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Abstract

In this paper, we analyse the set of all possible aggregate distributions of the sum of
standard uniform random variables, a simply stated yet challenging problem in the
literature of distributions with given margins. Our main results are obtained for two
distinct cases. In the case of dimension two, we obtain four partial characterization
results. For dimension greater than or equal to three, we obtain a full characterization
of the set of aggregate distributions, which is the first complete characterization result of
this type in the literature for any choice of continuous marginal distributions.
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1. Introduction

Many questions remain open in the determination of probability measures with given
margins and other constraints, since the seminal work of [11]. One of the challenging and

recently active questions is, for n given distributions F1, . . ., F,; on R, to determine all possible
distributions of S, = X| + - - - + X),, where X1, ..., X,, are random variables with respective
distributions Fy, . .., F, in an atomless probability space ($2, A, IP). Formally, denote the set

of possible distributions of the sum by
D, =DyFy,...,F))={cdfof X; +---+X,: X;~F;, i=1,...,n},

where X ~ F means that the cumulative distribution function (cdf) of a random variable X is F.

The question of characterizing D,, although simply stated, is a challenging open question.
Generally, it is not easy to determine whether a given distribution G is in D,, although many
moment inequalities can be used as necessary conditions. In the recent literature, some papers
partially address the question of D,, and provide sufficient conditions for G € Dy; see [2], [4],
and [13]. A particular question is whether a point-mass belongs to D,, which is referred to as
the problem of joint mixability [14], and has found many applications in optimization and risk
management.
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Sums of standard uniform random variables 919

However, there are no known results on the characterization of D,,, except for the trivial case
where each of F1, ..., F, is a Bernoulli distribution in low dimension. Perhaps the attempt to
characterize D,, for generic F1, ..., F, is too ambitious. In this paper, we focus on the very
special case where F1, ..., F, are standard uniform distributions U[0, 1]. This problem might
look naive at first glance, but with the technical challenges we shall see in this paper, the
characterization of D,, is highly non-trivial even for uniform distributions.

As a well-known fact, for any random variables Xi, ..., X, their sum is dominated in
convex order by X{+ -- -+ X;, where Xj is identically distributed as X;, i=1, ..., n, and
Xf, ..., XS are comonotonic. Hence, the set D,(F1, ..., F,) is contained in the set C, of

distributions that are dominated in convex order by the distribution of the comonotonic sum
(for the precise definitions, see Section 2). These two sets are asymptotically equivalent after
normalization, as shown in [4]. One naturally wonders whether they coincide for a finite 7.

The main results of this paper can be summarized below in two distinct cases. Recall that
Fy, ..., F, are standard uniform distributions U[0, 1]. For dimension n = 2, the sets D,, and C,
are not equivalent, and a complete determination of D, for uniform margins is still unclear. In
Section 3 we provide four results on equivalent conditions for various types of distributions
to be in Dy, including unimodal, bi-atomic, and tri-atomic distributions, and distributions
dominating a proportion of a uniform one. In Section 4 we are able to analytically characterize
the set D, for dimension n > 3 by showing that D, = C,. This result came as a pleasant surprise
to us, since it is well known that the dependence structure gets much more complicated as the
dimension grows. As far as we are aware, this result is the first full characterization of D,, for
any type of continuous marginal distribution.

For applications of the problem of possible distributions of the sum with specified marginal
distributions, we refer to [1], [3], [5], and [9]. A particular problem on the sum of standard
uniform random variables is the aggregation of p-values from multiple statistical tests,
which are uniform by definition under the null hypothesis. These p-values, as obtained from
different tests, typically have an unspecified dependence structure, and hence it is important to
understand the possible distributions of the aggregated p-value; see [12].

We remark that the determination of whether D, =C, for general margins is unclear.
Note that the determination of D, =C, for a given tuple of margins requires more than
the determination of joint mixability of the margins, and the latter is known to be an open
question in general. We conjecture that for general margins on bounded intervals with sufficient
smoothness, there is a dimension n above which D,, equals C,,, but this is out of reach by current
techniques, as our proofs rely heavily on the specific form of uniform distributions.

2. Preliminaries and notation

In this paper, for any (cumulative) distribution function F, we let F —1(0) = inf{x: F(x) > 1},
t € (0, 1], denote the quantile function of F. Let X denote the set of integrable random variables
and let F be the set of distributions with finite mean. The terms ‘distributions’ and ‘distribution
functions’ are treated as identical in this paper. For F € F, Supp (F) is the essential support of
the distribution measure induced by F, which will be referred to as the support of F. For any
distributions F, G € F, we let F @ G denote the distribution with quantile function F ’l(t) +
G~1(1), 1 € [0, 1]. For a distribution F, w(F) denotes the expectation of F. Throughout, [x] and
|x] represent the ceiling and the floor of x € R, respectively. A density function f is unimodal
if there exists a € R such that f is increasing on ( — 00, a] and decreasing on [a, 00).
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The set D,, is related to the notion of convex order. A distribution F € F is smaller than
G € F in convex order, denoted by F <¢x G, if

/ ¢(x) dF(x) < / ¢(x)dG(x) for all convex ¢p: R — R,
R R

provided that both expectations exist (finite or infinite). Standard references for convex order
are [6] and [10]. For a given distribution F € F, let C(F) denote the set of all distributions
dominated by F in convex order, that is,

C(F)={G e F: G=< F).

Checking whether a distribution G is in C(F) can be conveniently done using an equivalent
condition (e.g. [10, Theorem 3.A.1]) is

inf ( / (x — k)4 dF(x) — / (x— k)4 dG(x)) >0. (1)
R R

keR

As the focus of this paper is the distribution of the sum of uniform random variables, we
use the following simplified notation. For n € N and x € R, write

DY =D,U[0, 1],...,U[0, 1)) and CY=C(U[0, x]),

where Ula, b] stands for the uniform distribution over an interval [a, b] C R.

Below we list some basic properties of the sets D,(-) and C(-); they also hold for D}lj
and C}CJ . First, note that if all distributions F, ..., F), are shifted by some constants or scaled
by the same positive constant, then the elements in D, (F1, ..., F;) are also simply shifted or
scaled. Moreover, Dy (F, ..., Fy) is symmetric in the distributions F1, ..., F,. These facts
allow us to conveniently exchange the order of the distributions Fq, ..., F;, and normalize
these distributions by shifts and a common scale. For given distributions Fy, ..., F, € F, the
distribution F| @ - - - @ F,, is the maximum in convex order in the set D,(Fy, ..., Fy). This
fact is summarized in the following lemma.

Lemmal. ForFy,..., F,e F, DyF,,...,F,)CC(F1®---D Fy).

Lemma 1 can be equivalently stated as follows. If X| ~Fy,..., X, ~F, and F is the
distribution of X1 + - - -+ X,,, then F <cx F1 ® - - - ® F,,. For a history of this result, see, for
instance, [7]. In particular, if F' € D,(F1, ..., F,), then the mean of F is fixed and equal to the
sum of the means of Fy, ..., F),.

In view of Lemma 1, it would be natural to investigate when the two sets coincide, that
is, Dy(F1,...,F)=C(F1®---®Fy,). Note that for a given G € F, the determination of
G € C(F) can be analytically checked with its equivalent condition (1). Hence, if the above
two sets coincide, then we have an analytical characterization of D, (F1, ..., Fj). In the case
of uniform distributions, one wonders whether DY = CY, noting that DV c CV always holds.
Unfortunately, as shown in [4] by a counter-example, in the simple case n =2, Dg is an
essential subset of Cg ; see Theorem 3 in Section 3 for distributions in Cg but not in Dg .

Some basic properties of the set D,,( - ) are given in the following lemma.

Lemma 2. Forany Fy, ..., F, € F, the set D,(F1, ..., Fy) is non-empty, convex, and closed
with respect to weak convergence.
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Another simple fact is that a distribution in D, (F, ..., F,) has to have the correct
support generated by the marginal distributions. That is, for any Fy, ..., F, € F and G €
Dy(F1, ..., Fy), we have Supp (G) C Y, Supp (F;). For more properties on the sets D,( - )
and C(-), see [4].

A useful concept for our analysis of D,,( -) is the joint mixability introduced in [14]. An n-

tuple of distributions (Fy, ..., F,;) € F" is said to be jointly mixable JM), if D, (Fy, ..., Fy)
contains a point-mass dx, K € R. This point-mass is unique if the distributions Fy, ..., F,
have bounded supports. If (F1, ..., Fy)is JM and F; =---=F, =F, then we say that F is

n-completely mixable (n-CM).

3. Sums of two standard uniform random variables

In this section we look at the sum of two UJ[0, 1] random variables. Unfortunately,
as explained above, a full characterization of Dg appears difficult to obtain. We provide
characterization results for four different types of distributions to be in Dg. We first present the
main results on Dg in Section 3.1. Their proofs will be given in Section 3.2. Before presenting
our main findings, we summarize some existing results on Dg . These facts can be derived from
existing results on joint mixability in [13].

Proposition 1. We have the following.
(i) DY ccl.

(1) Let F be any distribution with a monotone density function on Supp (F). Then F € Déj if
and only if Supp (F) C [0, 2] and F has mean 1.

(iil) Let F be any distribution with a unimodal and symmetric density function on Supp (F).
Then F € Dg if and only if Supp (F) C [0, 2] and F has mean 1.

Remark 1. For a uniform distribution on an interval of length a, U[l —a/2, 1 +a/2] € Dg if
and only if a € [0, 2], a special case of (ii) and (iii) of Proposition 1. The case U[1/2, 3/2] € Dg
is shown in [8], and the general case a € [0, 2] is shown in [13].

3.1. Main results

As a first new result in this paper, we show that the class of distributions with a unimodal
density with the correct mean is contained in Dg.

Theorem 1. Let F' be a distribution with a unimodal density on [0, 2] and mean 1. Then
FeDY.

Theorem 1 generalizes the existing results derived from [13].
The second result of the paper concerns the class of distributions which dominate a
proportion of a uniform distribution.

Theorem 2. Let F be a distribution supported in [a, a + b] with mean 1 and density function f.
If there exists h > 0 such that f > 3b/(4h) on [1 — h, 1 4+ h], then F € Déj.

In Theorem 2, the condition that the density of F dominates 3b/2 times that of U[l — &,
1 + h] immediately implies the following admissible ranges of a, b, and h: a>1/3, b <
2/3, and h < 1/3. Hence, Supp(F) C [0, 2], which is obviously necessary for F € Dg(l, 1).
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Theorem 2 also immediately implies the following fact: for a distribution F with mean 0 and
bounded support, if F has a positive density f > ¢ in a neighbourhood of 0 for some ¢ > 0, then
F € Dy(U[ — m, m], U[ — m, m]) for sufficiently large m > 0.

In addition to the two results on continuous distributions, we analyse discrete distributions.
We shall obtain two results, one characterizing bi-atomic distributions in Dg , and one
characterizing equidistant tri-atomic distributions in Dg .

Theorem 3. Let F be a bi-atomic distribution with mean 1 supported on {a, a + b} with b > Q.
Then F € DY if and only if 1/b € N.

For a given a € [0, 1) and a + b € (1, 2], there is a unique distribution on {a, a 4+ b} with
mean 1. Hence, all the bi-atomic distributions that belong to Dg have the corresponding
distribution measures

w:1—v({a) =v({a+1/k) =1 —ak, keN, aelo, 1)}.

Note that many bi-atomic distributions supported on {a, a + b} are in Cg but not in Dg ,as long
as 1/b ¢ N. For example, one can choose a bi-atomic distribution F with equal probability on
{1 —1/m, 14+ 1/m}, and easily see that F' € CZU , whereas from Theorem 3 we find that F is not
in DY. Thus, Theorem 3 implies Dy C C5, a fact noted in [4].

For a tri-atomic distribution F, write F = (f1, f2, f3), where f1, f>, f3 are the probability
masses of F. Note that, given three points, the set of tri-atomic distributions with mean 1 has
one degree of freedom. For tractability, we study the case of F having an equidistant support
in the form of {a — b, a, a + b} for some b > 0. We only consider the case b < a < 1 since the
case a > 1 is symmetric.

To state our characterization of tri-atomic distribution in Dg , we introduce the following
notation. For x > 0, define a measure of non-integrity:

(xj:min{m—1,1—ﬂ}e[o, 1.
X X

Obviously [x] =04 xeN.

Theorem 4. Suppose that F = (f1, >, f3) is a tri-atomic distribution with mean 1 supported
in{a—b,a,a+byand 0 <b<a<1.Then F € Déj if and only if one of the following three
cases holds.

(i) a=landf, > [1/(2b)].
(ii) a < 1and 1/(2b) e N.
(i) a<1,1/2b)—1/2eNandfr>a+b—1/2.

The corresponding distributions in Theorem 4 are summarized below. Write c =a/b + 1 —
1/(2b). Here cx (x, y) stands for the convex set generalized by some vectors x, y.

() (fi. /2. /3) € x{(0, 1,0), 5(1 = [1/(2b)], 2[1/(2b)], 1 = [1/2b)])}.
(i) (fi,f2./3) €ex{(0, ¢, 1 =), 5(c, 0,2 = ¢)}.

1) (f1, /2, f3) €cx{(0,c, 1 —0), %(c(l —b), 2bc, 2 — c(1 — b))}.
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3.2. Proofs of the main results

To prove Theorem 1, we need the following lemma. To state it, we introduce the notion
of special simple unimodal functions. A function % is called a special simple unimodal (SSU)
function on [a,a+n), a€ R, neN, if it is unimodal, and A(x) is a constant on [a +k — 1,
a—+k)foreachk=1,...,n.

Lemma 3. Let F be a distribution function with density function f and support [a, a + n),
aeR_, neN. Suppose that F has mean 0 and f is a SSU function on [a, a + n). Then, for
c>max{a+n, —a}/2, we have F € Dr(U[ — ¢, c], U[ —c, c]).

Proof. We show the result by induction. For n =1, then F is the uniform distribution on
[a, a + 1) with mean 0. This means a = —0.5, that is, F is the distribution of U[ — 0.5, 0.5],
and ¢ > 0.5. By [13, Theorem 3.1], we know that U[ — 0.5, 0.5], U[ — ¢, c], and U[ — ¢, c] are
jointly mixable as the mean inequality —0.5 —2¢ 4+ 2¢ <0 < 0.5 4+ 2¢ — 2c is satisfied. This
means F € Dy(U[ — ¢, c], U[ — ¢, c]).

Next, we assume that the result holds for n < k and show that it holds for n = k + 1. Without
loss of generality, we assume a + n > —a. Otherwise consider the distribution of X* = —X with
X ~ F. Define a distribution H with density function 4: [a, a + n) — R defined as

n+1+2a —1—2a
hx)=——=1a, x€la,a+1), hx)=——=:8, x€la+1,a+n).
n nn—1)
It can be easily verified that it has mean 0 and « > 1/n> > 0 as 2a+n > 0. That is, & is
a decreasing density function on [a, a +n) with mean 0. Then, by [13, Theorem 3.2], H,
U[ — ¢, c] and U[ — ¢, c]) are jointly mixable. Hence, we have H € D>(U[ — ¢, c], U[ — ¢, c]).

Denote a; =f(a+1i), i=0,...,n—1. Since f is unimodal, without loss of generality,
assume thata; <---<agg>--->a, forsomeke{0,..., n—1}. Let
ay a a
A= min{—l, —2,..., —n}
a B B

By contradiction, it immediately follows from ) " a;=1anda + (n — 1) =1that A < 1.If
A=1,thena =aando;=B,i=2,...,n,thatis, F=H € D>,(U[ — ¢, c], U[ — ¢, c]), which
shows the statement in the lemma. Next, we consider the case A < 1. We first assert that the
sequence

bi=ay—Aa, bi=ai—AB, i=2,...,n

is unimodal such that either b; or b, is 0. To see it, we only need to show it is unimodal by the
definition of L. We consider the following two cases.

(i) If k>2,then a; <ap and hence by =a; — Aa <ay; — A B =by as o > B. Also, note that
by <---<bp>--->by,. Hence, the sequence {b;, i=1, ..., n}is unimodal.

(i1) If k=1, then ay >a» > --- > a,, and hence by > - - - > b,,. No matter whether by > b)

or by < by, we have that {b;, i=1, ..., n}is unimodal.
Define
F—)\H
Fo= .
1—A
It is easy to check that Fy is a distribution function with a density function fy taking value
b;i/(1 — A) on the interval [a, a +i),i=1, ..., n. By the above observations on the sequence
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{bi, i=1,...,n}, we know that F is a distribution with mean 0 and with support on a
subset of [a,a+n—1) or [a+ 1, a+ n). Then, by induction, we have Fy € D>(U[ — ¢, c],
Ul — ¢, c]). Since F = (1 — A)Fy+ AH, and D is a convex set, we have F € Dr(U[ — ¢, c],
Ul —c,c]). O

Now we are ready to prove Theorem 1.

Proof of Theorem 1. Let f denote the density function of F, which is unimodal. Then there
exists xg € [0, 2] such that f(xp) = max{f(x), x € [0, 2]}. Let X and Y be two independent
random variables such that X ~ F and Y ~ U[0, 1], and define X, = |[m(X —1)] + Y, meN.
Then the density function of X, denoted by 4,,, is given by

(+1)/m
hm(x)=/ f@dx=:p;, xe€lj—mj—m+1), j=0,...,2m—1.
j

m

Let k = [mxg|. Then we have

PO=Pp1 ="' =Dk-1, Dk+lZPk+2="""=DP2m>
and, since f(x) is unimodal on [k/m, (k + 1)/m],
(k+1)/m 1
Pk= fk/ Jx)dx > P min{f(k/m), f((k+1)/m)} > min{pr—1, pi+1}.
m

That is, the sequence {px, k=1, ..., 2m} is unimodal. It can be verified that
1
E[Xn] =E[|lm(X — 1)] —m((X — 1)] + 3

which lies in [ — 0.5, 0.5]. Then the random variable Y;, :=X,, — u(X,;,) has mean 0 and
takes values in a subset of [ —m — 0.5, m+0.5]. By Lemma 3, the distribution of Y,
belongs to D(U[ — ¢, c], U[ — ¢, c]) with ¢ =m/2 + 0.25. Then obviously, the distribution
of Y,,/(2m + 0.5) + 1 belongs to Dg. Note that Y;,,/(2m + 0.5) + 1 converges to X in the L>°-
norm as m — 00. Hence, by the closure of Dg with respect to the L°-norm, we have F € Dg .
This completes the proof. O

To prove Theorems 2—4, we need the following lemma.

Lemmad. Let Z be a random variable with distribution F supported in {b—k, b —k+
1,....b}, keN, beRR, satisfying

k
PZ=b—i)=pi>0, i=0,....k. and Y pi=1.
i=0

Then the following statements hold.
(i) If F e Dy(U[0, T], Ul — T, 0]), then at least one of b and T is an integer.
(i) Ifk=1, then F € D>(U[0, T], U[ — T, 0]) if and only if b € (0, 1) and T € N.

(iii) If k=2, then F € Do(U[0, T, U[ — T, 0)) if and only if one of the following three cases
holds:
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@ b=1Lpr=po=0—p1)/2, p1 =r/TwithT =2mxrwithmeNandre(0,1),

(b) be(0,1)U(1,2), T is even, p1 € (0, min{b, 2 — b}), p» = (b —p1)/2, and po =
I—=(b+p1)/2

() be(0,HU,2), T is odd, py € (b*/T, b*) with b* =min{b, 2 — b}, pr = (b —
p1)/2, and po=1—(b+p1)/2.

Proof. First we introduce the notation. For any random variable X and any set L C R, define
random events

Ax(L)y:={X —neLforsomeneN}={Xmodl €L},

and a function

P(Ax([x — 8, x + 81))
28 ’

gx(x) = {Siirol x e R, if the limit exists.

Notethat Z=bmod 1, E[Z] =0andhence b —k <0 <b.If F € D,(U[0, T], U[ — T, 0]), then
there exist two random variables X ~ U[0, T] and Y ~U[ — T, 0] such that Z=X+Y a.s.
SinceZ=X+Y=>bmod 1 a.s., we have Ax(L) =Ay(b — L) a.s. forany L C R, where b — L =
{b — x: x € L}. We first show that at least one of b and T is an integer. To this end, assume
that T is not an integer. Then there exists £ € N such that 7= £ + ¢ with ¢ € (0, 1). Note that
X ~U[0, T]. We have

P(X mod 1 € [x — 8, x + 8])
28

gx(0 =lim

:%(#{neN: n+xe(0, D +#neN: n+xel0,T1))

£+1
L if x mod 1 € (0, 1),
L+1/2

= +1/ ifxmod1=0ort,
l .
— ifxmod1 ez, 1).
T

By the definition of Ax(L) and Y 4 —X, we have Ay([x — 8, x+8])=A_x([x — 6, x4+ 8]) =
Ax([—x—38, —x+§]) ass., and thus gy(x) = gx(—x) for x e R. Also, note that Ax(L) =
Ay(b — L) a.s., which implies gx(x) = gy(b — x). Therefore, we have

gx(x) =gy(b —x)=gx(x —b) foranyxeR.

Note that there exists x € R such that x mod1 € (0,7) and x—b mod 1 € (¢, 1), which
contradicts the formula of gy. Hence, b must be an integer.

Next we consider the two cases k=1 and k = 2. For k=1, note that for any b € N, u(F)
could not be 0. Hence, we only need to show F € D,(U[0, T], U[ — T, 0]) when b € (0, 1) and
T eN. By u(F)=0, we have p; =b and pp =1 — b. Let X ~UJ[0, T] and define a random
variable Y such that

[YIXelk,k+b]]l=b—1—-X, as. fork=0,...,T—1,
[YIXek+b,k+1]]=b—X, as. fork=0,...,T—1.
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Then it is easy to see that Y ~U[ — T, 0] and X + Y has the distribution F. Thus, we have
FeDyU[0, T], U[—-T,0)).
If k = 2, by the necessity condition that at least one of b and T is an integer, we consider the
following three cases. Without loss of generality, assume p; =P(Z=b—1)>0,i=0, 1, 2.
(a) If b is an integer, for the mean-constraint to be satisfied, we have b =1 and

PZ=-1)=P(Z=1)=py>0 and P(Z=0)=p;=1-—2po.

Let T =2m £ r with r € [0, 1] and m € N. We only need to find the smallest value of p; such
that F '€ D,(U[0, T], U[ — T, 0]) as 69 € D>(U[0, T], U[ — T, 0]) and D,(U[O, T], U[ — T, 0])
is closed under mixture, where &y is the point-mass at 0. Assume that there exist X ~ U[0, T]
and Y ~U[ —T, 0] such that Z=X + Y a.s. If T =2m + r, then since b is an integer, we have

Ax((r, 1) ={X € U T+k=1,k}=Ay({(-1,—nNh={Y e U,%Zl( —k,—r—k-+1)} as.
We let
[YIXeAi]=—X—1 and [Y|Xe€A)]=—X+1 as.
where Ay =U] | (r+2k—3,2k—1) and Ay =" (r + 2k — 1, 2k). Then [X +Y|X €A U
Azl =[X + Y|Ax((r, 1))] takes values on {—1, 1}. On the other hand, note that
Ax((0, M) ={X e U (k, k+ 1)} =Ay((— r, 0) ={Y e U (— k — r, —k)}.

Then, on the set Ax((0, r)), X + Y could not only take values on {—1, 1}. There is at least one
ke{0,...,2m} such that X+ Y =0 on {X € (k, k + r)}. Hence, p1 > 2m+ Dr/2m+ DT =
r/T. We next show that /T can be attained by p; for F € D(U[0, T], U[ — T, 0]). It suffices
tolet[Y|Xe(2m,2m+r)]=—Xas.,and fork=0,...,m—1,

[YIXeQk2k+r)]=—X—1, [YIXeQk+1,2k+1+r]=-X+1 as.

In this case, we have p; =r/T. By symmetry, we can also get the same result if 7=2m — r.
To see this, note that almost surely

Ax((0, 1 =) ={X e U" 1k, k+1 -1} =Ay((r—1,0) = {Y e U (= k — 1+ 7, —k)}.
We let
[YIX€Al=—-X—1 and [Y|X€A]=-X+1 as.

where A| = U?z_ol(Zk, 2k+1—r)and Ay = Ufz_ol(Zk +1,2k+2—7). Then [X+Y|Xe€A U
Ay]=[X+ Y|Ax((0, 1 — r))] takes values on {—1, 1}. On the other hand, note that almost
surely

Ax((1—r, D))= (X e U k—r, ) =Ay({((—= 1, r = D) ={Y e U (= k, r — k).

Then, on the set Ax((1 —r, 1)), X+ Y could not only take values on {—1, 1}. There
is at least one ke {l,...,2m — 1} such that X4+ Y =0 on {X € (k—r, k)}. Hence, p; >
2m — 1)r/(2m — 1)T = r/T. We next show that /T can be attained by p; for F € D>(U[0, T1,
U[—T,0]). It suffices to let [Y|[Xe(@m—1—r,2m—1)]=—X a.s., and for k=1, ...,
m—1,

[YIXeQk—r20)]=—-X—1, [YIXeQ@k+1—r2k+D]=-X+1 as.
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In this case, we have p; =r/T. Hence, when b is an integer we have Z € D>(U[0, T], U[ —
T,0)ifandonlyifb=1and PZ=—-1)=PZ=1)<1/2 —r/Q2T).

(b) If b is not an integer and T is an even integer, without loss of generality, assume b € (0, 1)
as the case b € (1, 2) can be discussed similarly by considering the symmetric distribution
on {—b, 1 —b,2—>b} and noting that D,(U[0, T], U[ — T, 0]) is closed under symmetric
transform. To make sure E[Z] =0, we have pyo — p» =1 — b. By part (i), we know that the
distribution, denoted by Fi, on {b — 1, b} with mean 0 belongs to D,(U[0, T], U[ — T, 0]),
which is also closed under mixture. Hence, F' € D>(U[0, T], U[ — T, 0]) implies

M+ (1 = 2)Fo = Ap28p—2 + (Ap1 + (1 — A)b)Sp—1 + (Apo + (1 — 2)(1 — b))dp
= Ap2dp—2 + (Ap1 + (1 = M)b)dp—1 + (Ap2 + 1 — D)3y,
eDy(U[0,T],U[—T,0]) forany A€ [0, 1],

where the second equality follows from py — pa =1 — b. Therefore, we only need to find
the smallest and largest values of p; such that po+p;+p2=1, po—p2=1—>b and F e
Dr(U[0, T], U[ - T, O)).

Note that F € D>(U[0, T], U[ — T, 0]) is equivalent to the existence of X ~ UJ[0, T] and
Y ~U[—T,0] such that Z= X+ Y a.s. Then, by Ax(L) =Ay(b — L) a.s., for any L C R, we
have

Ax((b, ) ={XeUl_ (b+k—1,k}=Ay({(b—1,00) ={Y e U_ (b — k., 1 — k)}.

It is easy to verify that E[X 4+ Y|Ax((b, 1))] = b. Note that the X + Y takes values on {b —
2,b—1,b}. Then [X 4 Y|Ax((b, 1))] = b a.s. This implies that, on Ax((b, 1)), X + Y is not
equal to b — 1 a.s., which in turn implies that b is an upper bound of p;. On the other hand,
note that

Ax((0, b)) ={X eUl_ (k= 1,b+k— 1)} =Ay({(0, b)) = {Y € UI_(— k, b — k)}.

Letting [Y|Ax((0,0))]=b—X —1 as. and [Y|Ax((b, 1))]=b — X a.s. yields that b is the
largest value of p;.

To find the smallest value of pi, we consider the two cases that T is even and odd. If T is
even, then T = 2m for some m € N. On the set Ax(0, b), fork=0,1,...,m— 1, we let

[YIX€Qk,b+20)]=b—X—2 and [YIXeQ@k+1,b+2k+1)]=b—X as.

In this case p; is zero, which is the smallest possible value of p;.

(c) If b is not an integer and T is an odd integer, then, as for part (b), we only need to
find the largest and smallest values of p; for the case b € (0, 1). The largest value of p; is b.
To find the smallest value, note that 7= 2m + 1 for some m € N. On the set Ax(0, b), we let
[YIXe(@2m,b+2m)]=b—Xas.,andfork=0,1,...,m—1,

[YIXe@k,b+2k)]=b—-—X—-2, [YIXeRk+1,b+2k+1)]=b—-X as.
In this case p; =b/T, which is the smallest possible value of p;. This is due to [X +
YIXe@m,b+2m)]>—-1>b—2 as {Xe€(2m,b+2m)} CAy(0,b) and [Y|Ay((0, b))] >

—2m —1 a.s.
Combining the above three cases, we complete the proof for the case of k = 2. (]
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Proof of Theorem 2. Note that 3b/4h x 2h=3b/2 <1, hence b <2/3. Therefore,
[a,a+b] C[0,2]. Denote A=3b/2>3h and let H be the distribution function of
U[l —h, 1 +h]. Define G=(F —AH)/(1 —1). By the assumption on F, G is also a
distribution with positive density and mean 1. There exists a sequence of distribution functions
{G,}n=2 with finite support on [a, a + b] and mean 1 which converges to G in distribution
as n— oo. Define F, =_*H + (1 — A)Gy, n>2. Then F, converges to F in distribution as
n — o0o. Note that Dg is closed with respect to weak convergence by Lemma 2. We only need
to show F) € Dg for n > 2. Without loss of generality, assume

G.({xih=pi, i=1,....n withpi+---4+py=1, a<x1<---<x,<a+b.
We show it by induction on n. Note that a <1 —h <1+ h <b. For n =2, without loss of

generality, let ¢, d > 0 be such thatx; =1 —candx; =1+ d > 0, 3(c + d)/2 < A, and then

d c
G({l—-ch)=—— d G{l+dH)=——. 2
2({1—¢}) I an 2({1+d}) p 2
Since 1 > A > ¢ +d + h, we have

1—-h 1—-A 1—nh

— >1 and > 1.
c+d c+d c+d
Then there exists some integer k > 1 such that
1—h>k>1—)».
c+d~ T c+d
Thatis, 1 — k(c +d) > h and k(c + d) > 1 — X. Denote

— kc+d)+ir—1 C10.4] asi— 60— (1 =M1 = k(c+ad)) >0,
k(c+d) k(c+d)
Note that the length of the support of U[O0, k(c + d)] (U[1 —k(c + d), 1]) is a multiple of
(14+d)— (1 —¢). By Lemma 4(i), we have G € Dy(U[0, k(c + d)], U[1 — k(c + d), 1]).
Similarly, we have H € D>(U[k(c + d), 1], U[0, 1 — k(c + d)]). Also, by Theorem 1, we know
H e DY 1t follows that

Fy=(1—-1Gy+ (. —60)H+6HeDy.

Suppose that F,, =(1 —A)Gn+AHeDg for n<k, and we aim to show that Fyy; =
(1 —=A)Gi4+1 +AH € Dg. Let Gi41,1 bedefined by (2) withc=1—x; >0andd =x41 — 1 >

0. That is,
Xk+1 — 1 1- X1
Gir1,1(x1)=—— and G, 1 (g1 = ———.
Xk+1 — X1 Xke+1 — X1
Let o:= min{pi(c+d)/d, p,(c +d)/c}. Then Gy: i1 :=(Gry1 —aGry1,1)/(1 — ) is a
distribution function with support on {x1, ..., x;} or {x2, ..., x¢+1} and mean 1. Then we
have

Fryi=0—=M)@Gir1,1 + U —a)Go: 1) + AH
=a((1 = M)Gry1,1 +AH) + (1 —a)(1 = A)G2: k11 + AH)).

By induction, we have (1 — A)Gy41,1 + AH € Dg and (1 —1)Gy: 41 +AH € Dg. Then, by the
convexity of Dg from Lemma 2, we have Fj4| € Dg . Thus, we complete the proof. ]
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Proof of Theorems 3 and 4. We only give the proof of Theorem 4 as Theorem 3 can be
proved similarly based on Lemma 4(ii). Note that the cumulative distribution function of a
random variable Z belongs to Dg if and only if the cumulative distribution function of 7(Z — 1)
belongs to D>(U[0, T], U[ — T, 0]) for 7> 0. Let Z be a random variable with distribution
Fandlet T:=1/b and c:=(a+b—1)/b, that is, b=1/T and a=c/T+1—1/T. Then
Zr:=T(Z — 1) is arandom variable satisfying

PZr=c—i)=fi+1, i=0,1,2.

By Lemma 4(iii), we know that the cumulative distribution function of Z7 belongs to Dg if
and only if one of the three cases of Lemma 4(iii) holds by replacing b with ¢ and T with 1/b.
That is,

@ a+b—1/b=1,fr>rbwith 1/b=2m+rwithmeNandre (-1, 1),

(b) (a+b—1)/b<1, 1/b is even, (0, (a+b—1)/b), =(c—f)/2 and fi =1 —
((a+b—=1)/b+12)/2,

© (a+b—1/b<1,1/bisodd, re(a+b—1,(a+b—1)/b), fs=(c—f)/2 and f; =
1 —(c+1)/2

Note that under the constraint 0 <b <a <1, we have ¢ <1; c=1 is equivalent to a=1;
rb=1T[1/(2b)]; 1/bis evenif and only if 1/(2b) € N; 1/bis odd if and only if 1/(2b) — 1/2 e N.
Also, by E[Z] =1, we have f3 =f1 + (1 —a)/b and thus f, =1 —2f; — (1 —a)/b, which
implies thatf> € (0, (a + b — 1)/b) always holds. Hence, the statement in Theorem 4 holds. [

4. Sums of three or more standard uniform random variables

In this section we aim to show that for n > 3 the two sets D}f and CB are identical, in sharp
contrast to the case of n = 2 analysed in Section 3. We start with the bi-atomic distribution. Let
F be the distribution function of a random variable X such that P(X =a) =p and P(X =b) =
1 —pwith E[X]=1/2,a<band 0 <p < 1, and let T,,(F) be the distribution function of nX.
That is,

F=pés+ (1 —p)3p and T,(F)=pdua~+ (1 —p)dup,

where §, denotes the point-mass at x € R.

Lemma 5. Let F be a bi-atomic distribution on {a, b} with a <b. Then the following
statements are equivalent.

(i) F=xUI0, 1].
) b—a<1/2and nW(F)=1/2.
(i) T,(F)eDY(1,..., 1) forn>3.

Proof. 1Itis easy to verify (iii) = (i). It suffices to show (i) = (ii) = (iii). Let X be a random
variable having distribution F' and P(X = a) =p = 1 — P(X = b). Note that under the constraint
of (i), we must have a, b € (0, 1) and w(F)=1/2, which implies 0 <a < 1/2 < b < 1; under
the constraint of (ii), by w(F)=1/2, we have a < 1/2 < b. Then, by b — a < 1/2, we also have
a > 0and b < 1. Thus, in the following proof, we always assume 0 <a <1/2 <b < 1.

Without loss of generality, we also assume 0 <a <1 — b <1/2 by symmetry. Otherwise,
consider another random variable X* = 1 — X with distribution F*, and it suffices to note that
W(F*)=1/2,b* —a* =b — a, and F=ZU[0, 1] is equivalent to F*<U[0, 1].
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(i) = (ii) By F<cxU[0, 1], we have E[X] =1/2 and E[(X — )+ ] < (1 — t)2/2, fort € [0, 1],
that is,

2
(b—r)(l—p)s(lzt), a<i<b 3)

To show (ii), we only need to show b —a < 1/2, that is, the largest possible value of b —a
is 1/2. To do this, we fix the value of p and denote ¢{(¢):= (b —1)(1 —p), t €[a, b] and
0(1):=(1 —1)?/2, 1[0, 1]. Note that £;(¢) is a linear function with fixed and constant
derivative equal to p — 1 and lies below the quadratic curve £»(¢) for 7 € [a, b]. Also note that
as a decreases or b increases, £1 moves upwards. Hence, when b — a attains its largest possible
value, the line £; and the quadratic curve ¢, are tangent, and the tangent point satisfies the
equation £)(r)=1— 1 =p — 1, that is, the tangent point is # = p. Then, by £1(p) = £2(p), we
get b=1+ p/2, which is the largest possible value of b. Then, by E[X]=1/2, we can get
a=p/2, which is the smallest possible value of a. Therefore, the largest possible value of
b—aisl/2.

(ii) = (iii) Let Gy, be the distribution of U[x, y]. It suffices to show that Go,; = (1 — p)H; +
pH> such that both H; and H are n-CM, u(Hi)=a and pu(Hz)=>b. We first define two
distributions H f and H; for the following three cases, with 1 — b > a in mind.

(a) If a > 1/n, define H} = H3 = Gy,1, that is, the distribution function of U[0, 1].

®)If1 —b>1/n> a,define

na—p 1 —na

H{=Gop, and Hj = T, -

By E[X] = 1/2, we have

b—1/2 1 1/2—a
b—a b—a

where the inequality follows from b —a <1/2. Hence, H; is a distribution with positive

density function. It is obvious that u(H})=na/2>a and thus w(H;) <b as p u(HY)+

(1 = p)u(H3)=1/2and pa+ (1 —p)b=1/2.
(©)If1—b<1/n,thenwehaven=3asb—a<1/2and a <1 — b. Define

_3b-2 p+2-3b

1
51—2<§—a):2a<na,

3a—p 1—3a

HY Gosp—2+——————G3p-23, and H>= G3p—23a + G3a,1
p I—p 1—
Note that
b—1/2 1
p= >2(b—=<)>3b—-2 and p<3a.
b—a 2
Hence, both H{ and H} are distribution functions with positive densities. It is easy to calculate
that 3a+3b 3a 9ab
a a a
WHY) = 4+ ==
P2
Note that

2p(u(HY) —a) =p3b+a—2) + 3a(2 — 3b)
>(3b—2)3b+a—2)—2(b—a)3aBb—2)
=Bb—-2)3b+a—242(b—a)3a)
E3b—2+4a+20b-a)a
>0,
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where the first inequality follows from p >3b—2 and 2(b —a) <1, A Ep represents that A
and B have the same sign, and Eisduetol —b<1 /n and n = 3 by the observations at the
beginning of (c). Hence, we have p(HY) > a and similarly u(H3) < b.

In each of the above three cases, we have Go,1 = pH| + (1 — p)H3, H] has a decreasing
density on [0, na] with /L(HT) > a, and H;‘ has an increasing density on [1 — n(1 — b), 1] with
w(H3) < b.

On the other hand, let H? =Gy, and Hg =Gyp,1. Then it is obvious that Go =
pH? + (1 —p)HY, /L(H?) <a and M(Hg) > b. Hence, we can find some « € [0, 1] such that
ap(HY) + (1 — a)M(H?) =a. Then the distribution Hy :=aH} + (1 — oz)H(l) is supported in
[0, na] with decreasing density and w(H;) =a. By [13, Theorem 3.2], G is n-CM, that
iS, 8pa € Dy(G, ..., G). Similarly, H, = aHE‘ + (1 - oz)Hg is supported in [1 —n(l —b), 1]
with an increasing density and w(Hz)= b, which implies that H; is also n-CM. That is,
Snp € Dy(Ha, . .., Hy). By Lemma 2, we have

TW(F) =pbpa + (1 = p)onp € Dy(pH1 + (1 —p)H>, ..., pH1 + (1 — p)H>)
=D,(UJ[0, 11, ..., U0, 1]).

Thus, we complete the proof. O

Now we are ready to show our main result in dimension n > 3. It turns out that for standard
uniform distributions, the two sets D, (F1, ..., F,)andC(F1 & - - - ® F,) in Lemma 1 coincide.
The following theorem is, to the best of our knowledge, the first analytical characterization of
D,, for continuous marginal distributions.

Theorem 5. For n >3, we have Dﬁ/ = C,sl.

Proof. As DY € CY, it suffices to show C\ € DV, that is, for any distribution function F,

F=xU[O0, 1] implies D}lj(l /n). Here and throughout the proof, we use the notation D}f(x) =
D,(U[0, x], ..., U[0, x]) for x € R. For a distribution F, denote

(1-1?
>

We() =E[(X —1)+] — te[0, 1],

where X is a random variable having the distribution function . We first consider the special

case that F is a distribution function of a discrete random variable (a1, p1; . . . ;am, pm) With

0<aj <---<ay =<1and Gy,y is the distribution function of U[x, y], x <y. By Lemma 5, we

know the result holds for m = 2. Next, we show that it holds for general m > 2 by induction.
For general m > 2, by F <¢x Go,1, we have Wg(¢) <O for € [0, 1], thatis, fork=2, ..., m,

we have

(1—17?
(ak —Opr~+-- -+ (@ — Opm < O ax—1 <t <a. 4)

Next, we consider two cases.

(a) If there exists f € [ax—1, ax) such that the equality of (4) holds, then p; +---+
pi—1 =t. To see this, denote £1(r):= (ax — px + - - - + (am — Opm, and £2(t) = (1 — 1)%/2,
t € [ak—1, ax]. Note that £ is a linear function which lies below the decreasing quadratic curve
£>. Thus, £1 and the quadratic curve ¢, are tangent at the point ¢ and the tangent point # satisfies

the equation t — 1= —py — -+ —ppy, that is, p;y +---+px—1 =t. Let X; and X, be two
random variables satisfying P(X| =a;)=p;/t,i=1,...,k—1, and P(X> = ;) =p;/(1 — 1),
i=k,...,m. Let F| and F, denote the distributions of X; and X», respectively. It is easy
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to verify that F = tF| 4 (1 — t)F2, F| <cx Go,r and F2 <cx Gr,1. Then, by induction, we have
F, e DE(t/n) and F, € D,,(U[t/n, 1/n], ..., Ult/n, 1/n]). That is, there exist Xq1, ..., X1, ~
U[0, t/n] and X>1, . .., X2, ~ U[¢t/n, 1/n] such that

Xu+--+Xipn~Fr and Xp1+---+Xop ~ Fa.

Without loss of generality, assume that X1, ..., X, are independent of X1, ..., X2,. Let A
be a random event independent of X, ..., X1,, Xo1, ..., X2, such that P(A)=p; +---+
Pk—1 = t. Define

Yi=X1ila + Xoilpge, i=1,...,n

It is obvious that Y; ~U[0, 1], i=1,...,n, and Y| +---+ Y, ~F. This means that F' €
DV /n, ..., 1/n).
(b) If the inequality of (4) is strict for every ¢ € (0, 1), define two functions G and H by

F—-6G

G=hba +(1 =208, and H=——0

)

where §, denotes the degenerate distribution at point «,

—1/2
A:M and 6 =min 12 Pm < 1.
a, — ay A 1—A

It is easy to verify that G and H are two distribution functions satisfying F =0G + (1 — 0)H.
We also assert that H<xF. To see it, let X~ F, Y~ G, and Z ~ H. Then, for any convex
function ¢, we have

am — X —ap
dX) < ¢(ay) + dlam) as.
ay, — aj am — ay
It then follows that
m — E[X E[X] —
BI600) = L= g + =1 a) = Agla) + (1~ 1)) = EGL

Also, note that F=60G + (1 —0)H which implies E[¢(X)]=0E[¢(Y)]+ (1 —)E[p(2)].
Combined with E[¢p(X)] < E[¢(Y)], we have E[¢(Z2)] < E[¢(X)], that is, H=<cxF. This implies
H=xUJO0, 1], and note that the support of distribution H has at most m — 1 points. By induction
hypothesis, we have H € D}l](l /n).

On the other hand, if a, —a; <1/2, we know G < U[0, 1], G € Dy(l/n, ..., 1/n).
Then F=0G+ (1 —0)H € D}Zj(l/n). Otherwise, if a,, —a; > 1/2, then G XxU[0, 1], that
is, Wg(to) > 0 for some 7 € (0, 1). Define a function

We(1)

“O= "W

te(0,1),

which is a continuous function satisfying «(0+ ) =a(l — )= —1 as Wr(t) = Ws(t) = -2 /2
fort € [0, a;] and Wg(t) = Wg(t) = —(1 — t)2/2 for t € [a,,, 1]. Hence, a(?) takes its maximum
value at some ¢ € (0, 1) and the maximum value is positive. Without loss of generality, assume
g = a(ty) > 0 is its maximum value. Then we have

W (t) + aoWr() <0 for all £ € [0, 1] and Wg(#1) + aoWe(t1) = 0. 5)
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Define a distribution Fy:= (G + aoF)/(1 4+ ap). Then, by (5), we have Fy<cxUJ[0, 1] and
Wk, (t1) = 0. By case (a), we have Fy € D}Lj(l/n).

Note that G=(l+ag)Fg—aoF and F=6G+ (1 —6)H, which implies F=(1+
o0)0Fy — apfF + (1 — 0)H, that is,
_ (@ +aod)Fo+ (1 —0)H
B 1+ agb '

F

Then, by Lemma 2, we have F € D}f(l/n).
If F is a general distribution function such that F' <cx U[O, 1], then Supp () C [0, 1] and it
has no mass on 0 and 1. For any n € N, define F,, as the distribution function of X,

X, —Xn:]EX 1 ox K
n —k_l n = < " {(k—1)/n<X<k/n}

where X is a random variable having distribution function F. Then F, converges to F in weak
convergence as n— oo, and F, <cx U[O, 1]. By the above proof for discrete distributions
with finite support, we have F, € Dy(l /n) for each n € N. Then, by Lemma 2, we have
F € DY(1/n). Thus, we complete the proof. O

For any random variable X ~ F with mean 0, we have F, <cx F for any a € [0, 1], where
F, is the distribution of aX. Hence, we immediately get the following corollary. Note that this
corollary, although it looks simple, does not seem to allow for an elementary proof without
using Theorem 5.

Corollary 1. Forn>3,if FeD,(U[ — 1, 1], ..., U[ — 1, 1)), then so is F, for all a € [0, 1].

5. An application

In risk management, one often needs to optimize a statistical functional, mapping F to R
(such as a risk measure), over the set of D, (F1, ..., Fy), and this type of problem is called risk
aggregation with dependence uncertainty (see e.g. [2] and [3]). These problems are typically
quite difficult to solve in general, as the set D,(Fi, ..., F,) is a complicated object. For
uniform marginal distributions, using results in this paper (in particular, Theorem 5), we are
able to translate many optimization problems on D}lj to C}lJ for n> 3, which is a convenient
object to work with.

We study an application of the problem of minimizing or maximizing, for a given interval
A, the value of P(S € A), where S is the sum of n standard uniform random variables. A special
case of the problem concerning bounds on P(S < x) for x € R, i.e. bounds on F(x) for F € DY

n?

is studied in [8]. Using Theorem 5, we are able to solve the problem of P(S € A) completely.

Proposition 2. Forn >3, and 0 <a <a+ b <n, we have

2b
min P(S € (a, a+ b)) = (— — 1) ) (6)
FseDY n +

and

max P(S € [a, a 4+ b]) = min { @)

2(a+b) 2(n—a) 1}
F_gE'D,gj n ’ ' ’

n

where Fs stands for the cdf of S.
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Proof. As Theorem 5 gives DY =CV, it suffices to look at the optimization problems
for C,Ll]. For 0<u<v<n, let A,, be the sigma field generated by {U <u} and {U <v}.
S=E[U|A,,] is tri-atomically distributed with distribution measure

V—U n
Su+v)2 +

Zbu2+ — ity ®)
n n

n
Note that Fs <¢x Fy because S is a conditional expectation of U, and thus Fg € C,Ilj = D,If.

We first verify the following inequality (indeed, it is [8, Theorem 1]). For any S which is the
sum of » standard uniform random variables and x € R, we have

P(S<x)<2x/n and P(S>x)<2(n-—x)/n. ©)

Equation (9) can be shown using the equivalent condition of convex order (see [10,
Theorem 3.A.5]). Using Fs <cx Fu,

n2

o o
Fs’l(oz)az/o Fgl(t)dtzfo F{ﬁ(t)dt=%, a e (0, 1).

Therefore, F 51 () > na/2,a € (0, 1), and equivalently Fg(x) < 2x/n, x € R. The other inequal-
ity in (9) is symmetric by noting that n — § is still the sum of n standard uniform random
variables and P(S > x) =P(n — S <n — x).

We now analyse the problem of the minimum in (6).

(i) Suppose b <n/2. Since (n+u)/2 —u/2=n/2 > b, we can find u € [0, n] such that
u/2 <aand (n+u)/2 > b+ a. By letting S =E[U|A, ,] and using (8), we have (S =
u/2)=u/n and P(S=(n+ u)/2) = (n — u)/n. In this case, P(S € (a, a + b)) = 0; thus
(6) holds.

(ii) Suppose b > n/2, which implies a < n/2 and a + b > n/2. Let S be given by E[U|.A,.,]
where u = 2a and v =2(a + b) — n. Note that P(S € (a, a+ b)) = (v —u)/n=2b/n — 1.
This shows the ‘<’ direction of (6). On the other hand, by (9), for any S which is the sum
of n standard uniform random variables, P(S < a) <2a/nand P(S>a+ b) <2(n —a —
b)/n. Thus

2a
PSe(@a+b)y>1———-————="—1.
n

This shows the ‘>’ direction of (6).
Next, we analyse the problem of the maximum in (7).

(i) fa+b>n/2 and a <n/2, then n/2 € [a, a + b]. Taking S=E[U] =n/2 gives P(S
[a, a + b]) = 1; thus (7) holds.

(i1) Suppose a + b <n/2. By (9), for any S which is the sum of n standard uniform random
variables, P(S € [a, a+ b]) <P(S <a+ b) <2(a+ b)/n. To see that such a bound is
attainable, take S =E[U|A, ,] where u = 2(a + b). Then, by (8), we have

P(Se[a,a+b])zP(S=a+b)=P<S=f)zfzz(a”).
2 n n

Therefore, (7) holds.
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(iii) Suppose a > n/2. Similarly to the above case, by (9), for any S which is the sum of

n standard uniform random variables, P(S € [a, a 4+ b]) <P(S > a) <2(n — a)/n. To see
that such a bound is attainable, take S = E[U|.A,, ,] where u =2a — n. Then, by (8), we
have

2

n(Se[a,a+b])zP(S=a)=P<S=”+”>=”_”=2(”_a).
n n

Therefore, (7) holds.
O

Remark 2. Based on the proof of Proposition 2, we can identify some minimizing dis-
tributions for (6) and some maximizing distributions for (7). For 0 <u <v <n, write the
distribution

u V—Uu n—y
Fyy= r—l5u/2 + T(S(Hv)/z + 75(n+v)/2-

There are a few cases. For the minimum in (6):

(a) If b <n/2, then F, , attains (6) for u € [2a + 2b — 2n, 2a].

(b) If b > n/2, then F,,, attains (6) where u =2a and v =2(a + b) — n.

For the maximum in (7):

(@) If a+b>n/2 and a < n/2, then §,,, attains (7).
(b) If a+ b <n/2, then F, , attains (7) where u = 2(a + b).

(c) If a>n/2, then F, , attains (7) where u =2a — n.
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