > 1. Hence
o=t &) +1t/n) € YO, EBOD(E,) = 0 = ECY(E), and ECOF(E,) — ECOF(E). This
completes the proof for case (p,q) = (5,0).

Case ¢ = 1. Take any u in any of the dense subsets as listed on page 17. Then
supp u is bounded, and by construction the recovery sequence (see Lemma 4.1.iii) satisfies
supp i, < supp u. Therefore, EPV(u,) = E?9(u,) for n large enough, and thus (4.1b)
follows from Lemma 4.1.ii.

Cases ¢ = 2,3. Here we separate the proof for p < 4 and p = 5. In the latter case, we
have that E®9(u) can only be finite if y = & 10,17 for which the proof requires a different
argument.

We start with p < 4. Note that the energies are much alike for ¢ = 2,3: we have
E{PY = EP3) and EP? = EP3) 4 EP2F) Hence we take ¢ € {2,3} arbitrary.

Since we can restrict ourselves to those u € 2([0,0)) for which E®41(y) is finite, we
can assume that supp u < [0, 1] and E®4D () = 0. We prove (4.1b) by applying Lemma
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3.4 to the following spaces:

Z1 = {ue 2(0,0)) | suppp < [0, 1]}, (4.16a)
Y, = {pe¥|suppuc[0,1]}, (4.16b)
X ={¢eX|supé <1}, (4.16¢)
Y ={feYP|supé <1}, forp=34 (4.16d)

It remains to show that the two conditions of Lemma 3.4 are satisfied:
Condition (i). Let p = 1,2 and pu € %,. Let u, as in Lemma 4.1(iii). Observe that
Supp :ui’l < [09 1]7 SO

lim sup EP)(s,)
< limsup EP99(w,) + lim sup EP4F) (,) + lim sup EP4D ()
nh—o0 h—o0 n—ao0

(4'923'8) EPad) () + EPaF) () = EP4) ().

For p = 3,4, we can repeat the same argument for ¢ € Yl(” ),

Condition (ii). As E®»%F) is continuous on %y, it is sufficient to prove condition (ii) for
the interaction part. If p = 1,2, this condition is given by Lemma A.4(ii). For p = 3,4,
we use Lemma 3.6 to argue that we can split the proof by showing separately that the
following three inclusions are lower energy dense:

( b . 3
Y 2 Y, 2 x i with respect to E®49,

(© . i
Y < X; with respect to E44%),

Energy density of inclusions (b) and (c) follows from Theorem A.2. For inclusion (a), let
¢e Y and &, | 0. Take &,(¢) == (1 +&,) "' (&(t) + eat). Then

4 & >
é’//l:é—‘r{:nZ 8}1
1+e, 1+e,

>0, supé, <1,

and hence (&,) = YI(B). Obviously, &, — & in BV}(0,1), and

n—o0

1

. i . 1
lim sup EG49(&,) = IV Il 10,00 lim sup/ =
’ N

1
. 1+e¢, i

< HVHU(OJJ) lim sup/ T = E(3,1,1)(é)_

h—00 0

Let p = 5. As said before, we only have to regard p = #|[0.1}, because E9(y) is infinite
for any other u. We take the sequence i, related to x} = i/n. Clearly p, — ZL|j1. We
prove (4.1b) by explicitly calculating the lim sup of all three parts of the energy.

Obviously, E>4Y(u,) = 0, and

, (38) -
ES4 () — ECID (L) =

>

NI
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where 8 is defined in (1.13). It is exactly here that we need the condition f < oo as
imposed in Theorem 1.1, because we need EG4)(Z|jo) to be finite to obtain a non-trivial

limit energy.
For the limsup of E{>%(u,), we use estimate (4.14) with m = 1 to obtain

. ex 2 n n—k
E;S,q,l)('u} ) P ( Z V nan j+k - X;l))
M0t k=1 j=0
2 2
<5 (14 0(e™)) > =

By gathering the results above, we obtain

lim sup E&4 (1) < lim sup ES49 (1) + lim sup ES4)(u,) + lim sup ES4 (1,

n—0o0 n—0o0 n—0o0 n—oo

2
< 67 + g = E(S’q) (g|[0,1])~

5 Further results and applications

Although the proof of Theorem 1.1 is complete, we still need to treat the special case
(ie. p =15 q =2 and § = oo (see (1.13))) which is not covered by Theorem 1.1.
Furthermore, we show that E(9 has a unique minimizer, which is, moreover, the limit of
the sequence of minimizers of EP9).

5.1 The particular case p=5,g=2and = 0

As mentioned in the introduction, the term coming from the finite domain is negligible
with respect to the force term if p = 5 and = co. By considering the scaling of & as given
by E>?, the only candidate for the I'-limit would be oo (we do not prove this), which
means that E{>? does not contain information in the limit. This is not unexpected, because
this scaling of & is based on balancing the interaction term with the term coming from
the finite domain. Here, we consider the scaling coming from balancing the interaction
term with the force term (see (1.1)). Let E, = E®V. Because we only consider the specific
case p =5 and f = oo in this section, we do not incorporate it in the notation of En, nor

in its I'-limit E, which is defined by

O () + E () + EV(p), (5.1)

0, if suppu <= [0,7],
oo, otherwise.

We emphasize that E0(Z|qy)) = 0, even when y = 1. Just as before, we regard E as a
mapping from X to R whenever that is more convenient.
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Theorem 5.1 (Convergence of the energy; particular case) Let p =5, q = 2 and f = oo,
and consider 2([0,00)) equipped with the narrow topology If (un) < 9’([0 o0)) is such that
E,(u,) is bounded, then (u,) is compact. Moreover, E, I'- -converges to E.

Proof of Theorem 5.1 The proof is similar to the proof of Theorem 1.1. In fact, the proof
for the compactness statement is the same, so we do not repeat it here. The proof for the
I' -convergence again consists of proving the following two inequalities:

for all p, — u, liminf E,(1t,) = E(u), (5.2a)
n—o0

for all u there exists u, — u such that limsup E,,(u,,) < E(u), (5.2b)
n—0o0

For (5.2a), note that by (4.2) we have liminf,_., EO(u,) = EV(x), and by (3.7) and
Proposition 3.14, we have

liminf EM () = E® (), liminf EV (u,) = EV(p).
n—aoo n—ao0

Together these prove (5.2a).

We prove (5.2b) separately for y > 1 and y = 1. In the first case, we use Theorem 3.11
to prove (5.2b) for non-decreasing functions . We can restrict ourselves to proving (5.2b)
only for ¢ € X, ; for these ¢, EW(&) = 0. The subscript in the notation for X refers to the
upper bound for sup ¢, just as it did in the spaces defined by (4.16). By Proposition 3.12,
this upper bound on ¢ implies that the force term is a continuous perturbation to E,, so
by Theorem B.3 it is enough to prove

for all ¢ € X, there exists &, — & in BVioc(0, 1) such that
limsup £0(&,) + EP(E) < ED(©), (53)

n—0o0

We prove (5.3) by applying Lemma 3.4 with the subset
zP = {EeyP el <yl

This requires its two conditions to be satisfied:

Condition (i). Let ¢ € Z and take (&,) < X, as defined by (4.7). Note that sup &, —
sup ¢ <y, which together with y, — 7 implies that indeed (£,) = X, for all n large enough.
Furthermore, we have sup &, < vy, for all n large enough, which implies fEf,L)(én) = 0. Hence

. A ~ . . 4.9) .
limsup EV(&,) + EWM(&,) = limsup ECO(&,) < ECO(¢),

n—0 n—o0

Condition (ii). By Lemma 3.6 it is enough to show that the following three inclusions
are energy dense:

zP <Y < X, with respect to EO. (5.4)

Energy density of the second inclusion follows from Theorem A.2. To show the first

inclusion, we take ¢ € Y. This implies that ¢ € W\, ¢(1) <y and inf¢& > L. It is

enough to construct &, — ¢ in BV, such that &, € wli én(l) <y and inf &), > 1,

ncr?
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because then (¢,) = Z{* and EO(E,) + EM(E,) = 0. It is easy to see that &, as defined by

) =

1 + (t) + enyt) + ent
for some ¢, | 0, satisfies all these requirements. Note that the strict inequalities in the
requirements for &, are obtained solely by using y > 1. This completes the proof for (5.2b)
under the assumption that y > 1.

We now turn to the case y = 1. As the following proof is similar to the proof of
Theorem 1.1 in case p = 5 and g = 2,3 (see page 20), we do this in terms of measures
instead of using non-decreasing functions. Again, we have that E(y) can only be finite
when p = &), but now we take u, as defined by x} := y,i/n. This is to ensure that
EM(u,) = 0. Clearly EP\(11,) — 1/2 = E®(L|01)), so it is only left to prove that
EW(u,) — 0. Due to X" = y,i/n, we get

n nk G s
Z V nOCn j+k - XJ)) < 2}’10(”%1 (@ ( Tn ”) ,
k=1 j=0
and hence
A exp (2(a n nk
) =SB S5 (4.0 )
" k=1 j=
< e%/ (1) 4 0 (7))

e

in which the convergence to 0 follows from f§ = 0.

5.2 Existence, uniqueness and convergence of minimizers

The following Theorem is an extension of [ [16], Thm. 2]. It is easy to extend its proof
due to E?®4M) having narrowly compact level sets and being Ls.c. and convex.

Theorem 5.2 (Existence and uniqueness of minimizers) Let p € {1,...,5},q € {0,...,3}.
The minimization problem

min E®9
ue([0,00)) ®)

has a unique minimizer. The energy E (as defined in (5.1)) has a unique minimizer as well.

Corollary 5.3 (Convergence of minimizers) For each n € N_, let u, and yu* be the minim-
izers of respectively EP9 and EP9 (or E, and E whenever p = 5 and B = o). Then

*

[y = W
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Proof of Corollary 5.3 The proof is the same for p = 5 and f§ = oo as for the other cases.
Hence we restrict ourselves to the other cases, and so we use the energies EP¢) and E®9),

By Theorem 1.1, the sequence (u;) is narrowly compact, and converges along a sub-
sequence to a limit u. By standard properties of I'-convergence, u is a minimizer of E®9).
Since minimizers of E»% are unique by Theorem 5.2, the whole sequence converges. []

5.3 Rescaling E>(?—3)

As mentioned in Section 1.3, the I'-limit of E{>?~3) is unsatisfactory, because it only
contains information about the unique minimizer. One way to keep more information in
the limit, is to consider a logarithmic scaling. More precisely, we define

1 _
&) = 5 log EFC(w,)

and show that it I"-converges to &, which is given by

1—-L, if suppuc [0,1]
— M’ b 9
(w) { o0, otherwise,
where
,b
M :=sup 7'[1(((1 )).
a<b b—a

We can also express € in terms of non-decreasing functions as

&@:{l—m@ihwféL

o0, otherwise,
where
D ,b
m = inf D ((a.b)
a<b b—a

and D¢ is the distributional derivative of &.

Before proving I" -convergence, we argue why this rescaling of the energy is useful. First,
it implicitly shows that any rescaling of E>=3) by a constant gives the same degenerate
I'-limit as in Theorem 1.1. Second, it shows exactly how this problem can be solved by
a specific non-linear scaling, in our case a logarithmic one. As a result, we can compare
different dislocation wall densities ¢ by computing &(u), which gives a finite value for
a large class of densities (as opposed to EG>=3)). Third, it provides a setting in which
upscaling of dislocation wall dynamics may be possible. As pointed out at the end of the
introduction, these dynamics are usually modelled by a linear drag law, i.e.

dxn B ,
o= VEREI), (5.5)

where we have used the characterization of g, in terms of x" € R" as in (1.11). Upscaling
this gradient flow is not expected to lead to a sensible limit evolution equation due to
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E®(73) being degenerate. However, one sees from

VEy([S,(ZfS))(Xn) 1 ax"
20, ESC N (xr) 20, ES I (xn) di”

—VE,(x") = —

how to rescale time in order to make the discrete gradient flow with respect to €,
consistent with (5.5). Moreover, its limit is expected to be a gradient flow with respect to
¢, which would be a non-trivial evolution equation. This is a very tentative discussion, and
it is beyond the scope of this paper to prove convergence of gradient flows. Nonetheless,
the first step would be to show I'-convergence, which is exactly the topic of this section.

Theorem 5.4 (I'-Convergence of the logarithm of the energy) Let p = 5, q € {2,3} and
y < 1, and consider 2([0,00)) equipped with the narrow topology. If (1,) = 2(]0,0)) is
such that &,(u,) is bounded, then (u,) is precompact. Moreover, €, I -converges to €.

Proof of Theorem 5.4

The structure of the proof is similar to the I'-convergence proof of E! . Com-
pactness follows from the same argument as used for showing compactness for E(>2~3),
because we still require for any fixed n that ECC=31 (1) < oo in order for &,(u,) to be
finite.

To show the liminf inequality, we separate three cases: u = Z|(,1), supp u & [0,1], and
all other u € 2([0, c0)).

If p = ZL0,1), we see from (4.11) for any u, — u that

5,(2-3))

liminf &,(u,) > liminf — log (2¢7* + O(e™*")) = 0.
n—o0 n—o0

al‘l
If supp u & [0, 1], it follows from lower semi-continuity (see (3.7c) and Proposition 3.14)
that E?=3D(u,) = oo for n large enough for any pu, — p, so that &,(u,) = o as well.
If suppp = [0, 1] and pu £+ ZJ(o,1), we have that 1 < M. As we like to have explicit values
for a, b in the calculation below (rather than the supremum over them as in the definition
of M), we fix 0 < ¢ < M—1, and take a, < b, such that (b,—a,) "' u((a,, b;)) > M—e =: M,.
We follow the same reasoning as for (4.12) to find

1
liminf &,(u,) > liminf — log (252(1)8 — ag)exp (20,(1 — M; 1)) (1 + O(e7 /M- )))
n—o0 20,

n—0o0

= liminf (1 —(M —&)"' + O(e,))) =1 — (M —¢) "

n—o0
Since ¢ was chosen arbitrarily, we obtain

. 1

>1_

liminf &,(p,) > 1 VR

We continue with the proof of the limsup inequality. We can restrict to ¢ € Xj,

because otherwise € is infinite. We conclude the limsup inequality from Lemma 3.4

after showing that its two conditions are satisfied. We use Lemma 3.4 with the subset
ng) = {é € X |m§ > 0}
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Condition (i). Let ¢ € Xis). We construct &, by using linear interpolation (see (3.5b))
with x] := sup,;/, ¢(¢) (because ¢ need not be in W1 ¢ can not be evaluated at specific
values). From Proposition 3.12 we conclude that for n large enough

Eflss(z_:;);l:)(é )< E (5,(2—3); (6)"’1

N\m

+ L

Observe that for any i,j € {0,...,n} with i > j, we have the estimate

(= xj) = De(Li/mi/m) > me' 7.

This is a similar estimate to (4.13). This allows us to use (4.14) to derive the following
upper bound

—k

M V (1 (11— 7))

ESCT0(E,) = ——=—
n

._.

j=0

%ehn(l—mg)(l + @(8—21715%,)) — 0.

x
o2

By combining the estimates on E(C=3:(¢,) and ECC—F)(E,) we obtain

im sup €,(6,) = limsup . log (EEC7(¢,) + ES271(6,)

n—0o0 n—0o0

1 2m
< limsup — log ( M G2(1=m (14 O ) + b + 1)
n—oo Oln 2
=1—ms = €(¢).

Condition (i1). Let £ € Xy, and define

é(t) + tey

fn(t) 1 + e

for some ¢, | 0. By construction, &, € X (5), which follows from

supén=W<l, and

D ,b 2 ((a,b
mg, = inf @ b) + e (@ ))=m5+8n>0.
" b>a b—a

Clearly &, — & in BV}oc(0,1), and

E(Cn) = 1 —me, =1 —(m; +&,) = €(Q).
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6 Conclusion

Tthe finiteness of the domain induces a second length scale—the length of the domain
L,—in addition to the length scale /, generated by the external forcing. We specified
three qualitatively different limiting behaviours for the energy, which correspond to the
cases L, being asymptotically bigger, smaller, or equal to 7,. This result enables us to test
the mutually contradicting dislocation-density models (as mentioned in the introduction)
with more freedom in the discrete setting. As a special case, we are able to test these
models when no loading is applied (i.e. o, = 0).

On the other hand, for the parameter regime in which the forcing term is negligible
with respect to the effect of the finite domain, it seems unphysical to ignore the effect
of negative edge dislocations. One of the reasons that we do not consider a model with
negative edge dislocations, is that the effect of nucleation and annihilation of dislocations
with opposite sign results in an energy that is not bounded from below. Various methods
have been used to circumvent this issue [3,8], but they each have their drawbacks. We plan
to explore the extension of the present results to the case of multiple signs in the future.

A significant step towards applicability would be to replace the assumption of equi-
spaced slip planes by a stochastic spacing, as also suggested by other authors [21,36]). If
one maintains the wall assumption, then stochastic spacing leads to a different interaction
potential V', for which no explicit expressions exist, and for which the large-distance
behaviour is not yet completely understood [21]. However, in the case of stochastically
spaced slip planes, dislocations do not form exact walls [30] so that one requires a fully
two-dimensional description. A rigorous upscaling in the two-dimensional framework
would be the ultimate goal, but that is still far away.

Besides extending the discrete model to have more freedom in space, one can also
consider dislocation dynamics, which is paramount for understanding plasticity. In the
case of a linear drag law [23, Ch. 7], these dynamics are described by a gradient flow of the
energy. Upscaling the dynamics of the discrete dislocation walls to dislocation densities
requires more than just I" -convergence of the energies (see e.g. [33]); one also needs lower
bounds on the slopes. We plan to return to this question in a future publication.

Acknowledgements

We would like to thank M. Geers, R. Peerlings, M. Hiitter, M. Kooiman and M. Dogge
for fruitful discussions which have led us to our discrete model, and L. Scardia for many
discussions throughout this project.

PvM kindly acknowledges the financial support from the Netherlands Organisation for
Scientific Research (NWO). He is part of the CorFlux project (nr. 10012310), which is
one of the fourteen projects in the complexity program of NWO.

Appendix A Technical steps

Lemma A.1 (A4 support property of narrow convergence) Let p,,u €  2([0,00)) and
an,a € R such that p, — p and a, — a. If suppu & [0,a], then suppu, & [0,a,] for
all n large enough.
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Proof of Lemma A.1 The proof goes by contradiction. Suppose there exists a subsequence
(un) such that suppu, < [0,a,]. supppu & [0,a] and inner regularity imply that there is
a closed interval K in (a,00) such that u(K) > 0. It is straightforward to choose a test

function ¢ € C([0,00)) such that
/ pdu, =0
0

o0
/ pdp>0,
0

which contradicts u, — pu. ]

for n large enough, and

The following theorem is a generalization of [ [16], Theorem 4], in the sense that it
applies to the sets X, and Y,'¥) (see (4.16)) not only for y = oo, but also for any y € (0, ).
The proof in [16] holds for finite y as well.

Theorem A.2 (A sufficient condition for energy density) Let f : (0,00) — R be convex
and decreasing, such that lim,_,o, f(t) =0. Let E : X, — R,

1
E(u) :z/ f (@) d.
0
Then Yy(4) is energy dense in X, with respect to E.

Remark A.3 Just as in [16], we use Theorem A.2 for EP4%) for p=3,4,5and ¢ =0,...,3.
In these cases, we take for f(t) respectively

1 o0
P kZ: V(kt), L{=1)-
=1

Lemma A.4 (Energy density results) Let p € {1,2}, and X'y and % as defined by (4.16).
Then

(i) % is energy dense in 2([0,00)) with respect to EP9 for ¢ =0, 1.

(ii) ¥, is energy dense in 'y with respect to EP%) for q = 2,3.

Proof of Lemma A4 Lemma A.4.(i) is proved by using Lemma 3.6. It involves the
intermediate space

~ d
= {uero0) |n< 2 28 e 0.0}

The proof of % being energy dense in 2([0,0)) is stated in [ [16], proof of limsup
inequality Theorem 5]. The related sequence of the limsup inequality is given by the
measures corresponding to the densities given by

pu(x) = nu([x. x + 1/m). (A1)
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It is still to be shown that for all u € ¥ there exists (x,) = % such that g, — u and
limsup,_,., E?O(u,) < EPO(n). Let p := & and take p, = m pl.. For the related
L, it is easy to see that u, — u and that E?0F)(y,) < EPOF)(y). By using the Dominated
Convergence Theorem, one can prove E®9(y,) — EPO(y).

The proof above works just as well for proving Lemma A.4.(ii), because we can identify

EPC2=33, by EWPO)|, | since &, and «, play the same role. O

Appendix B I -convergence

Here, we state the basic properties of I'-convergence, which can be found, for example,
n [28]. Throughout this section, (X, d) denotes a metric space and E,,E : X — R.

Definition B.1 (I"-convergence) The sequence E, I -converges to E with respect to d iff the
following two conditions are satisfied :

(i) Vx € X Vx, 5 x - liminf E,(x,) > E(x),
h—00

E
d .
(ii) Vx € X 3y, — x :limsup E,(y,) < E(x)
n—oo
The sequence (y,), if it exists, is called the recovery sequence. I -convergence between

functionals is often denoted by 5,
The next Theorem [ [28], Proposition 6.20] states one of the most important properties
of I'-convergence. We need the following definition first:

Definition B.2 (Continuous convergence) Let F,,F : X — R. Then F,, — F continuously iff

Vx € X :limlimsup sup |F,(y)— F(x)| =0.

-0 nswo yeB(xe)

Theorem B.3 (Stability of I -convergence under continuously converging perturbations)
Let F,,F : X - R. If E, LN E and F, — F continuously, then

E,+F, 5 E+F.

Remark B.4 Note that R(F) = R < R is required in Definition B.2.
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