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We examine the elliptic system given by

—Au=Af(v) inQ,
—Av=~f(u) inQ,
u=v=0 on 0L,

where ), are positive parameters, {2 is a smooth bounded domain in RY and f is a
C? positive, nondecreasing and convex function in [0, c0) such that f(t)/t — oo as
t — oo. Assuming

SO @) o SO
0<7— = htIE»Lng <14 = h;isogpw <2,

we show that the extremal solution (u*,v*) associated with the above system is
smooth provided that N < (2a«(2 — 74 ) + 274 ) /(7+) max{1, 7+ }, where ax > 1
denotes the largest root of the second-order polynomial

Prlo,7—,74) = (2 — 7)20% — 42— 1 )a +4(1 — 7).

As a consequence, u*,v* € L*°(Q) for N < 5. Moreover, if 7— = 74, then
u*,v* € L>°(Q) for N < 10.
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1. Introduction

In this short note, we examine the boundedness of the extremal solutions to the
following system of equations:

—Au=Af(v) inQ
(P)ry | —Av=7f(u) inQ,
u=v=0 on 99,

where Q is a bounded domain in RY and A, v > 0 are positive parameters. The
nonlinearity f satisfies

(R) f is smooth, increasing and convex with f(0) > 0 and superlinear at oc.
Define Q := {(A,7), A,y > 0},
U :={(\v) € Q: there exists a smooth solution (u,v) of (P)x~},

and set T :=0U N Q. M. Montenegro in [11] (for a more general system than
(P)x.~) showed that U # () and for every (X,v) € U the problem (P)) - has a min-
imal solution. Then, using monotonicity, for each (A*,7*) € T one can define the
extremal solution (u*,v*) as a pointwise limit of minimal solutions of (P) s with
o :=~*/X\*, which is always a weak solution to (P)x- . Moreover, for a (\,v) € U,
the minimal solution (u,v) of (P) ~ is stable in the sense that there is a constant
n>0and 0 < ¢, x € Hj(Q) such that

— A=A (v)x +1¢, —Ax=79"(v)(+nx, inQ (1)

For the proof see [11] (see also [5] for an alternative proof).

In [11] it is left open the question of the regularity of extremal solution (u*,v*). In
the case when f(t) = €, in [4] Cowan proved the extremal solutions to (P)y , are
smooth for 1 < N <9 under the further assumption N —2/8 < v/\ < 8/N — 2;
Dupaigne, Farina and Sirakov in [9] then improved this result by removing this
restriction. The same result is also obtained by Davila and Goubet [7]. Furthermore,
they proved that for N > 10, the singular set of any extremal solution of the system
(P)x,y has Hausdorff dimension at most N — 10. We now mention that some of the
motivation for our proof of Theorem 3 in the current paper comes from the work
of Dupaigne, Farina and Sirakov [9].

It is also worth mentioning here that the second-order scalar analogue of (N ) with
Dirichlet boundary conditions, that is,

[

is by now quite well understood whenever € is a bounded smooth domain in R
and f is a nonlinearity of type (R), see for instance, [1-3,8,12,15,16]. In this
case, the best-known result is due to X. Cabré [4] who showed that for N < 5 the
extremal solution u* of (@,) is smooth for arbitrary nonlinearity f if in addition 2
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is convex. In [15] Villegas proved the same replacing the condition that € is convex
with f is convex. However, it is still an open problem to establish an L estimate
in dimensions 5 < NV < 9, even in the case of convex domains €2 and convex nonlin-
earities satisfying (R).

Define
f@Of"(¢) f@f"(¢)

7_ :=liminf —>——~% < 74 := limsup ——=——~. (2)

t=oo fI(t)? i—oo  ['(1)?
Our main result is the following.
THEOREM 1. Let f satisfy (R) with 0 < 7— < 74 < 2, and Q an arbitrary bounded

domain in RN with smooth boundary and let (u*,v*) denote the extremal solution
associated with (P)y . Then u*,v* € L>(Q) for

_ 20,(2 =Ty ) 4274
= -

N < N(f): max{1, 74} (3)

where a, > 1 denotes the largest root of the second-order polynomial
Pila,7_,7¢) == (2—7_)%% —4(2 — 7 )a +4(1 — 7). (4)

As consequences,
i) u*,v* € L*(Q) for N < 5.
i) If _ =714 =1, then u*,v* € L*°(Q) for N < 10. Indeed, in this case, we have

N(f) =24 425V S g,
T

For example consider problem (P), ., with f(t) =e’ or e/ (a > 0), then 7, =
7_ =1, hence by theorem 1, u*,v* € L>®°(Q) for N < 10. The same is true for
f(uw) = (14 u)? (p>1) as in this case, we have 7. = 7_ = p — 1/p. More precisely,
in the latter case, we have u*,v* € L*°(Q) for

N<2+Z%(p+\/}927—p).

This is exactly the same as the result obtained in [5] and [10] (corresponds to p = 6
according to their notation).

In the examples above, we had 7_ = 7, here we also give an example of f
with 0 < 7_ # 7 < 2. Take arbitrary a,b > 0 with 0 < b < a < 1, and define f:
[0,00) — (0,00) as

f(t) _ efot((ds)/((lfa)s+bsins+1)), t> 0.

Note that we have f(0) =1, and since for every s € [0,00) we have 0 <1 —b <
(I—a)s+bsins+1<(1—a)s+b+1 then for ¢ > 0, we have

1/1—a
f(t) > e.f&((ds)/((l—a)s-&-b-&-l)) — (1 + :Zt) , when a<1
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and
f(t) = et/1 when a =1,

thus f is superlinear. Also for every ¢ > 0, we have f'(¢t) = (f(¢))/((1 —a)t+b
sint 4+ 1) > 0and f”(t) = (a —beost)/(((1 — a)t + bsint + 1)%) f(¢) > 0, hence [ is
an increasing convex function, and
1"
M:a—bcost, t>0.

f(t)?
Thus 7= =a—b>0 and 7 = a+ b < 2. For example, take a = 1, then 7_ =1 —
b>0and 74 =1+ b < 2. Now by theorem 1, we see that u*,v* € L>(£) for

2(1—b) +2/(1 =02 +b(1+ b)2.

N <2a.(1—b)+2(1+5b), wh =
<2a,(1—0)+2(1+0b), where « TETE

Note also that if we tend b — 0 in the above, then 7_,7 — 1 and «a, — 4, then
20, (1 — b) + 2(1 4+ b) — 10. Hence u*,v* € L*>°(Q2) for N < 10 for b close to 0, as
we expected.

2. Preliminary estimates

To prove the main result, we use the following stability inequality. For the proof
see lemma 1 in [5, 6] and lemma 3 in [9].

LEMMA 1. Let (u,v) denote a semistable solution of (P)~. Then

Vi [ VP < [ Vo, (5)
for all g € HL(Q).
We also need the following lemmas.

LEMMA 2. Assume A = . Then for any smooth solution to the system (P) ., we
have

Proof. Take w = u —v. Then w = 0 on 0f2 and

Aw = M) — () > A (@)~ M) = AL IOy,

u—v

where a(x) = (f(u) — f(v))/(u —v) = 0 because f is increasing. Then by the max-
imum principle w > 0 in Q. Now take w = A/yv — u. Then @ = 0 on 92 and using
the above that u > v, we have

— A = Mf(u) — M (v) >0,

hence w > 0 in Q. O
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For the proof of the next lemma, we use the following standard regularity result,
for the proof see theorem 3 of [13] and theorems 4.1 and 4.3 of [14].

THEOREM 2. Let u € H}(Q) be a weak solution of

Au+c(x)u=g(x) x €,
{ umo Y een, ©)

with ¢, g € LP(QQ) for some p > 1.
Then there exists a positive constant C' independent of u such that if p > N/2 then

lull L () < ClJullLr ) + ll9llLr))-

LEMMA 3. Assume for every semistable solution (u,v) of (P)x~ with X\ >y, we
have

vl <C and [|f'(v)||Lr) < C,

for some p > N/2, where C is a constant independent of (u,v). Then u*,v* €
L>(Q).

Proof. We rewrite the first equation in (P), , as

Au—+ A

Taking c(z) := A(f(v(z)) — f(0))/(u(x)) then using lemma 2 and the convexity of
f, we have

Thus by the assumption and theorem 2, we get u* € L°°(Q2), and by lemma 2 we
also get v* € L>®(Q). O

3. Proof of the main result

Proof of Theorem 3. Fix an a > 1 such that Py(o,7—,74) < 0. Such an « exists
since we have Py(1,7_,74) = (2—7_)? —4 < 0 and Py(+00,7_,74) = 400 . Hence
we can take positive numbers 7 € (0,7_) and 7 € (74+,2) such that

Pr(a,m,72) < 0. (7)
Now let (u,v) be a semistable solution of (P)x, and take ¢(x)=

(f(w)*)/(f'(u)*/?) in the semistability inequality (5), where f(u) := f(u) — f(0).
Note that here for simplicity, we assumed that f/(0) > 0, this does not cause any
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problem, as in what follows we need only the behaviour of f and f’ at infinity. We

have

s gzt e (1 JOI@Y o

and then taking
_a/fgay (_g%;vd&

Vo (z)|]> = 0'(u)|Vu? = VO(u) - Vu.

we can write

Thus, by the integration of part formula and the first equation of (P)) -, we compute

/Q|V¢(;v)|2dx:/QVG(u).Vudx:/QH(u)(—Au):)\/Qﬁ(u)f(v),

and using the above in the semistability inequality (5), we arrive at

\/H/Qf/(u)l/Qfaf/(U)l/Qf(u)%c §/\/99(U)f(’0)

(8)

A first step in using (8) to obtain LP estimates on u and v is to obtain an upper
bound for 6, which we now do. By the definitions of 71 there exists a T" > 0 such

that 71 < (f(£)f"(t))/(f'(t)?) < 72 for t > T implies that

72 Fs ) _

1

1-—=<1-"—F"-<1——, f T.
0< 9 2f’(t)2 5 or t >
Using (9), we get
o(t) <O(T)+ (1** / f 20‘ 2f( )2 “*ds, fort>T.

Take h(t) := f(t)?*~1f'(t)}=. Then we have

Wﬂ(almfwﬂﬁaGW4ﬂW%v

20—1 f/(s)2
a—1
200 — 1

> (2a — 1) <1 - 72> F)2 2 (1), fort >T,

and integrating from T to ¢ yields,

a—1
20— 1

h(t) — M(T) > (20— 1) (1 -
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Now using the above inequality in (10), we obtain
OZQ (1 —T1 /2)2
2a—-1)(1-—a—1/2a—1m)
and C:=0(T)— Ah(T). (11)

O(t) < C+ Af()* 1 f/(1)'~, where A :=

Note that in the above we also used that 1—a —1/2a — 175 > 0 which holds
since 75 < 2. Now, the fact that the inequality f(t)f”(t)/f'(t)* < 72 for t > T is
equivalent to d/dt(f'(t)/f(t)™) < 0 for t > T, gives

() <CLf(t)™ fort>T. (12)
From (12) we obtain, for t > T
f(t)2a—1f/(t)1—a > f/(t)(Za—l)/(Tg)—(a—l) — 00, ast— oo.

Now take an € > 0. From the inequality above and (11), there exists T, > T such
that
0(t) < (A+ e f()> L), fort>T,.. (13)

Also, we can find T/ > 0 such that

FO) <A+ef(t), fort>T (14)

Without the loss of generality, we assume A > v, then from lemma 2, we get v <
u < A/yv. Using this and taking 7 := max{7T,, 7} then from (13) and (14), we

obtain
Jowser= [ owier+ [ owsw
SCr@rgrg [ Futw e i),
where

Ce = Ce(Ar) = 0 (jT) Tl

Plugging the above inequality in (8), we obtain
VA [ @ )
Q
NCH@A+91+e [ Fwr @ ), )
VSTV

Letting

I=I(uv):= / F ()20 )2 F ),
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and replacing the integral on the right-hand side of inequality (15) with integral
over the full region €2, we get

\/jf <C.+(A+e)(1+ e)/ Fw)? 1 (w) = f(v), (16)
Q

By symmetry, taking

T = I v)i= [ 70 ) e,
Q
we then also get

AJ <O+ A+ +e / F@)22=1 £ ()= fu), (17)
v Q

where the constant
o= cin) =1 (A1) oat ey

is independent of u,v.
Now we write

f(u)Qa—lf/(u)l—a]Z(,U) _ (f/(u)1/2—af/(v)1/2f~(u)2a)(2a—1)/(2a)

1/2a

x (£ @) 2 () 2 F o))
Then, by the Holder inequality, we obtain
/ J?(u)mx—lf/(u)l—af(v) < I(Qoz—l)/(Qa)Jl/Qa,
Q
and using this in (16), we get
\KI < Co+ (A+e)(1 + e)[2a=1)/(2a) j1/2a (18)

Similarly, from (17), we obtain

\/KJ <C 4 (A+e)(1 4 ) JEa1)/Ca /2 (19)
v

Multiplying inequalities (18) and (19), we get
(1—(A4+e2(1+e)>)IT<C” (1 4 [Ra=1)/Qa) y1/2a 4 J@a—l)/(?a)ﬂ/%) . (20)
where
C!'=CY(\,y) =max{C.CL,C.(A+¢€)(1+¢),CL(A+€)(1+¢€)}

is independent of u, v.
Now let (A\*,7*) € T, 0 = A*/v* and suppose that (u,v) denotes a minimal solu-
tion of (P)y, on the ray I'y := {(\,0A); A*/2 < A < A*. Then by the definition of

https://doi.org/10.1017/prm.2018.101 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.101

Regularity of the extremal solutions associated with elliptic systems 1045

C”(X,7), we see that it is uniformly bounded on the ray T', independent of A\. Then
from (20), we deduce that if both of I and J are unbounded then we must have
1—(A+¢€)?(1+¢€)? <0, and since € > 0 was arbitrary, we get A > 1. But A > 1 is
exactly equivalent to Py(a, 71, 72) > 0, which contradicts (7). Hence, either I or J
must be bounded with a bound independent of A, implies that

P2 fw? f ()2 e LHQ) or f'()P7f (o) f (w)/? € LHQ), (21)

with a uniform bound in L*(€2) independent of \.
Now note that by our choice of a and the assumption that 7, < 2, the function
y(t) := f'(t)/2=* f(t)?* is an increasing function for ¢ large. Indeed, we have

/0= (a-3) feretpepe (o - LO50)

2 a—1  fi(t)?
> <a _ ;) f-(t)Qaflf/(t)S/2fa (2 _ 7_+) >0,

for ¢ sufficiently large. Hence, from (21) and our assumption that u > v, we get
F@)' e f)** e LN9), (22)

with a uniform bound in L*(€2) independent of \.
Now note that from the inequality (12) and « > 1, we also get

FOf @) = fe)Fmetr ST
and
PO > fr) @/ g s T

Hence, from (22) together with the above two inequalities, we deduce that
f(v)@=m2letm ¢ L1(Q) and also f/(v)((2=m2)et72)/(72) ¢ [1(Q), again with a uni-
form bound in L'(Q) independent of . Now with the help of lemma 3 and the
standard elliptic regularity, we get u*,v* € L>(Q) for

2a(2 — 12) + 271 } _ 2a(2—T1) +2m
2

max{1,7}.

(23)

N < max {2a(2 — 7o) + 279,
T2

And since we can choose 75 arbitrary close to 7 and « near to the largest root of
the polynomial Py, then (23) completes the proof of the first part.
To see the second part, first note that we always have (since a, > 1)

N(f) > 204*(2 — T+) +27’+ > 2(2 — T+) +2T+ = 4
Also, if 7 = 74 := 7 then
2
o= 2E2VT
2—7
Hence, N(f) =2+ 4(1+ /7)/(7) = 2+ 8({/7)/(7). Thus, using the fact that 7 < 1

(since we always have 7_ < 1 by the assumptions on f), we get N(f) > 10, and the
proof is complete. O
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