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Non-spectral Problem for Some Self-similar
Measures

Ye Wang, Xin-Han Dong, and Yue-Ping Jiang

Abstract. Suppose that 0 < |p| < 1and m > 2 is an integer. Let , » be the self-similar measure
defined by pip,m () = ﬁ Z;”:Bl tp.m(p71(-) = j). Assume that p = +(gq/p)V" for some p, q,r € N*
with (p,q) = land (p,m) = 1. We prove that if (q,m) = 1, then there are at most m mutually
orthogonal exponential functions in L2 (4, ) and m is the best possible. If (g, m) > 1, then there are
any number of orthogonal exponential functions in L% (pp,m ).

1 Introduction

Let u be a Borel probability measure on R with compact support. We say that u
is a spectral measure if there exists a discrete set A ¢ R? such that E, := {e?(}%) .
A € A} forms an orthogonal basis of L?(¢). In this case, we call A a spectrum of y
and (y, A) a spectral pair, respectively.

A non-spectral measure y belongs to one of the following two cases. In the first
case, there exists an infinite set of orthogonal exponential functions but no such set
forms a basis of L*(y). In the second case, there are only finitely many orthogonal
exponential functions in L?(u). For the second case, it is natural to investigate the
maximal cardinality of the orthogonal exponential functions in L*(u). We study this
problem for one-dimensional self-similar measures.

The study of the spectral properties of self-similar measures started from the work
of Jorgensen and Pedersen [8]. They constructed the first example of a singular, non-
atomic spectral measure that is a Cantor-type measure and proved that there are only
finitely many orthogonal exponential functions with respect to the middle-third Can-
tor measure. This kind of problem has been studied extensively since then [3,6,11,13-
15]. A well-known family of self-similar measures is the Bernoulli convolutions u,
(0 < p < 1), which includes the classical Cantor measure and its variants [16]. Hu and
Lau [7] characterized when the p-Bernoulli convolutions admit an infinite orthogo-
nal set of exponential functions, and Dai [1] proved that y;/(,4) is the only class of
spectral measures for p-Bernoulli convolutions.

As a generalization of the Bernoulli convolutions, Dai, He, and Lau [2] studied
the spectral property of self-similar measures with consecutive digits and uniform
weights. We use 4, ,, to denote this type of self-similar measure, which is the invariant
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probability measure defined as
(11) ﬂp,m(') - Z HUp, m( _1( )

where 0 < |p| < 1and m > 2. Deng [4] studied when L*(y,,,,) admits an infinite or-
thogonal set of exponential functions under the assumption that m is a prime number.
In [17], the authors removed that assumption and obtained the following more general
conclusion.

Theorem A ([17, Theorem 1.1]) Let 0 < |p| < 1and m > 2 be an integer. Suppose that
Up,m is defined by (11); then L*(u,, ) contains an infinite orthonormal set of exponen-
tial functions if and only if p = +(q/p)"/" for some p, q, r € N* with (p,q) = 1 and
(p,m)>1

We note that the above theorem indicates some connections between number the-
ory and spectral theory. It follows from Theorem A that if (p,m) = 1, then every
orthogonal set of exponential functions in L*(p,, ) is finite. One can naturally ask:
What is the maximal cardinality of the orthogonal exponential functions in L* (pp,m )?
In fact, the origin of this kind of problem can be traced back to the study of non-
spectrality of the middle-third Cantor measure in [8]. There is a special interest in
studying non-spectral measures with only finitely many mutually orthogonal expo-
nential functions, like the existence of the Fourier frame. The first examples of frame-
spectral fractal measures with only finitely many mutually orthogonal exponential
functions were constructed by Lai and Wang [12]. More recently, Dutkay et al. stud-
ied the existence of Riesz sequences with respect to non-spectral measures [5].

In this paper, we study the non-spectral property of u,, ,, for the case p = i( T
with (p,m) = 1, where y, , is defined as in (1.1). We first introduce a necessary
definition.

Definition 1.1 ([14]) Let u be a Borel probability measure with compact support on
R. Let A be a finite or countable subset of R, and let E5 = {e>"4* : } € A}. We denote
EA by E}, if E, is a maximal orthogonal set of exponential functions in L*(g). Let

n*(u) = sup{#A : E} is a maximal orthogonal set},

and call n*(y) the maximal cardinality of the orthogonal exponential functions in
L2(u).

Our two main results are Theorems 1.2 and 1.3. We obtain the following theorems
depending on whether (g, m) = 1or (¢, m) > 1. In Theorem 1.2, we derive the con-
clusion that if (q,m) = 1, then the maximal cardinality of orthogonal exponential
functions in L*(y, ) is m; in Theorem 1.3, we show that if (g, m) > 1, then there are
any number of orthogonal exponential functions in L*(g, ).

Theorem 1.2 Letp = i(%)l/’forsome P g reNYwith (p,q) =1 g<p. Letm >2
be an integer with (p,m) =1, (g, m) = 1and u, ,, be defined as in (1.1). Then there are
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at most m mutually orthogonal exponential functions in L*(pp,m), and m is the best
possible.

Theorem 1.3 Let p = i(%)l/'for some p, q, v € N* with (p,q) =1, g < p. Let
m > 2 be an integer with (p,m) =1, (q,m) = d > 1, and let y, ,, be defined as in (1.1).
Then there are any number of orthogonal exponential functions in L*(up, ). Hence,
n* (fp,m) = oo.

This paper is organized as follows. In Section 2, we set up some important lemmas
to characterize the orthogonality of the set of exponential functions and give the proof
of Theorem 1.2. In Section 3, we prove Theorem 1.3 by constructing an orthogonal set
of exponential functions with cardinality equal to N, where N is any given positive
integer.

2 The Proof of Theorem 1.2

Let g(&) = je’z’”z"dy(x) be the Fourier transform of a measure y and let Z(4) =
{&: 4(&) = 0} be the zero set of ji. Then

Z(ﬁp,m)={mfdcik€N+,lEZ\mZ},

where N* is the set of positive integers. Let #A be the cardinality of a set A and
Ny = N* U {0} . In this paper, we use (a, b) to denote the greatest common divi-
sor between two positive integers a and b. Assume that p, q,r € N* with (p,q) = 1.
We call px” — g = 0 a minimal polynomial of (%)1/ "if x" - % = 0 is the minimal
polynomial of (%)1/ " over Q.

The following lemma about the minimal polynomial will play a crucial role in the
proof of our main theorems. We believe that the lemma is of independent interest.

Lemma 2.1 Letp,q,r e N with(p,q) = 1. If px"—q = 0 is not a minimal polynomial

of(%)l/’, then there exist p1,qi,r1 € N* with (py,q1) = 1, n|r and r; < r such that
(%)l/r - (%)l/rl and pyx™ — qy = 0 is a minimal polynomial of(%)l/“.

Proof Letr = af"a)*---«;* be the prime decomposition of r with all #; > 0 and
«j, # aj, for different ji, j,. Let N = Z§=1 nj. Since % ¢ —4Q*, by [9, Theorem 8.1.6],
we obtain that there exists some j; € {1,2,...t}, such that % € Q*1. Then % = (%)”‘fl
for some py,q; € N* with (p;,q1) = 1. Letry = o Hence, (%)1/’ = (%)1/“. We
consider whether p;x™ — g; = 0 is a minimal polynomial of (%)1/ .

Note that if p;x™ — q; = 0 is a minimal polynomial of (%)1/ ", then the conclu-
sion follows. In the other case, arguing similarly as above, there exists some j, €
{1,2,...t}, such that % € Q2. Therefore, % = (%)“fz for some p,, q, € N* with
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m r

(p2:q2) =1. Letry = - = o Thus,

%y

1r 1/n aj,/n 1/r2
(0" =)=

We consider whether p,x™ — g, = 0 is a minimal polynomial of (%)1/ 2, If it is, then

we derive the conclusion. If not, we continue the discussion as above. Without loss
of generality, we assume that through N — 1 steps, we obtain py_1,gn-1 € N* with

— AN-2 _ (4AN-1\ajy_ — N2 _ r
(pN-1>9Nn-1) = 1 such that o (—pN_l) vi. Let ryoy = 22 g Thus,
(g)l/r — ( AN-1\1/rn-1
b4 PN-1 :

If py_1X™1—gN-1 = 0isa minimal polynomial of ( % )/rv-1, then the conclusion
follows. If not, then there exists some jy € {1,2,...t} such that % e Q%n; ie,
. . _ qn-1 _ (4 ; _ TNl _

there exist py, qn € N* with (pn, qn) = L, such that ﬁ = (p%)um' Letry = 2=t =

ajN

n{j_:ajk = 1; thus (%)l/r = (%)l/m = 1%' Now we prove that pyx™ — gy = Oisa

minimal polynomial of (%)l/m, ie, pnx — qn = 0 is a minimal polynomial of 1%'

Since x - % = 0 is an irreducible polynomial over Q, it is the minimal polynomial of

g—z. Hence, the lemma follows. m

In the following, we characterize the orthogonality of the set of exponential func-
tions in L*(pp,,m). We divide it into two cases. The conclusions are given in Lem-
mas 2.2 and 2.3 depending on whether px” — g = 0 is a minimal polynomial of ( % Y,

Lemma 2.2 Letp = i(%)l/rfor some p, ¢, r € N* with (p,q) =1, q < p. Let
m > 2 be an integer with (p, m) = 1. Assume that A is a finite or countable subset of
R. If px" — q = 0 is a minimal polynomial of(%)l/’, then E, is an orthogonal set of
exponential functions in L*(u,, ) if and only if there exists an i € {0,1,...,r -1} such
that (A — A) \ {0} € Z;, where

Lpy", +

ZO:{;(Q) :neN ,leZ\mZ},

and

Zi:{;(S)n(f;)m:nGNO,ZEZ\mZ} forie{l,2,...r-1}.

Proof It is easy to see that E, is an orthogonal set of exponential functions in
L*(pp,m) ifand only if (A= A)\ {0} © Z(fip,m). Assume that (A —A)\ {0} ¢ Z; for
some i € {0,1,...,7 — 1}, where Z; is defined as in the lemma. Then the sufficiency
comes from the fact that Z(fi, m) = {ﬁ tkeN 1 eZ~mZ} = {#(%)% tke
N*,1eZ~mZ} =U7Zs 2.

Now we prove the necessity. Assume that E, is an orthogonal set of exponential
functions in L?(p,m ). Then (A= A) ~ {0} c Z(f,p,m). Without loss of generality, we
assume that 0 € A. So we have

I

A\{O}C(A—A)\{O}CZ(ﬁp,m):{m—pk:keN+,leZ\mZ}.
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Assume that A; and A, are any two distinct elements in A \ {0} with

A = llk and 1, = l—zk
mp* mp*2

where ki, k; € N* and I, [, € Z ~ mZ. Then there exists 13 = ﬁ € Z(ftp,m) where

I3 € Z ~ mZ, such that A; — A, = A3, i.e.,
N I, I3
A=Ay = - = .
1 2 mpkl mpkz mpk3

Let K = max{k;:1< j<3}. Then

K-k, K-k, K-k,
3

llp - lzp = l3p

ie.,

K-k K-k K-k3

hlpl™ ™ = Llplm ™ = Bl
where [ = (£1)%75i1; (j = 1,2,3). Since Ii e Z~{0},K-k;j>0(j=123)and
px" — q = 0 is a minimal polynomial of (%)1/’(2 lp]), by [4, Lemma 2.5], we have

K—klzK—kzzK—k:’, (modr),

ie, ki =k, = ks (mod r). Denote k; (mod r) by i. Thus, we have 11,15, A1 -1, € Z;.
Since Ay, A, are any two distinct elements in A \ {0}, the lemma follows. ]

In fact, the conclusion of Lemma 2.2 also holds even if px" — g = 0 is not a min-
imal polynomial of (%)1/ ". The only modification we need is to substitute p, g, by

P1> 1> 11, where py, g1, 71 are defined in Lemma 2.1. We provide a short proof in the
next lemma.

Lemma 2.3  Under the assumptions of Lemma 2.2, if px" — q = 0 is not a minimal
polynomial of (%)1/’, then let py, q1, 11 be defined as in Lemma 2.1. Then E, is an
orthogonal set of exponential functions in L*(u, ) if and only if there exists a j €
{0,1,..., 7 =1} such that (A - A) ~ {0} € Z, where

2 ! pi\" . +

ZO_{m(ql) ineN',leZ\ mL}
and

5= (8 (B)" netut ez omz) orje 2o,

Proof From Lemma 2.1, we obtain py, q;,71 € N* with (p,q1) =L rijrand r < r.
r

Moreover, (%)l/r = (%)1/". Since q < p, we have g1 < p1. Leta = = € N*. Now
(%)1/’ = (%)1/'1 implies % = (%)"‘. Thus, p = % - pt. Since p € N* and (p1,q1) =1,
we get qf'|q. Let B = q—q,, € N*. Hence, p = Sp{. Since (p, m) =1, we have (p;,m) = 1.

Since p = i(%)l/’ = i(%)l/r1 and p;x™ — gq; = 0 is a minimal polynomial of

(% )11, the conclusion follows from Lemma 2.2. [
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Now we are ready to prove Theorem 1.2. We divide the proof into two cases de-
pending on whether px” — g = 0 is a minimal polynomial of ( %)1/ ". In the first case,

we first prove that there are at most m mutually orthogonal exponential functions in
L*(pp,m) based on Lemma 2.2. Then prove that m is the best possible by constructing
an orthogonal set of exponential functions E, such that #E,, = m. We prove that
the conclusion holds in the second case by applying Lemma 2.3 and using the result
in the first case.

Proof of Theorem 1.2 'We divide the proof into two cases.

Case 1: px" — g = 0 is a minimal polynomial of (%)l/r.

We first prove that there are at most s mutually orthogonal exponential functions
in L*(p,m ). We prove this by contradiction. Assume that there are m + 1 mutually
orthogonal exponential functions in L*(,, ) with exponent set A. Without loss of
generality, assume that 0 € A. From Lemma 2.2, we see that

AN{0} c(A-A)~{0} cZy,
for some fixed i € {0,1,...r — 1} with
AN{0}={A,...;Am ),
where 1; = %(s)”f(g)i/r. Let n = max{n;:1< j< m}; then
_ 11 p i/ nj _n-njj_ . .
A\{O}_EE(E) {p"q" ™1 1<j<m).
Let A" = {p"iq"™"il;j:1< j<m}. Since (p,m) =1, (q,m) =1,and m + [, we have
m+ p"ig" "l Vje{l2,...m},
ie.,
p"q""1;#0 (mod m).
Together with #A’ = m, we see that there exist at least two different jj,
j2€{1,2,...m}, such that
PG, = pg e, (mod m).
So,
1pi/r1 o o lpi/rl
A=A =—(Z —(pMiig" "], — pMizg" "], )= —(L —k Zi,
1 J2 m(q) qn(p q )l prq ]2) m(q) qn m ¢
where k € Z ~ {0}. The last relation comes from (g, m) = 1 and the definition of Z;.
Since if there exists some A = #(%)"/’(g)”’ € Zj, such that A; — A

have ' l ' )
AR AN AN
L) L= L) ()
ie., q%,km = (5)"11, hence g" km = q" p" 1. Since (p, q) = 1and (p,m) = 1, we have
p" | k and thus " k'm = "1, where k" € Z ~ {0}.
If n’ > n, we have q”"”k’m = [, which contradicts m + [; If n’ < n, we have
k'm = q""'1. Since (q,m) = 1, we have k"'m = I for some k" € Z ~ {0}, which

j» = A, then we
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also contradicts the condition on [. Hence, there are at most m mutually orthogonal
exponential functions in L*(gp,m ).

In the following, we prove that m is the best possible by constructing an orthogonal
set of exponential functions with cardinality equal to m. Let

r= 100 {L(2) ()" sy emen),

forsomei € {0,1,...r—1} and some t € N*. It is easy to check that (Ag—Ag) N {0} c
Z;. Thus, E,, is an orthogonal set of exponential functions in L* (4, ) by Lemma 2.2.
Hence m is the best possible.

Case 2: px" — q = 0 is not a minimal polynomial of (%)Vr.

Let p1, g1, 11 be as in Lemma 2.1. Then py, g1, 11 € N, (p1, 1) = 1and r|r. Recall
from the proof of Lemma 2.3 that « = - ¢ N¥, 8 = % e N*. From q = fgqf and
(q,m) =1, we see that (q;,m) = 1. Also recall from the proof of Lemma 2.3 that
(p1,m) =1and q1 < p1.

Since p = :I:( YW= i(%)l/” and p;x™ — gq; = 0 is a minimal polynomial of
(% )/, by the result of Case 1, we see that there are at most m mutually orthogonal
exponential functions in L*(y,m ), and m is the best possible.

This completes the proof. ]

3 Proof of Theorem 1.3

It follows from Theorem A that if (p, m) = 1, then every orthogonal set of exponential
functions in L*(p,, ) is finite. But to our surprise, there are any number of orthog-
onal exponential functions in L*(y,, ) under the assumption that (g, m) > 1. We
prove the conclusion by constructing an orthogonal set of exponential functions in
L*(pp,m) with cardinality equal to N, where N is any given positive integer. The con-
struction of such sets is divided into two cases depending on whether (%)1/ " admits
px" — g = 0 as a minimal polynomial.

We first introduce a definition that plays an important part in the construction of
such sets.

Definition 3.1 ([10]) Letn >0, (a,n) = 1and let s be the smallest positive integer
such that a* =1 (mod n); then s is called the multiplicative order of a (mod n).

Lemma 3.2  Under the assumptions of Theorem 1.3, assume that px" —q = 0 isa
minimal polynomial of % )", For any given positive integer N, and for any given integer
iwithie{0,1,...,r—1}, let

w == (E)(2)  rsnen) e,

where s is the multiplicative order of p (mod m), and Z; is defined as in Lemma 2.2.
Then (A* — A*)~ {0} c Z;.
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Proof Without loss of generality, we assume that i = 0. For any integers n;, n, with
1< n, < np <N, we have

(N+mny)s s (N+ny)s 1,8
_P P\ P (P
b B ) 0y
_ i B ms (N+m)s _ (N+ny)s ﬂ (m=n2)s
=) (Ot () )
_ i py™e (N+m1)s _ (N+ny)s—(m—-nz)s _(m—nz)s
) o)
_ i B ms (N+ny)s _  (N-m+2n3)s _(m—ny)s
- —( q) (» P q"ms).
In order to prove that A,, — A, € Zy, we only need to prove that
(31) p(N+n1)s _p(N—n1+2n2)s . q(nl—ng)s £0 (mod m)
Since p* (mod m) = 1, we have
(3.2) k¢ (mod m) =1

holds for any positive integer k.
We claim that for any two positive integers a, b,

(3.3) p“q"=q"#1 (mod m).

We prove this by contradiction. Assume that g° (mod m) = 1; then there exists
some integer t, such that g* = tm +1,i.e,, g — tm = 1. Since d | g and d | m, we have
d | 1, which contradicts the fact that d > 1. Hence the claim follows.

From (3.2) and (3.3), we obtain that (3.1) holds. Hence,

Anl - /\nz € Z().
Since n; and n, are arbitrary, together with the property Zy = —Z, we obtain that
(A" = A") {0}  Zy. .
If px™ — q = 0 is not a minimal polynomial of (%)1/’, then let py, q1, 11 be defined

as in Lemma 2.1. Recall from the proof of Lemma 2.3 that (p;, m) = 1. We prove that
(q1,m) > 1and then construct the set A* by using the conclusion of Lemma 3.2.

Lemma 3.3  Under the assumptions of Theorem 1.3, if px” — q = 0 is not a minimal
polynomial of (%)1/ ", let p1, q1, 11 be defined as in Lemma 2.1. For any given positive
integer N, and for any given integer j with j € {0,1,...,r -1}, let

. _ p$N+n)’sv P s P jln ) -

R (i () ) e,
where S is the multiplicative order of p; (mod m), and :7:1 is defined as in Lemma 2.3.
Then (A* — A*)~ {0} c ij.

Proof From Lemma 2.1, we obtain that p;,q;, 71 € N* with (p1,q1) = 1, ni|r and
r1 < r. Moreover, (%)1/’ = (%)1/". Recall from the proof of Lemma 2.3 that a = |

N*, B = q% e N*, and p = Bp{. Since (p, m) = 1, we obtain that (8, m) = 1. From
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q = Bqf and (q, m) > 1, we have (q;, m) > 1. Also recall from the proof of Lemma 2.3
that (p;,m) =1and g < p;.

Since p = i(%)l/’ = i(%)l/“ and p;x] —q; = 0isa minimal polynomial of(%)l/”,
from Lemma 3.2, we see that (A* — A*) ~ {0} c Zj. [

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3 If px" — g = 0 is a minimal polynomial of ( % )/, then for any

given positive integer N and for any given i € {0,1,...,r — 1}, let A* be defined as
in Lemma 3.2. Since (A* - A*) \ {0} c Z;, from Lemma 2.2, we see that E,~ is an
orthogonal set in L*(yp, ) with #E5« = N, i.e., there are any number of orthogonal
exponential functions in L*(y,, ). Hence, n* (g, m) = 00. The conclusion follows.
If px” — q = 0 is not a minimal polynomial of (%)1/ ", then we can derive the same
conclusion from Lemmas 3.3 and 2.3. This completes the proof. ]
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