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‘We consider a general class of parabolic equations of the type

%1: — div(a(u, Vu)) + div(K (v)) + H(Vu) = f —divg

with Dirichlet boundary conditions and with a right-hand side belonging to
Lty v (W_l’p/). Using the framework of renormalized solutions we prove
uniqueness results under appropriate growth conditions and Lipschitz-type
conditions on a(u, Vu), K(u) and H(Vu).

1. Introduction

In this paper we investigate the uniqueness of the following class of nonlinear
parabolic problems:

0
a—qz —div(a(x,t,u, Vu)) + div(K (x,t,u)) + H(z,t,Vu) = f —divg in Qr,
u(z,t) =0 on 002 x (0,T),
u(z,0) =wup(z) in £,
(1.1)
where Qr is the cylinder £2 x (0,T), £ is a bounded open subset of RV, T > 0,
p>1and N > 2. Moreover, — div(a(z, t,u, Vu)) is a Leray—Lions operator that is
coercive and grows like |Vu[P~! with respect to Vu. The functions K and H are
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Carathéodory functions with suitable assumptions (see theorems 3.1-3.3). Finally,
feLYQr), g€ (L"(Qr))N and ug € L'(£2).

The difficulties connected to the existence and uniqueness of the solution to this
problem are due to the L' data and to the presence of the two terms K and H,
which can induce a lack of coercivity.

For L! data and p > 2—1/(N +1) the existence of a weak solution to (1.1) (which
belongs to L™ ((0,T); Wy"™(£2)), with m < (p(N 4+ 1) — N)/(N + 1)) was proved
in [6] (see also [8]) when K = H =0 and in [23] when K = 0. It is well known that
this weak solution is not, in general, unique (see [27] and [24] for a counter-example
in the stationary case). In the present paper we use the framework of renormalized
solutions, which provides uniqueness and stability properties.

The notion of renormalized solutions was introduced in [14, 15] for first-order
equations and was adapted for elliptic problems with L' data in [18,19], and
for those with bounded measure data in [10]. This notion was also developed for
parabolic equations with L! data in [2,4] (see also [21] for measure data). Recall
that the equivalent notion of an entropy solution for L' data was also developed
for elliptic equations in [1] (see also [25] in the parabolic case).

In the case where H = 0 and where the function K (x,t, ) is independent of the
(z,t) variable and continuous, the existence of a renormalized solution to (1.1) is
proved in [4]. The case H = 0, g = 0 (and where K depends on (z,t) and u) is
investigated in [11]. In [13] the authors prove the existence of a renormalized solution
to (1.1) with the presence of both the terms div(K(x,t,u)) and H(x,t, Vu).

As far as the uniqueness of renormalized solutions to parabolic equations is con-
cerned, we refer the reader mainly to [2,4,9], where, in short, the function K does
not depend on the (z,t) variable, and where H = 0 (see also [3] for the Stefan
problem with L' data). In particular, when H = 0 and under a local Lipschitz
assumption on a(z,t,r,£) and on K (r) with respect to r, Blanchard et al. prove
in [4] that the renormalized solution to (1.1) is unique. With respect to the afore-
mentioned references, the main novelty of the present paper is that it presents
uniqueness results to parabolic equations (1.1) with both the terms div(K(z,t, u))
and H(z,t, Vu). The first result (see theorem 3.1) deals with the case H = 0 and
establishes the uniqueness of the renormalized solution to (1.1) under a local Lip-
schitz condition on a(x,t,r, &) and K(x,t,r) with respect to r. The proof uses the
techniques developed in [4], and the (z,t)-dependence of the function K leads to
additional difficulties here. Such difficulties are overcome by a technical lemma (see
lemma 4.1) that specifies the asymptotic behaviour of some terms that appear in the
uniqueness process. The second result (see theorem 3.2 for p > 2 and theorem 3.3
for 2—1/(N +1) < p < 2) addresses (1.1) with the presence of both the terms
div(K (z,t,u)) and H(z,t, Vu). Under more restrictive assumptions on a and under
a global Lipschitz-type condition on K (x,t,s) with respect to s and H(z,t,§) with
respect to &, we show the uniqueness of the renormalized solution. The proof uses
two technical lemmas (lemmas 4.1 and 4.2) and the techniques developed in [13]
for the existence of a solution to (1.1) (see also [23]). We underline that we do not
make any assumptions on the smallness of the coefficients. Indeed, for the analo-
gous elliptic equation with two lower-order terms (see, for example, [12,16]) it is
necessary to assume that one of the terms K or H is small enough in order to
obtain existence and uniqueness results.
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The paper has the following structure. In §2, we present the assumptions on the
data and we recall the definition of a renormalized solution to (1.1). In § 3, we state
the main results of the paper. In §4, we give the proof of the uniqueness results.

2. Assumptions and definitions

We recall the definition of a renormalized solution to nonlinear parabolic problems
with lower-order terms and L'(£2 x (0,T)) + L¥ ((0,T); W~1%'(£2)) data in this
section.
More precisely, we consider the problem
0
a—qz —div(a(z,t,u, Vu)) + div(K(z,t,u)) + H(z,t,Vu) = f —divg in Qp,
u(z,t) =0 on 92 x (0,T),
u(z,0) = up(x) in £2,
(2.1)
where Qr is the cylinder 2 x (0,7), §2 is a bounded open subset of RV with

boundary 92, T > 0,p>1and N > 2.
The following assumptions hold true.

e a: Qr x R x RN — R is a Carathéodory function such that

and - -

(a(x,t,s,@fa(:z:,t,s, )675) >0 (23)
for almost everywhere (a.e.) (z,t) € Qr, for any s € R and any &€ eRY,
with € # €.

Moreover, for any k > 0 there exists 8; > 0 and hy, € L?’ (Qr) such that
la(z,t,s,6)| < hi + Bel€[P™1 for every s such that |s| < k, (2.4)
for a.e. (z,t) € Qr and any £ € RV,

o K:Qr xR — RY is a Carathéodory function such that

|K (@, t,s)] < ez, t)(]s]" + 1), (2.5)
with N9 N
= Nip(pf 1) and ceL7(Qr) withr> pff, (2.6)
for a.e. (z,t) € Qr, for every s € R.
o H: Qr x RV = R is a Carathéodory function such that
[H (w,t,6)] < bz, t)(|€]° + 1), (2.7)
with N )
—1)+
5= % and be LVY21(Qr) (2.8)
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for a.e. (z,t) € Qr, for every ¢ € RY and where the Lorentz space LV 72:1(Q7)
is defined later.

Moreover, we assume that

f e LQr), (2.9)
g€ (7 (@Qr)Y, (2.10)
ug € L'(02). (2.11)

Under these assumptions, problem (2.1) does not admit, in general, a solution
in the sense of distribution, since we cannot expect to have the field a(z,t, u, Vu)
in L%OC(QT). For this reason, in the present paper we consider the framework of
renormalized solutions.

For any k > 0 we denote by T the truncation function at height +k, Tx(s) =
max(—Fk, min(k, s)) for any s € R.

We recall the definition of a renormalized solution (see [2,4]) to (2.1).

DEFINITION 2.1. A real function u defined in Q7 is a renormalized solution of (2.1)
if it satisfies

we L®((0,T); L'(£2)), (2.12)

Ti(u) € LP((0,T); Wy P(£2)) for any k > 0, (2.13)

1

lim —

/ a(z,t,u, Vu)Vudx dt = 0, (2.14)
n e N i (2,)€Qr: [u(x,t)|<n}

and if, for every function S € W2°(R) that is piecewise C! and such that S’ has
a compact support,

8%(:) — div(a(z, t,u, Vu)S' (u))
+ 5" (uw)a(z, t,u, Vu)Vu + div(K (z, t,u)S" (u))
— S"(u)K (z,t,u)Vu + H(x,t, Vu)S (u)

= fS'(u) — (divg)S'(u) in D'(Qr) (2.15)

and
S(u)(t =0) = S(up) in £2. (2.16)

REMARK 2.2. Tt is well known that (2.12) and (2.13) allow us to define Vu almost
everywhere in Qr: for any k& > 0 we have that VT (u) = X{ju|<r}Vu almost
everywhere in Qr, where X, /<x} denotes the characteristic function of the set
{(z,t): |u(z,t)| < k}. We note that (2.15) can be formally obtained through point-
wise multiplication of (2.1) by S’(u), and all terms except S(u); in (2.15) belong to
LYQr) 4+ L¥' ((0,T); W17 (2)) since Ty (u) € LP((0,T); Wy (£2)), for any k > 0,
and S’ has a compact support. It follows that (2.15) has a meaning in D’(Qr) and
that the initial condition (2.16) makes sense (see [22, theorem 1.1]). Finally, (2.14)
gives additional information on Vu for large values of |u|.
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We use, in the present paper, the two Lorentz spaces L% (Q7) and L9°°(Qr) (for
information about Lorentz spaces L%*®, see, for example, [17,20] and the references
therein). If f* denotes the decreasing rearrangement of a measurable function f,

fr(r) =inf{s > 0: meas{(z,t) € Qr: |f(x,t)] > s} <r},

with 7 € [0, meas(Qr)], then L%!(Q7) is the space of Lebesgue measurable functions

such that )
meas T . d,r
lzan=( [ 50r1T) <4,

while L% (Qr) is the space of Lebesgue measurable functions such that
£l Lo (@) = sg}gr[meas{(a:,t) € Qr: |f(z,t)| > Y < +o0.

If 1 < g < +00, we have the generalized Holder inequality,

Vf e LT™(Qr), Vge L' (Qr), /Q [f9l < fllLa=@nllgllaiqry- (2-17)

Under (2.2)—(2.11) the existence of a renormalized solution to (2.1) is established
in [13] and it is well known that (2.12)—(2.14) lead to

Vu| € LOVE-D4+0) /(N +1).00 (). (2.18)
and
u e LW@E=D+p)/N.co (), (2.19)

Moreover, the growth assumptions (2.5) and (2.7) on K and H, the regularities (2.6)
and (2.8) of ¢ and b together with (2.12) and (2.14) allow us to prove (see [13]) that
any renormalized solution to (2.1) verifies that

H(z,t,Vu) € L'(Qr) (2.20)

and
. 1
lim —

/ |K (z,t,u)||Vu|dzdt = 0. (2.21)
noFeO T (@) €Qrs u(e,t)| <n}

Properties (2.20) and (2.21) are crucial to obtain uniqueness results.

Notation. Throughout the paper, for the sake of brevity, if u is a measurable func-
tion defined on @7, we denote by {|u| < k} (respectively, {|u| < k}) the measurable
subset {(z,t) € Qr; |u(z,t)| < k} (respectively, {(z,t) € Qr; |u(z,t)| < k}). More-
over, the explicit dependence in x and ¢ of the functions a, K and H will be omitted,
so a(z,t,u, Vu) = a(u, Vu), K(u) = K(z,t,u) and H(Vu) = H(z,t, Vu).

3. Statement of the results

3.1. First case: H =0

In order to prove the uniqueness result in the case H(z,t,&) = 0, we further assume
that a(x,t, s,£) and K (x,t,s) are locally Lipschitz continuous with respect to s: for
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any compact set C' of R, there exists Lo belonging to r’ (Qr) and ¢ > 0 such
that, for all s,5 € C,

|a(x’t757£) (x 255 5)' < (Lc(l‘,t) +70|5‘p_1)|5 - §|’ (31)
|K(x,t,8) — K(z,t,5)] < Lo(x,t)|s — 3]

for a.e. (x,t) € Q7 and for every £ € RV,
The main result of this subsection is the following theorem.

THEOREM 3.1. Under the assumptions (2.2)-(2.6), (2.9)-(2.11), (3.1) and (3.2),
the renormalized solution to (2.1) is unique.

3.2. Second case: general operator

In order to prove the uniqueness result for (2.1) with the term H(z,t, Vu), we
assume in this subsection that the function a is independent of r and is strongly
monotone (see (3.5) and (3.7)).

Moreover, the function K (z,t, s) (respectively, H(z,t,&)) is locally Lipschitz con-
tinuous with respect to s (respectively, ) with a global control of the Lipschitz
coefficient:

|K(x,t,8) — K(x,t,3)] < c(x,t)(1+|s|+|5))7|s—35], =0, (3.3)
and

[H (x,t,€) — H(x,t,)] < b(z, t)(1+ [§] + [E])7]€ — €], >0, (34)

for a.e. (z,t) € Qr, for every s,5 € R, for every ¢,€ € RY with ¢ € L™ (Qr) and
b€ LM (Qr), and where the parameters 7, o, 7 and A belong to suitable intervals
(see theorems 3.2 and 3.3).

We investigate the case p > 2 and the case 2—1/(N +1) < p < 2 in two different
results.

THEOREM 3.2. Let p > 2. We assume that (2.2)-(2.11) hold and that the function
a 1s independent of r and satisfies

(a(z,t,€) —a(x,t,£)) - (€ — &) = BL+ |¢[+|ENP 3¢ = € (3.5)

for a.e. (z,t) € Qr, for every £,& € RN with € # € and 3 > 0.
Moreover, we assume that (3.3) and (3.4) are satisfied, with

N(p—l)—|—p< 1 1)7

r>N+2 07

N N+2 r

Nip—-1)+p/ 1 1
A>N+2, 0<o< AT
+ 7 N+1 N+2 A

(3.6)

Then, the renormalized solution to (2.1) is unique.

THEOREM 3.3. Let2—1/(N+1) < p < 2. We assume that (2.2)-(2.4), (2.9)-(2.11)
hold and that the function a is independent of v and satisfies

€ — ¢

(el F e 3.7

(a(m,t,f) - a(xvt’E» ’ (€ - 5) > ﬁ
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for a.e. (z,t) € Qr, for every £, € RN with € # & and 3 > 0. Moreover, we
assume that (3.3) and (3.4) are satisfied, with

p(N+1)—N
(p—1)(N+1)—N’

N@D+p<@»1XN+1)1V1>

N p(N+1)— N r)’
p(N+1)—N

(p—1)(N+1)—N’

N@—4)+p(@—1XN+1%—N ]>

N +1 p(N+1)—N A

r>

0<7<

A >

o
N

o<

Then, the renormalized solution to (2.1) is unique.

REMARK 3.4. We compare assumptions (2.5) and (2.7) on the growth condition and
assumptions (3.3) and (3.4) on the locally Lipschitz continuity made on K(x,t,s)
and H(x,t,£), respectively. Observe that (3.3) ((3.4), respectively) implies a growth
condition on K(x,t,s) (on H(x,t, &), respectively) that can be more restrictive
than (2.5) ((2.7), respectively), depending on the value of 7 (o, respectively).

The model function a(z,t, ) that satisfies (2.4), (3.5) or (3.7) is

1
a(z,t)|E[P—2¢ if 2 — <p<2
a(z,t, &) = N+1

a(z,t)(1+ [¢2)P=2/2¢ ifp>2,

where a(x,t) € L*°(Qr) and a(z,t) = § > 0.
Examples of functions K(x,t,s) and H(z,t,§) are given by

K(z,t,5) = c(z, t)(1+s])7, with 7 = min{y,7 +1},
H(x,t,€) = b(z, t)(1+ €)%, with § = min{6,o + 1},

where c(z,t) € L™(Qr) and b(z,t) € LM (Qr), with

p(N+1)-N
f2- 2
T H-DWNHD-N MNP
r>N+2 if p>2
and
p(IN+1)-N 1
A o 2
TH-DINTD-N TTNF1SPEA
AN 12 it p>2.

4. Proof of the results

This section is devoted to proving theorems 3.1-3.3. We start with a technical
lemma, similar to [4, lemma 6], for a different parabolic equation with L! data. It
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allows us to control the behaviour of some quantities that appear in the uniqueness
process. We stress that our proof is different to the one in [4] and uses only the fact
that two renormalized solutions of (2.1) verify (2.14) and (2.21) (note that (2.21)
is a consequence of (2.14) and the growth assumption of K'). See also [5] for such a
generalization on parabolic equations of the kind

Ob(u)
ot

—div(a(z,t,u, Vu)) = f +divyg.

LEMMA 4.1. Under the assumptions (2.2)-(2.11), let u and v be two renormalized
solutions to (2.1). We define, for any 0 < k < s,

P(uvsb) = (a(u, V)V + | K ()] [Vu] + |gl”) d dt
{s—k<|u|<s+k}
+/ (a(v, Vo)V + |K (0)[|Vo| + | ) dedt (4.1
{s—k<|v|<s+k}
and, for any 0 <r <s,
O(u,v,s,1) = / (a(u, Vu)Vu + | K (u)||Vul]) de dt
{s—r<|u|<s}
+ / (a(v, Vv)Vu + |K (v)||V]) dz dt. (4.2)
{s—r<|v|<s}
Then, we have, for any r > 0, that
1
lim inf (limsup Ef(mu s, k) + O(u,v, s,r)) = 0. (4.3)

§—00 k—0

Proof. We argue by contradiction. Let r be a positive real number. If the thesis of
lemma 4.1 is not true, let £g > 0 and let ng > r be an integer such that for every
real number s > ng we have that

1
limsup —I'(u, v, s, k) + O(u,v,s,7) = &. (4.4)
k=0 K

We consider the function
P = [ (ol V)Vt ][V + ) e
{lul<s}
+/ (a(v, Vo) Vo + | K (0)||V0] + |9 ) dz dt.
{ol<s

Due to (2.2) the function F' is monotone increasing. It follows (see, for exam-
ple, [26]) that F' is derivable almost everywhere, with F’ measurable, and that we
have, for any s > n > 0, that

Fs) = F(n) > / " (w) dw (4.5)
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and, for almost any s > 0,

1 /
F'(s) = %limsupf [/ (a(u, Vu)Vu + | K (u)||Vu| + |g|P ) dz dt
k—0 {s—k<|u|<s+k}

+/ (a(v, VV)Vo + | K (v)||Vo] + |g[”") dzdt|.
{s—k<|v|<s+k}

Moreover, due to (2.14) and (2.21) and since g belongs to (L*' (Q7))N we have that
F
lim (5)

s—>+oco 8§
Due to the definition of I'(u, v, s, k), (4.4) leads to

F'(w) + %Q(U,uw,r) > %60

= 0. (4.6)

for almost every w > ng. From (4.5) it follows that

1
S —"No

<F(s) + %/ O(u,v,w,r) dw> > %0 + F(no) for s > ng. (4.7)

Writing, for any s > ny,

/ / a(u, Vu)Vudz dt dw
ng J{w—r<|u|<w}
s S
:/ / a(u,Vu)Vudxdtdw—/ / a(u, Vu)Vu dz dt dw
no J{|u[<w} no J{lul<w—r}
= / / a(u, Vu)Vudz dt dw — / / a(u, Vu)Vudz dt dw
no J{|u|<w} no—r J{|u|<w}

s no
:/ / a(u, Vu)Vudxdtdwf/ / a(u, Vu)Vudz dt dw,
s—r J{|ul<w} no—r J {|u|<w}

and since a(u, Vu)Vu > 0 almost everywhere in @7, we obtain that

/ / a(u, Vu)Vudr dt dw < r/ a(u, Vu)Vudz dt.
no J{w—r<ju|<w} {lu|<s}

In view of the definition of @ and using similar arguments we deduce that

/5 O(u,v,§,7)d€ < r(/{l ‘ }(a(u, Vu)Vu + |K (u)]|Vu|) dz dt
no u|<s

a(v, Vo)Vo + |K(v)||Vv|)dx dt ).
+/{U|<S}<< Vo + [K@)][Vel) t)

From (4.7) and the above inequality it follows that

1 r
— (F(s) + ( /{u|<s}(a(u, V)V + |K (u)||Val) do dt

+ /{lv|<s}(a(v,vv)vu + | K (v)||Vv]) dz dt>> >0

for s > ng. The last inequality contradicts (2.14) and (4.6). O
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Proof of theorem 3.1. The strategy is similar to that in the proof of [4, theorem 2]. It
consists of defining a smooth approximation 7?7 of the truncation 7 and considering
two renormalized solutions v and v to (2.1) for the same data f, g and ug. In step 1
we plug the test function Ty (T7 (u)—T7 (v))/k into the difference of equations (2.15)
for w and v, in which we have taken S = T?. This process then leads to (4.9). In
step 2 we study the behaviour of the terms of (4.9) with respect to o, k and s, with
the help of lemma 4.1. In step 3 we then pass to the limit when ¢ — 0, £ — 0 and
s — +00.

STEP 1. Let u and v be two renormalized solutions to (2.1) for the same data f, g
and ug. For every real number s > 0 and o > 0, let T be the function defined by

TJ(0) =0,
1 for |r| < s,
o\/ ]. (48)
(ITJ)(r) =14 Z(s+o—|r]) fors<|r|<s+o,
o
0 for |r| > s +o.

We take S = T?7 in (2.15) for u and v. Subtracting these two equations and plugging
in the test function Ty (T7 (u) —T7 (v))/k, we obtain, upon integration on (0, t), that,
for every k>0, s >0, 0 > 0,

%/0 <;[T§(u) — T (v)], Ti(TC (u) —T;’(v))>dr+ %( 7o) + AT, (1)

%( Cr(t) + CO() + FI(t) + G2(t) + GL(1) - (4.9)

for almost any ¢ € (0,T), where (-, -) denotes the duality between L' (2)+W ~1'(£2)
and L (2) N W, P (£2), and where

7 (1) = / /Q (T7) (w)alu, V) — (T (v)a(w, Vo)
X VT(TY (u) — T2 (v)) dz dr,
07, (1) = / /Q (T2 (u)au, Vo) VT (TF (u) — T2 (v)) dar dr
- / / (Y (v)a(v, Vo) VoTi (T2 (u) — T (v)) da dr,
0 0

7 (1) = / /Q (T7) () K () — (T (0) K (0)]
X VT (T (u) — T (v)) de dr,

o (1) = / /Q (T2)" () K () Vi — (T) (0) K (1) Vo]
X To(T7 (u) — T7 (v)) dz dr,
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= /0 t /Q FUT) (u) = (T) N TW(TS () = T (v)) dzdr,
= /0 t /Q gl(T7) (u) — (T7) (0)]VTR(TS (w) — T (v)) dz dr,

b= /0 t /Q gVI(TY) (w) = (T3) ()] Te(TY (u) = T7 (v)) da dr.

1195

In order to pass to the limit in (4.9) when ¢ — 0, kK — 0 and s — 400, we observe

that by (4.8) we have, for almost any ¢t € (0,7, that

T?(u) = Ty(u)  in LP((0,t); WyP(£2)) and almost everywhere in £2 x (0, )

and

(T

for every 1 < ¢ < 400, for fixed s > 0 when o tends to zero.
By defining

Ui (r) = /OT Tk (s) ds,

an integration by parts (see [7]) gives that, for almost any ¢ € (0,7T),
i [ (G = T2 @) T ) - 770 ) dr
0
k/ U (T7 (u T?(v)(t)) da.

We deduce from the above equality that, for almost any ¢ € (0,7,

i 1y 1 [ (2177 0) - 77 0 770~ 1) )

k—00—0 k
= [ 116 - )0 do
STEP 2. Reasoning as in [4] we have that

1
lim inf lim kA :(t) =0 for every s >0

k—0 o0—0

and

1
lim lim lim —F7,(t) =0 for almost any ¢ € (0, 7).

s—+oo0 k—00—0

) () = X{uj<sy  in LY(£2 x (0,t)) and almost everywhere in £2 x (0,t)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

We give the argument here for completeness. Due to (4.11) and (4.10) and with the

help of (2.2) we have, for almost any ¢t € (0,T"), that

lim £ 47, k// Ty(w)) — a(T, (v), DT, (v))]

o—0 ]{;

X DTy (Ts(u) — Ts(v)) da dr,
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which can written as

tim kA / / T.(u)) — (T, (u), DT4(v))]
x DTy (Ts(u) — Ts(v)) dedr

1 t
+ E/O /(2 [a(Ts(u), DTs(v)) — a(Ts(v), DTs(v))]
x DTy (Ts(u) — Ts(v))dzdr.  (4.16)

Since the operator a is monotone (see (2.3)), the first term of the right-hand side
of (4.16) is non-negative. It remains to prove that the second term goes to zero as
k goes to zero. Indeed, using the local Lipschitz condition (3.1) on a we get that

llﬂ‘ /0 /Q[a(Ts(u), DT,(v)) — a(Ts(v), DT,(v))] DT (Ts(u) — Te(v)) dz dr

I -
S k /0 /Q X{|Ts(u)*Ts(U)|<k}|TS(u) = T5(v)|(Ls(,t) + 75| DT (v) [ 1)
x |DTs(u) + DTs(v)|dxdr

< / (Ls(z,t) + 75|DTS(U)|1’_1)\DTS(U) + DT (v)|dz dr.
{0<|Ts (u) =T (v) | <k}

Due to the regularity of Ts(u), Ts(v) and Ly we have that
(Ly(z,t) + 75| DTs(v) [P~ 1) | DT (u) + DT, (v)| € LY(Qr).

Since X{|T,(u)-T.(v)|<k} tends to zero almost everywhere in Q7 as k goes to zero,
the Lebesgue dominated convergence allows us to conclude that (4.14) holds.
As far as (4.15) is concerned, we have, for almost any ¢ € (0,7), that

(Pﬂ%kF //fX{lu\<s}*X{|v\<s})Tk( s(u) — Ts(v)) dedr,

so, for almost any ¢ € (0,7),

1
Jim lim - F(t) / / X (X{lulgs) = X{Jol<s}) sgn(u — v) dzdr,
where sgn(r) = r/|r| for any r # 0 and sgn(0) = 0. Since w and v are finite almost
everywhere in 2 x (0,7) and since f belongs to L'(Qr), the Lebesgue dominated
convergence theorem implies (4.15).

We now claim that, for almost any ¢t € (0,7,

1 Ao o o M
7 (AT O+ 7RO + G2, (B)]) < ff(u,v,s,a), (4.17)

where M, is a constant independent of s, k and o, and where I is defined in
lemma, 4.1.
Using the definition (4.8) of T, recalling that Vu = 0 almost everywhere on

{(z,t); u(z,t) =r} for any r € R and since a(z,t,r,£)§ > 0, we obtain that, for
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any o and any k > 0,

1+, I
HAZO1< 2] [ N atu 0 Vudoar

t
+/ / X{S<U<s+a}a(fvuvv)vfl}d1’d7{|
0 J

1
< - [/ a(u, Vu)Vudr dr +/ a(v, Vu)Vodz dT:|.
T L factul<ato {s<lvl<sto}

(4.18)
Similarly, we have, for any ¢ and any k£ > 0, that
1, ~ 1
—|CZL ()] < [/ |K(u)||Vu|dxdT+/ |K(’U)|V’U|d$d7’:|.
k2 o
{s<lul<sto} {s<lvI<sto)
~ (4.19)
As far as G, ;(t) is concerned, for any o and any k > 0 we have that
1, ~ 1
Howol< 2] [ gVl drar + ol1voldodr].
k o
{s<|u|<s+o} {s<|v|<s+o}
From (2.2) together with Young’s inequality it follows that
1, = M /
Lél < 1(/ (a(u, V) Vu + |gIP') dz dr
k o {s<|ul<s+o}
+ / (a(v, Vv) Vv + |g|P’)dxdT), (4.20)
{s<|v|<s+o}

where M is a generic constant depending upon p and «ag. Estimates (4.18)—(4.20)
allow us to deduce that (4.17) holds.
We now prove that, for almost any ¢ € (0,7,

lin sup - (IC KOG 0] < %F(uvv,svk) +w(k), (4.21)

where M is a constant independent of s, k and o, and where w is a positive function
such that limg_,ow(k) = 0.
We first write that, for almost any ¢ € (0,7),

hmsupf|C’ 5 (1)

o—0

‘ / / X{|u\<s}K X{|1)\<3}K(v)]VTk(Ts(u) - Ts(v)) dedr
02 C3

where

1
C;’k = k/Q X{lul<syn{|o|>s} HE (w)||[ VT (u — ssgn(v))| dz dr,
T

1
Cik = k/Q X{lv|<stn{lul>s}E ()] VTk(v — ssgn(u))| dedr
T
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and
1
O = [ Miicantuenl K0 ~ K@V (0 v)|dedr.
T
We estimate C; and C? . By (2.5) we obtain that
1
C;,k < k/Q X{|u\<s}ﬁ{\v|>s}X{\u—ssgn(v)|<k}|K(u)||vu| dedr
T
1
< f/ | K (u)||Vu|dx dr (4.22)
k Js—k<lul<sy
and, similarly,
1
2, < 7/ |K (v)||Vv| dz dr. (4.23)
R Jfs—k<ivl<s}

Finally, since the function K is locally Lipschitz continuous, we have, for some
positive Lg element of LP (Qr), that

1
Cg,k = k/Q X{I?)\<<9}ﬂ{\u|<8}|K(u) - K(”)HVTIC(TS(U) —Ts(v))|dzdr

1
< E/ X{0<|Ts (v)—Ts (w) | <k} Los (2, T) | Ts (u) — T (v)]
X |VTi(Ts(u) — Ts(v))| dedr

< /Q O (o) () <) L (2, 7) VT (T (1) — T (v))| dez

< /Q NO<ITu (o) ()| <y L (2 )V Ta ()] + [ VT (0)]) dz dr.

Since L, belongs to L' (Qr) and due to (2.13), the function L,(z, 7)(|VTs(u)| +
|VT,(v)|) belongs to L'(Qr). Since X{o<|1, (v)—T, (u)|<k} tends to 0 almost every-
where in Q7 as k goes to 0 and is bounded by 1, the Lebesgue dominated conver-
gence theorem leads to

lim C2, =0 for any s > 0. (4.24)
k—0 7

In order to estimate G (t), we obtain, for almost any ¢ € (0,7), that

. 1 W 1/t
thUPE\Gs,k(tN = ‘k/o /Q[X{|u|<s}g = X{ol<s} 9 VTR(Ts(u) — Ts(v)) de dr

o—0
1 2
< Gs,k + Gs,ka

where
1
Gi’k = k/Q X{|u|<s}n{|v\>s}|9||VTk(U —ssgn(v))|dadr

and

Gik = /Q X{lv|<stn{lul>s} 9l VTk (v — ssgn(uw))| dz dr.
T
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Since we have that

1
i<y 611Vl de ar.
{s—k<|ul<s}

similar arguments to those used to deal with G’S’k yield that

M ,
Gl,< = / (a(u, Vu)Vu + |g|?") dz dr, (4.25)
k {s—k<|ul<s}

where M is a constant depending upon p and ag. With v in place of u in G? K We
also have that

G?, < —/ (a(v, Vo)V + |g") dz dr. (4.26)
{s—k<|v|<s}

Estimates (4.22)—(4.26) imply (4.21).

STEP 3. We are now in a position to prove that u = v almost everywhere in Q.
To this end, we pass to the supremum limit as o goes to 0 and then to the
supremum limit as & goes to 0 in (4.9). Indeed, due to (4.13) we have that

/ |Ts(u)(t) — Ts(v)(t)| da < —hm_%lf lim sup ;A & ()
7 k—0

+ lim sup lim sup (IA NOIRRGNOIEEMO])

o—0 k—0

+ lim sup lim sup — (| RO+ 1GT L))

o—0 k—0

1
+ lim sup lim sup — F¢ . (t)
o—0 k—0 k
for any s > 0 and for almost any ¢ € (0,7).
In view of (4.14), (4.15), (4.17) and (4.21) we deduce that

Ty (u)(t) — T (v)(8)] dz < My hmbupllff(u v, 5, k)
2 k—0

+ M, lim sup lF(u, v,8,0) + w(s) (4.27)
c—0 O
for any s > 0, for almost any ¢ € (0,T") and where w(s) — 0 as s — co.

Recalling that w (respectively, v) is finite almost everywhere in Qr, Ts(u)(t)
(respectively, Ts(v)(t)) converges almost everywhere to u(t) (respectively, v(t)) as
s goes to infinity for almost any ¢ € (0,7). By Fatou’s lemma we can pass to the
infimum limit as s goes to 400 in (4.27) and we obtain, for almost any ¢t € (0,7),
that

/ lu(t) — v(t)|dz < 2M; hmlnf lim sup — F(u v, 8, k). (4.28)
too koo K

Lemma 4.1 allows us to conclude that

/Q lu(t) — v()| dz = 0

for almost any ¢ € (0,T), so u = v almost everywhere in Qr. O
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In the case of the complete operator we need the following lemma, which concerns
Boccardo—Gallouét-type estimates in Lorentz spaces.

LEMMA 4.2. Assume that Qr = 2 x (0,T), with £ an open subset of RN of
finite measure and p > 1. Let u be a measurable function satisfying Ti(u) €
Lo°((0,T); L2(2)) N LP((0,T); Wy P(2)) for every k > 0, and such that, for a >
2(N+1)/(N+2),

sup / Ty (u(t)|®* < kM and /T/ VT (u)|* < Cok®/2M/2,  (4.29)
te(0,7) J 0 0o Jo
where M and Cy are positive constants. Then,
[l a2y /28,00 (@) < CM (4.30)
and
IVl Lavrr/2iv 1.0 () < CM, (4.31)

where C' is a constant depending only on N and Cy.

Such a result being standard, we omit the proof of lemma 4.2 (see, for example,
the proof of [13, lemma A.1] with a few modifications).

Proof of theorem 3.2. The proof is divided into four steps. As in the previous the-
orem we consider two renormalized solutions u and v of (2.1) for the same data f,
g and ug. In step 1, we plug the test function Ty (77 (v) — T7 (v)) into the difference
of equations (2.15) for u and v with S = T7 (defined in (4.8)) and we obtain (4.32).
Step 2 is devoted to estimating the terms of (4.32). In step 3 we pass to the limit as
o — 0 and s — 400, k being fixed. Finally, in step 4, using lemma 4.2, we give an
estimate of Vu — Vv in some suitable Lorentz spaces, which allows us to conclude
that u = v.

STEP 1. Let u and v be two renormalized solutions to (2.1) for the same data f, g
and wug. For every real number s > 0 and o > 0 we take S = T7 in (2.15) for u and

v. By plugging in the test function Ty (T7 (u) — T (v)) into the difference of these
two equations, we obtain, upon integration on (0,t), that

(G @ = TIOL T @) = T2 ) dr -+ 42400 + 82400
= By (t) + CF . (t) + ég,k(t) + Fi(t) + GS () + ég,k(t) (4.32)
for every k > 0, s > 0, 0 > 0 and for almost any ¢ € (0,T), where
7(t) = - / /Q (T2) () (V) — (T7) () H(Vu)| Ty(T? (u) — T2 (v)) dz dr

and the remainder terms are defined in the proof of theorem 3.1. We now pass to
the limit in (4.32) as o goes to zero and then as s goes to +oo.

https://doi.org/10.1017/50308210511001831 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210511001831

Renormalized solutions to nonlinear parabolic problems 1201

STEP 2. We recall that, for almost any ¢t € (0,7),

[ (G0 = T2 L s ) - 72 Y ar = [ w70 - 77 0)0) 0

Due to the definition of 7Y we obtain that

iy [ G720 -T2 LTI ) -T2 0) ) dr = [ BT T )0 o

o—0

and, since v and v are finite almost everywhere in Qr, from Fatou’s lemma it follows
that

lim inf lim <§t[T (u) — T (v)], Tk(T:(u)—Tf(v))>dT

s—+oo o—0
> /Q T (u(t) — v(t)) dz.  (4.33)

Since H(Vu) and H(Vv) belong to L'(Qr) and since u and v are finite almost
everywhere in @, the Lebesgue theorem yields that

lim lim BY, / / (Vu) — H(Vv)|Ti(u — v) dzdr.

s—+o00 o—0 s,k

Using the Lipschitz condition (3.4) on H and (3.6) we obtain that

t
/ / I[H(Vu) — H(V)|Ti(u — v)|dedr
0 (%}
< Efollra ol + [Vul + Vo[ Za.w o) VU = VOl Lo (q,),
with

Nip—-1)+p N+2

1 o 1
4+ 4-=1, 1<¢< , 0=—— d A>N+2.
ot =t q N1 an *

A

It follows that, for almost any ¢ € (0,7T),

lim_lim |BZ,(0)] < Kbl @It + [Vul + 190l e @0 1 70— Foll o0

s——+o0 o—
(4.34)
Since f belongs to L'(Qr) while u and v are finite almost everywhere in Q7 we
have that
A i Fk(t) = SL”EOO / / fxtrissy = Xty Tel(To(w) = Tov)) dedr
(4.35)
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We now deal with A7, C7, and G . From the definition of Ty and (3.5) we get
that

tim A7,(1)
- /0 /Q[X{IUKS}Q(VU) — X{o|<s} (V)| VTR (Ts(u) — Ty(v)) dzdr
= /o /Q X{T () =T, ()| <k} (Vs (u) — a(VTs(v)]|(VTs(u) — VTs(v)) dedr

t
> / /Q X )Ty iy (1 + [T ()| + [V Ta(0)])P~2
0

x |VTy(u) — VTs(v)[]? dz dr.
(4.36)

Since u and v are finite almost everywhere, Fatou’s lemma then implies that

liminf lim A7,
s—+o0 0—0 ’

t

> ﬁ/ / X{lu—v|<k} (1 + [Vl + |V (v)])P~2|Vu — Vo|? dz dr. (4.37)

0 Jo
Using assumption (3.3) we have that
¢
i (C7e 01 < [ [ Ietuten ) = e K0)
o 0Joe
X | VTi(Ts(u) — Ts(v))|da dr

t
g/o /QX{\u|<s}ﬂ{|z;\<s}c(x,7—)(1Jr|u|+M)T
X |u— || VT (u — v)| dzdr

¢
[ Xmrenien K@l dodr
0 Je
t
[ Xerctuica K@) Vel dedr, (4.38)
0 Jo
From Holder’s inequality and (3.6) we obtain that

¢

//c(x,7)(1+|u|+|v|)T\Vusv|dsch
0o Jo

< lellzra@o L+ lul + o[l Lo @ IVe = Vol o qu),  (4:39)

1 7 1 Nip-1)+p

-+-+-=1 1<q< ;
r+(j+9 ’ q N

_N+2
 N+1

N+p

0 .
p—1

and r >

From the regularities of ¢, u, v, Vu and Vv it follows that c(z, 7)(1+|u|+|v])"|Vu—
Vol belongs to L'(Q;) for any ¢t € (0,T). Recalling the definition (4.2) of © in
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lemma 4.1 leads to
i 2, (8)] < Kl i1+ ul + [0l o (g,
% IV = Vol o g + O, v, 5, k) (4.40)

for any k£ > 0.
We now study G ; (). We first have that

lim G (1) // X {Jul<st = X{Jo|<s}] VTE(Ts(u) — Ts(v)) do dt.

It follows that
lim |GY . / / X{s—k<|ul<s}|9||Vu| dzdT

o—0
+/ /X{s—k<|v\<s}|9||vv|dxd7-
0 (9]

With Young’s inequality and integrating on Q7 in place of £2 x (0,t) we obtain that

. lod ]- !
lim [G7,(¢)] < 7/ (X{s—k<lul<s} T X{s—k<lv|<s})|g dzdT
“ P JQor
1 1
—i—f/ |Vu|pdxd7—|—f/ |Vo|P dz dr.
P J{s—k<|u|<s} P J{s—k<v|<s}

Since u and v are finite almost everywhere in Q7 the function (x{s—r<juj<s} +
X{s—k<[v ‘<S})|g|p converges to zero as s goes to +oo in L'(Qr). Since the operator
a is elliptic (see assumption (2.2)) and recalling the definition of © in lemma 4.1,
we then obtain that

lim |GY ()] < alo@(u,v,s,k:) + w(s), (4.41)

o—0

where w(s) is a generic function that converges to 0 as s goes to infinity.
We recall (see (4.17) in the proof of theorem 3.1) that, for almost any ¢ € (0,7),

Mk

AL O] +1CTL )] + 1G] < —=T(u, v, 5,0). (4.42)
From estimates (4.40)—(4.42) it follows that
tisup((CZ, (0] + A2 ,(6)] + G2 (0)| + G2, (0)] + G2 4(0))
< Kllell @Il + ul + ol oo I = Vol e 0
+ O(u,v,s,k) + ozi()@(u’ v, 8, k) + w(s)

1
+ Miklimsup —I'(u,v, s,0).
o

o—0
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By the above inequality and lemma 4.1 we can conclude that, for almost any ¢ €
(0,7),

tin inf lim sup(|C7 (£)] + ALK (0] + G k()] + 1C2 (0] + G (1))

5—=+00 s

< Klle|

Lr,l(Qt)H]. + |u| + |U|qu,w(Qt)\HVu — VU|||L0,00(Qt). (4.43)

STEP 3. We are now able to pass to the limit in (4.32). Indeed, gathering (4.33)—
(4.35), (4.37) and (4.43), we get that

/ Ui (u(t) —o(t)) da
o)

t
+ g/ / X{ju—ov|<i}(1 4 [Vu| + [V (0))P%|Vu — Vo]* dzdr
0 J

S Ellellzrr@ollt + [ul + [vll[La.ce (@) Ve = Vol Lo (q)
kbl s @0y 1+ [V + V[ 1V = Vol ey
for almost any ¢ € (0,T). It is worth noting that the above inequality implies that
X{‘u,ka}(l + |VU| + |V(v)|)p_2|Vu — VU‘Q € Ll(QT).

Since (1 + [£] + [€)P72|€ — €)% = |€ — ¢'|? for any &, ¢ in RN, we obtain that
Ty.(u — v) belongs to L2((0,T); Hi (£2)).

Due to the definition of ¥y, taking the supremum for ¢ € (0,¢1), where ¢t; € (0,7
will be chosen later, leads to

ty
% sup /|Tk(u—v)|2dx+§/ /|VTk(u—v)|2dxdT<kM, (4.44)
tE(O,tl) (9] 0 (9]
where

M = [[bllLrr @i 1L+ [Vul + [Vl Taee @, ) VU = Vol Lo (., )
Flelra@pllt + ful + [l Zac @, ) Ve = Vol Loy, )- (4:45)
By (4.44) and lemma 4.2 we get that
[Vu—Voullpos(q, ) < CM (4.46)
for some constant C' > 0 independent of v and v and 0 = (N +2)/(N +1).
STEP 4. Using (4.45) and (4.46) we obtain that
IV = Vol Lo (@)
S Olbllerr@ip 1+ Vul + Vol 2o (q,,)
Flellzra@pllt + lul + [l Zace @, ) I Ve = Vol Lo q,,). (4.47)

Since ¢ belongs to L™ (Qr) and since b belongs to L*1(Qr), if we choose t; small
enough such that

1=C([Ibll r1.(@u ) I+ VUl + Vol Lo (., ) FllellLrr @i 1+ ul+ 0l Lo q,,)) > O,
(4.48)
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then (4.47) gives that
|||VU — VU|||L9’°°(Qt1) < 0, (449)

with § = (N +2)/(N +1).

Now, we use the same technique as in [23] (see also [13]). We consider a partition of
the entire interval [0, 7] into a finite number of intervals [0,%1], [t1,t2], - - -, [tn=1,T]
such that for each interval [t;_1,t;] a similar condition to (4.48) holds. In this way,
in each cylinder Q, = §2 X [t;—1,t;] we obtain estimates of type (4.49). We can then
deduce that

[IVu — V|| o.c(gpy) <O for some 6 > 1
which implies that u = v almost everywhere in Q. O

Proof of theorem 3.3. The strategy of the proof is the same as in theorem 3.2 and
relies on passing to the limit in (4.32). The main differences are in dealing with the
terms AZ  (t), B, and C7,(t) and the estimate on VT (u — v). We recall (4.32):

(G 0 = T2 LT () = T2 0) Yar + A4 (0) + A2 ()
= B, (t) + C.(t) + ég,k(t) + FJp(t) + GS () + égk(t)

for any s > 0, any k > 0 and any o > 0 and for almost any ¢ € (0,7). Reasoning
as in theorem 3.2, by assumption (3.7) we obtain that

|Vu — Vo|?
fin fnf i, A ( ﬂ/j/nXWL”<“ (Val + [vo)z—r 94 (4.50)

As far as B{,(t) is concerned, a few computations, estimates (2.18) and (2.19),
condition (3. 8) and Holder’s inequality lead to

t
(/(/\UHVu)—[HVUﬂEJu—UdedT
0 (%}
< Efollra@ollt + [Vul + [Vol[|Za.e o) IV = VOl Lo (q,),

with
1 o 1 Nip-1)+p
A R P L a4
NTgteTh 1 N1l
a(N +2) 2p(N +1) — 2N

=———" A>N+2 and
2(N+1)’ e oand o< N+2

Similarly, we obtain

tim inf 1im 02, (8)] < Flell @ 11+ ful + [0l g0 Il V2 = Vol o<
(4.51)
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with
1 7 1 _ _Np-1+p
Shl4o =1, 1ggg 28
r+(j+9 ’ a N
a(N +2) N+p 2p(N +1) — 2N
f=——" 2 1> d o< /=7
oN+1) T p—1 M@ N+2

Then, the analogous expression to (4.44) is

5 Sup /ITk u—v\deJrﬁ/ / VT — )P dzdt kM, (4.52)
tE(O t1) |VU| + |VU|)

where t; will be chosen later and where M is defined in the proof of theorem 3.2
(see (4.45)). We then obtain that

" VT (u —v)[?
d dt < Mk, 4.53
o), [, a2 (45
1 sup /\Tk(u—v)|2<Mk. (4.54)
2te(0,t1) n

If 1 < a < p, by Holder’s inequality and (4.53) we have that

ty
/ / |VTi(u —v)|“drdt
0o Jo
(IVul +|Vo)EPe/?

t1
= Ty (u —v)|@ dx dt
I ARl et
a/2
VT (u —v)? >
dxdt
</ s
t1 (2—a)/2
X (/ /(\Vu| + |Vo|) P/ (2-a) d:vdt)
o Je

t (2—a)/2
< (Mk)a/2< / / (V| + [Vo]) P/ =) g dt) L (45)
0 (9]

By (2.18), the last integral in (4.55) is finite if

9p(N +1) — 2N
_ 4.56
N (4.56)

We observe that (4.56) and the condition on « in lemma 4.2 are compatible only if
p>2—1/(N+1). Then, by (4.55), (4.56) and by Hélder’s inequality we have that
t1
/ / VT3 (u — v)|*dedt < C(ME)*/?, (4.57)
0o Jo

where C' is a constant independent of ¢;.
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By (4.54), (4.57) and the definition of M, for § = a(N +2)/2(N + 1), lemma 4.2
yields

Ve = Volllo.w@.,) < Cllblri@u) It + [Vul + [Volll7a=q,,)

Hllelzra@ipllt + lul + [olllze g, )]
X |||V’LL - vv|||L0,OQ(Qt1). (458)

Under hypotheses (3.8) we can choose t; small enough such that (4.48) holds. Then,
by (4.58) and (4.48) it follows that, for § = a(N + 2)/2(N + 1),

IV =VollLoee(q,) <O

Arguing as in theorem 3.2, we conclude that v = v almost everywhere in Qp. O
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