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Abstract

Let G/K be an irreducible symmetric space, where G is a noncompact, connected Lie group and K is
a compact, connected subgroup. We use decay properties of the spherical functions to show that the
convolution product of any » = r(G/K) continuous orbital measures has its density function in L*(G)
and hence is an absolutely continuous measure with respect to the Haar measure. The number r is
approximately the rank of G/K. For the special case of the orbital measures, v,,, supported on the
double cosets Ka; K, where a; belongs to the dense set of regular elements, we prove the sharp result that
Va, * Va, € L?, except for the symmetric space of Cartan class Al when the convolution of three orbital
measures is needed (even though v,, * v,, is absolutely continuous).
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1. Introduction

Let G be a real, connected, noncompact, semisimple Lie group with finite center, and
K a maximal compact subgroup of G. The quotient space, G/K, is a symmetric space
of noncompact type, which we also assume to be irreducible. For a € G\Ng(K), we
let v, denote the K-bi-invariant, orbital, singular measure supported on the compact
double coset KaK in G. The smoothness properties of convolution products of these
orbital measures has been of interest for many years and is related to questions about
products of double cosets and spherical functions. Ragozin, in [21], proved that for
r > dim G/K, the convolution product measure, v,, * - - - * v, , is absolutely continuous
with respect to any Haar measure on G; equivalently, its density function is a compactly
supported function in L!(G). This was improved in a series of papers, culminating with
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2] Smoothness of orbital measures 189

[8, 13], where r was reduced to either rank G/K or rank G/K + 1 depending on the Lie
type. See [11] for a good history of this problem.

For the special case of regular elements, a;, it was shown in [2] that the density
function of v, *---*v, belongs to the smaller space of compactly supported
functions in L*(G) for r > dim G/K + 1. The decay properties of spherical functions
and the Plancherel theorem were used to prove this. In this paper, we develop a more
refined analysis of the decay properties of spherical functions, using the classification
of these symmetric spaces in terms of their restricted root systems, to significantly
improve this result. This analysis allows us to both extend the L? result to convolutions
of all orbital measures v, for a ¢ Ng(K), as well as to reduce the number of convolution
products to approximately rank G/K; the precise values are given in Section 4 and
depend only on the Lie and Cartan types of the symmetric space. In the special case
of convolution products of orbital measures at regular elements, we prove that r = 2
suffices, except for one symmetric space (Cartan class Al of rank one), where r = 3 is
both necessary and sufficient. This latter fact shows that, unlike the situation for the
analogous problem in compact Lie groups and algebras, it is not true that vX belongs
to L? if and only if V£ is absolutely continuous (where the exponent means convolution
powers). The decay properties are also applied to study the differentiability of orbital
measures.

2. Notation and basic facts

2.1. Lie algebra setup. Let G be a real, connected, noncompact, semisimple Lie
group with finite center and let K be a maximal compact subgroup of G fixed by the
Cartan involution 6. We assume that G/K is irreducible. The quotient space, G/K, is a
symmetric space of noncompact type III in Helgason’s terminology [19]. Letg =t ® p
be the corresponding Cartan decomposition of the Lie algebra g of G, where t is the
Lie algebra of K and p is the orthogonal complement of t with respect to the Killing
form of g. We fix a maximal abelian (as a subalgebra of g) subspace a of p and let a*
denote its dual. The rank of G/K is the dimension of a. If we put A = exp a, where
exp : ¢ — G is the exponential function, then G = KAK.
The set of restricted roots, @, is defined by

®={aea:g, #0},
where g, are the root spaces. The multiplicity of the restricted root « is denoted
m, = dim g,,.

The subset of positive restricted roots is denoted ®*. The set ® is a root system,
although not necessarily reduced, as it is possible for both @ and 2« to be in ©.

Take a basis B for a* consisting of positive simple roots and let a™ be the elements
H € a with a(H) > 0 for all @ € 8. Similarly, let D C a be the dual basis to B and let

at={hea": MH) > 0forall H € D}.
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We have a* = |, ey w(a**) for W equal to the Weyl group, with a similar statement
holding for a.

Consequently, G = Kexp a*K. Indeed, given any g € G, there are a pair ki, k, € K
and a unique X, € a* such that g = ki(exp Xg)k,. We can thus view A € a* as also acting
on g € A by setting A(g) = MX,).

The symmetric spaces can be classified by their Cartan class and the Lie type of
their restricted root system, these being one of types A,, B, C,, BC,, D,, (the classical
types) or Gy, F4, Eg, E7, Eg (the exceptional types), the subscript in all cases being the
rank of the symmetric space. We remark that for types B, and C,, we may assume
that n > 2, as the symmetric spaces of Lie types B; and C; are isomorphic to type
A;. Similarly, with D,, we may assume that n > 4. For more details, please see the
appendix.

For further background on this material and proofs of the facts stated above we refer
the reader to [18-20].

2.2. Orbital measures. Next, we introduce the orbital measures of interest in this
paper. We let dm denote normalized Haar measure on K.

DEFINITION 2.1. Let a € A. By an orbital measure on G, we mean the measure
denoted v, defined by the rule

ff(g)dva(g)=fff(kmkz)dm(kl)dM(kz)
G K JK

for all continuous, compactly supported functions f on G.

The orbital measure v, is the K-bi-invariant, probability measure supported on the
compact, double coset KaK C G. Orbital measures are always singular with respect to
Haar measure on G and they are continuous measures (that is, have no atoms) when
a ¢ Ng(K), the normalizer of K in G.

It is a classical problem to study the smoothness of convolution products of
continuous orbital measures. Some of the earliest work was done by Ragozin in [21],
who showed that v,, * --- * v, is absolutely continuous if and only if the product of
double cosets, Ka;Ka, - - - Ka,K, has nonempty interior in G. He, then, used geometric
arguments to prove that the latter statement was true whenever r > dim G/K. Using
algebraic methods, this was subsequently improved to r > rank G/K + 1 by Graczyk
and Sawyer in [8], who also showed that this was sharp in the case of noncompact
symmetric spaces with restricted root systems of type A,. Inspired by Graczyk and
Sawyer’s work in [9, 10], in [13] the authors proved that » > rank G/K is the sharp L'
result for all the classical noncompact symmetric spaces except those of type A, and
characterized precisely which convolution products are absolutely continuous for the
classical types.

2.3. L'-1? dichotomy. Similar smoothness questions have been explored in a
number of related settings, including K-bi-invariant measures supported on double
cosets in compact symmetric spaces G/K, invariant measures supported on conjugacy
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classes of compact Lie groups or Ad-invariant measures supported on adjoint orbits
of compact Lie algebras. In the case of compact Lie groups and algebras, the authors
in [12, 14] used a combination of harmonic analysis and geometric arguments to show
that convolution powers of such measures belong to L' if and only they belong to L2,
and determined the sharp exponent for each such measure. In contrast, in [3], it was
shown that this dichotomy fails to hold in the compact symmetric space SU(2)/SO(2).

The harmonic analysis approach to the L? problem for compact Lie groups involved
studying the rate of decay of the characters of the group and applying the Plancherel
theorem. For symmetric spaces, the analogous approach is to study, instead, the decay
of the spherical transform. We recall the definitions of the spherical function and
spherical transform.

DEFINITION 2.2. The spherical transform of a compactly supported measure v on the
noncompact Lie group G is defined by

Wmiﬂmfmmx

where ¢, is the spherical function corresponding to A € a* given by the expression

¢i(g) = fK exp((ih — p)H(gk)) dm(k).

Here p is half the sum of the positive roots and H is the Iwasawa projection; that
is, H(gk) is the unique element in a such that gk € K exp H(gk)N, where N is a Lie
subgroup of G with Lie algebra n =3 ,cq+ 8a-

This formula for the spherical function can be found in [19, Ch. IV, Theorem 4.3],
where it is also seen that ¢) = ¢, forallw € W and A € a*.

From the definition of orbital measures it is easy to see that v;(\) = ¢y(a”!), while
in [2] it is shown that

Oy -5 v ) = [ [ iy,
i=1

A version of Plancherel’s theorem holds in this setting. For the remainder of the
paper, ¢ = c¢(\) is the Harish-Chandra ¢ function and dA denotes Lebesgue measure
ona*.

THEOREM 2.3 (Plancherel, see [19, Ch. IV, Theorem 9.1]). The K-bi-invariant
measure y belongs to L*(G) if and only if

|M@®5ﬂwmmmﬁﬁ<m

COROLLARY 2.4. The k-fold convolution product of the orbital measure v, belongs to
L*(G) if and only if |pr(@)/*lc(MI™" € L*(a®).

It is known that the spherical functions have good decay properties. To explain, it is
helpful to introduce further terminology and notation.
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DEFINITION 2.5.
(i) Givena € A (or a € a), by the set of annihilating roots of a we mean the set
O(a) ={a € ©: a(a) = 0}.

Put ®*(a) = ®(a) N ®*. By (®*(a))° we mean the complement of ®(a) in ®*,
that is, (®*(a))° = {a € ®* : a(a) # 0}.

(i) If ®(a) is empty, the element a is called regular. If a is regular, we call v, a
regular orbital measure.

We let
Ap={g€A:g¢NgK)}.

The set Ng(K) can be characterized as the set of elements g € G such that a(g) =0
for all roots «; and hence the set of annihilating roots of an element in A is a proper
root subsystem. The set of regular elements is dense in A and in the special case of a
rank-one symmetric space all the elements of A are regular.

Here is the decay result that we use.

PROPOSITION 2.6 ([6, Theorem 11.1], see also [2, Proposition 4.1]). For each a € Ay,
there is a constant C, such that for all \ € a*,

@l <C Y [ a+inan™? @1
weW ae(d*(w(a)))©

It is well known (see [19, Ch. IV, Proposition 7.2]) that there is a constant C such

that

O™ < ¢ [ Ja+1n s

acdt
thus,
(@[ leMI™)?
—mgk my (2—2)
<Cmax [ i+t [ ]+l
ag(@*(w(a)) acd*

for a new constant C,. Combined with Plancherel’s theorem, this implies that V£
belongs to L*(G) provided

max ]—[ 11+ (L, @)™k ]—[ I+ O\, @)™ d\ < co. (2-3)

o weWw
ag(®*(w(a)))* aed*

3. L? results for convolutions of orbital measures at regular elements

In [2], bounds were found for the right-hand side of (2-2) that were sufficient to
show that any convolution product of more than dim G/K regular orbital measures
was in L?(G). We begin by improving this result, in fact, obtaining sharp L? results for
convolution products of regular orbital measures.
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THEOREM 3.1. Suppose that a € Ag is a regular element. The convolution products,
vk, belong to L*(G) if and only if k > 2, except if the symmetric space G/K has a
restricted root system of type Ay and is of Cartan class Al, in which case k > 3 is both
necessary and sufficient.

REMARK 3.2. We remark that k > 2 is necessary since v, is always a singular measure.

We first obtain bounds for |¢; (a)|*|c(A)|~" for the symmetric spaces of classical Lie
types. Let 179 denote the multiplicity of the standard roots e; + ¢;, 1 the multiplicity of
the short roots e; and 77, the multiplicity of the long roots 2¢; (should there be roots of
these forms). The reader can find the values of 5; for each type in the appendix.

LEMMA 3.3. Suppose that the restricted root system of G/K is one of the Lie types A,
B,, C,, BC, or D, and that a € Ay is a regular element. There is a positive constant C,
depending only on G/K and a, such that

(e (@)Flc)™)? < Cmin(1, |[M[7P2)  forallh € o« and k > 1,
where
non for Lie type A,

for Lie types B, C,, BC,
max(no(2n — 3) + ;1 + 12, 3)

0=0(G/K) = withn > 2,
n+m for Lie type BCy,
n02(n—1) for Lie type D,,.

PROOF. Throughout the proof, the constant C may vary from one occurrence to
another. We assume that G/K has rank n; and there is no loss of generality in assuming

that . € a*+.
As a is regular, ®(w(a)) is empty for all w € W and thus
(@ P10 < € [ ] 11+ (a9, (3-1)
acd*t

Of course, if ]| < 1, then [ e+ |1 + (A, @)] < C, so our interest is in ||A|| > 1.
We let

T ={ae® :{a,)) = cglMI} (3-2)
for ¢ = 1 for types A,, and D,,, and ¢ = 1/2 otherwise. Set
So={ei+xe:1<i<j<n}, Si={e:1<i<n} and S ={2¢:1<i<n}

(should they exist). For example, in type A,, So = ®* and S}, S, do not exist. Notice
that m, = n; if @ € §;. Put

U)LJ =T, N S,‘ (3-3)

and write |U, j| for the cardinality of this set.
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With this notation,
(@[ le)™)* < € min(1, ][0 2, (3-4)
We find lower bounds on |U, j| by analyzing on a type-by-type basis.

Type A,: We can write A = 3 | a;A;, where A; are the fundamental dominant
weights (the dual basis to the basis of simple roots) and a; > 0. Since all norms
are equivalent on a finite-dimensional normed space, we can take |[A|| = max; a; = a,,
(say). It suffices to determine which positive roots a = X7, b;e; have b,, > 0 (and
hence b,, > 1), for then {a,\) = }; a;b; > a,,b,, > |[M]] and Uy o will contain that set of
roots. These will be the roots a = ¢; — ¢j, where 1 <i <mandm < j < n+ 1; thus, the
minimum value of |U, ol is n.

Type B, C,, BC,: We leave the very easy case of BC) to the reader and assume
that n > 2. Here we can write A = }}" | a;e;, where g; > 0 are nonincreasing and e; are
the standard basis vectors for R”. Taking the Euclidean norm, we have a; < ||A|| < na;.

We have (@, \) > a; if a = e +¢;forj=2,...,nor @ = (2)e;. In particular, we have
|U.jl = 1forj = 1 for type B,, for j = 2 for type C, and for both j = 1, 2 for type BC,,. If
ay < a;/2, then we also have (@, ) > a;/2 if @ = e; —¢j for j = 2,...,n. In this case,
|Usol = 2(n — 1) and hence ) n;|Uy | = 2mo(n — 1) + 171 + 12.

Otherwise, a, > a;/2 and then{a,\) > a;/2ifa=e;+¢;,j=3,...,nora = (2)e,.

In this case, we have |U; | > 2n — 3 and |U, ;| > 2 for type B,, with similar statements
for C, and BC,, and then ) n;|U j| = no(2n — 3) + 2071 + m2).
In either situation, };7;|Uy | is both at least 3 and at least 17o(2n — 3) + (71 + 172).

Type D,: As with type A,, we write A = )" | a;A;, where A; are the fundamental
dominant weights and a; > 0. It suffices to determine which @ = }’ b;a; have b,, > 0,
where a,, = max; a;. If m # n — 1, n, these will be the roots & = ¢; + ¢; fori < mandj >
iand for @ = e; — ¢; fori < m < j. There are at least 2(n — 1) of these roots. If m = n, all
the roots e; + ¢; have the desired property, while, if m = n — 1, the positive roots e; —
en, i <n,and e; + ¢, i <j < n, all work. Thus, for all A, |U; | > min(2(n - 1), (Z)) =
2(n — 1), as we may assume that n > 4 for this type. m|

PROOF OF THEOREM 3.1. We begin by proving the sufficiency of the choice of k. As
in the lemma, the constant C > 0, depending on G/K and a, which appears throughout
may change from one occurrence to another. We again assume that G/K has rank 7.

When G/K has a restricted root space of classical Lie type, the previous lemma
shows that

Ivill; < € fmin(l,uxn“-")@) d.<C f (17Re=1 gy (3-5)
a*t 1

and this will be finite if (1 — k)o + n — 1 < —1. It is a routine exercise, using the values
of o given in the lemma, to see that if k > 2, then this is true for all these classical
types, except if G/K is of Lie type A, and Cartan class Al. In this latter case, 79 = 1
and we have that the integral above is finite provided k > 3.
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However, the argument can be improved for the Lie type A,,, Cartan class Al, when
n>2. Let
n
Ay = {)\ = Za,-)\i € a** : a; = max q; for some j # l,n},
i=1
A = {7\. = Za,?\,- EF ta)p =a, = maxa,-}

i=1

and let A, be the rest of a**. Note that
2
(AR f (g1@Ple]™"d.
=0 YA

Let U, be as in the lemma. Note that |Uy | > n + 1 if A € Ag U Ay, whence one
can see that [, (I¢n(@)*lc)™")?d\ < oo for j = 0, 1.

If, instead, 17» € A, (so either a; or a, is the unique maximal coordinate), then
|Uyol = n. However, there will also be at least n — 1 positive roots a ¢ U, such that

{a,\) = a;, where ay is the second largest coefficient. Using this fact, we obtain the
bound

A (. (@ lc)™)2dh

00 1
<C f (1+z1)—”( f (1+t2)-<"—1>zg-2dzz)dr1
0 0

00 1
sc(1+f tl_"f tgldtl)

1 1
:C(1+f tl_"logtldtl)

1

and this is finite since we are assuming that n > 2.

Thus, even when the symmetric space is of Cartan class Al, we have V2 € L?
provided the rank of G/K is at least n = 2. That completes the proof of sufficiency
of the choice of k for the classical Lie types.

For the symmetric spaces with restricted root spaces of exceptional Lie types, we
argue in a similar fashion. We define 7, as in (3-2) and decompose the set of positive
restricted roots into maximal disjoint sets S;, consisting of the positive roots of a given
multiplicity. Again, put U, ; = T). N S; and observe that again (3-4) holds.

If the restricted root space is of Lie type G, Eg, E7 or Eg, then all the roots have
the same multiplicity, so we take So = ®@*. It is shown in [15] (see, for example, Tables
2-4) that the minimum cardinality of U, g is at least 5, 16, 27 and 57, respectively.

If the restricted root space is of Lie type F, and all the roots have the same
multiplicity, again Sp = ®* and the minimum cardinality of Uy is shown in [15] to
be 15. Otherwise, there are two distinct multiplicities and we define Sy, S; accordingly.
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As can be seen from [15], |Uyg|l 2 9 and |U; 1| = 6. Using (3-5) again, it is easy to
check that k > 2 suffices.

We turn now to proving the necessity of the choice of k. Since v, is a singular
measure with respect to Haar measure, k > 2 is certainly necessary (in all cases). Thus,
we need only consider the symmetric space G/K of Lie type A; and Cartan class Al
and show that v2 does not belong to L2.

For this symmetric space, the spherical functions can be expressed in terms of the
hypergeometric functions ,F; as follows. Denote by « the (single) positive root and
choose Hy € a such that a(Hp) = 1. For any ¢ # 0, it is known [22, 11.5.15] that

1+ 1-ik
4 4

$r.(exp tHy) =» Fl( , 1, — sinh? t).

Next, we use the relationship between the hypergeometric functions and the Jacobi and
Bessel functions (cf. [7, Section 6.4]):

b+1+iu b+1-iu
2 ’ 2

JOD(¢) = Fl( 1, - sinh? r),

while
JOO(t) = clout) + Ow™"),

where Jy(-) is the Bessel function and ¢ is a nonzero constant depending on ¢. It is well
known [1, 9.2.1] that for z > 0,

C
Jo(z) = —=(cos(z — m/4) + O(z™"))
Vz
for some C # 0. Thus, for all A > 0,

#r.(exp tHy) = % cos(\/2 = rt/4) + O3, (3-6)

where the nonzero constant C depends only on 7.

If A is chosen from an interval of the form
27 . T, 3r
Ij:; 2J7T+§,2‘]7T+§

for an integer j, then cos(M/2 — /4) > cos /8 = gy > 0. It follows from (3-6) that we
can choose A; sufficiently large so that if A € J; and A > A, then

&0
2Vh

It is shown in the proof of [19, Ch. IV, Proposition 7.2] that for the Harish-Chandra
¢ function, limy_e c(M)™'A"12 = 2 y/m. Thus, ¢(A)™! > vk for all A > ),, say. Choose

|¢2.(exp tHo)| =
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Jo so large that if A € U;ijo I;, then A > max(A, A2). Since the intervals /; are disjoint,

[ 6wty P> Y, [ idex e Pa
I

J=jo Y
(o] 4 (o]

> (—)(\/ﬂ) dh> C f—.
g;f 2V FZN: ;M

We deduce that for a new constant C = C(¢) > 0,

length([))
_— = 0

f \¢7 (exp tHo)c(M) ™' *d) > CZ ;

J=Jo

Consequently, ¢i(exp tHo)c(\)™' ¢ L> and this proves that 1/(2Z ¢ L? for any a =
exptHyp,t # 0, and hence for any regular a. O

REMARK 3.4. It is known that for any noncompact, rank-one symmetric space, v, * v,
belongs to L' for all a € A [8]. Thus, the L'-L? dichotomy fails for the symmetric
space of Lie type A; and Cartan class Al. Interestingly, the L'-L? dichotomy holds for
all the regular orbital measures in all the other symmetric spaces since we obviously
have vk € L! only if k > 2.

COROLLARY 3.5. Let ay, ay, as be regular elements in A. If G/K is of Lie type A, and
Cartan class Al, then v, * vq, * v, € L?. Otherwise, Va, * Vg, € L2

PROOF. We prove the first statement, as the second is even easier. Let u = v,, * v, *
Va,- By the Plancherel formula,

2
a3 = f Pl dh = f eI d.

a*

3
[ Ter@™
i=1

Applying the generalized Holder’s inequality gives

3 1/3 3
Wi <[] f pa ) = [ [mIe"
i=1 Y i=1
and the latter product is finite according to the theorem. O

4. Smoothness of convolutions of arbitrary orbital measures

4.1. L? results. The goal of this section is to show that for all a € Ay (not just
regular a) there is an index k such that V’; € L*(G). As in the proof of Theorem 3.1,
we continue to use the notation 7 to denote the multiplicity of the roots e; + ¢;, 17; for
the multiplicity of the short roots e; and 7, for the multiplicity of the long roots 2e;
when the symmetric space is of classical Lie type A,, B,, C,, BC, or D,,. We recall
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that the values of 7; depend on the Lie type and Cartan class and can be found in the
appendix.

THEOREM 4.1. Let G/K be a noncompact symmetric space of type A,, B,, C,, D,, or
BC,. If v4,, ..., vq are any orbital measures on G with a; € A, then vy, * -+ % v, €
L*(G) provided k > kg, where

n+n/mno Jor type Ay,

n—1+n/2ny) for type Dy,

2m— 1)+ (n+ny +n2)/n0 fortypes B,,C,,BC,,n >3,
max(4,2 + (m1 +m2)/(2n0))  for B2, C2, BC.

G =

REMARK 4.2. We remark that the symmetric spaces of Lie type A,,, (B)C, or D,, have
rank n and dimension comparable to n> + n(17; + 1,). Note that for type (B)C, we can
assume that n > 2, as the regular orbital measure case has already been done.

The key to the proof of this theorem is finding bounds for the products
Poxhkay= [ 1+0a)™ []1n+@ar (@1)
acd*(w(a))° acd*

and

Pgix(Mk,a) = ?Vle%( PG/K(X, k,a)

for A € a** since we have already seen in (2-2) that

(Ipn(@FlcI™)? < CoPsix (Mo K, a).

This will be mainly accomplished in two lemmas. We again write C for a positive
constant (depending only on G/K and a) that may change throughout the proof. We
begin with the symmetric spaces of Lie type A, or D,. These are easier, as all roots
have the same multiplicity.

LEMMA 4.3. Suppose that G/K is of Lie type A,_1 or D, and a € Ay. There is a
constant C such that

Pgix(\ k,a) < Cmin(1, [|M|77P)

for all integers k > n— 1 and \ € a**, where

k—-n+1 Jor G/K type A,_1,

P = p(G/K) = {Z(k —n+1) jor G/K type D,.

PROOF. Obviously, there is a constant C such that if |[A]| < 1, then Pg/KO\, k,a) <
C min(1, ||A||7™Px). Thus, our interest is with ||A|| > 1.

In [16], the analogous problem was studied for the invariant measures supported on
conjugacy classes in the classical simple compact Lie groups. Specifically, in (3.1) of
[16], it was shown that there is a constant C = C(G) such that if G is a compact Lie
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group of type A,_; or D, X* is the set of positive roots for the Lie algebra associated
with G, Y* is the set of positive roots of some maximal root subsystem (such as
®*(w(a))) and p is half the sum of the positive roots, then, for all representations A

of G,
[Te+ral [] Ke+ray™<c 4-2)

aeyt aeX*\Y+

when s = 1/(n—1). As{p + A, @) ~ 1 + (A, @), this is equivalent to the statement that

]_[ H+0a)'<C ﬂ I+, a)™ <C. (4-3)

ae(Y+)e aeX*

The arguments of [16] were based on the combinatorial structure of root systems,
properties of roots and the fact that representations of a compact group belong to a**.
They did not rely upon the fact that group representations of a compact group belong
to the integer lattice of a**; thus, the same reasoning applies to all A € a**.

Now consider the compact Lie group G with the same root system @ as the restricted
root system of G/K (although, with all roots having multiplicity two, rather than 7).
For any a € Ayp and w € W, the set of positive annihilating roots of w(a) is contained in
the set of positive roots of a maximal root subsystem of @, say ¥*. Appealing to (4-3),
we deduce that

PZ/K(X,k,a)s( ]_[ |1+<x,a>|-k]_[|1+<x,a>|)"°

as(W)e aed*
<c ]+t
acd*

(for the appropriate choice of s). Hence, if we let ¢ be the minimal number of
positive roots & (not counting multiplicity) such that (A, @) > |[Al], then Pg/x(A, k, a) <
C|IM|I=*md  Of course, [[A||'*9m0¢ < 1 if ||A|| > 1. In the notation of (3-3), ¢ =
miny, |Uy |- Thus, g(A,—1) = n — 1 and g(D,) = 2(n — 1). Inputting the values for s and
q gives the desired result. O

LEMMA 4.4. Suppose that G/K is of Lie type B,, C, or BC,, A € a** and a € A,.
(1) Ifn = 3, there is a constant C, such that if an integer
k> Ky :=2(n— 1)+ (q1 +1m2) /10,
then
Pg k(M k,a) < C,min(1, [P0 D=0+mamy (4-4)

(1) Suppose that n = 2, m = min(ng, 1 + 12) and M = max(no, 1 + n2). Then, if an
integerk > kp =1+ M/2m,

Pk (M k,a) < Co min(1, AP0+, (4-5)
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PROOF. As noted previously, we obviously have Pk (A, k, a) uniformly bounded when
[IMI < 1. Moreover, when n >3 and an integer k > «,, then no(2(n—1)—k) +n; + 1, <0
and, when k > «,, 2m(1 — k) + M < 0. Thus, the task is to check that Pg/x(A, k,a) <
C, ||\ @r=D=k+m+m when 5 > 3 and the corresponding statement of (ii) when n = 2.

Our proof of (i) proceeds by induction on n. We leave the arguments for the base
case until the end when it will be done in conjunction with the proof of (ii).

We give the proof for type BC,, but the modifications for the other types are
essentially notational. For the induction argument, it is natural to write P,(A,k,a)
rather than Pg,k (A, k, @) when the rank of G/K is n.

Let a € Ag. Since ®*(w(a)) is a proper root subsystem, in bounding P, (A, k, a) we
may as well assume that ®*(w(a)) = ¥*, where W is one of the finitely many maximal
root subsystems and that w = id.

The maximal root subsystems of a symmetric space of Lie type BC, are: (a) Lie
type BC,_1, (b) Lie type A,_; and (c) Lie types BC,,_j X Aj_; withn —j > 1,j > 2.

Any spherical representation in BC, can be written as A = )7, A;e;, where ); are
nonincreasing, nonnegative integers. Thus, A; < ||A|| < n); and, consequently,

[T1+Guapme < cag@mmmomee, (4-6)

acdt

We now consider the three cases of maximal annihilating root subsystems sepa-

rately.
Case (a): ¥ is of type BC,_;. This means that there is some index ny € {1,...,n}
such that
V" ={e; tej,en,2er: 1 <i<j<n, ij,k#np}
and hence

(P = {en, £ €, €ny, 2€n, : Jj # no}
(where e, — ¢; should be replaced by e; — e, if j < ng).
Ifng = 1,then,as 1 + (A, ey +¢;) = M forallj=2,...,nand 1 + (A, (2)ey) = A, we
j
see that
l_[ 1+ O\, @)™ > )\(lnfl)']oﬂhmz.
as(W)e
Thus, for such a,
P,(\k,a) < )\(ln—l)no(n—k)+(m+772)(n—k) (4-7)

and that is dominated by the right-hand side of (4-4) when k > «,,.

So, assume that ng # 1. Here we use an induction argument assuming that the
statement holds for n— 1. (Actually, all we need to inductively assume is that
P,_1(\, k,a) is uniformly bounded for k > «, and the claims of the lemma certainly
ensure this.)

We consider the root subsystem

D ={ejtej,e,2¢:2<i#j<n2<k<nfC®,
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with the same multiplicities. This can be viewed as the restricted root system of the
same Cartan class as G/K, but with rank n — 1. For instance, if G/K is of Cartan class
Alll, so that

G/K = SU(p, n)/SU(p) x SU(n)
for some p > n, then @’ is the restricted root system of the symmetric space
SU(p-1,n-1)/SU(p-1)xSUxR-1)

of Cartan class A/Il and Lie type BC,_;. For the purposes of this proof, we call this
the ‘reduced symmetric space’. We remark that the reduced symmetric space has rank
n — 1 and that the multiplicities of the roots are unchanged.

By identifying a € Ay with X, € a, we can assume that a = )} | a;e;. We let a’ =
2.+, ae; (understood, appropriately, as an element in the reduced symmetric space)
and observe that the annihilating root system of a’ is of type BC,,—».

Put ) = 37, Me;, so that for @ € @', (a,)") = (@, \). An elementary, but useful,
observation is that ®*(a) consists of the union of the nonannihilating positive roots
of a that belong to @’ together with those nonannihilating positive roots that do not
belong to @', namely e; + e,,. Moreover, the nonannihilating roots that are in @ are
precisely the nonannihilating roots of a’. Thus,

P k=[] 1+ []in+aorm.

ae(PHendr+ aed’+

Since (A,e; +ey) >ch; and the induction assumption ensures that
P,-1(\, k,a") is bounded independently of A" and k, we see that

P,(\ k,a)
=PW.ka) [] n+aaor™t [ n+aorm
ac(PH) NP+ PISOMNA
<PoaOW.ka) ] n+aaor™ ] n+oam
a=e|xey, a=e|£ej,j=2,....n
61,261
<P, (\,k, a/))\’7170(2(n—1)—k)+771+772 < C}\‘qo(z(ﬂ—l)—kﬂnﬁﬂz. (4-8)

Case (b): Wis of type A,_;. Hence, ¥* = {s;e; — sje; : 1 < i < j < n} for some choice
of s; = £1. We define @’,a’,\” as above, so that @’ is of type BC,—; and the subset of
annihilating roots of @’ is of type A,_,. Again we factor P,(A, k, a) and use the fact that
P,_1(\N,k,a’) is bounded to see that

Py k,a)
=P k) [ ot ] n+ o

ae(PH)eND+ aed\ O+
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<PoW.ka) [ n+oa™t T 1+ g

a=siej+sje;j, a=¢gtej,
(Dey ey

<c [ n+auaymek g,

a=sier+sje;,(2)e
There is no loss in assuming that s; = 1; thus,
[T 11+ Quaprmek < 0 tmtimbgfonemk,
a:slel+sjej,(2)e1

If there is at least one j > 1 such that s; = 1, then
P,(\k,a) < C}\’]?O(Z(”—l)—k)"'(m+U2)(1—k), (4-9)

agreeing with (4-4).
So, assume that s; = —1 for all j > 1. We note that if @ = e; — ¢;, then [1 + (A, @)| =
1 + A = Aj, so, if there is some j with A; < A;/2, then [1 + (A, @)| > A /2. Hence,

—_ —nok=(m1+12)k
l—[ [T+ o)™ < Ch 7R
aEs e +Sj€j,(2)€’l

and we can obtain the same bound on P,(k, A, a) as in (4-9) (with a different choice of
constant).

Thus, we can also assume that A; > A;/2 for all j > 1. Then we give a direct
argument, rather than appealing to induction. The choice of s; = 1 and s; = —1 for
all j # 1 means that

O (a) ={e1 —erei+e,(2Qe :2<i<j<n k>2,t>1}.

Furthermore, [1 + (A, e; +¢;)] > A +A; > A for all i,j>2 and similarly we have
[1+ (N, (2)e)| = /2 forallt > 1. Thus,

n—1
1—[ |1 + <)\‘, a>|mﬂ > }\‘E 2 )770'*'"(771'”]2).

ae(¥+)ye
Coupled with (4-6), this gives
P,Ouk.a) < C)\UO(Z(;)—k("QI))M(m+772)(1—k) (4-10)
9 9 —_— l .
It is routine to check that this implies that the claim of the lemma holds.

Case (c): ¥ is of type BC,_; X A;_| with 2 < j < n — 1. In this situation, there are
disjoint sets of indices, I,J C {1,...,n}, where |I[| = n —j, |J| =j > 2, and a choice s; =
+1 for t € J such that

W' ={e;te,(Qe i <jteltU{se —sje:i<jel).

We set up the usual induction/factoring argument. If 1 € I, then the set of annihilat-
ing roots of a’ is of type BC,_j_; X A;_; in the reduced symmetric space of type BC,_;
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(or type A,,_» in BC,,_; if j = n — 1). Under this assumption, (¥*)“\®’ contains all the
roots a = e + e; for j € J and, for such @, we have (a,A) > A;. As |[J| > 2,

Pn()\, k, a) < C)\‘lfkr]0|1|+2(n—l)r]0+m+n2 < C}\‘rl]O(Z(nfl%Zk)erﬂyz’ (4_11)

a better bound than (4-4).

Otherwise, 1 € J, so the set of annihilating roots of @’ is of type BC,_; X A;_, in type
BC,_1 (or BC,_, in BC,,_y if |J| = 2). Then (¥*)“\®’ contains the roots a = e; + ¢; for
i € I and (2)e;; hence, the usual arguments give

PnO"s k, Cl) < C}\’l—kﬂdn—k(m+772)+2("—1)770+T]1+772 (4_12)
1n0(2(n=1)—=k)+(1 +m2)(1-k)
< CM! .

This completes the induction step.

We have seen that to start the induction argument we need only prove that P, (A, k, a)
is uniformly bounded for k > k3. Since k > «3 ensures that 2m(1 — k) + M < 0, we need
only prove (4-5) to see this. For BC,, we have ®* = {e| * e,, (2)e1, (2)es}; thus,

[ ]I+ G < CRPA +hy = ho)Al RRL e,

acdt
The maximal root subsystems of type BC, are of type BC; with positive root being
either (2)e; or (2)e,, or of type A, with the positive root being either e; — e; or e + e;.
We can analyze each of these cases separately, using the fact that Ay — Ay ~ Ay if A <
A/2 and Ay ~ A if Ay > A /2. It is these different cases that lead to the definitions of
m and M. The details are left for the reader. O

PROOF OF THEOREM 4.1. First, suppose that G/K is of Lie type A,_; or D,. In the
notation of Lemma 4.3,

VB < € | (gn@PFlel™)?dh < € f min(1, [\ 7P d\

<C f P gy
1

Of course, the last integral is finite if k is chosen so that nyp; > n. Using the values
obtained for p; in the lemma gives the specified choice of kg.

A similar argument can be applied for types B,, C, or BC,, using the claims of
Lemma 4.4.

To prove the statement about the convolution of k (possibly distinct) orbital
measures v,,, with a; € Ag, we use the fact that v’;i € L? for the specified choices of
k and apply the generalized Holder’s inequality in the same manner as in the proof of
Corollary 3.5. O

REMARK 4.5. The technique of Lemma 4.3 could be applied to the symmetric spaces
of type B, or C, that have the additional property that all restricted roots have the
same multiplicity. But the results are no better than can be obtained by Lemma 4.4.
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The induction technique of Lemma 4.4 could also be applied to types A, and D,,. This
takes much more work than Lemma 4.3 and gives only modest improvements.

Similar techniques can also be applied to the symmetric spaces with root systems
of exceptional types.

PROPOSITION 4.6. Suppose that G/K is a symmetric space with restricted root system
of exceptional Lie type Gy, F4, Eg, E7 or Eg. Then v, -+ - % v, € L? ifk > k¢ as stated
in the chart.

Lie type kg F, — Cartan class kg

E; Eg 8 Ell 7

G, 4 EVI 11

E¢, F4 all same mult. 7 EIX 19

REMARK 4.7. For comparison, the dimension of G/K is 40 for EII, 64 for EVI and 112
for EIX.

PROOF. When all the restricted roots of the symmetric space have the same multiplic-
ity, we reason as in the proof of Lemma 4.3, using the fact (with the notation of that
lemma) shown in [17] that s = 1/(n — 1) if the Lie type is E,, s = 1/5 for type F4 and
s = 2/5 for type Gy.

For the final three cases (Lie type Fy4, Cartan classes Ell, EVI or EIX), we note that
the maximal annihilating root systems are types A; X Ay, A} X By, A X Cp, A} XAy X
Ay, B3 and C3, all of which have cardinality at most nine, and do a counting argument
similar to that done in the proof of Theorem 3.1. O

REMARK 4.8. It would be interesting to know the sharp L? results and whether the
L'-L? dichotomy only fails for the symmetric space of Lie type A; and Cartan class
Al

4.2. Differentiability properties. If v* € L, then v?** = v xv* has a continuous
density function. However, more can be said about the smoothness of these measures
using the following fact shown in [4, Proposition 3 (vi)]:

‘ am
dtm

In proving Theorems 3.1 and 4.1, we have seen that there are constants C and g(k) such
that |(¢5.(a))*c(M)~']* < Cmin(1, |[M]|9®) for all A. Thus, with n = rank G/K,

I

<c f 6@ (L + )

< Ci(1 + D™

(dn(g exp(zX)))li=0

d\

d
$n(a) AL exp(£X)))l=ole(W)]

<C [ I+ M) d)

o

(o]
Scf tn_l+q(k/2)+ldt
1
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and this is finite provided n + g(k/2) < —1. If k is chosen sufficiently large that this
inequality holds, then Leibniz’s rule applied to the inversion formula [19, Ch. 1V,
Theorem 7.5] shows that

1

Xvh(g) = —
8) W

[ 4@ Gonteexp@onlalctor an
is well defined and hence V¥ is differentiable. More generally, v* is r-times differen-
tiableif n — 1 + g(k/2) +r < —1.

For example, if G/K is of Lie type A,,, then Lemma 4.3 yields g(k/2) < no(n — k/2).
Thus, we have that v'; is differentiable for all a € Ay if k > 2n+2(n+ 1)/ny. If a is a
regular element and G/K is not of Lie type A; and Cartan class A/, then one can
similarly use Lemma 3.3 to check that v* is differentiable if k > 4. Similar statements
can be made about higher orders of differentiability. These observations improve upon
[2], where it was shown that if a is a regular element, then vfl is differentiable for
k>dimG/K + 1.

S. Appendix

In the charts below we summarize some of the important facts about these

symmetric spaces. These are taken from [5] and [18, Ch. X].
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Restricted Cartan G/K dim G/K Multiplicities
root space class 05 M1 72
Anci Al o =D +2) 1;0;0
Anci All Sl (i=D@n+1D) 4;0;0
BC,,p>n SU(p,n) .1
Cop=n Al G0 2pn 2 L2(p—n)
Cy CI S n(n + 1) 1;1;0
BC,,p>n Sp(p.n) 3.
Cp=n i Sp(p)XSp(m apn 43:4p-n)
C, DIII (even) % 2n(2n — 1) 4;1;0
BC, DIl (odd) 552 2nQn+1) 4;1;4
B.,,p>n SOp(p.n) . -
Dy p=n BDI —SO(p;)XI;O(n) pn 1;0;p—n
Restricted Cartan class dim G/K Multiplicities
root Space
BC, ELNT 32 8,6;1
Ar EIV 26 8
Cs EVII 54 8; 1
BC, FIl 16 8:7
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