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Abstract

We formulate and prove a shape theorem for a continuous-time continuous-space
stochastic growth model under certain general conditions. Similar to the classical lattice
growth models, the proof makes use of the subadditive ergodic theorem. A precise
expression for the speed of propagation is given in the case of a truncated free-branching
birth rate.
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1. Introduction

Shape theorems have a long history. Richardson [21] proved the shape theorem for the Eden
model. Since then, shape theorems have been proven in various settings, most notably for first-
passage percolation and permanent and nonpermanent growth models. Garetand Marchand [11]
not only proved a shape theorem for the contact process in a random environment, but also
provided a overview of existing results.

Most of the literature is devoted to discrete-space models. A continuous-space first-passage
percolation model was analyzed by Howard and Newman [13]; see also the references therein.
A shape theorem for a continuous-space growth model was proven by Deijfen [5]; see also
Gouéré and Marchand [12]. Our model is naturally connected to that model; see the end of
Section 2.

The questions addressed in this paper are motivated not only by probability theory but also
by studies in natural sciences. In particular, we can mention a demand to incorporate spatial
information in the description and analysis of ecology, bacteria populations, tumor growth,
epidemiology, and phylogenetics among others; see, e.g. [24]-[27]. Authors often emphasize
that it is preferable to use the continuous-space spaces R? and R as the basic or ‘geographic’
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space; see, e.g. [26]. More on connections between theoretical studies and applications can be
found in [20].

The paper is organized as follows. In Section 2 we describe the model and formulate our
results, which are proven in Sections 3 and 4. Technical results, in particular on the construction
of the process, are collected in Section 5. In Section 6 we present some further conjectures
about the models treated in this paper and related models.

2. The model, assumptions, and results

We consider a growth model represented by a continuous-time continuous-space Markov
birth process. Let I'g be the collection of finite subsets of R?,

To(RY) = {n c R?: || < oo},

where || is the number of elements in 1. Note that Iy is also called the configuration space or
the space of finite configurations.

The evolution of the spatial birth process on R admits the following description. Let B(X)
be the Borel o -algebra on the Polish space X. If the system is in state n € I'g at time ¢ then
the probability that a new particle appears (a ‘birth’) in a bounded set B € B(R?) over time
interval [¢; t + At]is

Atf b(x,n)dx + o(At),
B

and with probability 1 no two births happen simultaneously. Here b: RY x ') — R is some
function which is called the birth rate. Using a slightly different terminology, we can say that
the rate at which a birth occurs in B is f g b(x, m) dx. We note that it is conventional to call the
function b the ‘birth rate’, even though it is not a rate in the usual sense (as in, e.g. ‘the Poisson
process (N;) has unit jumps at rate 1 meaning that P{N;o; — N; = 1}/At = 1 as At - )
but rather a version of the Radon—-Nikodym derivative of the rate with respect to the Lebesgue
measure.

Remark 2.1. We characterize the birth mechanism by the birth rate b(x, n) at each spatial
position. Often the birth mechanism is given in terms of contributions of individual particles:
a particle at y, y € n, gives a birth at x at rate c(x, y, ) (often c(x, y, n) = y(y, n)k(y, x),
where y (v, ) is the proliferation rate of the particle at y, whereas the dispersion kernel k(y, x)
describes the distribution of the offspring); see, e.g. Fournier and Méléard [10]. As long as we
are not interested in the induced genealogical structure, the two ways of describing the process
are equivalent under our assumptions. Indeed, given ¢, we may set

b(x,n) =Y clx,y.n),

yen
or, conversely, given b, we may set
glx —y)
c(y,x,n) = =———b(x,n),
D yen 8(x —¥)

where g: RY — (0, 00) is a continuous function. Note that b is uniquely determined by ¢ but
not vice versa.
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We equip I'p with the o-algebra B(I"g) induced by the sets
ball(n, r) ={¢ € Lo | In| = [¢], dist(n, §) <r}, neloy, r>0, (2.1)

where dist(y, ¢) = min{V" x; — yil | n={x1, .., X} & = V15 -+ -, Y1} For more
detail on configuration spaces; see, e.g. [16] or [22]. In particular, the distance above coincides
with the restriction to the space of finite configurations of the metric p used in [22], and the
o-algebra B(I"p) introduced above coincides with the o-algebra from [16].

We say that a function f: RY — R has an exponential moment if there exists 6 > 0 such
that

/ ¥l £(x) dx < o0.

R4

Of course, if f has an exponential moment then automatically f € L'(RY).
Assumptions on b. We will need several assumptions on the birth rate b.

Condition 2.1. (Sublinear growth.) The birth rate b is measurable and there exists a function
a: R? — R, with an exponential moment such that

blx,m) <Y alx —y). 2.2)
yen

Condition 2.2. (Monotonicity.) Forall n C ¢,
b(x,n) <b(x,0), xeR’

The previous condition ensures attractiveness; see below.

Condition 2.3. (Rotation and translation invariance.) The birth rate b is translation and
rotation invariant: for every x,y € R%, n € To, and M € SO(d),

b(x+y,n+y) =b(x,n), b(Mx, Mn) = b(x, n).

Here SO(d) is the orthogonal group of linear isometries on R, and for a Borel set B € B(R%)
andy € RY,

B+y={zlz=x+y, x € B}, MB =1{z|z=Mx, x € B}.
Condition 2.4. (Nondegeneracy.) Let co, r > 0 such that

b(x,n) > co wherever min|x — y| <r. 2.3)
yen
Remark 2.2. Condition 2.4 is used to ensure that the system grows at least linearly. The con-
dition could be weakened, e.g. as follows.
e Forsomer, >r; >0andallx,y € R4, b(y, {x}) = colyy <jx—yl<ry)-
Accordingly, the proof would become more intricate.

Remark 2.3. Ifbisasin(2.4) and f has polynomial tails, then the result of Durrett [6] suggests
that we would expect a superlinear growth. This is in contrast with Deijfen’s model, for which
Gouéré and Marchand [11] gave a sharp condition on the distribution of the outbursts for linear
or superlinear growth.
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Examples of a birth rate are

b, ) =21 fx =y 24)
Yen
and
b@mﬂzkA<x§}ﬂu—ﬂQ, 25)
yen

where A, k are positive constants and f : Ry — R, isacontinuous, nonnegative, nonincreasing
function with compact support.

We denote the underlying probability space by (2, #, IP). Let 4 be a sub-o-algebra of ¥ .
A random element A in I'g is #A-measurable if

QLow—>A=Aw) €y

is a measurable map from the measure space (€2, #) to (I'g, B(I'g)). Such an A will also be
called an A-measurable finite random set.

The birth process will be obtained as a unique solution to a certain stochastic equation. The
construction and the proofs of key properties, such as the rotation invariance and the strong
Markov property, are given in Section 6. We place the construction toward the end because it
is rather technical and the methods used there do not shed much light on the ideas of the proofs
of our main results. Denote by (nf’A),zs = (nf’A, t > s) the process started at time s > 0
from an 4;-measurable finite random set A. Here (&)= is a filtration of o -algebras to which
(n‘;’A),zs is adapted; it is introduced after (5.3). Furthermore, (r/f’A),zs is a strong Markov
process with respect to (8;)s>0; see Proposition 5.2.

The construction method we use has the advantage that the stochastic equation approach
resembles a graphical representation (see, e.g. [7] or [18]) in the fact that it preserves mono-
tonicity: if s > 0 and almost surely (a.s.) A C B, A and B being 4;-measurable finite random
sets, then a.s.

U HEN 0 2.6)

This property is proven in Lemma 5.1 and is often referred to as attractiveness.
The Op{rot?cess started from a single particle at 0 at time zero will be denoted by (1););>0; thus,
n: =n, " . Let

& :

U B(x,r) 2.7

XENt

and, similarly,
&= Bn,

xensh

where B(x, r) is the closed ball of radius » centered at x (recall that » appears in (2.3)).
The following theorem represents the main result of the paper.

Theorem 2.1. There exists u > 0 such that, for all ¢ € (0, 1), a.s.

&

1—e)BO, ™ H C - (1+8)B, ™YY  for sufficiently large t. (2.8)

Proof. See Section 3. ]
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Remark 2.4. We note that the statement of Theorem 2.1 does not depend on our choice for the
radius in (2.7) to be r; we could just as well take any positive constant, e.g.

U B 1.

XEeN;

In particular, u in (2.8) does not depend on r.

It is common to write the ball radius as the reciprocate !, probably because x comes up

in the proof as the limiting value of a certain sequence of random variables after applying the
subadditive ergodic theorem; see, e.g. [5] or [7]. We decided to retain the tradition not only for
historic reasons, but also because © comes up as a certain limit in our proof too, even though
we do not obtain g directly from the subadditive ergodic theorem. The value u~! is called
the speed of propagation. The subadditive ergodic theorem is a cornerstone in the majority of
shape theorem proofs, and our proof relies on it.

Formal connection to Deijfen’s model. The model introduced in [5] with deterministic
outburst radius, that is, when in the notation of [5], the distribution F' of the radii of the outburst
balls is the Dirac measure: F' = §g for some R > 0 can be identified with

tf=J BG. R
XEN;

for the birth process (1;) with birth rate

b(x,n) = l{there exists yen: |x—y|<R}-

Explicit growth speed for a particular model. The precise evaluation of speed appears to
be a difficult problem. For a general one-dimensional branching random walk, the speed of
propagation was determined by Biggins [3]. An overview of related results for different classes
of models can be found in [1].

We now provide the speed for a model with interaction.

Theorem 2.2. Letd = 1 and
bx,m) =2A (Z 1{|x—y|51})-
yen
Then the speed of propagation is given by
ul = 1441n(3) — 1441n(2) — 40
25
Proof. The proof can be found in Section 4. ]

~(0.73548....

3. Proof of Theorem 2.1

Outline of the proof. The proof can roughly be divided into three parts. First, we show that
the system grows no faster than linearly, which is the content of Proposition 3.1. The proof
of Proposition 3.1 relies on Lemma 5.1, which allows a comparison of birth processes with
different rates, and on the results on the spread of the supercritical branching random walk by
Biggins [3].

Second, we show that the system grows at least linearly. Strictly speaking, in this part we
give only exponential estimates on the probability of certain linearly growing balls not to be
filled with the particles of our system (Lemma 3.3) as opposed to an a.s. statement about the
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entire trajectory as in Proposition 3.1. This is, however, sufficient for our purposes. The main
ingredients here are exponential estimates for the Eden model (or first-passage percolation
model), comparison of the Eden model with our process, and once again Lemma 5.1.

Finally, the most technical in our opinion, we actually prove the theorem using the previous
two parts. We define a specially designed collection of stopping times {75 (x), x € R?} and
{T,(x,y), x,y € R4 }, depending on an additional parameter A > O (see (3.5) and (3.6)). The
strong Markov property of (1;) (Proposition 5.2 and Corollary 5.1) allows us to apply Liggett’s
subadditive ergodic theorem to show that, for any x € RY, (T (tx))r=0 grows linearly with ¢
((3.10) and Lemma 3.6). We then move on to prove that the limit lim;_, o, T3 (tx)/t does not
depend on x (Lemma 3.7) and is strictly positive (Lemma 3.8). The bulk of the final part of the
proof of Theorem 2.1 is contained in Lemmas 3.10 and 3.11, where we show the necessary a.s.
inclusions removing the dependence on A along the way.

Proposition 3.1. There exists Cypp > 0 such that, a.s. for large t,
n: C B(0, Cupbt)- 3.1
Remark 3.1. The index ‘upb’ hints on ‘upper bound’.

Proof of Proposition 3.1. 1t is sufficient to show that, fore = (1,0,...,0) € R4, there
exists C > 0 such that, a.s. for large ¢,

max{(x,e): x € n;} C Ct. 3.2)

Indeed, if (3.2) holds then, by Proposition 5.1, replacing e with any other unit vector along any
of the 2d directions in R, (3.1) also holds.

ForzeR,y= (y1,...,yd_1) € R4"! we define z o y to be the concatenation (z, yi, ...,
Yd—1) € R?. In this proof we denote by (7);) the birth process with 79 = 1o and the birth rate
given by the right-hand side of (2.2), namely

blx,m =) alx—y). (3.3)

yen

Since b(x, n) < b(x, n),Xx € R4, n € I'p, we have, by Lemma 5.1, a.s. n; C 1 forall r > 0.
Thus, it is sufficient to prove the proposition for (7;). The process (7;) with rate (3.3) is, in
fact, a continuous-time continuous-space branching random walk (for an overview of branching
random walks and related topics; see, e.g. [23]). Denote by 7{ the element-wise projection
of 7, onto the line determined by e; that is, 77 = {x € R! | x = (y, e) for some y € n;}. The
process (77) is itself a branching random walk, and, by Corollary 2 of [3], the position of the
rightmost particle X7 of (77) at time ¢ satisfies

e

tlim Tt — y foracertain y € (0, 00). 34
—00

The conditions from Corollary 2 of [3] are satisfied due to Condition 2.1. Indeed, (77}) is the
branching random walk with the birth kernel

a‘(z) =/ a(zoy)dy,
yeRd-1

that is, (77f) is a birth process on R! with birth rate

bx.n) =Y a(x—y). xeR, nelyR).
yen
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Note that a®(z) = a(z) if d = 1. Hence, in the notation of [3], for 6 < 0,

m@, ¢) = / e 92e797q¢(7) dz dt
RxR4

= %/Re—ﬁ‘zlae(z) dz

_ L[ oy d
e z a(zoy)dy
¢ Jr yeRd-1

= ) e 01Ol g (x) dx
R4

1
< — e Mla(x)dx
¢ Jrd
and, thus, a(0) < oo for a negative 0 satisfying fRd e %lg(x) dx < oo (the functions m (6, b)
and o (0) are defined in [3] at the beginning of Section 3).
Since (3.2) follows from (3.4), the proof of the proposition is now complete. (|

Next, using a comparison with the Eden model (see [8]), we will show that the system grows
no slower than linearly (in the sense of Lemma 3.3 below). The Eden model is a model of tumor
growth on the lattice Z?. The evolution starts from a single particle at the origin. A site once
occupied stays occupied forever. A vacant site becomes occupied at rate A > 0 if at least one
of its neighbors is occupied. We mention that this model is closely related to the first-passage
percolation model; see, e.g. [1] and [15]. In fact, the two models coincide if the passage times
have exponential distribution; see [15].

Forz = (z1,...,2q) € Z4, let |z|; = Zﬁlzl |zi ]

Lemma 3.1. Consider the Eden model starting from a single particle at the origin. Then there
exists a constant C > 0 such that, for every z € Z4 and time t > 4e*/3*(e — 1)> v C|z|1,

P{z is vacant at t} < e Vi,

Proof. Let o, be the time when z becomes occupied. Let v be a path on the integer lattice
of length m = length(v) starting from 0 and ending in z, so that vo = 0, v,, = z, v; € 74 s
and |[v; —vi_1| = 1,7 = 1,..., m. Define o (v) as the time it takes for the Eden model to
move along the path v; that is, if vg, ..., v; are occupied then a birth can occur only at vy .
By construction, o (v) is distributed as the sum of length(v) independent unit exponentials (the
so-called passage times; see, e.g. [1] or [15]). We have

o, = inf{o (v): v is a path from 0 to z}.
Hence, o, is dominated by the sum of |z|; independent unit exponentials, say o, < Z1+ -+ -+
Zig)y-
We have the equality of the events

{z is vacant at t} = {o, > t}.
1

Eexp{k(l - —)Zl} =e.
e
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Using Chebyshev’s inequality P{Z > ¢} < Eexp{iA(1 — 1/e)(Z — t)}, we obtain
Plo, >t} <P{Z1+ -+ Z)y, > 1}

< Eexp{k(l - %)(Zl ++ 2y, — t)}
1 Izl 1
= [Eexp{k(l — —>Z1 ” exp{—k(l — —)t}
e e
=exp{|z|1}exp{—k(1 — é)t}.

1 1
—A(l — —)t > /1,
(&

Since

2
fort > 4e?/2%(e — 1)2, we may take C = 2e/A(e — 1). O
‘We now continue to work with the Eden model.

Lemma 3.2. Forthe Eden model starting from a single particle at the origin, there are constants
c1, to > 0 such that

P{there is a vacant site in B(0, c1t) N 7% at 1} < exp{—+/1}, t>t1.
Proof. By the previous lemma, for c; < 1/ c ,

P{there is a vacant site in B(0, c1t) N 7% at t} < Z P{z is vacant at ¢}
z€B(0,c1t)NZ4

< |B(0, c1t)| exp{—+/1},

where | B(0, ct)| is the number of integer points (that is, points whose coordinates are integers)
inside B(0, c1t). It remains to note that | B(0, c1¢)| grows only polynomially fast in 7. O

Definition 3.1. Let the growth process («;);>0 be a Z%d-valued process with

7d
a(y)>0}> T € Zd, S Z+ ) Z a(y) < oo,
yezZd

a(z) - a(z) +1 atrate )‘I{Zy

ezd : |z—y|<1

where A > 0.

Clearly, Lemma 3.2 also applies to («;);>0 since it dominates the Eden process. Recall that r
appears in (2.3), and (&;) is defined in (2.7).

Lemma 3.3. There exist ¢, so > O such that

P{B(0,cs) ¢ &} < exp{—+/s}, s> s0.

Proof. Forx € R? letz, € (r/2d)Z? be uniquely determined by x € z, 4 (—r/4d, r/4d]°.
Recall that ¢ appears in Condition 2.4. Define

l;(-xv n) = COI{zx~zy for some yen}s
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where ‘zy ~ z,’ means that z, and z, are neighbors on (r/Zd)Zd. Let (17;):>0 be the birth
process with birth rate b. Note that, by (2.3), for every n € Iy,

bx,n) <b(x,m),  xeR,
hence, a.s. n; C n; by Lemma 5.1, ¢t > 0. Then the ‘projection’ process defined by
= r d
1,(z) = Z Vcon(—rad.raardys Z€ ﬁZ ,
X€EMn;
is the process (a;);>0 from Definition 3.1 with A = co(r/2d)d and the ‘geographic’ space

d —
(r/2d)Z% instead of Z?, that is, taking values in Z:f/ 2DZ nstead of Z%d. Since 7;(zx) > 0
implies that x € &, the desired result follows from Lemma 3.2 and the fact that Lemma 3.2
also applies to (o;);>0- O

Notation and conventions. In what follows, for x, y € R4, we define
x.yl={z €RY |z =1x+ (1 —1)y, t € [0, 1]}.

We call [x, y] an interval. Similarly, open or half-open intervals are defined, e.g.
,yl={zeR? | z=1x+ (1 =)y, t € (0, 1]}.

We also adopt the convention B(x, 0) = {x}.
For x € R? and A € (0, 1), we define a stopping time T5 (x) (here and below, all stopping
times are considered with respect to the filtration (4;) introduced after (5.3)) by

T,.(x) = inf{t > 0: |, N B(x, Alx])| > 0}, (3.5)
and, forx, y € R4, we define
To(x,y) = inf{r > Tox): [ @A By + 25, (x) —x, Aly —x])| > 0} — To.(x), (3.6)

where z, (x) is uniquely defined by {z;(x)} = My N B(x, XA|x]). Note that {z,(x)} is an
87, (x)-measurable finite random set. Also, 73 (0) = 0 and T} (x, x) =0 forx € R4, To reduce
the number of double subscripts, we will sometimes write z(x) instead of z; (x).
Since, forg > 1,
{x1 +x2: x1 € B(x, A|x]), x2 € B((g — Dx, A(g — DIxD} = B(gx, Aqlx]),
we have, by attractiveness (recall (2.6)),

Ty(x), x
Ty(qx) < To() + (inf{r > 0: [, """ "% 1 B(gx, Aqlx])| > 0} — T3 (x))

< Th(x) + (inf{r > 0: [ & 4 Bz, (x) + (¢ — Dx, Mg — Dlx])| > 0}
— T (x)),

that is,
Ti(qx) < Ta(x) + To(x,qx),  x € RY\ {0}. (3.7)

Note that, by the strong Markov property (Proposition 5.2 and Corollary 5.1), we have an
equality in distribution:
Ti(x. gx) = Ta(g — D). (3.8)

The following elementary lemma is used in the proof of Lemma 3.5.
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(DD

FIGURE 1: Representation of Lemma 3.4(i).

Lemma 3.4. Let By = B(xy, r1) and By = B(x2, r2) be two d-dimensional balls.

(1) There exists a constant cpa(d) > 0 depending on d only such that if By and B, are two
balls in R? and x| € By, then

vol(B1 N By) > cpan(d)(vol(By) A vol(By)),

where vol(B) is the d-dimensional volume of B.

(i1) The intersection B1 N By contains a ball of radius r3 provided that
2r3<(ri+nr—Ixi—x2)AriAr.

Proof. (i) Without loss of generality we can assume that r; < rp. Indeed, if r{ > rp
then x, € By, so we can swap By and By. Let B] = B(x{, r1) be the shifted ball B; with
x; = x1 +r1((x2 — x1)/|x2 — x1|) (see Figure 1). The intersection B N By is a subset of B,
and is a union of two identical d-dimensional hyperspherical caps with height r; /2. Using the
standard formula for the volume of a hyperspherical cap, we see that we can take

VB{NB) _ T@p2+1) [
V(B) T J/ar(d+1)/2) Jo

(i) We have Bz C B; N By, where Bz = B(x3, r3) and x3 is the middle point of the interval
[x1, x2] N By N By, O

cpant(d) = sin (s) ds.

Lemma 3.5. For every x € RY and A > 0, there exist Ay %, qx,». > 0 such that

P{T;.(x) > s} < Ay, exp{—qx. v/}, s> 0.

Proof. Let
T, = inf{s > 0: x € &}
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(recall that (&;) is defined in (2.7)), that is, 7, is the moment when the first point in the ball
B(x, r) appears. By Lemma 3.3, for s > 509 V |x|/c,

Plty > s} < Plx ¢ &) < P(B(0, [x]) € &)} < P{B(0,cs5) £ &} <exp{—+/s}. (3.9

In the r < A|x| case, we have a.s. Ty (x) < Ty, and the statement of the lemma follows from
(3.9) since, for s > so V |x]|/c,

P{T;(x) > s} < P{t, > s} < exp{—~/s}.

We now consider the » > XA|x| case. Denote by x € B(x, r) the place where the particle is
born at t,. Forr > O on {t > t,}, we have

/ by nody = [ b N dy = [ coliyenry d,
yeB(x,A|x]) yeB(x,Alx]) yeB(x,A|x])

so that, by Lemma 3.4 on {t > 1.},

/ b(y,n)dy > / col{yenz.r)y dy
yeB(x,\|x]) yeB(x,Alx])

= covol(B(x, AM|x|) N B(x, r))
> cocbail(d) vol(B(x, Alx]))

= cocpan(d) Vard|x|?,
where V; = vol(B(0, 1)), hence,

P{T5.(x) — 7x > s’} < Plinf{t > 0: """ N B(x,r) #£ 2} — 10 > 5/}

< exp{—cocpan (d) Vard|x|?s'}.

Combining this with (3.9) yields the desired result. ]
We fix an x € RY, x # 0, and define, fork,n e N, k < n,

Sk.n = To(kx, nx).

Note that the random variables s, are integrable by Lemma 3.5. The conditions of Liggett’s
subadditive ergodic theorem, see [17], are satisfied here. Indeed, Equation (1.7) of [17] is
ensured by our (3.7), while Equations (1.8) and (1.9) of [17] follow from our (3.8) and the strong
Markov property of (n;) (Proposition 5.2 and Corollary 5.1). Thus, there exists u; (x) € [0, 00)

such that a.s. and in L!,
50,n

— pa(x). (3.10)

Lemma 3.6. Let . > 0. For every x # 0,

T(¢
lim AGC) = uxr(x).
—00 t
Proof. We know that, for every x € R \ {0},
T,
lim (1) = u(x).
n—oo
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Denote 0, = inf ye(ny, (n+1)x] T2 (y). Since there are only a finite number of particles born in a
bounded time interval, this infinum is achieved. So, let Z, be such that No, \ Nop— = {z.}). By
the definition of o,,, the set

{y € [nx, (n + Dx1 12y € B(y, AlyD}

is not empty. We see that {Z,} is an &,,-measurable finite random set, so we can apply
Corollary 5.1 here.
Define now another stopping time

&, = inf{r > 0: 7 5 BE,, Alx| + x| + 2r)).
‘We show that

sup  Tu(y) < Op. (3.11)
yel[nx,(n+1)x]

For any y € [nx, (n + 1)x],
|y = Znl < [Zn = nx| V|2 — (n 4+ Dx| < A(n + D)|x| + |x].

Therefore, the intersection of the balls B(Z,, A|x| + |x| +2r) and B(y, A|y|) contains a ball B
of radius r by Lemma 3.4(ii), since

Ax| 4+ x| +2r + Aly| — A(n + D)|x| — |x| = Alx| 4+ 2r + An|x| — A(n + 1)|x| = 2r.
Since the radius of B is r and 5;,1"{2”} D B@y, Mx| + x| +2r) D E,
ng:»{zn} N § 75 @,

and, hence, _
ns, N B # . (3.12)

Since B C B(y, Aly|) forall y € [n]x], (n + 1)|x|], (3.12) implies (3.11).
For g > (A|x| 4 |x| + 2r) V csp, by Lemma 3.3,

~ q n
P{Un—a,,zz}: {B(Nn,k|x|+|x|+2r)@Sq/cfan}
=P{BG.o) 2 7. |

)

~ A 2
IED{O'n —_ O'n Z q/} S exp{_é/a}’ q/ Z <M) \/SO'

Cc

hence,

By the Borel-Cantelli lemma,
P{G,, — 0, > /n for infinitely many n} = 0,
and since o, < T (nx) < 0y, a.s. for large n,

G, < Toh(nx) ++/n and o, > T, (nx) — /n.
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By 3.11),
Su; T, (y) o, T:
lim sup Pyetn, (1) T2 (Y < lim sup on < lim sup M < ua(x)
n—oo n n—oo N n—00 n
and
inf T, o T, —
lim ing el 0D 0D g O g g BOD =V D
n— 00 n n—oo n H— 00 n

Lemma 3.7. The ratio u; (x)/|x| in (3.10) does not depend on x, x # 0.

Proof. First, note that, for every x € R? \ {0} and every g > 0,

malgx)
palr) = 2290 (3.13)
by Lemma 3.6.
On the other hand, if |x| = |y| then, by Proposition 5.1,
pa(x) = ma(y), (3.14)
since the distribution of (#;) is invariant under rotation and we can consider i, (x) as a functional
acting on the trajectory (7;);>0. The proof follows from (3.13) and (3.14). O
Set )
(X
Wy = ———, x #0.
x|
As A decreases, T (x) increases and, therefore, w, increases too. Denote
= 1l . 3.15
po= lim w; (3.15)
Lemma 3.8. The constants j; and p are strictly positive: 1 > 0, u > 0.
Proof. By Proposition 3.1, for x with large |x]|,
Na=n)lxl/Capy C B0, (1 = 2)[x]),
hence, for every A € (0, 1) for x with large |x]|,
1—A
7,00 > L0
upb
Thus,
- 1—A d . - 1 0
Mr = and g = Im p) = .
upb A—0+ Cupb

Lemma 3.9. Let g, R > 0. Suppose that, for all ¢ € (0, 1) a.s. for sufficiently large n € N,

Tan - (1 +¢)B(0, R) ((1 —&)B(. R) € 51 respectively). (3.16)
qn qn
Then, for all ¢ € (0, 1) a.s. for sufficiently large t > 0,

% C (1+&)B(0, R) ((1 —&)B(0,R) C % respectively).
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Proof. We consider the first case only — the proof of the other case is similar. Sincee € (0, 1)

is arbitrary, (3.16) implies that, for all € € (0, 1) a.s. for large n € N,

Da+D 1 4+ 3B, R).

Since a.s. (17;);>0 is monotonically growing, it is sufficient to note that

ﬂ C (1+8)BO,R) it M990 (1 4 o)p(o, R).

Lt/qlq

Recall that ¢ is a constant from Lemma 3.3.
Lemma 3.10. Let e € (0, 1). Then a.s.

(1-&)BO,u™H c Sm
m

for large m of the form m = (1 4 A;L)Tl/c)n, neN
Proof. Let A = A, > 0 be chosen so small that
_ 1—¢/2 71
I—ep™' < ———
+ X 71/c

Such a A exists since

-1
lim L =pn L.
A—>0+ 1 +)‘M /c

and
e e _1
UB xj,Zc D 1—5 B, i, ).
J
Let § > 0 be so small that (1 + 8)(1 —¢/2) < (1 — ¢/4). Since a.s.

T;L(nxj)
nlx;|

— M,

for large n for every j € {1,..., N},

Tp.(nxj) < nlxj (148 < n(1— 56)(14+8) < n(l - z¢),

(3.17)

Choose a finite sequence of points {x;, j =1, ..., N} such that x; € (1 —&/2)B(0, /L;l)

(3.18)

so that the system reaches the ball B(nx;, An|x;|) before the time n(1 — ¢/4). Let Q, be the

random event
{Tx(nxj)<n(1—— )forJ_l N}
= {Mn(1—e/4) N B(nxj, An|x;|) #Sfor j=1,..., N}.
Note that P(Q,) — 1 by (3.18), and even
o0
n»{ Un Qi} —1
meNi=m

In other words, a.s. for large 7, all Q; occur.
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Let z(nx;) be defined as z(nx;) on Q, and as nx; on the complement 2 \ Q, (recall that
2(x) = z,.(x), x € R?, was defined after (3.6)). The set {z(nx;)} is a finite random 8,,(1 _¢/4)-
measurable set.

Using Lemma 3.3, we will show that after an additional time interval of length (¢/4 +
Au;l/c)n, the entire ball (1 — &/2)nB(0, u;l) is covered by (&), that is, a.s. for large n,

1 -1
(1 - 5‘9)”3(0’ )< 5n(1—a/4)+(a/4+,\u;‘/c)n = é5n+;\nu;‘/c' (3.20)
Indeed, since
5 _ £ _ £ 1
B nxj,czn CcB z(nxj),czn—i—ijln CcB z(nxj),c‘—‘n—}—)\//,A nj,
the series
(n(1—e/4), {z(nx;)}) .
Z]P’{B(nx],c n) Z €n+m;‘n/c for some j}
neN
- N —1 (n(1—e/4), {Z(nx;)}) .
< ZP{B(z(nx]), ey + Auy n) s Sn+m;1n/c for some ]}
neN
converges by Lemma 3.3, thus, a.s. for large n,
€ (n(1—¢/4), {z(nxj)}) .
B(n)c],c4n>CEHJFMA /e j=1,...,N.
By (3.19), a.s. for large n,
] f (n(1—¢/4), {Z(nx/)}) .
B<nx],c4n) C%"H_MA njc j=1,...,N. (3.21)

Hence, the choice of {x;, j =1,..., N} and (3.21) yield (3.20). Due to our choice of A,

(1—=e)nBO, ™ hH c i nB(0, u, h,

1—|—)L,uk /c

which, in conjunction with (3.20), implies that (3.17) holds a.s. for large m of the form (1 +
Au;l/c)n, where n € N. (|

Lemma 3.11. Let ¢ € (0, 1). Then, a.s. for largen € N,
T A+BO . (3.22)
Proof. Let A = A, > 0 be so small that
(1+ %8)3(0, u;l) c(1+e)BO,u . (3.23)
Let g € (g, 00) and A be the annulus

A=+ BO, 1, H\ (14 1e)BO, 1 h),
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and {x;, j =1,..., N} be a finite sequence such that x; € A and
B, alxj) o A.
J

Define F := {n, N nA # < infinitely often}. On F there exists a (random) i € {1,..., N}
such that the intersection 7, N nB(x;, A|x;|) is nonempty infinitely often. Define also

F; := {n, NnB(x;, Alx;|) # @ infinitely often}.

Note that F ¢ Y., F;.
On F;, we have T, (nx;) < n infinitely often, hence, our choice of A implies that
T(nx;) .. . n 1
lim inf — = Ma .
n—>00  n|x;| =00 (14¢/2)u; 'n 1+¢/2

The last inequality and Lemma 3.6 imply that P(F;) = O for every i € {1, ..., N}. Hence,
P(F) = 0 too. Setting g = 24 Cupp + 1, so that the radius of the ball on the left-hand side of
(3.23) is

q,u)Tl > 2Cupb,

by Proposition 3.1 and the definition of F, we obtain, a.s. for large n,

7’71—” c (1+1e)BO, 1 (3.24)
and the statement of the lemma follows from (3.23) and (3.24). ([l

Proof of Theorem 2.1. The theorem follows from Lemmas 3.9-3.11. Note that

&n

Zcd +&)BO,u™h

is obtained from Lemma 3.11 by replacing ¢ in (3.22) with ¢/2. ]

4. Proof of Theorem 2.2

We precede the proof of Theorem 2.2 with an auxiliary lemma concerning Markovian
functionals of a general Markov chain.

Let (S, 8(S)) be a Polish (state) space. Consider a (time-homogeneous) Markov chain
on (S, B(S)) as a family of probability measures on $°°. Namely, on the measurable space
(2, F) = (5%, B(5>)) consider a family of probability measures {Ps}scs such that, for the
coordinate mappings,

X,:Q— S, Xn(s1,82,...) = Sy,

the process X := {X, }necz, is a Markov chain such that, for all s € S,
Py{Xo =s} =1, P{Xnim; € Aj, j=1,....0 | Fu} =Px,{Xm; € Aj, j=1,.... 1}

Here Aj € 8(S5),m; e N,I e N,and ¥, = o{X, ..., X,}. The space S is separable, hence,
there exists a transition probability kernel Q: S x B(S) — [0, 1] such that

0(@s, A) =Ps{X; € A}, seS, AeB(OS).
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Consider a transformation of the chain X, ¥, = f(X,), where f: § — R is a Borel-
measurable function. We now provide sufficient conditions for ¥ = {Y¥;},ez, to be a Markov
chain. A very similar question was discussed by Burke and Rosenblatt [4] for discrete-space
Markov chains.

Lemma 4.1. Assume that, for any bounded Borel function h: S — S,
Esh(X1) =E h(X1) whenever f(s) = f(q). “.1)
Then Y is a Markov chain.

Remark 4.1. Condition (4.1) is the equality of distributions of X | under two different measures

Py and IP,.
Proof of Lemma 4.1. For the natural filtrations of the processes X and Y, we have an
inclusion
FXo>F), neN, 4.2)
since Y is a function of X. For k € N and bounded Borel functions #;: R — R, j =
1,2,...,k,
k
Es I:l_[ hA/'(YYH-.I') 37an|
j=1

k
=Ex, [ [7;(f (X))

j=1

:/SQ(XO»dxl)hl(f(xl))/SQ(xl»dXZ)hZ(f(XZ))"'/SQ(xn—l»dxn)hn(f(xn))

x0=Xy

To transform the last integral, we introduce a new kernel: for y € f(S), choose x € § with
f(x) = vy, and then, for B € B(R), define

0(y, B) = O(x, f~1(B)).

The expression on the right-hand side does not depend on the choice of x due to (4.1). To obtain
the kernel Q defined on R x B(R), we set

Oy, B) =1lyep;, ¥y & f(5).

Then, setting z, = f(x,), we obtain, from the change of variables formula for the Lebesgue
integral,

'/L;Q(xnfla dxp)h, (f (xn)) = /R Q(f(xnfl)’ dzp)hy (za)-

Likewise, setting z,,—1 = f(x,—1), we obtain
/S 0 Ctn_2, a1 i (£ Cin1)) /S O (et At (f (x))
_ fs 062, At )n(f Con1)) /R O(f (ta1). dzn)hn (2n)

_ / O f Con_2), dzn1)n(zno) / 01, dzn)hin(2n).
R R
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xlz x|1 le—l—l x1+1
X

FIGURE 2: The plot of b(-, n;).

Proceeding further, we obtain

/SQ(XO,dm)hl(f(m))/SQ(X1,dX2)h2(f(X2))~'/SQ(xn—l,dxn)hn(f(xn))

=/ Q(Zo,dm)hl(m)/ Qm,dzz)hz(zz)--f Ot dza)hn(zn),
R R R

where zo = f(xo).
Thus,

k
Es[l_[ hj (Yot ) ’ f"n"}
j=1

:/RQ(f(Xo),dzl)hl(Zl)/ﬂ;{Q(Zladzz)hz(zz)-“[RQ(Zn—l,dzn)hn(znl

This equality and (4.2) imply that Y is a Markov chain. (]

Remark 4.2. From the proof, it follows that Q is the transition probability kernel for the chain
{f(Xll)}n€Z+'

Remark 4.3. Clearly, this result holds for a Markov chain which is not necessarily defined on
a canonical state space since for the property of a process to be a Markov chain depends on its
distribution only.

Proof of Theorem 2.2. Without any loss of generality, we will consider the speed of prop-
agation in one direction only, say toward +0o. Let x1(f) and x»(¢) denote the positions of
the rightmost particle and the second rightmost particle, respectively (x2(f) = 0 until the
first two births occur inside (0, +00)). We observe that b(x,n;) = 2 on (0, x2(¢) + 1]
(see Figure 2), and X = (x1(¢), x2(#)) is a continuous-time pure jump Markov process on
{(x1,x2) | x1 = xp =0, x; — xp < 1} with transition densities
(x1,x2) — (v,x) atrate 1, ve (xa+1,x +1],
(x1,x2) > (v, x1) atrate2, v € (x,x2 + 1],
(x1,x2) = (x1,v) atrate2, v € (x2, x1]

(to be precise, the above holds from the moment the first birth inside R occurs).

Furthermore, z(¢) := x1(¢) — x2(¢) satisfies
E{f(z(t +8)) | x1(2) = x1, x2(t) = x2} = E{f(2(r +8)) | x1(t) = x1 + h, x2(t) = x2 + h}

for every h > 0 and every Borel bounded function f. In other words, the transition rates of
(z(#))s>0 are entirely determined by the current state of (z(#));>0. Therefore, by Lemma 4.1,
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(z(#))r=0 is itself a pure jump Markov process on [0, 1] (Lemma 4.1 ensures that the embedded
Markov chain of (z(¢));>0 is indeed a discrete-time Markov process). The transition densities
of (z(t))r>0 are

41{y§x} +21{x§y§1—x} + l{yzl—x}7 x < %7 y €[0,1],
> 3.y €l0.1].

Note that the total jump rate out of x is g(x) := fol q(x,y)dy =2+ x. The process
(z(t))r>0 is aregular Harris recurrent Feller process with the Lebesgue measure on [0, 1] being
a supporting measure (see, e.g. [14, Chapter 20]). Hence, a unique invariant measure exists
and has a density g with respect to the Lebesgue measure. The equation for g is

q(x,y) =
{41{y51—x} + 3l acy<n) 1z, X

1
/0 gx,y)g(x)dx = q(y)g(y). 4.3)

Set
—1

1
f(x)=g(x)q(x)</0 g(y)q(y)dy) , x €10, 1].

It is clear that f is again a density (as an aside we point out that f is the density of an invariant
distribution of the embedded Markov chain of (z());>0). Equation (4.3) becomes

1
f(y)=/ Q(x’y)f(x)ds,
0o qx)

which after some calculation transforms into

172 1/2 1
2/ f(x)dx+2/' f(x)dx+3 f(x)dx
0 24x y 24x 1/2 24x
1-y d
+/ S dx. vyl @
f» = o 2
Y /1/2 f(x)dx /H f(x)dx U f(x)dx
+ +
0 24x 0 24x 1/2 24x
1
f(x)dx 1
2 , >5. (45
+ y 2+x Y =2 “-5)
Differentiating (4.4) and (4.5) with respect to y, we find that f solves the equation
df f@  fd-—x)
—@x)=-2 - , 0, 11. 4.6
dx(x) . Fp x €[0,1] (4.6)
Let
o) =12 +x°C-0f(),  xel01]
Then (4.6) becomes
d
(3—x)£(x)+2go(x)+<p(1 —x)=0, x € [0, 1]. 4.7

Looking for solutions to (4.7) among polynomials, we find that ¢ (x) = ¢(4 — 3x) is a solution.
By direct substitution, we can check that

c(4 —3x)
Q2+ x)23 —x)%’
solves (4.4) and (4.5). The constant ¢ > 0 can be computed but is irrelevant for our purposes.

fx) = x €[0, 1],
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Hence, after some more computation
36(4 — 3x)
2+ x)33 —x)%’
Note that we do not prove analytically that (4.4) and (4.5) have a unique solution. However,
uniqueness for nonnegative integrable solutions follows from the uniqueness of the invariant

distribution for (z(#));>0. Let ! be the Lebesgue measure on R. By an ergodic theorem for
Markov processes, see, e.g. Theorem 20.21(i) of [14], forany 0 < p < p’ < 1,

gx) = x €10, 1]. 4.8)

li

t—00 t

. / p,
L Hsize) elp Pl O=s <1 —>/ g(x)dx.
14

Conditioned on z(t) = z, the transition densities of x;(¢) are

xi+vatrate2, ve (0,1—z],
X1 —
xi+vatratel, ve(l—z1].

1
/ g@)(1 —z+42%)dz
0

Hence, by (4.8), the speed of propagation is
_ 144In(3) — 1441n(2) — 40 0

1 1—z 1
/g(z)dz[f 2ydy+/ ydy}
0 0 1—z
25

Remark 4.4. We see from the proof that the speed can be computed in a similar way for the

birth rates of the form
bi(x, m) =k A (Z l{x_y<1}>, (4.9)

yen
where k € (1, 2). However, the computations quickly become unwieldy.

5. The construction and properties of the process

We now proceed to construct the process as a unique solution to a stochastic integral equation.
Such a scheme was first carried out by Massoulié [19]. This method can be deemed an analog
of the construction from a graphical representation. Here we follow the approach of [2].

Remark 5.1. Of course, the process starting from a fixed initial condition we consider here can
be constructed as the minimal jump process (pure jump type Markov process in the terminology
of [14]) as was carried out in, e.g. [9]. Note, however, that we use coupling of infinitely many
processes starting at different time points from different initial conditions, so here we employ
another method.

Recall that
To(RY) = {n C R?: |n| < oo},

and the o-algebra on I'g that was introduced in (2.1). To construct the family of processes
(nf’A),Zq, we consider the stochastic equation with Poisson noise:

In, N B| = / 10,p(x,n,_) )N (ds, dx, du) + [n, N B,
(q,t]1x Bx[0,00)

t>q, Be BRY, (5.1
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where (1;);>4 is a cadlag I'g-valued solution process, N is a Poisson point process on Ry x
R¢ x R, and the mean measure of N is ds x dx x du. We require the processes N and 1 to
be independent of each other. Equation (5.1) is understood in the sense that the equality holds
a.s. for every bounded B € BR¥) andt > g. In the integral on the right-hand side of (5.1), x
is the location and s is the time of birth of a new particle. Thus, the integral over B from g to ¢
represents the number of births inside B which have occurred before ¢.
We assume for convenience that ¢ = 0. We will make the following assumption on the
initial condition:
Elno| < o0. (5.2)

We say that the process N is compatible with an increasing, right-continuous, and complete
filtration of o-algebras (¥;, t > 0) if N is adapted, that is, all random variables of the type
N(T;,U), Ty € B(0;1]), U € B(R? x R.), are F;-measurable, and all random variables
of the type N(t + h,U) — Nt,U), h = 0, U € BRY x R;), are independent of %,
N(,U) = N(0; ], U).

Definition 5.1. A (weak) solution of (5.1) is a triple ((n;)r>0, N), (2, F, P), ({F:}s>0), where

(1) (2, F,P) is a probability space, and {¥7};,>0 is an increasing, right-continuous, and
complete filtration of sub-o -algebras of F;

(ii) N is a Poisson point process on R x R? x R, with intensity ds x dx x du;
(iii) no is a random Fp-measurable element in I'g satisfying (5.2);

(iv) the processes N and 7 are independent, N is compatible with {F;};>0;

(v) (m1)r=0 is a cadlag I'g-valued process adapted to {F;};>0, 1:1:=0 = no;

(vi) all integrals in (5.1) are well defined,

!
IE/ ds/ b(x, ns—)dx < oo, t > 0;
0 R4

(vii) (5.1) holds a.s. for all ¢ € [0, oo] and all Borel sets B.
Let

8% = 6{no, N([0, g] x Bx C),q €[0,1], B € BR?), C € BR,)}, (5.3)

and let 4, be the completion of 5? under P. Note that {4;},>0 is a right-continuous filtration
(see Remark A.1).

Definition 5.2. A solution of (5.1) is called strong if (;);>0 is adapted to (8;, ¢t > 0).

Remark 5.2. In the definition above, we considered solutions as processes indexed by ¢ €
[0, 00). The reformulations for the € [0, T], 0 < T < oo, case is straightforward. This
remark also applies to many of the results below.

Definition 5.3. We say that joint uniqueness in law holds for (5.1) with an initial distribution v
if any two (weak) solutions ((1;), N) and ((17;), N') of (5.1), law(no) = law(n;) = v, have the
same joint distribution:

law((1:), N) = law((;), N").
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Theorem 5.1. Pathwise uniqueness, strong existence, and joint uniqueness in law hold for (5.1).
The unique solution is a Markov process.

Proof. Without loss of generality, assume that P{ng # @} = 1. Define the sequence of
random pairs {(oy, {s,)}, Where

Opntl = inf{t > 0: / 110,6(x,¢,,)1 ()N (ds, dx, du) > ()} + oy, o9 =0,
(0,04 +1]x Bx[0,00)

and
go = no, Conr1 = Sop Y {znt1}

for 7,41 = {x € R?: N({on+1} x {x} x [0, b(x, &5,)]) > 0}. The points z,, are uniquely
determined a.s. Furthermore, 0,41 > 0, a.s. and o, are finite a.s by (2.3). We define {; = &5,
fort € [0, 04+1). Then, by induction on n, it follows that oy, is a stopping time for eachn € N,
and ¢, is F,, -measurable. By direct substitution, we see that (;);>¢ is a strong solution to (5.1)
on the time interval ¢ € [0, lim,_, » 05,). Although we have not defined what is a solution, or
a strong solution, on a random time interval, we do not discuss it here. Instead, we are going
to show that

lim 0, =00 a.s.
n—o0

The process (¢1)se[0,lim,,_., 5,,) has the Markov property, since the process N has the strong
Markov property and independent increments. Indeed, conditioning on J, ,

fB b(x, ¢s,) dx

E[l{;”nH:;,,ﬂUxforsomexEB} | 4o, 1 = f b(x, &y ) dx’
R4 s Sop

thus, the chain {{, }nez, is a Markov chain, and, given {{, }nez, . Ont1 — 0, are distributed
exponentially,

E{1{0"+1—Un>a} | {§0,1}1162+} = GXP{—G /Rd b(x, é‘an) dx}~

Therefore, the random variables y,, = (o, — 0,,—1) fRd b(x, ¢s,) dx constitute, independent of
{¢5, }nez, » a sequence of independent unit exponentials. Theorem 12.18 of [14] implies that
(&t)1€[0,lim,_ o 0,) 1S @ pure jump type Markov process.

The jump rate of (£;):e[0,1lim,_, o o) 1S glVen by

cla) = / b(x,a)dx.
R4
Condition 2.1 implies that c() < [lall1 - x|, where [la|l1 = [la]|;1ga). Consequently,

(o) = llallt - 1o, | = llall1 - [nol + nllall1.

We see that ), 1/c(¢,,) = 00 a.s., hence, Proposition 12.19 of [14] implies that o, — o0.
We have proved the existence of a strong solution. The uniqueness follows by induction on
jumps of the process. Namely, let ({;);>¢ be a solution to (5.1). From Definition 5.1(vii) and

/ 10,6(x,n0)] (W) N (ds, dx, du) = 0,
(0,01)xR4 x[0,00]
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it follows that IP’{E has a birth before o1} = 0. At the same time,

/ l[O,b(x,no)](”)N(dS» dx,du) =1,
{o1} xR x[0,00]

which holds a.s., yields that E too has a birth at the moment o, and in the same point of space.
Therefore, ¢ coincides with ¢ up to o7 a.s. Similar reasoning shows that they coincide up to oy,
a.s. and, since 0,, — 00 a.s.,

P{¢, = ¢ forallt > 0} = 1.

Thus, pathwise uniqueness holds. Joint uniqueness in law follows from the functional
dependence between the solution to the equation, and the ‘input’ g and N. ]

Proposition 5.1. If b is rotation invariant then so is (n;).

Proof. ltis sufficient to note that (Myn;), where M; € SO(d) is the unique solution to (5.1),
with N replaced by MJI N, defined by

M7'N([0,g]1 x Bx C) = N([0,q] x M;'BxC), ¢=>0, BeBRY), CeBRy).

Then Md_lN is a Poisson point process with the same intensity, therefore, by uniqueness in
D
law (Mane) = (n1). U

Proposition 5.2. (The strong Markov property.) Let T be an (8;, t > 0)-stopping time and let
%o = n¢. Then
(et 12 0) = Gy, 1 2 0). (5.4)
Furthermore, for any O € 8B(Dr,[0, 00)),
P{ets, 1 20) € D | 8} =P{(nr4s, t 2 0) € D | 0}
that is, given n¢, (Nr4+, t > 0) is conditionally independent of (8;, t > 0).

Proof. Note that

[Meyr N B| = / 10,p(x,5,_@)N (ds, dx, du) + [n. N B,
(t,7+t]x B x[0,00)

t>0, Be BRY,

Since the unique solution is adapted to the filtration generated by the noise and initial
condition, the conditional independence follows, and (5.4) follows from the uniqueness in law.
We rely here on the strong Markov property of the Poisson point process; see Proposition A.1
below. ]

Corollary 5.1. Let t be an (8, t > 0)-stopping time and {y} be an 8,-measurable finite
random singleton. Then

(07" = 9),20 2 (10rz0.
Proof. This is a consequence of Theorem 5.1 and Proposition 5.2. (Il

Consider two growth processes (¢ M), and ¢ @), defined on the common probability space
and satisfying equations of the form of (5.1),

(k) — (k) _
i N Bl = / 5t w, N@s, dx, dw) + (O MBI, k=1,2.
l (@.11xBx[0,00) (PP !
(5.5)
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Assume that (5.5) and the rates b1 and b; satisfy the conditions imposed on b in Section 2.
(k) . .
Let (£,"")te[0,00) be the unique strong solution.

(1) (2

Lemma 5.1. Assume that a.s. §,° C &y, and, for any two finite configurations n' cn?

bi(x,n") <ba(x,n?), xeRe (5.6)

Then a.s.
1 2
(e 1el0, 0.

Proof. Let (0,),eN be the ordered sequence of the moments of birth for (;,(l)), that is,

t € (0y)nen if and only if |§,(1) \ ;,(l)| = 1. It suffices to show that, foreachn € N, o, is a

moment of birth for (¢, )) 1€[0,00) t00, and the birth occurs at the same place. We use induction
onn.

Here we deal only with the base case, the induction step is carried out in the same way.
Assume that

(PN gL =
The process (§(1))t€|0,oo) satisfies (5.5), therefore, N ({x} x [0, br(x1, ;;})_)]) = 1. Since

(D (D 2) 2)
gal—: 0 C§0 Cé‘Ul—’

by (5.6).
Ni({x) x (o1} x [0, be(xr, ¢ = 1,
hence, 9512) \ ;‘(2) = {x1}. O

o] —

6. Conjectures

In this section we collect some conjectures concerning the models treated in this paper and
related models.

W now set d = 1. Denote by s(k) the speed of propagation of the system with the birth
rate (4.9). Thus, s(k) is ;f] in the notation of Theorem 2.1, if the birth rate is as in (4.9). In
Figure 3 we present plots of s(k) for the truncated birth rate (4.9).

Conjecture 6.1. We conjecture that

s(k) = sy, k — oo, 6.1)

1.4 4
1.2 4
1.0
0.8 1

Speed

0.4 1
0.21

0 5 10 15 20
k

FiGURE 3: The distance to the furthest particle divided by time against k for the birth rate (3.15) at time
t = 100.
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FIGURE 4: Positions of the occupied sites varying with time for the discrete-space model with the birth
rate (3.21) and (a) « = 2.8, (b) = 3.5, and (¢) « = 4.2.

where s, is the speed of propagation of the process with the birth rate b, given by
boo(x, ) = Y Lgjeyi<1y-
yen
Using the exact formula for the speed of propagation of a general branching random walk,

see Proposition 1 of [3], we obtain

Sy = inf{inf(eﬂ —ef —ap?) < 0] ~181....
a>016>0

The question concerning the speed of convergence in (6.1) is more subtle.

In Figures 4(a)—(c), we present representations of the evolution of the discrete version of the
truncated model (2.5): the process evolves in Z%+ and the birth rate is

b(x,m) =k A (Z apow (x — y))

yen
with

apow(x) = Cpow x € Z\ {0}, apow(o) = 2Cp0Ws

(x| + D’
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where @ > 2 and cpow = cpow(e) is the normalizing constant. We have a = 2.8, o = 3.5,
and o = 4.2 in Figures 4(a)—(c), respectively. These representations allow us to observe the
development of the set of occupied sites. We see that even for a large time, the set of occupied
sites is not a connected interval for « = 2.8, whereas the representation appears to be rather
smooth for « = 4.2. We conjecture that the speed of propagation is superlinear for « = 2.8,
but is linear for « = 4.2. The proof of this is the subject of a forthcoming paper.

We also think that the speed of propagation has superadditive structure. For a birth rate b
satisfying our assumptions, let s(b) be the speed of propagation.

Conjecture 6.2. For any birth rates by, by satisfying our assumptions, we have
s(b1) +5(b2) < s(b1 + b2).

Appendix A. The strong Markov property of a Poisson point process

We need the strong Markov property of a Poisson point process. Denote X := R? x R
(compare the proof of Proposition 5.2) and let / be the Lebesgue measure on X. Consider
a Poisson point process N on Ry x X with intensity measure df x [. Let N be compatible
with a right-continuous complete filtration {¥;};>0 and t be a finite a.s. {#;};>0-stopping time.
Introduce another Point process N on R x X,

N(0;s] xU)=N((t;T+s]x U), U e BX).

Proposition A.1. The process N is a Poisson point process on Ry x X with intensity dt x [,
independent of ¥-.

Proof. To prove the proposition, it suffices to show the following:

(i) forany b > a > 0 and open bounded U C X, N ((a; b), U) is a Poisson random variable
with mean (b — a)l(U), and

(ii) for any by > ar > 0,k = 1,...,m, and any open boundgd U, C X, such that
((ais bi) x Ui) N ((ajs bj) x Uj) = @, i # j, the collection {N ((ax; bx) X Ui)lk=1.m
is a sequence of independent random variables, independent of ¥ .

Indeed, N is determined completely by values on sets of type (b — a)B(U), a, b, U as in (i),
therefore it must be an, independent of ¥, Poisson point process if (i) and (ii) hold.
Let 7, be the sequence of {¥;},>0-stopping times, 7, = k/2" on {r € ((k — 1)/2"; k/2"1},
k € N. Thent, | tand t, — v < 1/2". Note that the stopping times 7, take countably
many values only. The process N satisfies the strong Markov property for t,: the processes
N, defined by
Na([0; 51 % U) := N ((ta; T + 51 x U),

are Poisson point processes, independent of ¥, . To prove this, take k with P{z, = k/2"} > 0
and note that on {7, = k/2"}, N, coincides with the Poisson point process N 2 given by

~ k k
Nij2n ([0; 51 x U) :=N<<2—n;2—n+s} X U), U e B[RY).
Conditionally on {r, = k/2"}, ﬁk J2n 18 again a Poisson point process, with the same inten-

sity. Furthermore, conditionally on {1, = k/2"}, Ny n is independent of F on, hence it is
independent of F; C Fy/on.
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To prove (i), note that N,((a; b) x U) = N((a; b) x U) a.s. and all random variables
Ny, ((a; b) x U) have the same distribution, therefore N((a;b) x U) is a Poisson random
variable with mean (b —a)A(U). The random variables N,,((a; b) x U) are independent of %,
hence N ((a; b) x U) is independent of %7, too. Similarly, (ii) follows. O

Remark A.1. We assumed in Proposition A.1 that there exists an increasing, right-continuous
and complete filtration {4;},>0 compatible with N. We show that such filtrations exist.
Introduce the natural filtration of N,

8% = 6{Ni(C, B), B € B(RY), C € B([0; 1])},

and let &, be the completion of 3,0 under P. Then N is compatible with {$;}. We claim
that {8;},>0, defined in such a way, is right-continuous (this may be regarded as an analog of
Blumenthal’s 0—1 law). Indeed, as ill the proof 0£ Proposition A.1, we can check that N, is
independent of 5a+, Since 85, = o(Ny) Vv 8, o (Ng) and 8, are independent and 5a+ C Soo,
we see that X,H C 4,. Thus, 5a+ = 5,
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