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This paper deals with the non-negative boundary blow-up solutions of the equation
Au = b(z)uP + c(z)u’|Vul? in 2 C RN, where b(z), c(x) € C7(2,RT) for some

0 < v < 1 and can be vanishing or singular on the boundary, and p, o and g are
non-negative constants. The existence and asymptotic behaviour of such a solution
near the boundary are investigated, and we show how the nonlinear gradient term
affects the results. As a consequence of the asymptotic behaviour, we also show the
uniqueness result.

1. Introduction and main results

In this work we analyse the existence, asymptotic behaviour near the boundary and
uniqueness of non-negative solutions to the singular boundary-value problem

(1.1)

Au = b(x)uP + c(z)u’|Vul|?, =z € (2,
U = 00, x € 012

As usual, v = 00 on 02 means that u(z) — oo as d(z) := dist(z,d§2) — 0, and
such non-negative solutions will be called ‘boundary blow-up’ or, for brevity, ‘large’
solutions. Here {2 is a bounded domain with smooth boundary in RV, N > 1,
exponents p, o and ¢ are non-negative, b(z),c(z) € C7(2,RT), R := [0,00) for
some 0 < v < 1, and henceforth, C7(£2) means that C;} (£2). Moreover, sometimes
we need the following structural assumption.

(Hb) The weighted function b(z) is non-trivial in {2, and if zy € {2 such that
b(xo) = 0, then there exists a sub-domain {2y C {2 such that z¢ € 2 and
b(x) > 0 on 042.

For the large solution of the particular problem

Au=b(x)uP, x € 2,
(1.2)
U = 00, x € 012,
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with p > 1, almost everything is known: existence and non-existence, uniqueness,
boundary behaviour of the solution and its normal derivatives, second-order esti-
mates near the boundary, etc. The assumptions on the weighted function b(z) have
varied over the years: for instance,

e in [2,18], when b is smooth and positive up to the boundary,
e in [8], when b is smooth but is zero on 9f2 with a prescribed behaviour,
e in [20,21], where b satisfies (Hb) and b € C7(£2) and either

sup[d(z)]"b(z) < Cy
2

for some —2 < p < 0 and some constant Cy, or b € L"(£2) for some r > N/2.

Then [6] almost covered the three cases above about the weight and studied the
more general equation Au = b(z)f(u); the upper-and-lower-solutions method was
used there. Chuaqui [4] also studied the large solution of (1.2). It was assumed that
b e C7(£2) and there exist constants by, by > 0 and p > —2 such that

bid"(x) < b(x) < bad*(x) in £2. (1.3)
The following result was obtained in [4, theorem 1.1].

PROPOSITION 1.1. Assume b verifies hypotheses (1.3). Then problem (1.2) has no
positive solution if p < —2, and it has a unique positive solution u when —2 < p < 0.
Moreover,

Did™%(z) < u(z) < D2d™%(x) in £2,
where a« = (24 u)/(p — 1), and Dy and Dy are positive constants.

In fact, the existence of positive large solutions holds under the weaker assump-
tion 0 < b(x) < bad"(x) in {2 for some —2 < p < 0 and be > 0.

More recently, Garcia-Melidn [7] studied the corresponding results for p-Laplacian
problem.

The presence of the gradient terms may have significant influence on the exis-
tence, uniqueness and asymptotic behaviour of the large solution. Problems of
this type appear in stochastic control theory and were first studied by Lasry and
Lions [15], who addressed existence, uniqueness, non-existence and the blow-up rate
near the boundary of C?(2)-solutions of the problem

Au=oau+ |Vul! +¥(z), =€ u=o00, x€adfN.

where a > 0, 1 < ¢ < 0o are constants and ¥ is a smooth function. In recent years,
there have been many works published on the problem

Au = |Vul? =b(z)f(u), =€ u=o00, x €. (1.4)
When b(z) =1, f(u) =e", Bandle and Giarrusso [1] gave the following results:

(i) if ¢ > 0, then problem (1.4), has one solution in C?(§2), and the same state-
ment is true for problem (1.4)_, provided 0 < ¢ < 2;
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(i) if 0 < ¢ < 2, then every solution u4 to problem (1.4)1 satisfies

lim _uET) (x)
d(z)—0 — In(d(x))

)

(iii) if ¢ > 2, then for any solution u4 to problem (1.4),, it holds that

lim — ) (2)
d(z)—0 — In(d(x))

Whereas when b(z) = 1, f(u) = uP, they gave the following results.

(i) Ifp > 1 and 0 < ¢ < 2p/(p+1), then problem (1.4)+ has at least one positive
solution in C2(£2). Moreover, every solution satisfies

ug (z)

)0 R0p+ 1)/ (p — D2 D (d@) oD

(ii) If 2p/(p+ 1) < ¢ < p, then any positive solution of problem (1.4), satisfies

e @[ - q)d() /g = 1.

(iii) If p > 0 and max{1,2p/(p + 1)} < ¢ < 2, then problem (1.4)_ possesses
a positive solution. Moreover, every positive solution w of problem (1.4)_
satisfies

Jim o (@)(2 = gl(g — ()]0 <1

(iv) If p > 0 and ¢ = 2, then problem (1.4)_ has a positive solution which satisfies

. u_(z)
1 =1.

d() 0 In(d(z))

Bandle and Giarrusso [1] extended the above results for more general function f(u).
It was also shown that if f(t)/F9/?(t) — co ast — oo, then the solution u of (1.4)+

satisfies -

L/ ;dtﬁl as d(z) — 0,

A() Juy (@) /2F(2)
and if o

f(t
R0 — 0 ast— oo,
then
(2-0)/(a—1) 1
us(2)[(¢ — 1)d(z)] =g s d(z) — 0,

where

F(t) = / t £(s)ds.
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Giarrusso [10,11] showed that if

f(2)
Fa/2(t)

— kK, O0<K<o0, ast—o00 and 1<¢g<2,

then

2—q
Va+

(2—a)/(a—1)
] as d(xz) — 0,

s (2)[(q — 1)d(z)] @D/ a=D) _, {

where a4 is the solution of the equation
a

2—4q

Later Ghergu et al. [9] and Zhang [22,24] extended the above results for the more

general function f(u) and weighted function b(z).
For the general quasilinear boundary blow-up problem

+a?? = k.

Au—(z,u,Vu) =0, €, } (15)

u=o00, x€adf,

Goncalves et al. [14] showed the existence of non-negative solutions under the con-
dition

a(z)g(t) < W(w,t,€) <h(t)(1+ AlE%), (1.6)

where a, g, h are continuous functions, A > 0 is a constant, g and h are non-
decreasing and satisfy ¢g(0) = 0, g(¢) > 0 for ¢t > 0 and h(0) > 1; in particular, g
satisfies the so-called Keller—Osserman condition, namely

o0 1 t
——dt < o0, G(t) = / g(s)ds.
/1 VG(1) 0
Goncalves et al. applied the abstract result therein to prove the existence of large
solutions of the problem

Au = a(x)g(u) + \’|Vul!, =z € (2 u=o00, €,

where a(z) € C7(2)NC(2), 0 < ¢ < 2, and g satisfies the Keller-Osserman
condition.

For other works on large solutions with nonlinear gradient terms, see [3,9,12,16,
23] and the references therein.

Motivated by the above papers, in this work we study the existence, asymptotic
behaviour near the boundary and uniqueness of large solutions for problem (1.1).
To this end, we first study the radially symmetric case:

N-—1
v+ v = () (R = )"0 + ax(r)(R =) v |7, 1 € (0, R),
v>0, re(0R) (1.7)
/ . M j—
v'(0) =0, Th/r‘rllzv(r) = 00.
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We show the existence and asymptotic behaviour of radial large C*-solutions of (1.7)
by constructing suitable blow-up weak upper and lower solutions. Then we derive
the existence of non-negative solutions of (1.1) in a general domain by a comparison
argument. Finally, by using a perturbation method and constructing comparison
functions, we obtain the exact asymptotic behaviour of any non-negative solution
of (1.1) near the boundary. The uniqueness of the solution is shown by a standard
argument.

Our main results are summarized in the following and, to the best of our know-
ledge, they are not covered by any of the references cited above.

THEOREM 1.2. Assume that R > 0, a; € C([0, Rl;R™), p,o >0, ¢ > 0, p > —2
and v > —(2 — q). If one of the following holds:

(i)
(nt+2)o+g-1)
v+2—gq

p>max{1, +1}, ai(r) >0 in (0, R];

(i)
2 -1
p<('u+ o+q )+1, g+o>1 and as(r) >0 in (0, R];
v4+2—gq

(iii)
(p+2)(c+q-1) ,
1 = 1
=7 sra_g  TL @l)>0o0ra(r)>0in O8]

then, for each € > 0, problem (1.7) has at least one non-negative solution v. and
satisfies

1—e< lin}inf ve(r) < limsup ve(r)

R W iy WSH—Q (1.8)

where

2
a:% and z/)(R):(

when condition (i) holds,

ala+ 1)\
a1(R) >

vi2 g oo+ 1) 1/(g+o—1)
S N B d (2 =T
a o1 and Y(R) < (B
when condition (i) holds,
a=tT2 2
=>3

and Y (R) is the unique positive solution of the equation
a1 (R)xP~ ! 4+ az(R)at29™ ! = a(a +1)

when condition (i) holds.
Therefore, for each o € RY, the function

ue(x) = ve(r) withr:= |z — xg
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provides us with a radially symmetric non-negative solution of the problem

—Au = ay(r)d*(z)u? + as(r)d” (z)|Vul?, x € Bgr(xo),
u=o00, x€ IdBg(x),

and satisfies

1—e< liminfuei(gc) < limsupusi(x)
T d@N0 Y(R)A(2) T a0 Y(R)d ()

where d(x) := dist(z,0Bgr(z9)) = R — |z — x9| = R —r, o and Y(R) are defined
above.

<1l+c¢,

THEOREM 1.3. Suppose that there exist constants ba,co > 0 and po,ve > —1/N,
such that

b(z) < bad"?(z), c(x) < cod™(z), =z € 2.

Then problem (1.1) has at least one non-negative solution under one of the following
conditions:

(i) p > 1, b(x) satisfies (Hb);
(ii)) g+ 0 >1, c¢(z) =2 crd** () in 2 for some ¢; > 0 and v; = 0.

THEOREM 1.4. Suppose that there exist constants B,p > 0, p > =2, v > —(2 — q)
satisfying pv = 0. If one of the following holds:

(i)

(o rast) )y, U
’ d(z

> 1, 1
p max{ v +2—¢ m

™NO dHE(z)

near the boundary;

(u+2)(c+qg—1) . c(x)
1 1 1 = b(x) < bod"
sro—g tbh oato>l [lm s = () < bad" ()

p <

near the boundary;
(iil)
(h+2)(c+q-1)

1<p: +17

lim b(z) c(x)
v+2—gq d(z)\o dH(x)

= 1.
p d(zl)H{‘O dv(z

):p

and

v ifr<0
—q

(v < 0 implies q¢ < 2);
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then any non-negative solution u(x) of (1.1) satisfies

lim u(@)
d(z)\o0 d=%(x)

=1, (1.9)

where

when condition (i) holds,

9 1—q 1 1/(g+o0-1)
Govt2-a l:<a(a+>>
g+o—1 p

when condition (i) holds,

w42
o= —
p—1

and [ is the unique positive solution of the equation
B!t + palz?! = a(a+ 1) (1.10)

when condition (i) holds.
Furthermore, in any case, if p>1andq+oc =21, orp=1,0+q>1 and g > 1,
then the solution of (1.1) is unique if it exists.

REMARK 1.5. Tt is well known that case (i) also holds for the large solutions of the
simple semilinear equation Au = b(z)u?. On the contrary, case (ii) shows that the
asymptotic behaviour of u is really influenced by the term c(x)u?|Vu|? and does
not depend on the particular b(z)u?. On the other hand, case (iii) shows that the
asymptotic behaviour of u is influenced not only by the term ¢(x)u”|Vul? but also
by the term b(z)uP.

The rest of this paper is organized as follows: in § 2, we give a comparison principle
for quasilinear equations and two related existence theorems. In §3 we first study
the large solution for the radially symmetric case, and then prove theorems 1.3
and 1.4.

2. Comparison principle and existence result

2.1. Comparison principle

First we consider a second-order quasilinear operator @) of the form

N
Qu := Z a" (z,u, Vu)Diju + b(x, u, Vu),
ij=1
where = (x1,...,2y) is contained in the domain £ of RY. The coefficients of

Q, namely the functions a¥(z, z,£), i,7 = 1,..., N, b(z, z,£) are assumed to be
defined for all values of (z, z,£) in the set 2 x R x RV,
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LEMMA 2.1 (Gilbarg and Trudinger [13, theorem 10.1]). Let u,v € C(2) N C?(£2)

satisfy Qu > Qu in 2, and u < v on 012, where
(i) the operator Q is elliptic with respect to either u or v,
(ii) the coefficients a® are independent of z,
(iii) the coefficient b is non-increasing in z for each (x,€) € 2 x RN,
)

(iv) the coefficients a*,b are continuously differentiable with respect to the & vari-
ables in 2 x R x RV,

It then follows that v < v in 2. Furthermore, if Qu > Qu in 2, u < v on 012
and conditions (i)—(iii) (but not necessarily (iv)) hold, we have the strict inequality
u <o in 2.

If ¢ : 2xRTxRY — R and (x,0,0) = 0, we can extend the function ¥ (x, u, Vu)
to the region u < 0 properly, and apply lemma 2.1 with the operator Qu = Au —
¥(x,u, Vu). The following comparison principle plays an important role in the
proofs of theorems 1.3 and 1.4.

LEMMA 2.2. Assume that ¢ : 2 x RT x RN = R, ¢(,0,0) = 0 and ¢(z,t,£) is
non-decreasing in t for each (x,€) € 2 x RN. Let u,v € C(2) N C?(2) be two
non-negative functions.

(i) If u, v satisfy
Au —p(z,u, Vu) > Av — (x,v,Vv) in 2, u<v ondf,
it then follows that u < v in 2.
(ii) If u, v satisfy
Au —p(z,u, Vu) = Av — ¥(x,v,Vv) in 2, u<v on df,

and in addition the coefficient v is continuously differentiable with respect to
the € variable in 2 x Rt x RN, it then follows that u < v in §2.

2.2. Existence results

Now we consider the general equation
Au—(z,u,Vu) =0, z€ . (2.1)

DEFINITION 2.3. Let 1 < k < 0o. A function @ € W1*(2) is called a weak upper
solution to (2.1) if

W(,a(-), Va()) € L¥ (2) with k' = k— 1
and

/ Vi - Vodr > / Y(x,a, Vayvdr for all v € W *(2), v >0 a.e. in 2.
2 2
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A function u € WH*(£2) is called a weak lower solution of (2.1) if the inequalities
above are reversed. If u < @ a.e. in {2, we say they are ordered. In addition, if
U4 = u = oo, we say that they are the ordered weak upper and lower solutions
of (1.5).

We first determine the existence of the weak solution to the problem

Au — p(z,u, Vu) = 0, x € (2, } (2.2)

u=¢(x), x€ .

Assume that u € WH*(£2) is a weak upper solution (u € W*(£2) is a weak lower
solution) of (2.1). If > ¢ (u < ¢) on 92, we say that @ (u) is a weak upper
solution (lower solution) of (2.2).

LEMMA 2.4 (Du [5, theorem 4.9]). Let u,u € WY*(§2) be the ordered weak upper
and lower solutions of (2.2); ¢(x) can be extended to 2 such that ¢ € WHE(Q) and
u< o< uae in 2. Assume that there exist a positive constant C1 and a function
hy € L¥ (02) with k' = k/(k — 1), such that

[(x,t,6)] < hy(x) + ChlE)*™! ae.x € Q forall¢ RN, t € u,a).  (2.3)

Then there is a weak solution u € W*(2) of problem (2.2) such that u < u < @
a.e. in §2.

As for the existence of classical solutions, we have the following theorem.

THEOREM 2.5. Let 1) € C7(2 xR xRN) for some 0 < v < 1, and u,u € WH>°(£2)
be the ordered weak upper and lower solutions of (2.2); ¢(x) can be extended to
2 such that ¢ € C*T(02) and u < ¢ < @ a.e. in 2. Assume that there exist
constants k > 1, C1 > 0, m > N and a function hy € C*(£2) N L™(£2) for some
0 < p < 1, such that (2.3) holds. Then there is a C*P5(£2)-solution u of (2.2) for
some 0 < B <1 and satisfying u < u < u in (2.

Proof. Choose | > k so large that I/(k — 1) > m. For such fixed [, by the inequality
(2.3) and Young’s inequality, we have that there exist two positive constants Cy
and C3 such that

[(x,t,6)| < hi(x) + Cy + C3é|' ™1 ae. z € Qforall ¢ eRY, t € [u,al.

It is obvious that @,u € W!(£2) are the ordered weak upper and lower solutions
of (2.2). In view of lemma 2.4, problem (2.2) has a weak solution u € Wh!(£2) and
satisfies u < u < @ in £2, which implies Vu € L!(£2). So, |[VulF~1 € L/ k=1 (0) —
L™(2). By the inequality (2.3), we have

[ (x,u, Vu)| < hy(z) + C1|Vul|*~! € L™(R).

Thus, by the LP theory for elliptic equations, we have u € W2™(§2). Since m > N,
we have that Vu € C%(£2) with 0 < a = 1 — N/m < 1 by the Sobolev imbedding
theorem. Applying the Schauder theory, we obtain that problem (2.2) has a solution
u € C%8(0) for some 0 < 3 < 1. This completes the proof. O
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The following theorem is needed in the next section.

THEOREM 2.6. Let ¢p € C7(£2 x RT x RY), and non-negative functions @, u €
Wﬁ)fo(ﬂ) be the ordered weak upper and weak lower solutions of (1.5). Assume

that there exist constants k > 1, C; > 0 and two functions hy € CH(£2) and
g € L2 ([0,00)) for some 0 < pu < 1, such that

loc

[(x,t, &) < ha(x) +g(t) + ClE)"™ ae. 2 € 2 for all € e RN t € [u,u]. (2.4)

Then there is a C*P(£2)-solution u of (1.5) for some 0 < 3 < 1 such that u < u < @
in £2.

Proof. Let § > 0 and (25 := {z € 2: d(z) > ¢}. Consider the problem

Au = Y(z,u, Vu), =€ (25, } (2.5)

=1, S 8(25.

Since 4 € W1>°(£2;5) and u € W1>(£2;), by (2.4) we see that there is constant
Cy = C(0) > 0 such that

[(x,t,€)] < hi(x) + Co + C1|€[FY ae. x € 25 for all € € RN, t € [u, ).

It is obvious that |, and u|p, are the ordered upper and lower solutions of (2.5),
and h; € C*({2s). By theorem 2.5, there exists a solution us € C?#(§25) of (2.5)
such that u < us < @ in §25. In view of the standard inner Schauder estimate and
compact imbedding theorem, we conclude the existence of a sequence §,, — 0 such
that us, — u in C?#(£2). It follows that u is a solution to (1.5) and u < u < @
in 2. O

3. Radially symmetric case

Proof of theorem 1.2.
(i) First we show that, for each ¢ > 0 sufficiently small, a constant A, > 0 exists
for which the function

v.(r) = A+ B, (;)2(3—7«)—@ (3.1)

provides us with a positive upper solution of (1.7) for each A > A, if

By = (1+e)¥(R), (32)
where
_ et <R>—<a(a+1>>”<p‘”
s e
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Indeed, 72(0) = 0 and lim, »g U, (r) = 00, since @ > 0. Thus, 7 is an upper solution
of (1.7) if and only if

Ztla(ac+ U7+ dar(R ) + 2R — 1] + (N ~ )L (R = r)(2(R — 1) + ar)
< an(r)(R—rpoories? (4 -y + B

RQ
q>. (3.3)

Note that v —ac+a+2—(a+1)g > u—ap+a+2 =0 at r = R; thus, (3.3)
becomes

v—aot+a+2—(a+1l)q « B+7"2 Y
+ax(r)(R—1) AR—r)"+ —/—

alo+ 1By < Blay(R),

which is satisfied if and only if
By = 4(R),

since p > 1. Therefore, by choosing By as in (3.2), inequality (3.3) is satisfied in
a left neighbourhood of r = R, say (R — §, R] for some § = §(¢) > 0. Finally, by
choosing A sufficiently large, it is clear that the inequality is satisfied in the whole
interval [0, R], since p > 0 and a;(r) is non-zero. This concludes the proof of the
claim above.

Now we will construct an adequate weak lower solution of (1.7). We claim that,
for each sufficiently small € > 0, there exists C' < 0 such that

v (r) := max{0,C + B_(r/R)*(R —r)~“} (3.4)
provides us with a weak lower solution of (1.7), here
B_ = (1-¢e)yY(R). (3.5)

Indeed, v, is a weak lower solution of (1.7) if, in the region where

o B_r?
the following inequality is satisfied:
B_ ) ) B_
ﬁ[a(a +r*+4dar(R—1r)+2(R—7)*]+ (N — l)ﬁ(R —7r)2(R—71)+ar)
B_r2Y
> ay () (R — r)erter? (C(R —) )

q

v—ao+a+2—(a+1) a B_r*Y
+ax(r)(R—1) HCR—-7r)*+
Rz )

< (’BT(Q(R )+ ar)
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Now, note that for each C' < 0, a constant
Z =Z7(C) € (0,R)

exists for which

o  B_r? .
while
o  B_1? .
Moreover, Z(C') is decreasing and
Cgrgoo Z(C) =R, cl‘l;no Z(C) =0. (3.8)

At r = R, (3.7) becomes
ala+1)B_ > B a;(R),
which is satisfied if and only if
B_ < Y(R).

Therefore, by choosing B_ as in (3.5), inequality (3.7) is satisfied in a left neigh-
bourhood of r = R, say (R — §, R] for some é = d(¢) > 0. Moreover, due to (3.8),
there exists C' < 0 such that

Z(C) = R — b(e).

For this choice of C, it readily follows that v, provides us with a weak lower solution
of (1.7).

It is easy to see that (2.4) holds, owing to p,o > 0, ¢ > 0. Since v_(r), V(1) €
WI})SO (0, R) are the ordered non-negative weak lower and upper solutions of (1.7),
the existence of a classical solution u of (1.7) is followed by theorem 2.6, and v_(r) <
v < Te(r) in £2.

Finally, since

ve(r) , 0.(r)

lim ———— =1

—_— =1 3.9
r,/R B+(R—7“)_o‘ Tg‘rll?, B_(R—’I")_a ’ ( )

where B and B_ are the constants defined through (3.2) and (3.5), we conclude
the asymptotic behaviour for this case.

The proofs of cases (ii) and (iii) are similar to that of case (i). Here we omit the
details. The remaining assertions of the theorem are easy consequences from these
features. O

REMARK 3.1. From the proof we can see that, for case (i), if az(r) = 0 in (0, R),
it suffices to require that p > 1, a;(r) > 0 in (0, R] to ensure the existence and
asymptotic behaviour of the solution near the boundary. Similarly, for case (ii), if
a1(r) = 0in (0, R), it suffices to require that c+¢ > 1, az(r) > 0 in (0, R] to ensure
the corresponding results.
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REMARK 3.2. If 0 =0, ¢ > 1, u > =2, v = —(2 — q) and a1(r),a2(r) > 0, then
(1.7) has a solution v, satisfying

o —v(r)
1— & < liminf
SR (@@®) Ve D In(R )

< lim sup —ve()
ror (az(R)~(@ D n(R —7)
<l+e. (3.10)

Indeed, we just set

r 2
O.(r) = A — (14¢)(az(R)) V(@Y (R> In(R —r),

r 2
v (r)=C — (1 —¢)(az(R))~ =D (R) In(R —r).

With a similar argument to that in the proof of theorem 1.2, we obtain (3.10).

4. Proofs of theorems 1.3 and 1.4

Proof of theorem 1.3. For n > 1, consider the following problem:

4.1
u=n, x € 012. (41)

Au = b(x)uP + c(x)u’|Vul?, =€ 1, }
Our aim is to pass to the limit in (4.1) as n — oo. This requires a few steps.

STEP 1 (existence of solutions for (4.1)). The (constant) function u = 0 and @ = n
are the ordered lower and upper solutions of (4.1). Owing to 0 < b(z) < bed"? (),
0 < ¢(x) < c2d”?(x), by Young’s inequality, we have that, for any 6 > g,

0 < b(x)uP + e(x)u’|Vul?
0 —
< banPd”? (z) + can® (eqd”g/(eq)(x) + Z|Vu|9) forallz € 2, 0 <u < n.
Since pio,v2 > —1/N, we can choose 6 > 1 so large that Nvef/(6 — q) > —1, which
implies
0 —
banPd"? (z) 4+ con® 5 9 qr26/(0-0) (x) € L™(92)

for some m > N. By theorem 2.5, we see that problem (4.1) has at least one solution
un(z) € C%(£2) such that 0 < u,(r) < n.

STEP 2 ({uy} is non-decreasing in {2 as n increases). Indeed, u,, and n+1 are the
ordered lower and upper solutions of (4.1) when the boundary condition is replaced
with u =n+ 1, x € 912. So we have u,, < upy1, n > 1.

STEP 3 ({uy} is uniformly bounded in {2 for each n). First we solve (i), i.e. p > 1,
b(x) satisfies (Hb) and b(z) < bad"2(x). By [20, theorem 1], there exists a positive
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solution v(z) to the problem

Av = b(z)vP, x € (2,
0, x € 012

v

Since
Auy, — b(z)ul — c(z)ul |Vup|?! < Au, — b(z)ul, x € 2,

and u, () < v(x) = 0o on A2, by lemma 2.2 we have u,(x) < v(z) for all n.

We now solve (ii), i.e. ¢+ 0 > 1, ¢(z) = c1d” (z). Fix a point zo € 2, and
consider a small ball B centred at g and contained properly in (2. By remark 3.1,
there exists a positive solution v(x) to the problem

Av = ¢y (dist(z,0B))"* v |Vu|?, x € B,
v = 00, r € 0B.
Hence, we have
Auy, — b(z)ul — c(z)ud |Vu,|?! < Auy — c1d™ (z)ul |V, |?
< Auy, — 1 (d(x,0B))"* ul|Vu,|?, =« € B.
By lemma 2.2 we also have wu,(xg) < v(xg) for all n.

STEP 4 (the limit process). Standard elliptic regularity arguments show that the
limit lim, o0 un(2) = u*(z) exists and u*(x) satisfies the differential equation
in (1.1). To prove that u*(z) is a non-negative solution of (1.1), we merely verify
u*(x)]an = oo. If this is not true, then there exist a positive constant M, a sequence
{zr} C 2 and ¢ € 912, such that z;, — xg and u*(x) < M. For any fixed k, note
that uy,(zr) — u*(xk) as n — oo; it follows that there exists N, > 0, such that
un(zr) < 14 M for all n > Ni. Note that w, is increasing in n. We have

up(zr) <14+ M

for every n > 0. Now fix an > 1+ M and let & — oo in the above inequality.
It follows that u,(z9) < 1+ M < n, since x — xp, which is a contradiction of

un (o) = n. The theorem is proved. O
Proof of theorem 1.4. If
b(x) c(x)

=pA>0 and lim
h d(z)No d¥ ()

= 0
d(;)nio dr(x) p=5

then, given 0 < e < min{3/2, p/2}, there exists § = d(¢) > 0, so that, for all z € 2
with d(z) < 24,

(8 —e)d"(z) <b(x) < (B+e)d(x),  (p—e)d’(z) <clx) <(p+ ef)d”(%z;1 2

Now we define 25 = {z € 2 : d(z) < §} with 0025 = {x € £2:d(x) = 0}. It is easy
to prove that, by diminishing § > 0 if necessary,

d(z) € C%(§2s), |Vd(z)|=1 on 2.

To prove the limit (1.9), we consider two cases.

https://doi.org/10.1017/50308210510000363 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510000363

Ezistence, asymptotic behaviour and uniqueness 731
CASE 1 (p,v > 0). Since the proof of each case is similar, here we just prove (iii).
Let

ut(z) = By(d(x) — o)™, x €D} =25/, (4.3)

u” () = B_(d(z) + )%, x €D, =y, '

where g € I := (0,6), a is defined in theorem 1.4 for case (iii), and

9: \M/ (=1 (04+4q-1)
B+:max{l(1+ﬁ_€> l(l-i—p 6)

B —min{l(l— 2 >1/(p1) 1<1 2¢ ) o 1)}
T B+e ’ p+e

where [ is the positive solution of (1.10).

Since p,v > 0, we have b(z) > (6—¢)(d(z) — )" and ¢(z) = (p—e)(d(z) — 0)¥ for
any x € D} . Consequently, it follows by p—ap+a+2 =v—aoc—(a+1)g+a+2 =0
and p > 1, 0 + ¢ > 1 that

Aut —b(x)(uT)P — c(z)(uh)7|Vut]9
< By (d(z) — 0)7*?la(a + 1) — a(d(z) — 0)Ad(z)
— (8- e)By (d(x) — o)t rtet?
—al(p— e)Biﬂ*l(d(x) _ g —(atlatat]
= By (d(x) — 0) " lala+1) = (3 —2)BL"
—al(p— E)Bf‘q_l — a(d(z) — 0)Ad(z))
< Bi(d(z) = 0) Pl +1) = BIP71 = afpl”t ! — a(d(z) — 0)Ad(x)].

Since
lim a(d(z) — p)Ad(z) =0,
(z,0)€D}f xT
(d(z),0)(0,0)
we have

Aut —b(z)(u)? — e(z)(uh)7|Vut|? <0, xe D}
Similarly, we have
Au” = b(z)(u" )P —c(z)(u™)7|Vu~|?>0, zeD,.

CASE 2 (u,v < 0). This situation is more complicated. The following method is
motivated by [19].
For (i), we define

S

+

&
Il

B+(d(“+2)/2(x) _ ‘Q(M+2)/2)*2/(1D*1)7 = D;,} (44

u” (x) = B_(dWHA/2(g) 4 ot/ =2/=1) - g ¢ D,

where p and DQi are defined as in (4.3), B+ = (1£¢)l and [ is a constant defined in
theorem 1.4 for case (i). Set Dy (z) = d#+2)/2(z) F p(+2)/2 for simplicity. A direct
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calculation implies

AuE = b(2) (uE)? — o(z) (uF)7 | Vut|?
_ P+1)(+2)°  —op/p-1), 1
-B WD; Y (z)d ()
_ m DO/ (4272

2 _
_ &Di(lﬂrl)/(? 1)($)dﬂ/2(I)Ad(:€)
p—

— b(z)BLDL PV (x)

2N -
— c(x)Bi+q (/H_) Di(ZUJr(PJrl)Q)/(P D(m)d“‘”z(aj)

p—1
= B D7 (2)d (a)
[(p +D(E+2)?  (pt Q)UDi(x)d—(u+2)/2(x)

2(p - 1)? 2(p—1)
o o po1 b(x)
A2 Ds @) A M) ~ B
otq1 c(@) (p+2Y
- B7* (@) (pl)

X D;(2‘7+(1’+1)q72p)/(p*1) (x>d(2u+uq—2u)/2 (il?) .

Since

Dy (x) < dH2(z) - for x € DY,
22 (2) < D () < 24+D%(z) for w € Dy,

and —2 < p < 0, we have

(n+2)p —(ut2)/2 (1 +2)p
< —mDJr(x)d W22 (z) < Topo 1)
(1 +2)p < (N+2)HD_(:L’)CZ7(#+2)/2(1‘) < (1 +2)p

20-1) © 20p-1) -1
Consequently,
2
lim 2D, (2)d 2 () Ad(z) = 0.
(m,g)EDQiXF p—1
(d(),0)(0,0)

Now we estimate the last term in the bracket of (4.6). If

20+ (p+1)g—2p >0,
p—1
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it follows that
D;(20+(p+1)q72p)/(17*1)(x)d(2u+uq—2u)/2(x) < C’dg(x),
where

O = g-Cotrne-) /-y g vH2=af (E2leta=1) G\
’ p—1 v+2—gq

On the other hand, if
20+ (p+1)g—2p <0,
p—1

we also find that

D*(20+(p+1)q*2p)/(p71)(x)d(2u+uq—2u)/2(x) < df(x)

—_ )

Hence, by ¢(z) < cod”(x), we have

e o) (142
(z,0)€D; xI' d’(z) \p—1

(d(z),0)(0,0)
% D:(2<7+(P+1)q—21))/(1)—1)(x)d(2u+,uq72,u)/2(x) —0. (4.10)

Note that
lim b(m)
d(x)—0 d*(x)

=4

Combining (4.6) with (4.8)—(4.10), for ¢ € I" with ¢ sufficiently small, we conclude
that

Au” = b(x)(u” )P —c(z)(u)?[Vu~|? >0, z€D,. (4.11)

Furthermore, by

)

2 < —(20 - -
Bi+q‘1dcf2> (21) D BT BT () qGrtna 2 2 () > 0

and combining (4.6) with (4.7) and (4.9), we also conclude that
Aut —b(z)(uh)? — c(z)(uh)7[Vut|? <0, zeDf. (4.12)
For case (ii), we set
ut(z) = Bi(d(lﬂr%q)/2 T Q(V+2*q)/2)*2/(q+0*1)7 = Di
where By = (1 +¢)l, and [ is a constant defined in theorem 1.4 for case (ii). Set

Dy (z) = dW+2=0/2(g) 7 pF2-9)/2,
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A direct calculation implies

Aut = b(a)(u™)P — e(x)(u®)7 | Vut|?
_ BiD;(q(q+0+1)+26)/(q+671)(x>d(2v+(v—q)q)/2(m)
2
« (q+0+1)(V+2—q) D:qt(x)di(y+27q)q/2
2(q+o—1)>
(V+2-q)(=V+9) ngt1, \ (i
D4 d—(v+2-a)(g+1)/2
v+2—gq 1 _ _
_ DIt (v+2-g)(q+1) /241 () A
o D (v)Ad()
—1 5(@) See-p)raarer)/@to-1)
_BP 1 D p)+alq q
+ d”(ﬂ?) ($)

q
X d(2(M—V)—(V—Q)QM)/2(x) — Biﬂ*l dC(EE)) <V1— 2= (i) ]
Yix)\qg+o—

Analogously to case (i), we have

DY (z)d~ V2092 ()

< DZH(x)d*(wr?fq)(qﬂ)/?(z)
Di(m)d_(”“‘@qﬂ(m) >

L,
1

VoA

L,
Dq:l (z)d~+2=D@+D/2 () >

) )

and

lim DY (z)d~ 20D/ 24 () Ad(z) = 0,
(:c,Q)EDfo
(d(x),0)\(0,0)

lim p—1 ﬂD(2(U—P)+Q(Q+U+l))/(Q+U—1)(x)d(Q(ufu)f(ufq)qp,)/Q(m) —0.
(wo)eDy xr  di(x) T
(d(z),0)(0,0)

So, arguing as in case (i), (4.11) and (4.12) also hold.
For (iii), as in case (i), we define u™ by (4.3), except that By = (1 £ ), where
[ is defined in theorem 1.4 for case (iii). Since v < 0 (which implies ¢ < 2),
2v (p+2)(c+qg—1)

d = 1
2—q and p v+2—gq +h

N

I

we conclude that
20+ (p+1)g—2p > 0.
p—1

It then follows that

D_(QUHPH)‘]_QP)/(”_”(x)d(2V+“q_2”)/2(m) <1 reD-
— X bl 0"

(4.13)
D;(20+(P+1)q—2;0)/(p—1)(x)d(2u+uq72;4)/2(x) >1, z¢ D;.

By
b(z)

i
i) 0 dh ()

c(z)

.
d(gi)rgo dr(x

:/87 ):p7
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and combining (4.6) with (4.7)—(4.9) and (4.13), for ¢ € I" with ¢ sufficiently small,
we conclude that (4.11) and (4.12) hold.
Let u be any solution of (1.1) and let

Mi(6) = max u(z),  Ms(5) = B_(26)~°.

d(xz)>26
We see that
u(x) <ut(x) + Mi(8), x€dD/, L4
u_(z) <u(r) + M2(6), =e€dD,. (4-14)
On the other hand, as p,o > 0, we have
Alu® + Mi(8)] = b(x)[u’ + Mi(9)]
(@)t + My @)Vt + M@ <0, € Df,
Alu+ Ms(8)] — b(z)[u+ Mz(8))P
—c(x)[u+ M2(5)]7|V[u+ M(0)]|? <0, x€D,.
(4.15)

By (4.14), (4.15), it follows by lemma 2.2 that

u(x) <ut(x) + Mi(6), xe€ D/,
u_(z) <u(r) + M2(6), =e€D,.

Hence, for x € D;‘ N D, , letting ¢ — 0, we see that
B,d_a(l') <u+ Mg((s) < B+d_a({L‘) + M1(6) + M2(5)7

which implies

.., u(w) . u(x)
B_ < liminf < lim sup < .
d(z)\0 d=*(T) ~ gz)no d7%() -

Letting ¢ — 0, we obtain
lim u(z)
d(x)No d=%(x)

:l7

which is in agreement with (1.10).
The final step is to prove the uniqueness. Let u; and us be two positive solutions
of (1.1). By (1.10), we thus have

lim u ()

=1.
d(z)\o0 uz(x)

The uniqueness follows from this fact and lemma 2.2 by a standard argument [17].
Indeed, for 6 > 0 arbitrary, set (1 + 0)u; = w;, for i = 1,2. It follows that

lim (u; —ws)(x) (ug —wr)(x) = —o0.

= lim
d(x)\0 d(x)\0
When p > 1, 0 + ¢ > 1, we have that

Aw; —b(z)w? — c(z)wl|Vw;|? < (1+0)[Au; —b(x)ul —c(z)uf|Vu;|9] =0, =z € .
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Therefore, by lemma 2.2(i), we may infer that
ur K 1+ Qug, us < (140w, =€l (4.16)
When p=1,0+¢g > 1 and g > 1, we have that
Aw; — b(x)w? — c(z)w! |Vw;|? < (1 + 0)[Au; — b(x)ul — c(z)uf |[Vu;|9], =z € 1.

By lemma 2.2(ii), we also obtain (4.16).
Passing to the limit # — 07 in (4.16), we get u; = ug in §2. This completes the
proof of theorem 1.4. O
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