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We introduce the full expression of the curvature tensor of a real hypersurface M in
complex two-plane Grassmannians G(C™12) from the Gauss equation. We then
derive a new formula for the Ricci tensor of M in G2(C™%2). Finally, we prove that
there does not exist any Hopf real hypersurface in complex two-plane Grassmannians
G2(C™+2) with parallel Ricci tensor.

1. Introduction

In the geometry of real hypersurfaces in complex space forms or in quaternionic
space forms, it can be easily checked that there does not exist any real hypersurface
with parallel shape operator A by virtue of the Codazzi equation.

From this point of a view, many differential geometers have considered a weaker
notion than the parallel second fundamental form, i.e. VA = 0. In particular,
Kimura and Maeda [6] have proved that a real hypersurface M in a complex pro-
jective space CP™ satisfying V¢A = 0 is locally congruent to a real hypersurface
of type A, Ay, that is, a tube over a totally geodesic complex submanifold CP*
with radius 0 < r < %7‘&'. The structure vector field £ mentioned above is defined by
& = —JN, where J denotes a Kihler structure of CP™ and N denotes a local unit
normal field of M in CP™. Moreover, in a class of Hopf hypersurfaces, Kimura [5]
asserted that there do not exist any real hypersurfaces with parallel Ricci ten-
sor, i.e. V.S = 0, where S denotes the Ricci tensor of a real hypersurface M in
cp™.

On the other hand, in a quaternionic projective space HP™, Pérez [8] considered
the notion of V¢, A = 0, i = 1,2,3, for real hypersurfaces in HP™ and classified
M as locally congruent to a real hypersurface of A1, A, type, i.e. a tube over HP*
with radius 0 < 7 < 7. The almost contact structure vector fields {¢1, &, &3} are
defined by &; = —J; N, i = 1,2, 3, where J; denotes a quaternionic Kéhler structure
of HP™ and N denotes a unit normal field of M in HP™. Moreover, Pérez and
Suh [9] considered the notion of V¢, R = 0,7 = 1,2, 3, where R denotes the curvature
tensor of a real hypersurface M in HP™, and proved that M is locally congruent
to a tube of radius %w over HP*.

Now let us denote by Go(C™%2) the set of all complex two-dimensional linear
subspaces in C™*2. Then the above situation is not so simple if we consider a real
hypersurface in complex two-plane Grassmannians Go(C™%2) [3,4,11-14]. Suh [11]
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showed that there does not exist any hypersurface in Go(C™%2) with parallel shape
operator A, i.e. VA = 0.

We study the problem related to the parallel Ricci tensor S for real hypersurfaces
M in complex two-plane Grassmannians Go(C™%?), that is, VxS = 0 for any
vector field X tangent to M. The ambient space Go(C™%2) is known to be the
unique compact irreducible Riemannian symmetric space equipped with both a
Kéhler structure J and a quaternionic Kéhler structure J not including J [2].

In other words, Go(C™%2) is the unique compact, irreducible, Kihler, quater-
nionic Kéahler manifold that is not a hyper-Kahler manifold. So, we have considered
the two natural geometric conditions for real hypersurfaces in G(C™*2), that the
one-dimensional distribution [§] = span{¢} is invariant under the shape opera-
tor and that the three-dimensional distribution D+ = span{¢;, &2, &3} is invariant
under the shape operator. By using such two geometric conditions and the results
of Alekseevskii [1], Berndt and Suh [3] proved the following.

THEOREM 1.1. Let M be a connected real hypersurface in Go(C™+2), m > 3. Then
both [€] and D+ are invariant under the shape operator of M if and only if

(i) M is an open part of a tube around a totally geodesic Go(C™H1) in Go(C™+2),
or

(ii) m is even, say m = 2n, and M is an open part of a tube around a totally
geodesic HP™ in Go(C™*2).

When the structure vector & of M in Ga(C™*2) is invariant under the shape
operator, M is said to be a Hopf real hypersurface. In such cases, the integral curves
of the structure vector field £ are geodesics [4]. Moreover, the flow generated by the
integral curves of the structure vector field ¢ for Hopf hypersurfaces in Go(C™+?2)
is said to be a geodesic Reeb flow.

In the proof of theorem 1.1 it was proved that the one-dimensional distribution
[€] is contained in either the three-dimensional distribution D1 or in the orthogonal
complement D such that T, M =D & D+. Case (i) of theorem 1.1 is just the case
that the one- dimensional distribution [¢] belongs to the distribution ®+. Of course,
it is not difficult to check that the Ricci tensor of any real hypersurface mentioned
in theorem 1.1 is not parallel. Then it is natural to ask if real hypersurfaces in
G (C™*+?) with parallel Ricci tensor can exist.

Accordingly, the main result of this paper is to prove the non-existence of all
Hopf real hypersurfaces in Go(C™*2) with parallel Ricci tensor, that is, V.S = 0,
as follows.

THEOREM 1.2. There does not exist any Hopf real hypersurface with parallel Ricci
tensor in Go(C™*2), m > 3.

On the other hand, a real hypersurface M in Go(C™*+?) is said to be Einstein if
the Ricci tensor S is given by g(SX,Y) = ag(X,Y) for a smooth function a and
any vector fields X and Y on M. Naturally the Ricci tensor is parallel on M. So
we also add the following corollary.

COROLLARY 1.3.  There does not exist any Einstein Hopf real hypersurface in
GQ((CerQ), m Z 3.

https://doi.org/10.1017/50308210510001472 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001472

Hypersurfaces in complex two-plane Grassmannians 1311

In §2 we recall the Riemannian geometry of complex two-plane Grassmannians
G2(C™*2), and we will show some fundamental properties of real hypersurfaces in
G2(C™*2) in §3. The formula for the Ricci tensor S and its covariant derivative
VS will be shown explicitly in this section. In §§4 and 5 we shall give a complete
proof of the main theorem according to the geodesic Reeb flow satisfying £ € ® or
vanishing geodesic Reeb flow satisfying £ € D+,

2. Riemannian geometry of G5(C™12)

In this section we summarize basic material about G5 (C™*?) (for details we refer the
interested reader to [2-4,14,15]). By G2(C™*2) we denote the set of all complex two-
dimensional linear subspaces in C™*2. The special unitary group G = SU(m + 2)
acts transitively on Ga(C™%2) with stabilizer isomorphic to K = S(U(2) x U(m)) C
G. Then G5(C™%2) can be identified with the homogeneous space G/K, which
we equip with the unique analytic structure for which the natural action of G
on G2(C™*2) becomes analytic. Denote by g and € the Lie algebra of G' and K,
respectively, and by m the orthogonal complement of £ in g with respect to the
Cartan—Killing form B of g. Then g = ¢ @ m is an Ad(K)-invariant reductive
decomposition of g. We set 0 = eK and identify T,G2(C™*2) with m in the usual
manner. Since B is negative definite on g, its negative restricted to m x m yields a
positive definite inner product on m. By Ad(K)-invariance of B, this inner product
can be extended to a G-invariant Riemannian metric g on Ga(C™*2). In this way
G2(C™*2) becomes a Riemannian homogeneous space, even a Riemannian sym-
metric space. For computational reasons we normalize g such that the maximal
sectional curvature of (Go(C™*2),g) is 8.

When m = 1, Go(C?) is isometric to the two-dimensional complex projective
space CP? with constant holomorphic sectional curvature 8.

When m = 2, we note that the isomorphism spin(6) ~ SU(4) yields an isome-
try between Go(C*) and the real Grassmann manifold G (R®) of orientated two-
dimensional linear subspaces in R8. In the remainder of this paper, we shall assume
m > 3.

The Lie algebra ¢ has the direct sum decomposition ¢ = su(m) @ su(2) @ R,
where fR is the centre of €. Viewing £ as the holonomy algebra of G(C™*2), the
centre R induces a Kéhler structure J and the su(2) part induces a quaternionic
Kihler structure J on Go(C™*2). If J; is any almost-Hermitian structure in J,
then JJ; = Ji1J, and JJ; is a symmetric endomorphism with (JJ;)? = I and
tr(JJ1) = 0. This fact will be used in the next sections.

A canonical local basis Jq, Jo, J3 of J consists of three local almost-Hermitian
structures J, in J such that

JuJqul = Ju+2 = - 1/+1Jl/7

where the index is taken modulo 3. Since J is parallel with respect to the Rieman-
nian connection V of (G(C™*2), g), for any canonical local basis J;, Jo and J3 of
J, there exist three local 1-forms ¢, g2, g3 such that

Vxdy = Guia(X)us1 = qur1(X)Jopo (2.1)
for all vector fields X on Go(C™*2).
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Let p € G2(C™T2) and W be a subspace of T,G2(C™*?). We say that W is a
quaternionic subspace of T,G2(C™*2) if JW C W for all J € J,. Furthermore,
we say that W is a totally complex subspace of T,G2(C™%2) if there exists a one-
dimensional subspace U of J, such that JW C W for all J € ¥ and JW L W for
all J € U+ C Jp- Here, the orthogonal complement of 2 in J,, is taken with respect
to the bundle metric and orientation on J for which any local oriented orthonormal
frame field of J is a canonical local basis of J. A quaternionic (respectively, totally
complex) submanifold of G5(C™*2) is a submanifold all of whose tangent spaces are
quaternionic (respectively, totally complex) subspaces of the corresponding tangent
spaces of Go(C™12).

The Riemannian curvature tensor R of G2(C™%2) is locally given by

R(X.Y)Z =g(Y,2)X — g(X, 2)Y +g(JY, Z)JX
—g(JX,2)JY —29(JX,Y)JZ

3
+ Y {g(LY, 2) 1, X = g(J, X, 2)1,Y —29(J,X,Y)J, Z}
v=1
3
+ Y {g(LJIY, 2)J,JX — g(J,JX, Z)J,JY}, (2.2)
v=1

where {J1, J2, J5} denotes any canonical local basis of J.

3. Some fundamental formulae for real hypersurfaces in Go(C™12)

In this section we derive some fundamental formulae which will be used in the
proof of our main theorem. Let M be a real hypersurface in Go(C™*2), that is,
a submanifold in Go(C™*2) with real codimension 1. The induced Riemannian
metric on M will also be denoted by g, and V denotes the Riemannian connection
of (M, g).

Now let us set

JX = ¢X +n(X)N,  J,X =¢, X +n,(X)N (3.1)

for any tangent vector X of a real hypersurface M in G5(C™*2), where N denotes
a unit normal vector field of M in Go(C™*2).

From the Kéhler structure J of Go(C™%2), there exists an almost contact metric
structure (¢, &,n, g) induced on M so that

¢*X =X +n(X)&, 0§ =1, ¢¢=0, nX)=g(X.) (3-2)

for any vector field X on M.

On the other hand, from the quaternionic Kéhler structure {.Jy, Ja, J3} of J and
(3.1) we have an almost contact metric 3-structure (¢,,&,,7,,9), v = 1,2,3, on
M. Moreover, from the commuting property of J,J = JJ,, v = 1,2,3, in §2
and (3.1), the relation between these two contact metric structures (¢, &, 7, g) and
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(b, &0,y g), v = 1,2, 3, can be expressed by

Pv+1&0 = =2,
Gv€u+1 = Euta,
*E = o€,
M (¢X) = (¢ X),
v bu11X = P2 X + M1 (X)Ey,
u+100 X = =2 X + 1 (X)) 41

(3.3)

for any vector field X on M. B
Using expressions (2.2) and (3.1) for the curvature tensor R, the Gauss and
Codazzi equations are respectively given by

R(X,Y)Z =g(Y,2)X — g(X,Z2)Y

+9(0Y, 2)0X — g(¢X, Z)¢Y — 29(6X,Y)0Z
3
+ D {9(6,Y. 2)6, X — g(6, X, Z)6,Y — 29(6,X,Y ), Z}
v=1

3
+ Z{g(@w Z)pu X — g(6v0X, Z)$y Y }
- Z{n )X = n(X)n,(2) Y}

- Z{n 9(600Y, Z) — (Y )g(606X, Z)}E,
+ g(AY, Z)AX — g(AX, Z)AY

and

(VxA)Y — (Vy A)X =n(X)oY —n(Y)pX —29(6X,Y)¢

+Z{m )6, Y — (V) X — 29(6,X,Y)E,}

+ Z{nu(ebX)qu — 0, ($Y )6 X }

+Z{77 )0 (Y) = n(Y)n, (0 X) &0,

where R denotes the curvature tensor and A denotes the shape operator of a real
hypersurface M in G(C™*2).
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Then, from formulae (2.1) and (3.1), together with (3.2) and (3.3), the Kéhler
structure and the quaternionic Kihler structure of Go(C™*+?) give

(Vxo)Y =n(Y)AX — g(AX,Y){, Vx&=pAX, (3.4)
Vx& = qui2(X)t1 — qui1(X)Epo + 9, AX, (3.5)
(Vxo)Y = —qui1(X)pv42Y + quy2(X)p 1Y + 1, (Y)AX — g(AX,Y)E,. (3.6)

Summing up these formulae, we find the following:

Vix(¢v€) = Vx (&)

= (Vx9)& + 0(Vx&)
= QV+2(X)¢V+1£ - qu+1(X)¢V+2§ + ¢V¢AX - g(AX, §)§y + n(gu)[}X )
3.7
Moreover, from JJ, = J,J, v = 1,2, 3, it follows that
qj)(qu = ¢V¢X + UV(X)f - 77(X)§l/~ (38)

4. Proof of the main theorem

Now let us contract Y and Z in the Gauss equation in § 3. Then the Ricci tensor .S
of a real hypersurface M in Go(C™%2) is given by

4m—1
SX = Y R(X,e)e;

i=1

3
= (4m +10)X = 3n(X)§ =3 n (X)&,
3 - 3
+D {(Trgu¢)dudX — (9,0)° X} = > {m(§)dudX — n(X)u et}
v=1 v=1

3
= {(Trgud)n(X) — n(¢dX)}e, + hAX — A’X, (4.1)
v=1

where h denotes the trace of the shape operator A of M in G5(C™*?2). From the
formula JJ, = J,J, Tr JJ, =0, v = 1,2, 3, for any basis {e1,...,e4m—1, N} of the
tangent space of G»(C™%2), we calculate

0=TrJJ,
4m—1
= Z g(JJuek7 ek;) + g(JJVN7 N)
k=1
= Tr ¢py —nu(§) — 9(JuN, JN)
=Tr ¢¢y - 277u(£) (42)
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and

(¢u¢)2X = ¢V¢(¢¢VX - ﬁu(X)f + n(X)fu)
= du (=0 X + (¢, X)E) +1(X)$2¢
=X =0 (X)& + (@ X) P + n(X){ =€ + . (§)EF- (4.3)

Substituting (4.2) and (4.3) into (4.1), we have
3
SX = (4m+10)X = 3n(X)§ =3 nu(X)¢

3
+ 3 (E)ddX — X — (6, X)d€ — n(X)m, ()6} +hAX — A2X

v=1

= (Am+T)X = 3n(X)¢ =3 n,(X)¢

+ > A (©)evdX — (6 X)d€ — n(X)m, ()6} + hAX — A°X. (4.4)

v=1

Now the covariant derivative of (4.4) becomes

(VyS)X = =3((Vyn)X)§ = 3n(X)Vy¢

3
— 3Z(VY7]V) - 32771/ vY&V
v=1

3
+ ) Y (0 (€) b X + 00 (€)(Vy 61) X

+ (&) 0w (Vy @)X — (Vyn) (¢ X) oo

—n((Vy¢,)X)oo§ — (¢, X)Vy (6,8)

— (Vyn)(X)n.(§)& — n(X)Vy (0.()& — n(X)nu (§)Vy &}
+ (Yh)AX + h(VyA)X — (VyAH)X =0 (4.5)

for any vector fields X and Y tangent to M in G5(C™%2). Then, from (4.5), together
with the formulae in § 3, we have

(VyS)X = =3g(¢AY, X)§ — 3n(X)pAY

*3Z{qu+2 )1+1(X) = @i (V) mu2(X) + 9(0, AY, X)}E,

-3 Z nu {qy+2 €V+1 quv+1 (Y)§V+2 + QSDAY}
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3

+ ) Y ()b dX + 00 () =1 (V) bus20X + quaa(Y)dyr16X
! + 1, (9X)AY — g(AY, 6X), }
+ 1 (E{n(X) g, AY — g(AY, X)b,&} — g(pAY, 6, X) 9, &
a1 (Y)n(bv12X) = qui2(Y)1(dp11X) — 1, (X)n(AY)
+n(&)g(AY, X)}¢.€
= (o X { v r2(V)u11€ = qui1 (V) o426
+ ¢u @AY —n(AY)E, + (&) AY'}
— 9(0AY, X)n, (§)& — n(X)Y (0, ())& — n(X)n. () Vy &
+ (Yh)AX + h(VyA)X — (VyA?)X
= 0. (4.6)

Setting X = ¢ in (4.6), we have

3
0==364Y =3 {qu12(Y)n41(€) = qur1 (V)m12(E) + 9(6,AY, )},

v=1
3

-3 Z M (E{v+2(Y )41 — qui1(Y )2 + 9, AY'}

3

+ > (O {dvAY — n(AY)p,E} — g(GAY, $,€) b€
v=1

Y€)= (@2 (V)Evi1 — o1 (Y)Evro + 6, AY Y]
+ (Yh)AE + h(Vy A)E — (Vy A%)E (4.7)

for any vector field Y tangent to M in Ga(C™*2).
On the other hand, we know that

Y(n,(8) = (Vym)§ +1.,(Vy§)
= QV+2(Y)77V+1(£) - qu+1(Y)77u+2(§) =+ g(d)uAY? f) + nu(d)AY)
= Gur2(Y)m41(8) — qur1(Y)nu42(8) + 2nu(4AY).

Now, if we suppose that M is a Hopf hypersurface in Go(C™%2), then (4.7)
together with A¢ = o implies

0 = (ha — a® = 3)pAY + Y (ah)é — hAGAY — Y (a?)¢ + A%pAY

—4 Z{qy+2 )1v+1(&) — Qo1 (Y )42 (5)}V

-5 Z g (byAY 5 —4 Z 771/ QV+2 £u+1
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3 3
+4) (a1 (V)2 — 3> m,(O)dnAY

v=1 v=1

- Z{nu N(AY) + g(pAY, $,€)} &, (4.8)

where we have used

3
> Y (n.(9) Z{qu+2 IMv+1(§) = @1 (Y)m42(8) — 9(@u AY, §) }E, .
v=1

On the other hand, by differentiating A{ = £ and using the Codazzi equation
in §3, we have the following:

3
—29(¢X,Y) +2> {n(X)m(6Y) = n (V)0 (6X) — 9(6, X, V) ()}

— G(VxA)Y — (VyA)X.€)
— g(VxAEY) — g((Vy A, X)
— (Xan(Y) = (Ya)n(X) + ag((Ad+ 6A)X,Y) — 2g(ASAX.Y). (49)

Setting X = £ gives

Ya= (EOJ 42 771/ "71/ ¢Y)

v=1

From this, substituting into the above equation, we have the following:

hAYAY = ta (Agb + @AY + hoY
+h Z{ny )€, + 0 (Y )€y + 10 (€)Y
—20(Y) 0w (&) & — 21, (E)n (@Y )E}. (4.10)

Then, substituting (4.10) into (4.9), we have
0= {ha — a® — 3}pAY + Y (ha)¢ — hApAY
— (Yo?)E + $aA?pY + AgY

+ Z{m )AGS, + 1, (6Y) AL, + 0, (§) A Y
- 277( )nu (f)AQi)fy - 204771/(6)771/ (¢Y)§}
+ 10*(Agp + 9A)Y + LagY

- 3a Z{nu )6& + M (6Y)E,
T ©eY — 20(Y ) ()6, — 20, () (6Y )€}
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—4Z{qu+2 Mv+1(8) = qur1(Y)nu42() 1o

f5zg¢yAY€ *427% )av2(Y)€u i1

v=1
3
+4 Z M (§)q+1(Y)E12 — 3 Z v (§) P AY
v=1 v=1
- Z{nu (AY) + g(9AY, $.€)}u&.- (4.11)

From this, let us verify that g(A®,®1) = 0. In order to do this we suppose that
€ = X1+ X, for some X; € D and X, € D+. Now, setting Y = £ in (4.11), we have

3
— (€a”)E + £(ha)s =4 {aus2(Omur1(X2) = qur1(©mr2(X2) 1,
v=1
—4 Z 771/ qy+2 (5 £I/+1 +4 Z 771/ qy+1(’£)€u+2 — 4o Z 771/ ¢u =0.
3 v=1 =
(4.12)
By comparing the ® and ©+ components in the above equation we have, respec-
tively,
3
{=€(®) + &(ha)} X1 —4ay m,(€)d, X1 =0 (4.13)
v=1
and

3
{=€(a®) + £(ha)} X2 — 4 {qur2(Enur1(X2) = quar (©nur2(X2) 1,

v=1
3 3

— 4> (X2)qr2(O)Es1 4 1 (X2)qu41(€)€vs2

v=1 v=1

3
—4a ) (X2)p, Xa = 0. (4.14)
v=1

Now, taking the inner product of (4.13) with X;, we have
—€(0®) + £(ha) =0,

which gives
3
40 " (X2)h, Xy = 0.

v=1

Then o = 0 or 1,(Xs2) =0, v = 1,2,3. This gives Xo = 0. From this we conclude
that if a real hypersurface M in Go(C™%2) has non-vanishing geodesic Reeb flow,
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i.e. a # 0, then £ € ®. In the case of vanishing geodesic Reeb flow, i.e. a« = 0, we
shall show the following.

LEMMA 4.1. Let M be a Hopf real hypersurface in Go(C™*2) with parallel Ricci
tensor. If M has non-vanishing geodesic Reeb flow, then & € ©. If M has vanishing
geodesic Reeb flow, then £ €D or £ € D+,

Proof. For the case @ # 0 we have already proved the above result. Now let us
consider the case a = 0. By differentiating A{ = 0 and using the same method as
in [3], for any tangent vector field Y on M, we have

Ya= (a)n(Y) =4 m()n.(4Y).

This gives

3
> () (6Y) = 0.

From this, replacing Y by ¢Y for any Y € ©, we have

3
> n,(€)*n(Y) =0.

Using a similar method as in [10], we have two cases. First, in the case where
n(Y) # 0 for some Y € ©, we have 7,(§) = 0 for v = 1,2,3. This means £ € D.
Next, in the case where 7(Y) = 0 for any Y € D, we have £ € ®*. This completes
the proof of our lemma. O

By virtue of lemma 4.1, in order to give the proof of theorem 1.2, in §5 we
consider the case where M has a geodesic Reeb flow, including both vanishing and
non-vanishing Reeb flow, with £ € ©. In §6, completing the proof of theorem 1.2,
we shall discuss the remaining case when M has vanishing geodesic Reeb flow with
EcDt

5. Real hypersurfaces with geodesic Reeb flow satisfying £ € ©

In this section, let us show that the distribution © of a Hopf real hypersurface M
in Go(C™*2) satisfies g(AD,D+) = 0.

The Reeb vector £ is said to be a Hopf vector if it is a principal vector for the
shape operator A of M in Go(C™*2), that is, the Reeb vector £ is invariant under
the shape operator A.

On the other hand, it was proved in [3] that the Reeb vector £ of M belongs to
the distribution ® when M is a hypersurface of type (ii) in theorem 1.1. Naturally
we are able to consider a converse problem. It should be an interesting problem to
check whether a real hypersurface of type (ii), that is, a tube over a totally real
totally geodesic HP™, m = 2n, is always a hypersurface with its Reeb vector &
belonging to the distribution ©.

From such a viewpoint, we affirmatively answer this question in [7] as follows.
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THEOREM 5.1. Let M be a connected orientatable Hopf hypersurface in Go(C™+2),
m = 3. Then the Reeb vector £ belongs to the distribution ®© if and only if M

1s locally congruent to an open part of a tube around a totally geodesic HP™ in
G2 (C™+2), where m = 2n.

Now it remains to check whether or not the Ricci tensor of a real hypersurface
M of type (ii) is parallel. So let us suppose that the Ricci tensor S is parallel. That
is, (Vy S)X = 0 for any vector fields X and Y tangent to M. In this case £ € ©. If
we set X = ¢ in (4.5), the parallel Ricci tensor implies

0= (VyS)¢
3
= =3VyE-3) (Vyn)()é
v=1
3
+) A= (Vyn) (68 b€ — n((Vy 6)) 0} + h(Vy A — (Vy A2)E.

Since we have assumed that M is a Hopf hypersurface, it follows that

3 3
0=—3pAY +3 1, (pAY)E — > 0 (AY)$,€

v=1 v=1

+ ah¢AY — hAPAY — o?pAY + A%2pAY. (5.1)
Now let us apply a proposition from [3] as follows.

PROPOSITION 5.2. Let M be a connected real hypersurface of G2(C™+2). Suppose
that AD C ®, Af = a&, and that £ is tangent to . Then the quaternionic dimen-
sion m of Go(C™*2) is even, say m = 2n, and M has five distinct constant principal
curvatures

a = —2tan(2r), B = 2cot(2r), ~ =0, A = cot(r), w = —tan(r)

1
4

m@) =1,  m()=3=m(r), m)=4n—4=m(n)

with some r € (0, 3m). The corresponding multiplicities are
and the corresponding eigenspaces are
T, =RE, Ts = JJE, T, =3¢, Ty, T,
where
& T,=HCO), =T, I, =T, Jh=T,.
Setting Y = & € T3 in (5.1), by proposition 5.2, we have
(ah —a* —4)B = 0. (5.2)
On the other hand, the trace h of type (ii) is given by

h=a+ 6cot2r + (4n — 4)(cot r — tanr)
=a+ (4n — 1)(cotr — tanr).

Substituting this into (5.2), we have 0 = —16n, which gives a contradiction.
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6. Real hypersurfaces with vanishing geodesic Reeb flow satisfying
cedt

Now let us consider a Hopf real hypersurface M in Go(C™%2) with parallel Ricci
tensor and vanishing geodesic Reeb flow, that is, a = 0, satisfying ¢ € D+. Since
we assume ¢ € D+ = span{¢1, &, 3}, there exists a Hermitian structure J; € J
such that JN = J1 N, that is, £ = &;.

Now setting £ = & in (4.8), we have

0= (ha—a® = 3)pAY + Y (ah)é — hAPAY — (Ya?)& + A%pAY
= 4{azs(Y)n2(8) — q2(Y)n3(§) 11 + {a1 (Y)n3(§) — g3(Y) }E2
+1{@2(Y) — a1 (Y)n2(&) }&5]
—5g(p2AY, &)& — 59(p3AY, €)&3 — 4q3(Y )& + 4q2 (Y )E3 — 391 AY
- {772( IN(AY) + g(pAY, $2£) }¢2€ — {ns(n(AY) + (@AY, $3£) } 3
= (ha — a? = 3)pAY + Y (ah)é — hAGAY — (Ya?)¢
= A2GAY — 361 AY + 6ra(AE)Es — 6mz(AY )&, — 3¢ AY. (6.1)

Substituting (4.10), this can be rearranged as follows:

0= {ha — a® — 3 — Jah}pAY
— lahAqu +Y(ah)é — (Ya?)E + A2pAY — hoY

—h Z{ny )€, + 1 (6Y )& + 0. (€)Y
- 277( ) (§)¢§u - 2nu(§)nu(¢y)§}
+6m2(AY )€z — n3(AY )& — 391 AY
={ha—a®—-3— %ah}qﬁAY
— LahAQY + Y (ah)é — (Ya?)E + A29AY — hoY
— M 1Y — 2m2(Y)E3 + 2n3(Y )&}

where we have used the formulae 72(¢Y") = n3(Y") and 7n3(¢Y) = —na(Y).

By taking the inner product of (6.2) with &, we know Y (ah — a?) = 0. This,
together with (6.2), gives
A*pAY = LahAgY — {ha — o® — 3 — Lah}pAY
+ 1Y — 2(Y)Es + 2n3(Y) &2}

On the other hand, we have assumed that the structure vector £ is principal.
Denote by $) the orthogonal complement of the real span [£] of the structure vector
& in TM. Then if we take the inner product of the Codazzi equation in §3 with &
and use A = o, we again obtain formula (4.9).
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Setting X = ¢ in (4.9), we have

Ya= (504 —4 Z 771/ nu ¢Y)

v=1

for any tangent vector field Y on M. Substituting this formula into (4.9), it can be
rewritten as follows:

3

—29(¢X,Y) +2> {n(X)n(8Y) = (V)0 (6X) — g(6,X, V) ()}

v=1

= 42{17 )1 (@Y) = n(Y )1 (6X) }n, (€)
+ ag((A¢ +pA)X,Y) — 29(ApAX,Y). (6.4)
From this formula, setting £ = &, we are able to assert that
APAX = 2a(Ad + ¢A)X + ¢ X + {1 X — 2m2(X)&s + 2n3(X) &2}, (6.5)

where we have used the formula 75(¢X) = n3(X) and n3(¢X) = —n2(X).
By applying the shape operator A to (6.5) from the left-hand side and using (6.5)
once more, we have

2A20Y = 2{Ap1Y — 2no(Y) Al + 2n3(Y) A&} + aA?9Y + 2A¢Y
+ 302 (Ap + pA)Y + adY + afd1Y — 2ma(Y)&s + 2n3(Y)Ee}  (6.6)

for any vector field Y on M. Then, by setting Y = & in both (6.3) and (6.6), the
formula is as follows for a = 0:

3pALy — 2h&s — 6m2(AL2)Es + 6m3(AL)Ee + 391 ALy = —2AEs.

From this, by taking the inner product with &, we have g(A&s3,&2) = 0, and the
formula becomes

39 AL — 2h&3 — 612 (A2)Es + 3p1 Ay = —2A&s. (6.7)
Similarly, we also have

3(;!)1453 + 613 (Afg)gg + 3(]5114&3 + 2h&y = 2A£2. (68)

Then, by applying ¢ and ¢, to (6.3), we have, respectively,

DAL = 3 A& + hés + 3m2(A&)Ee — S Al

and
1AL = — 219 AE — hés — 3na(AL2)Es + S AL,

Substituting these two formulae into (6.8) gives

—TAL = —9pp1 ALy + 613(A3)Ee + 2hEs. (6.9)
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Applying ¢ to (6.9), we have
THAS = =991 Az + 613(AL3)E3 + 2hEs. (6.10)
Applying ¢1 to (6.9) and substituting (6.10), we have

—Tp1 Al = —9TPALy + 613(ALs) 162 + 2hp1&o
= 99 A& + 6m3(AL3)E3 + 2hE3
=9(—2p1 A& + Sn3(ALs)Es + 2hEs) + 6n3(ALs)Es + 2hEs,

which gives ¢ A& = 3n3(A&3)Es + hés. Accordingly, we can write
A& = 3n3(A&3)&2 + héa.

Similarly, we have
A& = 3n2(A&2)Es + hés.

These two formulae for a Hopf hypersurface M in Go(C™*2) give the invariancy
of the shape operator A of M, that is, g(AD, D) = 0. Then, by virtue of theo-
rem 1.1, we deduce that M is locally congruent to a tube of certain radius r over a
totally geodesic Go(C™*1) in G5 (C™*+?2) with vanishing geodesic Reeb flow, o = 0.
However, in proposition 5.2 the principal curvature o never vanishes. Consequently,
such a case is not possible. This completes the proof of theorem 1.2.

REMARK 6.1. It was proved in [11] that there do not exist any real hypersurfaces M
in Go(C™*2) with parallel shape operator, i.e. VA = 0. Such a geometric condition
is stronger than the parallelism of the Ricci tensor mentioned in this paper.

REMARK 6.2. Suh [12] proved the non-existence property of real hypersurfaces in
G2(C™*?) with commuting shape operator, that is, A¢; = ¢; A4, i = 1,2,3, and
in [16] gave a characterization of type (i) in theorem 1.1 in terms of the commuting
Ricci tensor, i.e. S¢ = ¢S.

REMARK 6.3. Corollary 1.3 was also proved in [10]. By giving a classification of
pseudo-Einstein hypersurfaces in G2(C™*2) we have shown that there does not
exist any Einstein real hypersurface in Go(C™+2).
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