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Abstract

We completely determine finite abelian regular branched covers of the 2-sphere S? with the property that
each homeomorphism of S? preserving the branching set can be lifted.
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1. Result and method

As pointed out by Birman and Hilden [2] (see also [1, 4, 5]), an interesting problem
is to find branched covers of a surface with the property that each homeomorphism of
the base surface preserving the branching set can be lifted.

Fix a set B = {x1,...,%,} C §?, with n > 2. Let Xy, = §* \ B. Let x; € H1(Zo,;Z)
denote the homology class of a small loop enclosing ¥;. Given an abelian group A,
a regular A-cover 7 : £ — S? with branching set B is determined by an epimorphism
¢t H(Zo,0;Z) » A, which satisfies ¢r(x1) + -+ + ¢r(x,) = 0. Call two such covers
¢:X— S?and ¢’ : X' — S? equivalent if there exist homeomorphisms g : X — ¥/,
g:58%— S?suchthat g(B)=Bandgon =7 o3g.

Denote by e; the vector with 1 at the ith position and 0 elsewhere.

We extend the results of [1, 4] by proving the following result.

THEOREM 1.1. Let A be a finite abelian p-group with exponent p* and n : £ — S? be a
regular A-cover with branching set B such that each homeomorphism of S preserving
B can be lifted. Then up to equivalence, one of the following occurs:

(1) A= z;;’ and ¢r(x;)) =e, 1 <i<n—1;
2) A= Z;,‘z X Zpy for some k > r > 0 with P | nand

Ga(xi) = (&, 1), 1 <i<n—=2; ¢r(x-1) =(0,1);
(3) A =Zy with PX I nand ¢(x;) = 1 for all i.
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According to [1, Section 3], this essentially solves the problem for abelian covers.

Let G denote the group of automorphisms of H;(X ,; Z) induced by all homeomor-
phisms of % ,. Clearly, G is isomorphic to the permutation group on {x,...,x,}. By
[4, Lemma 2.1], a homeomorphism f of Xy, can be lifted if and only if there exists
Y € Aut(A) such that ¥ o ¢, = ¢, o @, where a € G is induced by f. This is equivalent
to a(ker ¢,) = ker ¢, which in turn is equivalent to

a(ker ¢_,,) = ker @,

where ¢, : H{(Zon;Zy) » A is the map induced by ¢,. Instead of dealing with
Aut(A), we work dlrectly on ker ¢,, reducing the problem to finding all subgroups
of Hy(Xo,,; Z,+) that are invariant under all & € G. From this viewpoint, 7 is equivalent
to 7’ if and only if B(ker ¢,-) = ker ¢, for some S8 € G.

For problems of this kind, a method was developed in [3].

Some notations and conventions. For a ring R, let R denote the set of € X m
matrices over R. For X € R, let X; ; denote its (i,j)-entry and let (X) denote the
subgroup of R™ generated by the row vectors of X. For Y € Z*", abusing the notation,
we denote its image under the map Z" — Z[i’km induced by the quotient map Z —» Z
also by Y. Let S,, denote the permutation group on m elements. Embed S,, as a
subgroup of GL(m,Z) by identifying o € §,, with the matrix (denoted by the same
notation) whose (i, j)-entry is 0; -, where 0 is the Kronecker symbol.

LEMMA 1.2 [3, Theorem 3.9]. Each subgroup C < Z::’k is of the form (PQw) for some
Pe zf;f, 0 € GL(m,Z), w € S,, such that

. Oﬁfﬁm,Piz,‘Zé‘iiipri withOQ<r <---<rp<k;

Qii=1foralli, and Q;; =0 < Q;; < p""i forall i < j, where r; = k for £ <i < m.

Clearly, Z;"k/C & Zpn X -+ X Zpm, with ¢ = min{i: r; > O}.

Let b = n— 1. Take x1, ..., x; as generators for H;(Zo,;Z) = ZP. Foreach @ € G =
Sp+1, let T* € GL(b, Z) denote the matrix determined by

b
a(v) = D (T)j-x, i=1,....b.
=1
Obviously, if @ € Sp, by which we mean a(xp+1) = xp+1, then T = a.

If ker¢, = (PQw), then a(ker¢;) = (PQwT?). Taking B =w™' €S,, we have
ﬁ(ker@) = (PQ). Hence, up to equivalence, we can assume ker ¢, = (PQ). Then
a(ker¢,,) = (PQT") for each @ € G. By the criterion given by [3, Lemma 3.11],
a(ker ¢,) = ker ¢, is equivalent to

pr(QT*Q ™Y, foralli <.

Thus, it suffices to find tuples (ry, ..., ry; Q) consisting of integers 0 < r; <--- <
rp > 0 and a matrix Q € GL(b, Z), such that
Oii=1,1<i<b; Q;;=0<Q;;<p"™" foralli<j; (1.1)
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Pl (QT“Q‘l)iJ foralli <j and @ € Sp4;. (1.2)

Such a tuple determines a regular branched A-cover &, with A = Z,n X -+ X Zyn, 1 =
min{i: r; > 0}, and

Gx(x) = ((Q is -, (Q ip), 1<i<h, (1.3)
with the understanding that ¢, (xp41) = —¢r(x1) — - -+ — dr(xp).

2. Proof of Theorem 1.1
As a simple observation, (1.2) holds if and only if
P (@XQ 7Y foralli<j, (2.1)

for all X in the subgroup of Z*" generated by 7%, a € S}, .

Let I denote the identity matrix. Let E] denote the matrix whose (u, v)-entry is 1
and the other entries are all 0.

For the permutation 7; € Sp,,; switching i and b + 1,

1
. b
=l -1 - =1 o -1 |=I-E-)E.
. =1
1
Clearly, for each @ € Sy, \ Sp, there uniquely exists u € {1,...,b}, o € Sp, such that
a = n,0. Then
b
o .

T —T° = -T"T" =E7 @+ Z E. (2.2)

=1
The difference of two such matrices can give rise to E}, — E}/ for any v # w.
Taking i = 1 and X = E] — E} in (2.1), we obtain
Q7" = (@7, (mod pi™). (2.3)

In particular, setting w =j = b — 1 and v = b leads to r,—; = r; (so that r; = r| for all
i<b).By(l.1),Q;;=0foralli,jwith1 <i<j<b.
Ifk=r,=r),then Q;p =0for 1 <i< b, sothat Q =1. In this case, A = sz, and

by (1.3), ¢(x;) = e:.
Now suppose k > r;. Setting w = j = b in (2.3) leads to

(Q ")y = 1 (mod p™™).
Hence Q,, = —1 (mod p™™") for all v < b. From (2.2), we see that for i < b,

(O(T7 = TO™M)ip = (i — 8up)(b + 1) (mod p"™),

https://doi.org/10.1017/5S0004972722000417 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972722000417

[4] Branched covers of the 2-sphere 507

$0 p " | (Q(T7 — T*)Q™Y);, is equivalent to
P b+ 1.

Once this holds, for each o € S}, and all i < b,

b
Q170 ™)y = ) (Qo)iy = 0 (mod p»™™).
v=1
Therefore, (1.2) is fulfilled.
There are two possible cases.

* If r1 > 0, then A = Z7! X Z, and, by (1.3),

dx) = (e, 1), 1 <i<b-1; ¢(xp)=(0,1).
e If r; =0, then A = Z,« and ¢(x;) = 1 for each i.
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