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Abstract  We study non-autonomous parabolic equations with critical exponents in a scale of Banach
spaces Eq, 0 € [0,1 4 p). We consider a suitable E14c-solution and describe continuation properties of
the solution. This concerns both a situation when the solution can be continued as an Ej.-solution
and a situation when the F14.-norm of the solution blows up, in which case a piecewise Ej.-solution
is constructed.
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1. Introduction

In this paper, given a family of unbounded linear operators in the Banach space Ey,
A(t): Dg, C Ey — Ep, t € R, we focus on the well-posedness of a Cauchy problem of
the form

u(t) + A@)u(t) = F(t,u(t)), t>7, u(t)=u,, (1.1)

where the linear main part operator depends on the time variable.

Following the pioneering work of Sobolevskii [26], such problems have been consid-
ered by many authors in wide generality and many results have been obtained (see, for
example, the monographs [7,20,22,23,27,30] and references therein). Here, our main
concern will be critically growing nonlinearities, that is, roughly speaking we will allow
F(t,u(t)) to exhibit the same order of magnitude as the linear main part operator A(t)
(see [9,13,15,29]).

For subcritical nonlinearities, continuation of solutions is satisfactorily described for
both autonomous and non-autonomous problems (see, for example, [4]). As observed
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in [29], this is no longer the case for nonlinearities satisfying a critical growth condition
(see also [13]). On the other hand, some previous results concerning continuation prop-
erties of solutions of autonomous problems [13] cannot be directly applied to (1.1) and
require essential modifications. This is our main goal in the present paper.

To describe our results, we start from the following two general assumptions. Condi-
tions sufficient for them in terms of the operators A(t) will be discussed in detail in § 3.

Assumption 1.1. Given a family of Banach spaces {E,, « € [0,1+ p)}, there exists
a continuous process {U(t,7):t > 7 € R} C L(Ey) in Ey such that, given 7 € R and
ur € Ey, the map [1,00) 3t — u(t) = U(t, 7)u, € Ey is a classical solution of the linear
problem
u(t) + A@)u(t) =0, t>7, u(t) = u,.

Furthermore, given any point ty € R, there is a time interval I C R centred at ty such
that for any 1+ pu > o > ¢ > 0 a constant M > 0 exists for which

||U(t77—)HL(E<,E,,) < M(t— T)C_U, t,Trel, t>T. (1.2)

Assumption 1.2. Given tg € R, there is also a time interval I C R centred at ty such
that whenever 1+ u >(>0>0,1>(—0 >0, a constant M > 0 exists for which

WUt 7) =1l p,) S ME—7)7, tTel, t>T. (1.3)

Concerning the right-hand side in (1.1), we will assume that F belongs to a class of
maps L(e,p,v(e),n, Cy) satisfying a suitable Lipschitz condition relative to {E,, a €
[0,1 4+ p)}. Note that any such F falls, in particular, into the class of e-regular maps
considered in [9].

Definition 1.3. We say that a continuous function F': R X E1. — E, () is of the
class L(e, p,v(€),n, Cy) of Lipschitz maps relative to {E,, « € [0,1+4p)}, with constants
p>1,0<e < min{l/p,u}, v(€) € [pe,1), n > 0 and C,, > 0, if and only if for any
bounded time interval I C R there exists ¢ > 0 such that for each v,w € F1;. and t € T

we have
—1 —1
[F(tv) = F(t,w)| g, <cllv—wl|g, . @lvlE, +nlwlz, +Cy) (1.4)
and
IF (¢ v)|lE,., <cmllvl,, . +Ch). (1.5)

We single out for special attention the case when in (1.4) and (1.5) one has y(e) = pe
and not y(g) € (pe, 1) as it exhibits criticality of F relative to (E1, Ep) (see [9]).

Definition 1.4. For the case in which, for a certain n > 0, (1.4) and (1.5) hold with
v(g) € (pe, 1), we say that F is subcritical. When, for a certain n > 0, (1.4) and (1.5)
hold with y(g) = pe but not with () € (pe,1), F is called critical and p is called a
critical exponent. For the case in which F is critical and (1.4) and (1.5) hold with any
7 > 0, we say that F is an almost critical map.
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We will consider the following solution of (1.1) as in Definition 1.5 (see [15] and
also [9,13]).

Definition 1.5. Given F of the class L(g, p, v(¢),n, Cy) relative to {E,, a € [0,1+p)},
7 > 0 and u, € Ey, we say that u: [1,T] — Eg U E14. is a mild Fj.-solution (an
E1 4.-solution for short) of (1.1) on the interval 7, T] if and only if uw € L2 (7, T], E14¢),
there exists the limit lim;_,.+(t — 7)%||u(t)||£,,. = 0, u(7) = u, and for t € (7,7T] we

have .

u(t) =U(t, )ur + / Ul(t,s)F(s,u(s))ds. (1.6)

-
If, given a € (1, 00|, u is an Fj.-solution of (1.1) on [, T)] for any T € (7, a), then we
say that w is an Ej.-solution on the interval [r,a).

With these assumptions, the E.-solution will be unique and Hoélder continuous away
from 7.

Theorem 1.6. Suppose that Assumptions 1.1 and 1.2 hold, F is of the class
L(e, p,~(€),n, Cy) relative to {E,, a €[0,1+p)}, 7 € R and u, € Ey.

There then exists at most one Fyi.-solution v = u(-,7,u,;) of (1.1) on [r,T] and
u € CY . ((1,T), E149) for any 0 < 6 < min{v(e), u}, 0 < v < v* = min{~(e), u} — 6.

loc

To describe a set of initial data for which (1.1) has a unique Ej.-solution, we will
consider a linear subspace &7 of Ej,

¢l = {gp € Ey: there exists 1im+(t —7)NU )l By = 0}.
t—T1
We also define, for some 6 > 0,

lells* = sup (=7 U TI¢llm., @ € €L
te(r,7+40]
and
B, (wo,m) = {p € €: o —woll§* <1}, wo € €L,
With the above set-up, we first state the local well-posedness result, which complements
the earlier considerations of [9, Theorem 1], [13, Theorem 2.1] and [15, Theorem 3.1]. In
what follows, B(a,b) = fol 57711 — s)b~1ds, a,b > 0, denotes Euler’s beta function and

B. , :=max{B(1 — pe,vy(e) —¢€),B(y(¢) —e,1 —¢)} = B(1 — pe,y(e) —¢).  (1.7)

Theorem 1.7. Suppose that Assumptions 1.1 and 1.2 are satisfied and that F is of
the class L(e, p,v(e),n,Cy) relative to {E,, o € [0,1+ p)}.
The following then hold.

(i) Giventy € R, wg € €7 and given T in a certain interval J C R centred at ty, there
exist 8 € (0,1] and 7o = 1/4(8enM B, ,)*/*=1) | where M = M(1+¢,~(¢),J) and
B. , are as in (1.2) and (1.7), such that for any initial condition u, satisfying

u, € B3 (wo, ) (1.8)
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with
do € (0,50] and 1€ (0,?0], (19)
there exists a unique Eq4.-solution u = u(-,7,u;) of (1.1) on [1,T + do].

(i) When F is subcritical or F is almost critical, the time of existence &y can be
chosen uniformly with respect to the initial condition u, € Ber (wo,r) for arbitrarily
large r.

(iii) For any 0 < 6 < min{vy(e), u} we have

lim (t —7)°||ut, 7,ur)|| By =0, ur € B‘S@% (wo,T) N &, (1.10)

t—7t
and

sup (t —T)GHU(t,T, uvl—) _u(thv u?—)”EH-e
te[r,7+d0]

e
506 )a

ul,u? € BY (wo,r) N €5 (1.11)

T T

o
< COlluy —uZlly) + lluz — 7]

(iv) Whenever 0 < < min{y(e), u} and u, € B3, (wo,r), we have

lim (¢t — 7')0||U(t7 T)ur — Ur||E,, =0

t—7t

= lim (t —7)°||u(t, 7. u;) — ur|| By, =0. (1.12)
t—7t

Although so far we have not used embedding properties, it is typical for applications
that
Eg is densely embedded in E, whenever 0 < a < 8 <1+ p. (1.13)

Remark 1.8.

(i) Under Assumption 1.1 and (1.13), E; C €7, || - ||§; is the norm in €7 and ng (wg, 1)
contains a ball in E; centred at wg and of radius r/M.

(if) If (1.13) holds, then Theorem 1.7 can be applied with wy € E; and the time of
existence dp can then be chosen uniformly with respect to 7 € 7.

Remark 1.9. With (1.13) and the assumptions of Theorem 1.6, if v = u(-, 7, u,) is
an Fj.-solution of (1.1) as in this theorem, then the following hold.

(i) w e C(r,7 + do], Ea) N CL((T,7 + d0], E1+0) whenever u, € E,, a € [0,1], 0 <

0 < min{vy(e),u} and 0 < v < min{y(e), u} — 0.
(ii) we C([1, T + do], E14e) N C

v (7,7 + 6], E14+9) whenever u, € Fy ..

(iii) w(t, T, u,) is continuous in E; with respect to (¢t,u,) € [1,7 + do] X E1.
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Given 7 € R and u, € €, we next define
I(u;) :={T € (1,00): there exists a unique E;.-solution of (1.1) on [r,T]}.
Under the assumptions of Theorem 1.7, I(u,) is non-empty, in which case we define
Ty, :=supl(u,) (1.14)

and call [, T, ) the mazimal interval of existence of the Eq4.-solution.

Since in applications E; often plays the role of a space in which (1.1) is expected to
define a continuous process, we now state the theorem that involves characterization of
the maximal time of existence of the Fj.-solution in terms of the Fj-norm even in a
certain critical case. This is significant for applications as any ‘better’ estimate may often
be impossible to find.

Theorem 1.10. Suppose that Assumptions 1.1 and 1.2 hold, F is of the class
L(e, p,y(€),n, Cy) relative to {E,, o € [0,14+p)}, 7 € R, uy € €7 and v = u(-,7,u,)
is the Eji.-solution of (1.1) on a maximal interval of existence [1,T,_ ). Assume also
that (1.13) holds.

(i) If F is subcritical or F is almost critical, then

T, < oo implies that limsup ||u(t, 7, u.)||g, = 0.
t—Ty,

(ii) In either case, when F' is subcritical, almost critical or critical, T,, < oo implies
that there does not exist even one sequence t,, — T, for which {u(t,, 7, u,)} con-
verges in Ey; in particular, the map [1,Ty,.) > t — u(t) € E; cannot be uniformly
continuous.

Note that in Theorem 1.10 for F' subcritical, almost critical or critical, we have that

T., < oo implies that limsup [Ju(t)|g,,. = co. (1.15)

t—Tu,

However, the 1 -estimate may not be easy to find in applications.
It is next reasonable to generalize the notion of an E;.-solution and investigate the
possibility of a continuing F4.-solution even though its E;4.-norm may blow up.

Definition 1.11. Suppose that F'is of the class L(e, p,v(¢),n, Cy) relative to {Eq, a €
0,14+ p)}, 7> 0, vg € €7 and I, C R is an interval of the form [r,a).

We say that U: I, — EoU E14. is a piecewise Eq4-solution of (1.1) on I, if and only
if U(1) = u, and, for each T € I \ {7}, there exist a number Ny € N and a partition
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T=7<T <+ <Tny <T =7np41 of [1,T] such that

t—T, 4 .
||u<t)—U(Ti,1)||EO — 0, i=2,...,Npr+1, (1.16)
limsup |U(t)||p,,. =00, i=2,...,Np+1, (1.17)

t—7,_4

UEL?SC((Ti—lyTi),El-i-E), i=1,...,Np+1, (118)

t~>'rit1 .
(t—mi—) WU, ——0, i=1,...,Np+1, (1.19)
Z/{(Tifl):’u-,-ifl, i=1,...,Np+1, (1.20)

t
UE) = Ut 7io1)ur,_, + / Ut 5)F(s,U(s))ds, t€ (rio1, )y i=1,...,Np+1.

Ti—1

(1.21)

If the interval I, = [, a) is finite, U: [T,a) — Fo U E14. is a piecewise Ej.-solution
of (1.1) on I, = [1,a) and a is the limit of a strictly increasing sequence {7;,7 € N} of
times such that limsup, , - ||U(t)||E,,. = oo, then a is called an accumulation time of
singular times. '

In the theorem below, the Ej.-solution will be continued as a piecewise F1_.-solution.

Theorem 1.12. Suppose that Assumptions 1.1 and 1.2 are satisfied and F' is of the
class L(e, p,v(e),n,Cy) relative to {Eq, o € [0,14 u)}. Suppose additionally that (1.13)
holds, E is reflexive and, given any 7 € R, u, € €7,

sup. Ju(®)lls, < oo (1.22)
te(r,T)

whenever T € (7,00) and an Ey.-solution u = u(-, 7,u,) of (4.13) exists for allt € [r,T).

Finally, suppose that

when 7 € R, u, € Ey and Ty, < oo, the map [1,T,,,) ot — u(t) € Ey,
where u = u(-, T,u,) is a Fyi.-solution of (1.1), is uniformly continuous. (1.23)
Under these assumptions, given 7 € R, u, € E; and having a unique Fj.-solution
u = u(-,7,T,,) of (1.1) for which T,,, < oo, there exist a € (T,,,00] and the unique

extension U: [1,a) — E7 of u such that U is a piecewise E1.-solution of (1.1) on [r,a)
and either a = 0o or a is an accumulation time of singular times.

To enhance the accessibility of the above-mentioned abstract results and assumptions,
let us consider an illustrative problem of the form

us + 0(t)(=A)"u = f(t,x,u), t>71, x € L2,

du ) 2
w@gzO, i=0,....m—1, u(r,") =u, € L*(2) = E},
(1.24)

https://doi.org/10.1017/5001309151400039X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151400039X

Continuation of solutions of non-autonomous semilinear parabolic problems — 23

where 2 C RY is a bounded C*™-domain, 0 € C{ (R, (0,00)) for some x € (0,1] and
the 0(t)(—A)™ =: A(t) are self-adjoint positive definite operators in L?({2).

Dealing with (1.24), on the one hand, one can relate E, to the complex interpola-
tion space ([L2(£2), H*™(2) N HF*(2)]1-a)" when a € (0,1) and to [L%(£2), H*™(£2) N
HJ"(£2)]a—1 when a € (1,2). On the other hand, E, can be viewed as the extrapolated
fractional scale generated by (L?(£2), A(t)).

Since Sup|g| 5, =1 II(A(t) — A(s))d| g, can be bounded from above by |0(t) — 6(s)

thus, for ¢, s € I, by a multiple of |t — s|*, we have

and

A ect

loc

(R, L(Ey, Ey)) with By = L*(2), Ey = (H*™(2) N H"(2)).

There then exists a continuous process {U(t,7): (t,7) € R%, t > 7 € R} C L(E)p)
associated with the Dirichlet initial boundary-value problem for

u +0)(=A)"u =0, t>T1, x€,

which possesses smoothing properties as in (1.2) and (1.3).
The above-mentioned properties of the linear process enable a satisfactory treatment
of (1.24) in L?(£2) including the case of critical exponent, which for m = 1 is

N +4

po=" (1.25)

A crucial ingredient in this consideration is that the nonlinear right-hand side in (1.24)
will then belong to the class L(e, p,v(¢),n, C,) of Lipschitz maps relative to {E,, a €
0,1+ )}

Coming back to (1.24) and following Remark 1.8, we can now apply Theorem 1.7 with
wo € By = L2(2). Consequently, (1.24) is locally well posed in L?(§2) up to the critical
case, which for m = 1 involves the exponent p. as in (1.25).

It does happen that we often have an a priori-like L?(2)-bound on the solution
of (1.24);

lu®)l72@ny < 9(7 lurllLz), T), e [rT). (1.26)

The estimate in (1.26) can be derived by taking the L?(2)-product of both sides of the
equation with u if f in (1.24) is a logistic-type map of the form u — u|u|?<~1 or, more
generally, when f satisfies a structure condition uf(t, z,u) < C(t,z)u?+ D(t, ), for some
C € L. (R x RY R) and D € Li (R, L*(§2)), that does not involve any monotonicity
condition.

If f is almost critical, that is, if |f| is estimated by a power function ¢(C;, + n|u|?*)
with 7 suitably small, then, due to Theorem 1.10, (1.26) implies that the solution exists
globally in time, which, however, may not be true in the critical case.

For continuation of the solution in the critical case, besides (1.26) some additional
information becomes needed. This could be an a priori-like bound in L>(§2) or in H(£2),
which, however, can rarely be found for (1.24) without more specific assumptions or
techniques.
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Even though no such ‘better’ estimate on the solutions of (1.24) can be provided, we
can obtain the information that

we WW((r,T), (H*™(2) N H*(2))). (1.27)

Then viewing u as a uniformly continuous map in Ey = (H?™(2) N HZ*(2))', we can
construct continuation of the solution as in Theorem 1.12.

Since in applications characterization of the scale in terms of suitable function spaces
plays an important role, we finally mention that a situation does arise when the length of a
scale interval for which such an effective characterization applies shrinks to 1. An example
of the operator A can be found in [18] such that the associated scale can be characterized
with the aid of Bessel potentials spaces H,? (RY) as long as o € [-1— N/4p'+ N/4r, 1+
N/4p — N/4r]. Consequently, although the associated process U(t,s) = e~ (=54 oo >
t > s > —o0, satisfies, for some w € R, estimates of the form

||U(t, S)‘|C(H30(RN),H$E(RN)) < Me*w(tfs)/(t _ 8)5707 t> s,

this can be ensured only for o € [-1 — N/4p’ + N/4r,1 + N/4p — N/4r]. Furthermore,
the length of the latter interval is equal to 2 + N/4 — N/2r and it actually tends to one
asr \(N/4 and N = 4.

The proofs of the above-mentioned abstract results will be given in § 2. In § 3 we discuss
sufficient conditions for Assumptions 1.1 and 1.2 in terms of A(t). In §4 we show from a
broader perspective how the abstract results work in applications.

2. Proofs of abstract results

2.1. Uniqueness and Holder continuity of the E4;4.-solution: proof of
Theorem 1.6

Given —oco < 7 < T < oo we define

T = {v € L (1), Brye): Tim (¢ = 7)%[0(®)llp,,. = 0}. (2.1)

lim
t—7t+
Theorem 1.6 is a consequence of the following two lemmas.

Lemma 2.1. Suppose that Assumptions 1.1 and 1.2 hold, F is of the class
L(g, p,v(€),n,Cy) relative to {Eq, o € [0,1+p)}, u € ML and (1.6) is valid for t € (7,T)
with some u, € Ejy.

Thenu € C¥([0,T), E14¢) for any 6 € (1,T), v € (0,v,) and v, = min{y(e), u}—6 > 0.

Proof. Due to Assumptions 1.1 and 1.2, given a bounded time interval [-T,7] C R
and any 0 < ( < 0 < 1+ p, one can choose a positive constant M for which we have

WUt e py) S ME—7)""9, T>t>r>-T, (2.2)
and, if 1 >0 —( >0,

Ut 7) =1d| e, p0 S ME—7)""C, T>t>7>-T. (2.3)
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On the other hand, since u € ML, for any § > 7 close enough to 7 we have that
|lu(®)||p,.. < (t—7)"¢fort e (7,0), and letting ¢ = ¢(n+ C);) we deduce from (1.5) that

IF(s,u(s)le, ., <E((s—T7)""+1), te(r0). (2.4)

Without loss of generality, we assume that § > 7 is close enough to 7 and (2.4) holds.
Since u € ML and § > 7, it follows that [|u| (51,5, ,.) < ¢5 and by (1.5) we conclude
that

ms = ||F(t, u(t)) L ((5.7).8,.)) < C- (2.5)
For r < <t<t+h<T, from the variation of constants formula we infer that
[u(t +h) —u@)|| ey < NUE+R,7)=UE7)urlE

t+h
+ /t WUt + h,s)F(s, u(s))||E1+9 ds
. [(U(t+ h,s) = U(t,s)F(s,u(s))|| 5. ds

5
+ [ I hes) = U )Pl uls) o ds
= J1+ Jo+ J3 + Js4.
Choosing arbitrary
g€ (6,1)N(0,7(e)) (2.6)
and applying (2.2) and (2.3), we obtain for J; = [[(U(t + h,t) — Id)U(t, T)u-| g, , that

Jl < HU(t + h7t) - Id||L(E1+é7E1+e)||U(t7T)HL(EO,ElJré)HuTHEO
< MRt = 7) 7 fus || s
<

M2hE0(8 = 1) flur | .-

t+h

Using (2.2), (2.5) and (2.6) we get Jo < . |U(t+h, s)||L(EW(E)7EH9)||F(5,u(s))||EW(E) ds

and
t+h o
Ja < Mm(;/ (t+h— 57O ds < Mmgs(y(e) — 0)"H(T — 7)) ~¢ps =0,
¢
On the other hand, by (2.3), (2.5) and (2.6), we have
¢
J3 < /(; ||U(t + h7 t) - IdHL(E1+s‘,E1+8) HU(t’ S)HL(E»Y(E),ElJré) HF(S’ U(S)) HE"{(E) ds

t
< M2m5/ hE0(t — 5)'7(6)71% ds
5

< M2(y(e) — &) 'msht (T — 7)) 2,
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whereas due to (2.4) we get
)
Ja < / 1U(t+ht) =1d[| L8, 200 IV 8) Lz, o ) [F (s u(s)) | B, ds

)
< EMQ/ BE=0(t — §Y1E=1=2((5 — 1)=% 1 1)ds

(T, — T)w(&)—é

< eMZpE? <B(7(5) —¢&,1—¢p) (6 — 1)

+00) -7 T, - 7)),

Hence, for any ¢ > 7 close enough to 7 there is a ¢ > 0 such that |[u(t+h)—u(t)| g, <
ché=9 for each 6 <t < t+h < T. Since & could be any number satisfying (2.6), we obtain
the result. O

Lemma 2.2. If p,$ € ML, u, € Ey and (1.6) is valid in (1, T) both for u = ¢ and
u = @, then ¢ and ¢ are identical on (,T].

Proof. By assumption, we have
o) = &)lle, .

t
< cCyM / (t — )O712lo(s) — B(5)| . s

t
- ch/ (t = )77 lp(s) = @(5) 1. ()1 1. + ()15, ) ds,
te (r,T).
Since ¢, p € ML given ¢ € (0, 1), there is a certain h € (0,¢) such that

=7 lle@ e . +E=7)le@le,. <& te(nT+h).

Using this and restricting ¢ to the interval (7,7 + h), where h € (0, &), we obtain

(= 7)lle() = o)l ey

< cCyMB(y(e) —,1 — )¢9 7* sup h)(s = 7)°lle(s) = B(s)ll o
se(r, 7+

+ &P O P2 M B(1 — ep, (<) — <) Sup h)(s = 7)°lle(s) = B(s)ll e -
se(r, 7+

We remark that the inequality above will hold true if we replace its left-hand side by
SUPse(r,r4h) (8 —T)°[l¢(s) — B(8)[| ... On the other hand, recalling that p > 1, y(e) > pe
and choosing ¢ > 0 small enough, we can ensure that the right-hand side above is less
than 3 up,c s ey (5 — 7)°0() ~ B(6)] ... Conseaquently, Sup. e sy (s — 77 lo(s) -
@&(s)|le,.. =0, and thus ¢ = ¢ in [, 7 + h] for some h > 0.

Now, if 7* € (7,7 + h] is such that o(7*) = @(7*), then, applying the variation of
constants formula with the initial time 7* and with the initial value p(7*) = ¢(7*), we

obtain .

w(t)—ﬁ(t)Z/ U(t, s)(F(s,¢(s)) = F(s,¢(s)))ds - in [77,T].

T*
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Hence, letting ¢* = supqcpr- 1) (lo(s) 5, + 18(s)]%,),

t
() = o)l mr,. < eM(Cy+nc”) /*(t = )7 lo(s) = @(5)l| s ds in [, T,

T

and by the singular version of Gronwall’s inequality we conclude that ¢ and ¢ coincide.
a

2.2. Proof of Theorem 1.7

Let us fix an interval I = (tg — &, to + &) around tg such that (1.2) holds with ¢ = ~(¢)
and 0 = 1+e¢. Let us also choose an interval J centred at ¢y such that I'\ J is the union
of two intervals of length [ > 0.

We first note that if 6* € (0,1), 7 € J, § € (0,11 N (0,6*), v € C((7,7 + I, E14¢),
Aw,t) == sup,e(rgi(s = 7)[lv(s)[| By b R >0, ¢ € (7,7 4 6] and A(v,t) < R, then, by
Assumption 1.1 and (1.5), we have

1O, 8)F (s, 0(s) e S NUE )i, ) o 18 0(s) 5,

and
Ut $)F (s, 0() |1y < M= 5)" 1O c(llo(s)|z, , . + Cn)-
Consequently,
¢
(t—r1)° / U(t,s)F(s,v(s))ds
T E1+5

t
< cCyM(t — T)E/ (t —s) )= gs

+enM(t —71)° /t(t =) O (s = 1) (s = 7)o (s) 1 1y ) ds
< eMB(1— pe,(6) — ICyt — 117 4 (0, 1)
< eMB. ,[Cy(t — 7)) + nRP). (2.7)
Also, if v,0 € C((1,7+ 0], E14e), t € (1,7 + 6], AM(v,t) < R and A(0,t) < R, then, with

a similar usage of Assumption 1.1 and (1.4), we obtain

(t—7)° / U(t, s)[F(s,v(s)) — F(s,0(s))]ds

E1+€

< cCyM(t —7)° / (t—5)" O (s — 1) (s = 7)%|[u(s) — 5(s)|| o . ds

t
+enM(t — 7)6/ (t—s) 1O (s —r)7Fe

< (s = Do)l )™ + ((s = D) N0() 1))

X (8 - T)EHU(S) - 5(S)HE1+E ds.
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Hence, letting
IL(t) := cMB. ,[Cy(t — 7)Y~  2pRP~], (2.8)

we conclude that

(t—71)°

/ Ut 9)(F(s,(5) ~ Flo, 5] ds|

<IL(t) :t(lpt]{(s —7)lv(s) = 0(s)lleryc 3 (29)

We now choose Ry > R > 0 and § € (0,1] N (0,0*) such that

enM B, ,Ry' =1 and C,MB. 0" =min{lR,1}. (2.10)

We also set )

4(8enM B. )/ (p=1)

1 lp
T i= ZR S ZRO =

and, since lim;_,,+ ||(t — 7)°U (¢, T)wo||g,,. = 0, we choose &y € (0, 4] such that
[(t = 7)°U @t T)wollpyy. < 3R, T<t< T+ 0. (2.11)

For any fixed 0y € (0,d0], u, € B3 (wo, ), we then define

K(R7)={veC(rr+ 8] Brs). s {(t = Fo(D)]ls,,.) < R)
te(r,7+00)
and let d(v,?) = sup;e(r -1, 1t = 7)) = 0| &, (.} for v, 0 € K(R, 7).
(K(R,T),d) is a complete metric space and we next consider the map

t

(To)(t) =U(t, 7)u, +/ Ul(t,s)F(s,v(s))ds, ve K(R,T), t € (1,7 + dg)-

T

Adapting Lemma 2.1, one can see that Tv € C((7,7 + o, E14.) for v € K(R, 7).
It then follows from (1.8), (2.7), (2.10) and (2.11) that

1t =) (Tv) (Ol

<@t —7)|U({, T)ur + / U(t,s)F(s,v(s))ds

El +e
t

<= DU el + M=) [ (=9I, + G ds

<t =7) U, 7)(ur — wo)llyy. + It = 7)°U(t, T)woll By + cMnBe ,RP
+¢eMC, B, 60

<+ ||t = 1)U, wol gy + eMnB. ,R? + ¢MC, B, ,60) 55

<R,
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which yields that T takes K (R, 7) into K (R, 7). On the other hand, applying (2.8)—(2.10),
we get d(Tv1, Tvz) < 3d(vi,v2).
Consequently, due to the Banach fixed-point theorem, we infer that 7 a unique fixed
point v = u(-,7,u,) in K(R,7) and we now show that lim, .+ ||(¢t — 7)°u(t)| g,,. = 0.
Adapting (2.7), we have for each ¢ € (7,7 4 do] and the above fixed point u,

(t =) Ny < (=T NUET)ur by + eMBey[Cylt — 1) + RPN (u, 1)),

where, by assumption, given any £ > 0 we can choose h € (0, £) such that for ¢t € (7, 7+h)
we have (& — 7)%||U(t, 7)ur||,,. < & Hence, we obtain

(t = 7)) Erye <€+ eM B [Cre"® + RV Nu,t)], ¢ € (1,7 + h).
Since the right-hand side above is a non-decreasing function of ¢, we obtain
A, t) < &+ eMBe [Cr€™ + nRP T N(u, 1)), t € (7,7 + h),
and, via (2.10), ZA(u,t) < &+ cMB. ,C,£7®), t € (7,7 + h). This yields

Au,t) = sup {(s —7)%||u(s)||p.} =0 ast— T, (2.12)
s€(T,t]

which ensures that (t — 7)°u(t) — 0 in By ast — 7.

Finally, letting u(7) = u,, we extend the fixed point v = u(-, 7, u,) constructed above
to the interval [r,7 + ] and obtain the Fj,.-solution of (1.1). Since the uniqueness
follows from Theorem 2.2, part (i) of Theorem 1.7 is proved.

Part (ii) now follows from Corollary 2.3 (see also Remark 2.4).

Corollary 2.3. Suppose that Assumptions 1.1 and 1.2 hold, F: R x E1 . — Ey
is continuous and constants p > 1, 0 < ¢ < min{1/p, u}, v(¢) € [pe,1) exist such that
for each n > 0 there exists C,, > 0 and, moreover, for any bounded time interval I there
exists ¢ > 0 for which

p—1
E1+s

[1E(t,v) = F(t,w)le +nlwlf, ), +Co), v,w € Erge, e,

< clo—wlg, . (vl Fiie

v(e)

and
IF ¢ )., <cmllvlz,. +Ch), viwe B, tel

Then, given any ty € R, 7 in a certain interval J C R centred at ty, and given any
ro > 0, there exists dy > 0 such that for any initial condition u, € B‘é", (0,79) there exists
a unique Fj.-solution u = u(-,7,u,) of (1.1) on [r,T + Jo].

Proof. Letting wy = 0, observe via Theorem 1.7 that given rg > 0 one can now choose
1 > 0 such that r in (1.9) satisfies r > 7. Proceeding as in the proof of Theorem 1.7, we
obtain for any u, € B‘é", (0,7) the existence of an Eq4c-solution u = (-, 7, u,) of (1.1)
on [1, 7 + dg]. ’ O
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Remark 2.4. For subcritical F', without loss of generality one can assume that n > 0
in (1.4) and (1.5) can be chosen arbitrarily small. Indeed, given p > 1, ¢ € (0,1/p),
e < i, y(e) € (pe, 1), we can choose p > p close enough to p and have € € (0,1/p) and
v(e) € (pe,1). Then 17||w||%i can be estimated by 77||wHE1i + ¢y, which yields (1.4)
and (1.5) with ¢ and ~(e) as before, p replaced by p suitably close to p and 7 replaced
by 7, which we can fix as small as we wish. Parameters €, y(¢) and ¢ in (1.4) and (1.5)
will remain the same and the only difference will come from the replacement of C, by
Cy, + cii.n, which will not influence the heart of our consideration.

Proof. We now prove conditions (1.10)—(1.12). As in (2.7), for § € (0,~(g)) N (0, u)
and for the unique FE1.-solution u = u(-, 7, u,) of (1.1) we obtain

(t =) Nlu®)lle, < (=) NUE T U By + (8= 7)9/ 1U(t, 8)F (s, u(s)) ]| 1y ds
<=7Vt T)ur || g,y + eMCy(3(e) — )7}t — 7))

+0eMB(1 = ep,2(e) = 0)( sup {(5 = 7)°llu(s) s, . }) -

TIs<

Recalling that u, € Bef (wo7 r) N € and by using (2.12), we conclude that (¢t —
) |w(t)|gy,s — 0 as t — 7T, which proves (1.10).
For 6 € (0,v(¢)) N (0, i), as in (2.9) we next have

(t - T)9||u(t>7—7 u}r) (t T, U )HE1+9
< (=Nt ) (ur = ul) B
(t—r7) / (UL, 8)[F(s,u(s, 7, ur)) — F(s,u(s, 7,u2))]| £y, ds

< (=N 7)(ur = ud)lle,

+Lp(t)  sup {(s —7)[luls, 7 uz) — uls, 7,u7) | By ) (2.13)
T<s<T+do

where
Iy(t) =cM(1+460,v(e), T) max{B(y(e) — 0,1 —¢), B(1 — pe,v(e) — )}
x [Cy(t — 7)Y =0 L opRreY).
Taking € = ¢ we have

(t = 1) Nlult, 7, uzr) = ult, 7,u3) |5y,
< (¢ = r)FNUE ) (ur = uF) |

+I.(t)  sup {(s = 7)|uls, mouz) = uls, 7,u) | gy )
T<s<T+d0
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Since, by (2.10), I.(7 + &) < 3 and I.(t) is increasing with respect to ¢, we conclude
that

sup  {(s = 7)°[|u(s, 7 ur) — u(s, 7 ul) | g, )
T<s<T+d0

<2 sup (s = 1)U (s, 7)(ur —ui)| s
T<s<T+d0

Consequently, using the above inequality and (2.13), we obtain (1.11).

Assuming that 0 < 6 < min{y(¢), u} and lim; .+ (t — 7)°|U(¢, 7)ur — ur| gy, =0,
we now show that lim,_, .+ (t — 7)%||u(t, 7, u,) — ur| g, =0, for which we first use the
variation of constants formula, (1.2) and (1.5) to obtain for each t € (7,7 + dq],

(t =) u(t) = urllz .,
< (t=n)NUETIur — url|pyy, + (E—1)° /Tt (U, s)F(s,u(s))ll o ds
<@t =D)NUEur — ez,
+eM(t—71)’ /Tt(t —5) O, (s —7) 7 |(s — 7) u(s) |5, ) ds
< (t = 1)Ut )y — url g,y + cCyMB(L — pe,y(e) — 0)(t — 7))
4 eMnB(1 — pe,v(e) — 0N (u, t). (2.14)

Thus, (1.12) is a consequence of (2.12) and (2.14). The proof of Theorem 1.7 is complete.
O

2.3. Proof of Remark 1.8
Note first that Eq4. C €I because whenever ¢ € Eq4., by Assumption 1.1, we have

t=1eNUET)elEy. < ME—T)lllp,. =0 as t—7"
Now, if ¥ € Fy and E14c 3 ¢, EZN 1, then, again using Assumption 1.1, we obtain
=) NUE )l ey < MYy = @nlle, + (& =) NUET)enll ey

and for each ¢ > 0 we can choose n € N and h¢ > 0 such that the right-hand side of
the above inequality becomes less than ¢ uniformly for ¢ € (7,7 + h¢). This proves that
FE C QST

By assumption, ||<p||55 = 0 implies that 0=[U(t,7)¢llE, = el ast — 7% and we
get o = 0. It then follows easily that || - ||5E is the norm in 7.

Finally, if ¢ € {¢ € E1: ||¢ — wollr, < 1/M}, then sup,e(, ,y6(s — 7)°IU (s, 7)(¢ —
wo)|| By, < M| —wo| g, < r and, evidently, ¢ € Bef (wo, r), which completes the proof
of part (i).

We can now apply Theorem 1.7 with wy € F; and ensure that the time of existence g
can be chosen uniformly in a certain neighbourhood of a given point t5 € R. Actually,
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following the proof of the existential part of Theorem 1.7, it suffices to ensure that the
number Jo(R) in (2.11) can be chosen uniformly with respect to 7 € J.
Choose wgy € E; and recall that F1. is dense in E;. Using (1.2) for any ¢ € By, we

have
sup _[|(t = 7)U(t, T)wollgyy. < sup (|8 = 7)°U(E, 7)(wo — @) |E,..
T<t<T+d0 T<t<T+0
+ sup [[(t = 7)°U(7)0l
T<t<T+d0

< Mwo = ¢lle, + G5M|¢lle,,., 7€JT.

Note that ¢ can be chosen such that M|jwo—¢|| g, < R/4 and &y such that 6§M[|¢| g, ,. <
R/4, in which case sup, ., 5, |(t = 7)°U(t, 7)wol|p,,. < R/2 for any 7 € J. O

Proof of Remark 1.9. We first prove that

lim+ WU, 7)—D|lp, =0 fory € Ey, a€[0,1+ p). (2.15)
t—T1

For this, observe that
1(Ut,7) = Dol < ME—7)""gllg, >0 as t—7+

whenever ¢ € Eg, 0 < oo < 3 <14 p. On the other hand, if Fg > ¢, Le, 1 € E,, then

1O 7) = Dlle, < (M+ DY =¢ulle, + I(UET) = Dénlle,-

For ¢ > 0 one can thus choose n € N and h¢ > 0 such that the right-hand side of the
above inequality will be less than ¢ uniformly for ¢ € (7,7 + h¢), which proves (2.15).
We next infer that

lim |u(t) = U, T)usl|g, =0 for a €[0,1), u, € E,. (2.16)

t—7t+

Indeed, since w is an Fjc-solution, for § > 7 close enough to 7 and ¢ € (7,d) we have
lu®)l| ey, < (E—7)7% Via (1.5), [[F(s,u(s))||g,., < &((s—7)7"+1)fort € (7,0).
Whenever y(e) < o < 1 and ¢t € (7,9), we can thus estimate |u(t) — U(¢, 7)ur| g, by
f:||U(t, ) nee |F(s,u(s))||l g, ., ds and obtain

~(e) Ba) v(e)

lu(t) — Ut m)ur| &, /M &)= (s — 1) 4+ 1) ds
SEM((t— 1)L B+ y(e) — o, 1 — £p)
+(1+9() —a) =)y,

where the right-hand side tends to 0 as ¢t — 7. Connecting (2.15) and (2.16), we obtain
that lim; ,,+ |u(t) — u,||g, = 0 whenever u, € E, and « € [0,1). By (1.12) and (2.15),
the latter is also true for & = 1 and using Theorem 1.6 we obtain (i).
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For the proof of (ii), note that given u, € E14. one can actually find a fixed point of
(Tv)(®) =Ut, m)ur + thU(t7 s)F(s,v(s))ds in a complete metric space

Ke(R,7) ={v e C([r,7 + ¢, Brye): [lv — u-|| < R}

with some R > 0, £ > 0 and [[|[v]|| = sup;c(r ¢ [0 £, .- Indeed, given v € K¢(R,T),
we have by (2.15), (1.2) and (1.5) that for a suitably small £ > 0,

I(Tv)(#) = urllzyye
t
< U T)ur = ur|l by +/ U )L, oy Ba i) [ E (s, 0(5) |,y ds
t
<NUE T)ur —urllpy. + M/ (t =) O c(nlo()lp,, .+ Cy)ds

<NUEtT)ur — ur||pyy. + c(RP 4 Cy)M(y(e) — g) 1)<
<R, te[r,T+¢.

Hence, T takes IC¢(R, ) into itself. On the other hand, (1.2) and (1.4) imply that, for
0,0 € Ke(R,T),

[(Tw)(t) = (TO) ()| 4.

t
g/ NU @ )L, o)

S 2R+ Cy) P [v(t) = 3(B) |,y M(A(e) =€), ter T+,
te[r, T+

F(s,v(s) — F(s, (), ., ds

so that for & > 0 small enough, 7: K¢(R, 7) = KC¢(R, 7) is a contraction. By uniqueness,
this ensures that an F4.-solution of (1.1) can be viewed as a fixed point of 7 in IC¢ (R, 7),
and hence it is right-continuous in Ej;. at 7. Combining this with Theorem 1.6, we
get (ii).

Finally, applying (ii) and (1.11) with 8 = 0, we obtain (iii). a

2.4. Proofs of continuation results

In what follows we prove Theorems 1.10 and 1.12.

Proof of Theorem 1.10 (i). Recalling Remark 1.8, we assume that T, < oo,
limsup, o |lu(t,7,ur)|[E, < r* for some 7* > 0 and for any n € N large enough
we define 7, := T, — 1/n, u,, := w(T,. — 1/n,7,u,). We then consider the Cauchy
problem

u(t) + A@)u(t) = F(t,u(t)), t> Tn, w(th) = tr,, (2.17)

where the initial conditions u,, belong both to Ej4. and to a ball Bg, (0,7*) in E; of
radius r*. Also, the initial times 7,, converge to T, .

We then have sup,e(,., - +5)(s=7n)*IU (s, T)tr, [ £, < M|ur, ||p, < Mr*, and hence
Ur, € ngn (0, Mr*).
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Due to Theorem 1.7 (i) and (ii), there is a unique Fj 1 .-solution of (2.17) on 7y, 7, +d0],
where §p does not depend on n (see Remark 1.8 (ii) ). By uniqueness, the solution coincides
with u(-, 7, u,) on [, T, ] for all sufficiently large n. By concatenation, v = u(-, 7, u,) can
thus be continued as an Ej4.-solution onto [r, T, + do), which contradicts the definition
of T, . O

Proof of Theorem 1.10 (ii). Assume that T, < oo and let 7, — T, be such
that u(7,,7,u;) — wo in By as n — 00. Then sup,e(,, -, 14(8 = 7) (U (s, ) (ur,, —
wo)||Eyy. < M|lur, —wol|g,. Hence, if r is chosen as in Theorem 1.7 relative to wo and
N € N is such that ||u,, — wo|lp, < r/M for n > N, then u,, € B‘é;n (wo,r) forn = N
and § > 0 close to zero.

Due to Theorem 1.7 (see Remark 1.8 (ii)) there is a unique Fj4c-solution of (2.17) on
[T, T + d0], where dy does not depend on n. Again, by uniqueness, this solution coincides
with u(,7,u.) on [r,, Ty ] for each n sufficiently large, and thus u = u(-,7,u,) can be
continued as an Ej.-solution of (1.1) onto [1, T, + do), which contradicts the definition
of T, . g

Proof of (1.15). Assume that T, < oo and let limsup, ,,+ [lu(t, 7,us)|5,,. <7°
for some r* > 0. For any n € N large enough, define 7,, := T}, - 1/n, ur, = uw(Ty, —
1/n,7,u;) and consider the Cauchy problem (2.17).

Since u,, belongs to a ball B, _(0,7*) in Ey,. of radius 7* > 0 around zero, for any
¢ > 0 small enough, we have sup (... - +5/(s—7n)*[|U (8, T)ur, | B1,. <M |ur, By, <
0°Mr*. Hence, if » > 0 is chosen relatively to wg = 0 as in Theorem 1.7 and 0° €
(0,7/r*M), we observe that u,, belongs to ngn (0,7).

As a consequence of Theorem 1.7 (see Remark 1.8 (ii)), problem (2.17) has a unique
E1 4 c-solution on [7,,, 7, +do], where &g does not depend on n. By uniqueness, the solution
coincides with u(-, 7, u,) on [r,, Ty, ] for each n large enough and w = u(-, 7,u,) can be
continued as an F4-solution of (1.1) onto [7,T,,_ + dp), which leads to a contradiction.

O

Proof of Theorem 1.12. By assumption, given 7 € R and u, € €], we obtain from
Theorem 1.7 that there exists a unique Ej.-solution u of (1.1) on the maximal interval
of existence [1, Ty, ) and we define ug := ur, Tyy := T,

If T, < oo, then, using (1.22), (1.23) and the reflexivity of E;, we conclude that there
exists a certain u; € E; such that

t—T,
lm |u(t,7,ur) —u1llg, =0 and  w(t,7,u;) — uy
t—Tay

weakly in Eq. Thus, u(¢, 7,u,) can be extended to a function Uy defined on [7,T,,] and
satisfying the conditions Uy € L, (7, Tu,), Er4e), Uo(T) = ur = uy, L{O(t)ﬂﬂ/{o(Tuo) =
uy € (’SZ“O as t — T, and

Uo(t) = U(t, 7)o + / U(t, s)F(s,Uo(s))ds for t € (7, T, ).
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By Theorem 1.7, there exists a unique Ej.-solution (-, Ty, ,u1) of the Cauchy prob-
lem
w(t) + A@®)u(t) = F(t,u(t)), t> Ty, w(Tu) = u1,

which can be continued on the maximal interval of existence [T, Ty, ). Now, if T;,, < o0,
repeating the above argument we find us € E; such that

t—=T,
lim |Ju(t, Tuy,u1) —u2llg, =0 and  w(t, Ty, u1) — uz
t—Tuy

weakly in Eq. Thus, u(t, Ty,,u1) can be extended to a function U; defined on [T, 7;,41]
and satisfying Uy € LS. ((Tugs Tuy )y Erse)s U (Tug) = ur, Us () 25U (Tu,) = up € €2
as t — T, and

t

U (t) = U(t, Ty, )ur —|—/ U(t,s)F(s,Us1(s))ds fort € (Tuy, Tuy)-

Tug

If in the (k + 1)th step we have T,, = oo, then function U defined on [r,o0) by
concatenations of U;, 7 = 0,...,k 4 1, is an extension of u to a piecewise E;.-solution
on [1,00).

Otherwise, proceeding inductively we obtain a sequence of maps U; on [r,T,,], j =
0,1,..., and by concatenations we define a piecewise Fj.-solution on [1,a) with a :=
Z;C:()Tuj; Now either a = oo or, if a < 0o, a is an accumulation time of singular times
T =57 _oTu,jeN.

The above construction ensures that the extension of a Ej.-solution to a piecewise
E1 4 -solution is uniquely defined, and hence the proof is complete. O

3. Linear non-autonomous parabolic problems

In what follows we discuss sufficient conditions for Assumptions 1.1 and 1.2 in terms

of A(t).

Definition 3.1. The family {A(¢): t € R} of closed operators A(t): Dx C X —
X, which are defined on the same dense subset Dx of the Banach space X, is locally
uniformly sectorial (of the class LUS(Dx, X)) for short) if and only if for each ¢t € R the
complex half-plane {A € C: Re A < 0} is contained in the resolvent set p(A(t)) of A(t)
and for any bounded time interval I C R there exists a certain M > 0 such that

M

M — A@) ! < —,
H( (1) ||L(X) 1+ [\

ReA <0, tel.

If {A(t): t € R} is of the class LUS(Dx, X), then, for each s € R, —A(s) generates
the asymptotically decaying C%-analytic semigroup {e=4()*: ¢ > 0} in X. Actually, for
a family {A(t): t € R} of the class LUS(Dx, X), we have that Reo(A(s)) > a > 0 and

‘ , C :
le™ Pl < Cem™, 520, AR |y < e, s> 0,
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where a,C,C7; > 0 are independent of s > 0 and ¢ in bounded time intervals (see
[26, §1.1]). Consequently, fractional powers A*(¢) can be defined as the inverse of
A7*(t): X = R(X),

1
—a _ a—1_—A(t)s ) 1
A7) o) /0 s e ds, a>0 (3.1)

Also, one can consider the associated fractional power spaces X*(t), a > 0,
X%(t) := D(A*(t)) with the norm ||¢|| xa) = [|A%(t)¢|x for ¢ € X, a >0,
where for a = 0 we set A%(¢) :=Id, X°(¢) := X. As in [26, §1.9, (1.56)], we then have
[A%(H)e™ D% L (x) < cae ™5™, 5> 0, (3.2)

where ¢, neither depends on s > 0 nor on ¢ varying on bounded time intervals.
Since A(t) coincides with the inverse of A=1(t), it follows that X'(¢) coincides as a set
with Dx for every t € R. Concerning topologies we have the following result.

Proposition 3.2. If {A(t): t € R} is of the class LUS(Dx, X ) and I C R is such that

sup [A(t) AT (s)l|(x) < o, (3-3)

t,sel

then the X'(t) are independent of t except for norms, which are uniformly equivalent
on I.

Proof. We have ||¢|| x14) = [[A(#) A~ (s)A(s)9l|x < c||A(s)dl|x = cl|d]l x1(s), t,s € 1.
(I

If A(t) is a positive operator satisfying

Jes0 sup [|A*(B)]Lx) < oo, (3-4)

s€[—e,e]
then fractional power spaces can be characterized as (see [28], also [5])
X048y — [X(t), XP (1)), 0<0<1, 0<a<f< oo
Remark 3.3. It is known that (3.4) holds in many applications (see [8,11,19,24,25,
28]).

Definition 3.4. We will say that the family of positive operators {A(t): ¢t € R} is of
the class BZP(X), that is, it consists of operators possessing bounded imaginary powers,
if and only if, given any t € R, A(¢) has the property (3.4).

Corollary 3.5. If {A(t): t € R} is of the class LUS(Dx,X)NBIP(X) and I C R
is such that (3.3) holds, then the X°(t), 6 € [0,1], are independent of t € I except for
norms, which are uniformly equivalent on I.
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Following [7], given {A(t): t € R} of the class LUS(Dx,X), we consider the
extrapolated space X ~1(t) generated by (X, A(t)), where X ~!(¢) is the completion of
(X, |A=1(t) ]| x). We extend A(t) to a closed operator in X ~1(¢) (with the same notation).

Whenever ¢, s € R are such that A=1(s)A(t), A=1(t)A(s): Dx C X — X are bounded
operators (which happens, in particular, when the domains of the adjoint operators A’(t)
and A’(s) are the same), X ~1(¢) coincides with X ~1(s) as, for some c1, ¢y > 0, we have

allA™ (s)zllx < AT (B2llx < ellA™H (s)2llx, e X

(see [6]). This leads to the following counterpart of Proposition 3.2 for extrapolated
spaces.

Proposition 3.6. If {A(t): t € R} is of the class LUS(Dx, X) and

sup [|A=1(t)A(s)]|Lx) < o0, (3.5)

t,sel

then the X ~1(t) are independent of t € I except for norms, which are uniformly equivalent
on I.

Due to [7, Proposition V.1.3.1], if {A(¢): t € R} is of the class LUS(Dx, X), then
(the closed extension of) A(t) belongs to a class Lis(X, X ~1()) of linear isomorphisms
from X into X ~!(¢). Furthermore, {\ € C: Re X < 0} C p(A(t)) and, given any bounded
time interval I,

_ M
AL = A) " lpx-10) < TED ReA<0, tel, (3.6)

for some M > 0. Letting Y (t) = X~1(¢) and applying (3.1), one can associate with
(Y(t), A(t)) the fractional power scale {Y*(t): a > 0} and consider, as in [7, p. 266],

X(t) =Y (1), a€[-1,00),

which is the extrapolated fractional power scale of order 1 generated by (X, A(t)).

Corollary 3.7. If {A(t): t € R} is of the class LUS(Dx, X)NBIP(X) and I CR is
such that (3.3) and (3.5) hold, then for each € [—1,1] the spaces Y?t1(t) = X(t) are
independent of t € I, except for norms which are uniformly equivalent on I; that is, for
every 0 € [—1,1],

19l xe) < clldllxews), st
for some ¢ > 0 and every ¢ from the set X% (t) = X?(s).

Given tg € R, a € [0,1) and letting pp := 1 — o, we next define

Eo =Y (t0), |- [|p, = A (t0) - Iy uo)r @ €[0,1+p0].  (3.7)
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Lemma 3.8. Suppose that {A(t): t € R} is of the class LUS(Dx, X)NBIP(X), (3.3)
and (3.5) hold on each bounded time interval I and {E,, o € [0,1+ po|} is as in (3.7),
where 19 > 0. Then

(i) {A(t): t € R} is of the class LUS(Dg,, Ey) with Dg, = Ey;

(ii) for any bounded time interval I C R and o € [0,1 4 po], there exist constants
c,c,c” > 0 such that for each t,s € I we have

I¢lle, < "1A%(1¢le, < cllA7(s)dllm, < l6lle,, ¢ € Es. (3-8)

Proof. Recall that {Y*(¢): « > 0} is the fractional power scale generated by
(Y(t), A(t)). Hence, A(t) can be viewed as a closed densely defined operator in Y0 (¢)
with the domain Y@+1(¢). The resolvent set of A(t) in this setting will still contain
{A € C: Re\ < 0}, and for each bounded time interval I there will be a constant M > 0
such that

M

I — A) 0|lyaon <
IAT = AW bllveo < 137

Pllyeow)y, ReA<O0,tel, ¢ cY(t).
Part (i) is thus a consequence of Corollary 3.7 and (3.6).

Concerning part (ii), we first observe that, due to Corollary 3.7, if ¢ € E?, then ¢
belongs to both of the sets Y7t (¢) and Y7+ (s) as these sets coincide for t,s € R
and A% (t)¢ and A%(s)¢ are the elements of E° = Y% (t(). Actually, A°(t) and A%(s)
are one-to-one from FE, onto FEj.

Given a bounded time interval I C R, we can thus use the equivalence of norms stated
in Corollary 3.7 to obtain, for some constants ¢, ¢ and ¢ depending on I but not on
t,s € I, that

A7 () Bz, = [|A7 () Bllyao(te) < A7 ()@lly a0y = Cllllyotan(s)
< [9llyetao(s) = ENAT(5)Bllyaos)
< A% (8)9llyao(te) = €A (5)0ll &,

whenever ¢, s € I. Similarly, using again the equivalence of norms, we also have

[9le, = Dllyorao(ry) < EllDllyotaoy = CllA7(E)@llyoo ()
< A7 (#)9llyeo(te) = EllA7 (1)@ o

[A7(8)Blly oo (s) = Ellpllyoraos)

ell@llyoteo i) = 9l &,

147 ()¢l zo = 147 () lly o (t) < €
<

which proves (ii). O

Corollary 3.9. Under the assumptions of Lemma 3.8, we have that for any bounded
time interval I C R and o € [0,1 + o] there exists a constant ¢ > 0 such that

| A (t) A7 (s)||L(gy) < ¢ foreacht,sc I.
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Proof. It suffices to note that A?(¢) and A?(s) are one-to-one from E, onto Ey and
use (3.8). O

We will next assume that {A(t): t € R} is of the class LUS(Dx, X) and, in addition,
Je(0,1)V7503050Y,r se (-1 | (A(t) — A(T) AT (8) | L(x) < Clt — 7|*. (3.9)

Following [7,15,20,23,26], we consider in X a non-autonomous linear problem
W)+ A@u@) =0, t>71, u(r)=u,. (3.10)

Recall that a continuous function [r,00) 3t — u(t) € X is a classical solution of (3.10)
if it is continuously differentiable in (7,00), u(t) € Dx for each t > 7 and u satisfies
(3.10). Recall also that a two parameter family {U(¢,7): (¢,7) € R?, t > 7} of maps
U(t,7): X — X is a continuous process in X provided that U(r,7) =1d, U(t,0)U(0,7) =
Ult,r)fort >oc>7€Rand {(t,s) e R* : ¢t > s} x X 3 (t,7,v) = U(t,7)v € X is a
continuous map.

The following result is known (see [15, § 2] for the proof).

Proposition 3.10. If {A(t): t € R} is of the class LUS(Dx, X ) and (3.9) holds, then
there exists a continuous process {U(t,7): t > 7 € R} C L(X) in X such that, given
7 € R and u, € X, the map [r,00) 3t — u(t) = U(t,7)u, € X is a classical solution
of (3.10).

To describe smoothing properties of the process we state the following result.

Proposition 3.11. Under the assumptions of Proposition 3.10, for each bounded time
interval I = [—T,T) there is a positive constant N such that, with p as in (3.9), we have

A7 (U, T)A(D)]lnx) S Nt—7)77, 0<(<o<l+p, —T<7<t<T. (3.11)

For the proof of (3.11) we refer the reader to [26] (see also [15, Theorem 2.2]). To
obtain another smoothing property we will need the additional assumption

Vi4puse50Y7503e0% re(- 1 |AS () A™4(T) || L(x) < c. (3.12)
Proposition 3.12. If {A(t): t € R} is of the class LUS(Dx, X) and (3.9) holds, then

Vrs0Y 13¢5020, INs0V-r<r<e<r |AT(E)[U(t, ) — IdJA™(7) || p(x) < N(t —7)°.
1>¢—0>6>0

If (3.12) is also satisfied, then

VT>OV1+M>%>U>O,E|N>0V*T<T<t<T”Ag(t)[U(ta 7) = 1dJA(7)[lpx) S N(t— 7).
1>(—0o
(3.13)
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Proof. From [26, (1.53)] we infer that

Ul(t, T)A_C(T) = e(t_T)A(t)A_g(T) + /t elt=9)A) [A(s) — A(®)U (s, T)A_C(T) ds.

T

We next rewrite A% (¢)[U(t,7) — IdJA=¢(7) as a sum J; + Jo, where
Ji =A%)l AW —1d]A~¢(7)

and
Jo = / t A% (£)et=AM [A(s) — A(t)]U (s, 7) A () ds

Due to (3.9), (3.3) holds on any bounded time interval I and, assuming that {A(t): t €
R} is of the class LUS(Dx, X) and (3.9) holds, one obtains as in [26, §1.9, (1.59)] that

Viz¢c>e20Yr503e50Ye re -1 [AS () A~ (T) |1 (x) < e (3.14)

If1>(¢(>0c>0and0< 6 < (—0 <1, then with [21, Theorem 1.4.3] we can estimate
| J1v|lx by (1/8)er_s(t — 7)0|| Ao () A~ C( )v||x, which, via (3.14), can be bounded on
(=T, T] by (1/8)cer—s(t — 7)°||v]|x- .

If 14+pu > ¢ >0 >0 and (3.12) holds, then, choosing § = ( — o and using [21
Theorem 1.4.3], we estimate ||Jiv||x by

1

5115 1
55t =) AT AT ()] = o (ot =) T A () A7)l x,

which, via (3.12), is bounded on [T, T] by (1/(¢ — 0))cci—¢c4o(t — 7)577|v] x-
Consequently, by not assuming (3.12) we obtain that ||.J1[|rx) < (1/8)ce1—s(t — 7)°,

0 < § < (—o0, whereas by assuming (3.12) we obtain ||J1|zx) < (1/({ —0))cc1—¢qo(t —
T)¢e.
The integral J; is equal to

/ A7 ()" VAW (A(s) — A1) AT ()] A(s)U (s, 7) A (1) ds,

where by (3.2) and (3.9) we have
147 ()e =AW [(A(s) = AN AT (8)]llncx) < elt —5) 77 (t = s)".

Note that if 0 < ¢ < 1, we obtain from (3.11) that [|A(s)U(s,7)A™(7)|r(x) < (s —
7)¢7L, whereas if 1 + p > ¢ > 1, then A(s)U(s,7)A™¢(1) = A(s)U(s, 7)A™L(T) A =¢(7)
and

IAGs)U (5, 1) A~ (D) | x) < 1)U (5, AT (D) oo lA™(Dllex) < e,

as in this case

A=) = AV () = ﬁ / T g2 A g
- 0
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is a bounded operator and

- c =2 —as -
Ao < oy [ e ds = Cal .

¢ -
Since t and 7 vary in a bounded interval, we thus infer that for 0 < { < 1,

t

l2llnx) < 5/ (t—9s)" (s — 7')471 ds
<t =7 B(l+p—0,)
=éB(1+pu—a,0)(t—1)Ht—1)°°
< E(t - 7.){—0’

whereas for 1 +p > ¢ > 1,
t
|2l nixey < E/ (t—s)'7ds = é(t — 7)1 = é(t — 1) T (t— 7)) 77 et — 1),

Combining the above estimates, we obtain the result. |

Theorem 3.13. Suppose that {A(t): t € R} is of the class LUS(Dx,X) N BIP(X),
conditions (3.3) and (3.5) hold on each bounded time interval I C R, and {E,, « €
[0,1 4 po]} is defined as in (3.7). Suppose furthermore that

e (0,10 V75030501 r se -1 | (A(t) — A(T)AT(8) || (o) < Clt — T|*. (3.15)

Under these assumptions the following hold.

(i) There exists a continuous process {U(t,7): t > 7 € R} C L(Ey) defined by (3.10)
in Ey such that, given 7 € R and u, € Ey, the map [1,00) 2t — u(t) = U(t,7)u, €
EV is a classical solution of (3.10).

() Ut pmepy < ME—7)7,0< (<o <14p, ~T<7<t<T,
0,1 >

(ii)) U, 7) —1d||ppepy) < ME—7)"7, 14p>(>02>20,1>C(—0 >0,

-T<t<t<T,

where the constant M in (ii) and (iii) can depend on (, 0 and T' but does not depend on
t,7e[-T,T].

Proof. From Lemma 3.8 we obtain that {A(¢): t € R} is of the class LUS(Dg,, Ep)
with Dg, = E;. From this and (3.15) we obtain (i) by applying Proposition 3.10 with
X = E,.

Due to Proposition 3.11, for each bounded time interval I there exists N > 0 such that

A7 (U, T)A ()|l S NE—7)77, 0<(<o<l+4p, tel (3.16)
Since AS(7) is one-to-one from E, onto Ey, (3.16) can be rewritten equivalently as
|47 @OU ()l < N(E— 1) AP lmy, o € E,
and by (3.8) also as [|U(t,7)¢|lg, < M(t—7)"||¢|ls., ¢ € E¢, which gives (ii).

o
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Finally, by Corollary 3.9 we can use Proposition 3.12 with X = F; and obtain
from (3.13),

V150714155020, IN50Y—r<r<t<r [ A7) [U (8, 7) — IdJA™(7) || () < N(t—7)77.

1>(—0o
(3.17)
Inequality (3.17) can be rewritten equivalently as

1A” @)U (¢, 7) = 1d)¢llz, < N(t—7) 7| A(T)gllE,, 6 € Ex,

and by (3.8) also as |[U(t, 7)—1d]¢| g, < M(t—7)*"7||}| &, ¢ € E¢, which gives (iii). O

An equivalent form of (3.15) is expressed in the following proposition.

Proposition 3.14. Suppose that {A(t): t € R} is of the class LUS(Dx, X )NBIP(X),
(3.3) and (3.5) hold on each bounded time interval I C R and {E,, o € [0,1+ po]} is as
in (3.7).

Then (3.15) is equivalent to

A() e Cl

loc

(R, L(E1, Ey)).
Proof. For any bounded time interval I C R, (3.15) implies that
I(A@) = A(7)ollz, < Clt = 7|"[|A(8)0llm, and  [[A()dllz, < cl|Als)Pl z,

whenever ¢,7,s € I and ¢ € Dpg,. Due to (3.8), we then have ||(A(t) — A(7))d|lg, <
Clt — 7|"||¢||lg, for t,7 € I, which proves that A(-) € C*(I, L(Ey, Ey)). On the other
hand, if A(-) € C}..(I, L(E, Ey)), then, given a bounded time interval I, we have that
A() € C*(I,L(E1, Ey)). Combining this with (3.8), we obtain ||(A(t) — A(7))Y||g, <
Clt — 7*|1vllg, < Clt —7|*|A(s)Y||g,y, t, 7,5 € I, € Ej. Letting ¢ = A~ (s)¢ we
obtain (3.15). O

Under the assumptions of Theorem 3.13, both Theorems 1.6 and 1.7 apply provided
that the required assumption on F holds. In applications we often have some vq € (0, 1)
such that for each bounded time interval I C R and B bounded in F;. thereisac >0
such that

1E(t,v) = F(s,w)llg, < c(|t = s + v —wlg,.), tsel, v,weB.  (3.18)

Then the Fj.-solution will have the properties of a classical solution; see Proposi-
tion 3.15.

Proposition 3.15. Suppose that {A(t): t € R} is of the class LUS(Dx, X)NBIP(X)
and that (3.3) and (3.5) hold on any bounded time interval I. Assume also that (3.15)
and (3.18) hold and that F' is of the class L(e, p,7(¢),n, Cy) relative to {E,, a € [0,1+
w)}, where the E, are as in (3.7).

Then {A(t): t € R} is of the class LUS(Dg,, Ey) with Dg, = E; and Theorems 1.6
and 1.7 apply. The unique E  .-solution, u = u(-, 7, u, ), is of the class C*((7, 7+ 0], Eo),
u(t) € Dg, fort € (1,7 + 0] and u(t) + A(t)u(t) = F(t,u(t)) for each t € (1,7 + dg].
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Proof. By Theorem 3.13, we know that Theorems 1.7 and 1.6 apply. Hence, there
is a unique F4.-solution of (1.1), v = u(-,7,u,) and u € C}, ((0,Ty, ), E14) for some
v € (0,1). The last property and (3.18) yield that F(-,u(:)) € CZ.((0,Ty,),Ep) for

loc

o = min{vy, v}. The result now follows as in [23, §5.7, Theorem 7.1] and [15, §2.3]. O

Remark 3.16. Under the assumptions of Proposition 3.15, following [30, Theo-
rem 3.10] and letting 717 ((7, 7 + o], Eo) as in [30, p. 5], we have for the E1.-solution
u=u(-,7,u;) of (1.1),

ACYu() € C((r, 7 + 6o), Fo), %u(-) € FL9((r, 7+ o), o).

4. Applications

In what follows we show how the abstract results apply in sample problems.

4.1. Non-autonomous wave equation with structural damping

In this example, following [11-13,16], we consider the initial boundary-value problem
of the form:

Ugt + n(t)(—A)l/Qut +rvu + (—A)u = f(t,u), t>1, x € .Q,} (4.1)

u(t,x) = ur(x), € 2, w(r,z)=v.(x), x€ 2, up,,=0,

where (u,,v,) € Hi(£2) x L?(£2) and —A is the negative Dirichlet Laplacian in L?(RY).

Assumption 4.1. Suppose that (2 is a bounded smooth domain in RN, N >3,v >0
and

neCt

loc

(R, (0,00)) for some u € (0,1]. (4.2)

We remark that due to (4.2), given any bounded time interval I C R, there are con-
stants k1, k2 > 0 such that n(t) € [k1, ko] for each ¢ € I. Letting v = 4, we rewrite (4.1)

in the form
= F(t, “} ) t> T, M - ["T] , (4.3)
v v),_ Uy

where A(t) and F(¢,[%]) can be viewed in matrix form as

U _ 0
)] e

and f¢ denotes a Nemitskii operator associated with f.
In this example we set X = H}(2) x L3(2), Dx = (H*(2) N H(2)) x H(N)
and, referring to [14, proof of Lemma 1 (iii)] and [11, Proposition 1], we conclude that

d

dt

NEY

v

0 —I

AD=1_A  p(-a) 2 +u1

https://doi.org/10.1017/5001309151400039X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151400039X

44 A. N. Carvalho, J. W. Cholewa and M. J. D. Nascimento

{A(t): t € R} is of the class LUS(Dx,X) N BZP(X). Furthermore, for any t,s € R we
obtain

Hence, for any bounded time interval I, we obtain the counterparts of (3.3) and (3.5):

ApA™! = ¢ < (1 + 2ky),
T l(n(s)n(t))(A)l/%er S+
A1 Al — —A)1/
sup [AT@AD |y = sup  sup ||| © T E —7DEA) ””’] < (14 263).
e D= X

Let {Z* « > -1} be the extrapolated fractional power scale generated by
(L2(£2),—A). As in (3.7), choosing ap = 0 we define the spaces E,, a € [0,2]. Due
to [11, Theorem 2]:

B, =Yt () = 292 5 z(e=D/2 o € 0,2].

By (7], Z7*(t), « € (0,1), is viewed as the completion of (L*(£2),[[(=A)"* - ||2(0))-
With this set-up, we observe that

A()) € C} (R, L(E1, Eo)) with Ey = Hj(2) x L*(2) and Ey = L*(2) x H™(£2),
(4.5)
where p is as in (4.2) because, given t,s € [-T,T], we have
sup  ||[[A(t) — A(s)] (ﬂ =n(t) —n(s)|  sup  [[(~A)V2) 51 <t — "
211, - ool 211, -
Ylllg, ° RN

Due to Proposition 3.14, (4.5) is equivalent to (3.15) and we can apply Theorem 3.13.

Proposition 4.2. Suppose that Assumption 4.1 holds and let E, = Z%/? x Z(@=1)/2
for a € [0,1 + p), where p is as in (4.2).
There then exists a continuous process {U(t,7): (t,7) € R?, t > 7 € R} C L(Ep) in

Ey = L*(2) x Hy '(2) associated with
v Cl P

and {U(t,7): (t,7) € R%, t > 7 € R} enjoys the smoothing properties (1.2) and (1.3).

0 -1

TIZA ) (=AY 2 4T

v
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Remark 4.3. Besides (4.5) we also have that A(-) € Cf' (R, L(E3, E1)) with E, =

H2(2)N HY(N2) x H}(2) and By = H(2) x L?(2) as whenever t,s € [-T,T], (4.2)

yields
¢
swp A0 =A@ [0 =IO =0 s I-A) Pl < clt =l
g1, 2 11811,
Yllig, Y llig,
Assuming that N > 3 we now define
_N+2
Pc = N_2
which in this example plays the role of a critical exponent for initial data in HE(£2) x

L2(Q).

Remark 4.4. To keep the notation short, we adapt the Landau symbols O(p) and
o(p). We will write h(t,x,s) = O(¢(s)) if, given a bounded time interval I, |h(¢,z,s)| <
cle(s)] for some ¢ > 0 independent of s € R, x € 2 and ¢ € I. We will write h(t, z,s) =
o(i(s)) if, given a bounded time interval I, lim|s_ [A(Z, 2, 5)|/¢(s) = 0 uniformly with
respect to x € 2 and t € I.

Proposition 4.5. Suppose that N > 3, f € C(R? R) has partial derivative f! €
C(R xR,R) and E, = Z%/? x Z(@=Y/2 for a € [0,1 + ), where p is as in (4.2).

(i) If fi(t,s) = O(cy +n|s|P~t) for some n > 0 and p € (1, p.), then the map F(t,[%])
in (4.4) is of the class L(e, p,v(€),n,Cy) relative to {E,, « € [0,1+4 p)} and is
subcritical.

(ii) If fi(t,s) = O(cy + n|s|P<~!) for some n > 0 and (i) does not apply, then the map
F(t,[%]) in (4.4) is of the class L(e, p,7y(¢),n,Cy) relative to {E,, a € [0,1+ p)}
and is critical.

(iii) If f1(t,s) = o(|s|?e=1) and (i) does not apply, then F(t,[%]) in (4.4) is of the class
L(e,p,v(€),n,Cy) relative to {E,, o € [0,1+ p)} and is almost critical.
Proof. Parts (i) and (ii) follow in a similar manner to that found in [11, Lemma 3 and

Corollary 2]. Also, (iii) can be proved analogously to [13, Lemma 3.1 and Corollary 3.1].
We thus omit the details. g

Corollary 4.6. Suppose that Assumption 4.1 holds and let E, = Z*/? x Z(e=1/2 for
a € [0,14 1), where p is as in (4.2). Suppose also that the assumptions of Proposition 4.5
are satisfied; in particular, f.(t,s) = O(c, + n|s|?<=1) for some n > 0.

Then Theorem 1.7 applies and, given 7 € R, [47] € H}(2) x L?(2), (4.1) has a unique
E1ic-solution [4] = [4](-, 7, [v7]) defined on the maximal interval of existence [, T, ..).

With an assumption on f as in Lemma 4.7, there will be a functional decreasing along

(17 17 D),

w1 _ 1 2 1 1/2 2 “ w1
== 2 SI(=A 200y — E.
E( wgl ) slwallzz o) + 5I(=A) w720 /QA f(s)dsdz, [wzl S
(4.6)
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Lemma 4.7. If f does not depend on t, that is, f = f(u), then L in (4.6) takes bounded
subsets of Fy into bounded subsets of R and, given the Ey.-solution [ ] of (4.3) on the
interval I, L([%]) is non-increasing for t € I.

If \1 denotes the first positive eigenvalue of the negative Dirichlet Laplacian in L?({2)

and
lim sup @ < A, (4.7)

|s|—o00

then L is also bounded from below and, for some constants dy,ds > 0,

[} L), el

Proof. Multiplying the first equation in (4.1) by v = u;, we have

> + ds. (4.8)

d u
— £

dt( ( v
which yields that £([%]) < L£([»7]) as long as the solution exists. On the other hand,
using (4.7) we obtain that — [, [i"* f(s)dsdz is bounded from below by —((A\; —

0
8)/2)[lw1 |72y — Ns|$2| for some N5 > 0 and § > 0 small enough. Consequently,

)) = —n()I(=2)"*0)|22 (o) = vlIvllFa (o) <O,

w 1) w
ﬁ( l 1] ) > TMH(*A)U?le%Z(Q) + %||w2||%2(9) — Ns|£2], ‘e,

w2

and the result follows easily. This proves (4.8) for smooth solutions, that is, for solutions
with smooth initial data that can be obtained with [26, Theorem 7] due to Remark 4.3.
With (1.11)p=¢ (see Remark 1.9 (iii)) it then extends to Ej.-solutions and the proof is
complete. O

Theorem 1.10 now leads to the following conclusion.

Corollary 4.8. Suppose that Assumption 4.1 holds and assume that f € C'(R,R)
does not depend on a time variable, (4.7) is satisfied and f.(s) = o(|s|Pe~1). Then, given
7 € Rand [}7] € By = H}(2) x L?(02), there exists a unique global Ej.-solution
of (4.1).

Suppose finally that we have f/(s) = O(1 + |s|?<™1) but not fI(s) = o(|s|*<~!). Note
that (1.15) is rather difficult to verify, as an F;.-estimate remains unknown. Nonethe-
less, since we know (4.8) and, in addition,

(=) 720+ (t)o + v(=A) 20+ (=) Pu = (=A) T2 f(w),

we infer that u € WbH((0,T,. ..), L3(2)), « € WHL((0,Ty. ».), H*(£2)) whenever
Ty, v, < oo and the map

u(t, ur,vr)

Ey=L*2) x HYN
ot oy | € o= P2 < HTH(®)

0,Ty, v.) >t — l
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is uniformly continuous (see [10, Theorem 1.2.2]). Thus, (1.22) and (1.23) hold and
Theorem 1.12 applies.

Corollary 4.9. Suppose that Assumption 4.1 holds, f € C*(R,R) does not depend
on a time variable, f.(s) = O(1 + |s|P<=1) and (4.7) is satisfied.

Whenever 7 € R and [,7] € Ey are such that T, ,  Is finite, there exist an a €
(Tu., v.,00| and an extension U : [1,a) — E4 of a maximally defined E.-solution of (4.1)
such that U is a piecewise E14.-solution on [1,a) and a = oo or a is an accumulation
time of singular times.

4.2. Non-autonomous parabolic problems

Given
Alt) = (=)™ > ao(t,z)D°, teR, z €, (4.9)
lo|<2m
Bj= Y bl(x)D°, wherej=1,...,m,m;€{0,1,...,2m 1}, x € 02,

lo|<my;

and, adapting the notion of a regular parabolic initial boundary-value problem, we say
that {(A(t),{B,}, 2,012), t € R} is of the class RPZBVP of regular parabolic initial
boundary-value problems of order 2m if (A(t),{B;}, 2,002, «) is a strongly a-regular
elliptic boundary-value problem of class C° and order 2m for every t € R as in [3, p. 655]
and, in addition,

there exists p € (0, 1] such that for each bounded time interval I C R

and for any |o| < 2m the map I >t — a,(t,-) € C(2,R) is of the class
CH*(I,C(£2,R)); in addition, whenever || = 2m, the modulus of continuity
of the maps 2 3  — a,(t,7) € R can be chosen uniformly for ¢ € I.

(4.10)

We will next consider spaces H,({2) as in [28]. For p = 2 they are Hilbert spaces and
will be denoted by H?*({2). Following [28] we also define

Hp (5,1 (2) ={¢ € Hy(12): Vie(j: my<s—1/p}Bid)y, = 0}.

Assuming that {(A(t),{B,},2,0£2), t € R} is of the class RPZBVP, we have the
estimate

lellzzm ey < ¢ (AB@llr2) + 0llr2)s ¢ € HY g, (2), teT, (4.11)

where I C R is an arbitrarily chosen bounded time interval. We emphasize that ¢* > 0
actually depends on {2, m, N, p, a, the moduli of continuity of the top order coefficients
of A(t) with t € I, the coefficients of boundary operators B; and certain constants
related to the notion of a-regular elliptic boundary-value problems, which are specified
in [3, Theorems 12.1] (see also [1,2]). Thus, the constant ¢* in (4.11) is independent of ¢
in a bounded time interval I C R.
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We remark that, due to (4.9), (4.10) and properties of the H2™(£2)-norm, we also have
JAWB el Loy < cellellmzm@)y, ¢ € Hy™(Q2), tel, (4.12)

where ¢, depends on £2, m and L>(I,C(£2,R))-norms of coefficients of A(t).
With the above set-up, we consider the 2mth-order problem

w4+ (=1)™ Z D%(ag c(t,x)D*u) = f(t,z,u), t>7, 2€ 2 CRY,
€l ICI<m (4.13)
Byu=---=Bp_1u=0 ondR, u(r,z)=u(z), x€ .

Letting

Atyu= (=)™ Y D%ac(t,z)Du),
& I¢lsm

we summarize the conditions on (4.13).
Assumption 4.10. N > 2m, 2 C RY is a bounded C*™-domain, the coefficients
agc(t,) € C™(,R) (|¢] < m, [¢| < m) of A(t) are such that the maps I > t —

DPag ¢(t,-) € C(£2,R) (|8] < m) belong to the class C*(I,C(£2,R)), and after rewriting
A(t) in the form (4.9), we have that {(A(t),{B;}, £2,02), t € R} is of the class RPZBVP.

Assumption 4.11. All A(t) are self-adjoint in L?({2) and, given a bounded time
interval I,

(A)d, §) 122y = s:llllT2(2)s tET, (4.14)
where s, > 0 can depend on I but not ont € I.

Proposition 4.12. Suppose that Assumptions 4.10 and 4.11 hold and

(H2 (2)), a=0,
E, - (L2(02), Hig y(Dh-a)', @ €(0,1), (415)

L?(92), a=1,

[L2(02), HiE (a1, a € (L,1+p).

There then exists a continuous process in Fo = (H fgj}(()))' associated with

w+At)u=0, t>7, xc2CRY,
Bou=--=Bp_u=0 ondR, wu(r-)=u, € L),

and possessing smoothing properties (1.2) and (1.3).

Proof. We will ensure that Theorem 3.13 applies with X = L2?(2) and Ey =
(12 (Q))

As in [17, Proposition 1.3.3] we get ||(A — A(t))¢||x > 27'/?|\ — s.| whenever ¢ €
H%Bj}(ﬂ), t € I, Re(A\) < s,. From this we conclude that {A(¢): t € R} is of the class
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LUS(Dx,X). Since purely imaginary powers are unitary operators, {A(t): ¢t € R} is of
the class BIP(X).

We now fix a bounded time interval I C R and concentrate on points ¢t € 1.
Using (4.14), Schwartz’s inequality and (4.11) we obtain, with s, as in (4.14),

lellmzm o) < 1+ siIAWB) N2y, v € HiE (), tel. (4.16)

Next, to obtain (3.3) we apply (4.12) with p = 2, o = A71(s), ¥ € L?(§2), and
use (4.16) with t = s and ¢ = A71(s)e to conclude that
A A (8)¢[| L2 () < cull AT (8) Yl 2m (2
e’ (L+ s )Pl 2y, ¢ € LX), t,sel.

In the proof of (3.5) we adapt the idea of [6, Remark 6.6 (c)]. Since (from above) we
have sup; .c; [|A(s)A™1(t)]| (r2(2)) < N, using this and self-adjointness of the operators
we obtain

{0, AT O A()Y) 12| < Nl 2 IWll2(), & € L2(2), ¥ € H{E,(2), t,s e 1.

This ensures that the set {A"'(t)A(s)y:t,se€l, ¥ EHfg}( )s IllL2@ny < 1} s
bounded in L*(£2), and hence ||A=1(t)A(s)| L(12(2)) < & where & > 0 does not depend
ont,sel.

Letting g = 0, we define next spaces E,, a € [0,1 4 po] = [0,2] as in (3.7), that are
characterized as in (4.15). To ensure that

A()ect

loc

(R, L(E1, Ep)) with Ey = L*(2) and Eo = (H{g ,(2))", (4.17)

/ BIA(L) — A(s))w

fort,s € R, ¢ € L2(RY). Hence, given t and s in a bounded time interval I and using (4.9)
and (4.10), we obtain

sup [|[A(t) = A(s)]¢] 5
l¢llz, =1

observe that

1A®) = Als)ollmzg 2y =

” ||H2m (Q)_l

sup
lollL2(2y=1 I¥]l Hom =1
L2(2) HYE ()

| ota - A<s>>w\

< sup sup Y llao(t,) = ao(s,Mlo@m |92 DY p2(a)
”¢HL2((1):1 HwHH%gV}({)):l |o\§2m
J
< cft — ™.
We can now apply Theorem 3.13 to get the result. |
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Remark 4.13. Besides (4.17), we also have A(-) € C{ (R, L(E>, E1)) with Ey =

H{lej}((l) and E; = L%(£2) as, by (4.10), whenever ¢ € FEy, s and t vary in a bounded
time interval I,
I(A®t) = Aol < llaa(t,”) = ao(s, Mo D I1D7dls <It—sl"ll¢] 5.

lo|<2m

We now consider a nonlinear term, where we use the Landau symbols O(y) and o(p)
as in Remark 4.4. For (4.13) with initial data in L?(2), the role of a critical exponent is

played by
_ N +4m

pe=—1

Proposition 4.14. Assume that f, f, € C(RN*2 R), let E,, a € [0,1 + p), be as
in (4.15) and let

N > 4m. (4.18)

(i) If fi(t,z,8) = O(cy +nls|P~1) for somen > 0 and p € (1, p.), then the map F(t,u)
in (4.13) is of the class L(e, p,(e),n, Cy) relative to {E,, a € [0,1+ p)} and is
subcritical.

(ii) If fi(t,z,s) = O(cy+n|s|P<~) for some n > 0 and (i) does not apply, then the map
F(t,u) in (4.13) is of the class L(e, p,v(€),n,Cy) relative to {E,, a € [0,1+ p)}
and is critical.

(iii) If fi(t,z,s) = o(|s|’<!) and (i) does not apply, then F(t,u) in (4.13) is of the
class L(e,p,v(€),n,Cy) relative to {E,, o € [0,1 4+ p)} and is almost critical.
Furthermore,

(iv) parts (i)—(iii) hold with € > 0 as small as we wish. Actually, whenever t varies in a
bounded time interval I C R, there exists a certain ¢ > 0 such that

IE(# )l < et +lIolE,), € Er (4.19)

Proof. Note that when restricting the time variable ¢ to a bounded time interval I,
one needs to show that there are constants ¢ > 0, C;, > 0 and € € (0,1/p), € < p,
pe < v(g) < 1 such that

p—1

-1
Eiye h )7

|E(t,v) — F(t,w)| g B v,w € FBy..

(4.20)
We now describe admissible triples (p, e, v(¢)) for which (4.20) holds and prove that the
map F' is indeed critical for p = p., while it is subcritical for p € (1, p.).

Observe that due to (4.15) we have

< cllo —wllg,, (Cy +nllollg,,. +nllwl

v(e)

N
E1+6 — LS(Q)a €€ [O,,LL), 2me — 5 2 - S 2 27

2N
N +4m(1 — ~(g))

where 2N/(N + 4m(1 — ~(g))) > 1 provided that vy(g) > (4m — N)/4dm =: 7.

(4.21)
Eyo) < L7(2), ~(e) €[0,1),

<o<K2 0>1,
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By (4.21), [|[F'(t,v)—F(t,w)| £,., is bounded by &[|F(t,v) = F(t, w) || 2n/(x+ama -~ ()
and whenever f.(t,z,s) = O(c, + n|s|’~!) we have

|F(t,v) = F(t,w)| g, <élllv—w|(cy+nlv/’"" +nlw/’™ ") p2n/vrama—en (o). (4.22)

(&)

Applying next Holder’s inequality with ¢ = (N +4m(1—~(¢)))/(N —4me) and ¢ = (N+
4m(1—~(¢)))/(4m(1 —~(e) +¢)), recalling the embedding H?™= () « L2N/(N=4me) ()
and assuming that

H?™(0) < LN(p—l)/(Qm(l—’Y(E)""E))(0)7 (4.23)
we obtain
IE(t,v) = F(t,w)ls,.,
< v — 'LU||L2N/(N—4rn,5)(Q) ||Cn + 7]|U|p71 + 77|w|”*1 |15 /2ma—~e)+2) (£2)
< dllv = wllg,, (Cp +allollf,,. +nllwlf ), v,w e Bige, (4.24)

where (4.23) requires that

(dme —N)(p—1)+4m(1 +¢)
4m

> () > 2m(1 4+ E)Q;N(p -1 —iy. (425)

yi=

We remark that ¥ > 4 and that for p € (1,1 + 4m/N] and € > 0 we have ¥ > v and
7 = ep. We also have 1 > 7 if € € (0, N(p — 1)/4mp). ;

The above ensures that any triple (p,e,7(¢)), where p € (1,1 + 4m/N], ¢ €
(0, min{p, N(p—1)/4mp}) and y(e) € [pe,¥]N[max{0,v}, 7N (7,7] =: Z(¢) is admissible.

For any admissible triple (p, e,7(¢)), (4.25) implies that p < (N 4 4m — 4m~y(e))/(N —
4dme), and since v(e) > pe, we have p < (N + 4m — dmpe) /(N — 4me), which holds if
and only if p < (N 4+ 4m)/N = p.. Thus, p = p. cannot be attained for v(¢) > p.e, and
therefore p = p. necessitates that v(e) = ep.. Note that ¥|,—,, = epq, that is, for p = pc
we have Z(g) = {ep.}. This completes the proof of (i) and (ii).

Note that having | f'(t,z,s)| < O(c, + n|s|f<~!) for each n > 0, we obtain (4.20) for
any n > 0, which leads to (iii).

In describing admissible triples, we have already ensured that ¢ > 0 can be chosen
arbitrarily close to zero. Actually, we also have
c

”F(t?U) - F(t’O)HEo

|F'(t,v) = F(t,0)[| pon/oveam ()

<
< llfvl(ey +nlol* =Dl p2sovram (),

which leads to (4.19) as L?(2) < L2Ne/(N+4m)(0) for p € (1, pe). O

Remark 4.15. Note that by not assuming (4.18) in Proposition 4.14, we may not
have (i)—(iii) satisfied for € > 0 arbitrarily small, as stated in (iv) (see [18, §3.1] for a
similar proof).

Corollary 4.16. Suppose that Assumptions 4.10 and 4.11 hold and the spaces E,,
a € (0,14 ), are as in (4.15). Suppose also that the assumptions of Proposition 4.14 are

https://doi.org/10.1017/5001309151400039X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151400039X

52 A. N. Carvalho, J. W. Cholewa and M. J. D. Nascimento

satisfied; in particular, f.(t,z,s) = O(c, + n|s|’<~') for some n > 0. Then Theorem 1.7
applies and, given any 7 € R, u, € L?(2), the initial boundary-value problem (4.13)
has a unique E;.-solution w = u(-,7,u,;) defined on the maximal interval of existence
[7,Tu.)-

We now derive an L?({2)-estimate of the solutions.

Lemma 4.17. Suppose that

sf(t,z,s) < C(t,x)s* + D(t,z), t€R, x €, (4.26)
for some C' € L° (R x RN R) and D € L (R, L'(£2)).
Ifr € R, u, € L3(2), T € (1,00) and an Ej.-solution u of (4.13) exists for t € [, T),
then
||u(t77-7 UT)H%Z(]RN) < g(T’ ||uT||L2(Q)7T)7 te [T’ T)v (427)

where g: R x [0,00) x (0,00) — [0,00) is a certain continuous function.

Proof. We restrict the time variable to [r,T") here, which allows us to choose the

constant s, such that (4.14) holds uniformly for ¢ € [r,T). We also define C* :=
SUP(¢,2)e[r,T)x 2 2|C(t? ZL’)|
From (4.13), (4.14) and (4.26) we obtain for any A € (0, s,) an estimate of the form
1d 2 * 2
S ltlza(e) + (55 = C)llu)Z2(0) < IDE )iy, telnT).

Solving the above inequality we get
t
lu(®) 17200y < llurllFzqoye ¢ )+2/ ID(s, )| i@y 29" ds,  te[r,T).

This proves (4.27) for smooth solutions, that is, for solutions with smooth initial data,
which can be obtained with [26, Theorem 7] due to Remark 4.13. With (1.11)p—¢ (see
Remark 1.9 (iii)) it then extends to Ej4c-solutions, which completes the proof. O

Theorem 1.10 now implies the following result.

Corollary 4.18. Suppose that the assumptions of Corollary 4.16 and Lemma 4.17
hold.

If fi(t,x,5) = o(|s|P<~1), then, given any T € R and u, € L*(£2), a unique E .-solu-
tion of (4.13) exists globally in time.

Proof. With a finite maximal time of existence (i.e. T,,, < oo0) we would have
sup(, 1, y llu(t, 7, ur)|[L2@y) < oo (see Lemma 4.17) and Theorem 1.10 (i) with Ey =
L?(£2) would lead to a contradiction. O

In the critical case p = p., some better estimate of the solutions can be sometimes
obtained if additional conditions are imposed on (4.13). For example, in the autonomous
case, an H'!(§2)-estimate can be found as in [29]. Also, if m = 1 and the maximum
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principle applies, then an L% ({2)-estimate may be known. However, without any such
specific assumption, the estimate of the solutions of (4.13) in the F;4.-norm, needed to
apply (1.15), remains unknown. On the other hand, Theorem 1.12 will yield the existence
of a piecewise Fj.-solution on some larger time interval than the maximal interval of
existence of the F;.-solution.

Lemma 4.19. Suppose that the assumptions of Corollary 4.16 and Lemma 4.17 are
satisfied.

Ifr € R, u, € By = L*(2) and T,,. < oo, the map [1,T,,) >t — u(t) € Ey =
(H{Qg}((}))’, where u Is a F14.-solution of (4.13), is uniformly continuous.

Proof. From (4.13) we infer that

lwe Ol zm () < NAQuE) | (H2m (2 + £ (T "U)H(Hfgj}(n))u te(r,Tu,).

{B;} {B;}

Since

||A(t)u||(H§g5j}(n)f) = sup

14112 =1 lol<2m
HiE; D

/ uA(tw\ < Nu®llz max ao(t, Ve,

by (4.10) and (4.27) we get

||A(75)U||Loc((T,TUT),(Hggj}(Q))/) < eg(7 lur |l L2(@)s T, )-
From (4.19), || f(¢, -,u)||(H%gL_}(Q)), is bounded by a multiple of (1 + ||u(t)||2°2(m), and
hence, by (4.27), ’

Il f(t, 'au)HL‘”((T,TUT),(H{zgj}(ﬂ))/) < (14 [g(7, lurllz2(2), Tu, )]7°)-

The above estimates ensure that u(-, 7,u,) € WHi((r,T), (Hfgj}(ﬂ))/) and the proof
is complete (see [10, Theorem 1.2.2]). O

Theorem 1.12 and Lemmas 4.17 and 4.19 now lead to the following conclusion.

Corollary 4.20. Suppose that the assumptions of Corollary 4.16 and Lemma 4.17
hold.

Whenever 7 € R and u, € L?({2) are such that T, < oo, there exist an a € (T, , )]
and an extension U of the maximally defined Ey.-solution of (4.13) such that U is a
piecewise Ey.-solution on [r,a) and either a = oo or a is an accumulation time of
singular times.
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