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Convergence of equilibria for bending-torsion
models of rods with inhomogeneities
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We prove that, in the limit of vanishing thickness, equilibrium configurations of
inhomogeneous, three-dimensional non-linearly elastic rods converge to equilibrium
configurations of the variational limit theory. More precisely, we show that, as

h \, 0, stationary points of the energy £", for a rod Q) C R?® with cross-sectional
diameter h, subconverge to stationary points of the I-limit of £, provided that the
bending energy of the sequence scales appropriately. This generalizes earlier results
for homogeneous materials to the case of materials with (not necessarily periodic)
inhomogeneities.
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1. Introduction

The derivation of asymptotic models for two or three-dimensional elastic objects by
lower-dimensional models has a long history, going back as far as to Bernoulli [3]
and Euler [7]. Both considered thin rods but starting from a two-dimensional model
instead of the three-dimensional one, as we study here. Since then a multitude of
such models has been proposed, some incompatible with each other, as they usually
depend on strong a priori assumptions. An in-depth study of the early history can
be found in [13].

We start with the nonlinear three-dimensional model: Let €2, C R? be the refer-
ence configuration of a thin elastic body, with ‘thickness’ A > 0. The stored elastic
energy of a deformation y: Q;, — R? is then given by

EMy) = [ W(Vy(2))da,
Qp
where W is the stored energy density; typical assumptions on W are similar
to (M1) —(M3), stated in §2.2. We are interested in the limiting behaviour of E” as
h ™\, 0. One of the first results in terms of I'-convergence were for sets of the form
Qp, := w x (—h, h) with w C R2. Roughly speaking I'-convergence is equivalent to
the convergence of global minimizers y" of E", possibly perturbed by a force term,
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to global minimizers of some limiting energy. For example in [12] the theory for
membranes, that is, the limit for h~'E" was obtained, in [8] the bending theory
for plates, that is, for h~3E", has been studied. The latter result contains, as a
special case, the model proposed by Bernoulli and Euler. Further scalings h=*E"
were later studied in [9]. In this present paper, we study rods with small cross-
sectional diameter. So in our case, the reference configuration is Q, := (0, L) X hw
for some L > 0 and w C R2. The bending-torsion theory for rods, that is, the I'-limit
for h=3E" was obtained by [15]. Under the additional assumption of a linear stress
growth, the result was strengthened in [16] by proving that also stationary points
y" of E™ subconverge to stationary points of the I'-limit.

All the previous mentioned results were obtained in the case of a single, homoge-
neous material. In [18] the first I'-convergence result for a rod in this regime, that
is, h~3E", with inhomogeneities was proved. This was done under the assumption
that the inhomogeneity was periodic, rapidly oscillating and only depending on the
‘in-plane’ variable 2y € (0, L). All these additional assumptions can be dropped, as
was shown in [14]. In the present paper, we extend the result of [14] by showing
that also stationary points subconverge to stationary points of the I'-limit.

In [5] the more linear case of h > E", called the von Kdrmdn model, was studied,
and I['-convergence and convergence of stationary points was proved. This result,
and the one presented here, heavily depend on methods developed in [14, 20].

Now we turn to the precise mathematical description. Let L > 0 and let w C R?
be open, bounded, connected. The (scaled) energy of a non-homogeneous rod with
length L and cross-section hw and external forces g € L?((0, L), R?), deformed by
y: [0, L] x hw — R3, is given by

~ 1 x’ 1
h — wh il _ .
& (y) A /(O,L)xhw (mla h ,Vy(a:)) dx h2 /(O’L)xhw g(1‘1) y(ﬂ?) dz.

The hypotheses on the elastic energy density W": (0, L) x w x R3*3 — [0, 00)
are listed in §2.2. We perform the usual change of variables (z1, 2, x3) —
(1, hxo, hxs). Then the rod €y is transformed to Q := €y, the deformation y
becomes y: [0, L] x w — R3 and the energy transforms to

1
W=y [ W [ g @)

(0,L)Xw

where V), = (01, (1/h)02, (1/h)03). As already mentioned, in [14] the I-
convergence of £" along a subsequence to a limiting functional £° was proved.
This limit is given by

[ QY w1, R™(21)R (1)) — g(1) - y(z1) dar if (y,da, d3) € A,
%) else,

go(y, d2, dg) = {
(1.2)
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where QY is a quadratic form in the second argument, which will be introduced in
proposition 2.4; the class of limiting deformations A is given by

A= {(y,da,d3) € W*2((0,L),R?) x W"2((0,L),R?®) x WH2((0,L),R3) :

(¥ | d2 | ds) € WH2((0,L),SO(3))},
(1.3)
and R = (y' | da | d3) is the rotation associated with (y, da, d3).

Formally, the first variation of the energy functional £ in direction v: [0, L] x
w — R3 is given by

1

B ﬁ (0,L)xw

DEM () [¥] : DW" (2, Vyy(x)) : Vi da — / o) - (z) da.

(0,L)xXw

(1.4)
For the first integral to be well-defined, however, we need to impose a strong growth
condition on DW" (see (M3) in §2.2). Deformations y satisfying DE"(y)[«)] = 0
for all test functions v are said to be stationary points. If we impose the bound-
ary condition y(0, ') = (0, ha') for 2’ € w, then the natural class of test functions
are smooth maps, which vanish on {0} x w; we denote this class by Cpg, (Q, R3).
Another notion of stationary points exists, introduced by J. Ball in [1], which
requires a significant weaker condition on DW, allowing for physical growth, that
is, W(F) — oo if det F'\, 0 and W(F') = oo if det F < 0. In [6] the convergence
of such stationary points for the von Kérmdn rod (for homogeneous materi-
als) was shown. Due to the highly inhomogeneous material, we will need the
stronger growth condition. Regardless of the notion of stationarity, and even for

homogeneous materials, the existence of stationary points is a subtle issue, see
(2, §§2.2, 2.7].

For a, 3, M positive constants with o < 3 we denote by W(«, 8, M) the set of
admissible density functions W"; the precise definition of the class W(a, 3, M) is
given by (S1) —(S3) in §2.2. We can now state the main result of this paper:

THEOREM 1.1. Let (Wh)C W(a, B, M), g€ L?((0, L), R3). Let (y")cC Wh?
(Q, R®) satisfy y"(0, 2') = (0, ha') on {0} x w for all h >0 in the trace sense.
Assume, in addition, that

. 1
lim sup ﬁ/ Wh(z, Vipy"(z)) dz < oo. (1.5)
AN0 Q

Let (h;) C (0, 00) be a converging sequence with limit 0, such that ™, given in (1.1)
has the T-limit £°, given in (1.2).
Assume in addition, that for all | € N the deformation y™ satisfies

DEM (y" )] =0 for all ¥ € Cpg, (Q,R?).

Then there exists a (not relabelled) subsequence and (3, do, d3) € A, such that y™ —
y strongly in WH2(Q, R?) as | — oo, and

llim Vay™ = (7 | dy | d3)  strongly in L*(Q,R3*3).
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Furthermore, 5(0) = 0, d(0) = ey for k = 2, 3, and (y, d2, d3) is a stationary point
of Y.

REMARK 1.2. The trivial deformation y"(z) = (21, hz') has no stored elastic energy
and satisfies the boundary condition 3"(0, ') = (0, ha'). Hence an application of
Poincaré’s inequality shows that (1.5) holds automatically for a minimizing sequence
(y") of &

REMARK 1.3. The theorem also holds true for more general forces g € L?(Q, R3).
In this case, the forces in the limiting energy must be replaced by the mean of g on
w, that is, by fw g(+, ') dz’. The more general statement can be proved identically,
up to a few additional error terms, but which converge trivially to zero for h X\ 0.

The proof of theorem 1.1 is split into two main parts. For the first one, we
follow closely the paper [16], where the corresponding result for the homogeneous
rod was proved. Their methods for studying the stress can also be applied, with
minor modifications, in the more general case considered here. Furthermore, we use
additional cancellation effects, which simplifies parts of their proof. To conclude
their proof they exploit an explicit, linear relationship between the limiting stress
and strain, which allows to easily identify the limit equations. In the inhomogeneous
case addressed here, such a relationship is less clear and the identification of the
limit equation is more involved. Thus for the second part, we apply results and
methods developed in [5] to identify the limit equation and conclude the proof.

2. Preliminaries

2.1. Notation

Let z = (21, 2') € R3, and let p(z) = (0, 2') € R? be the projection of z onto
{0} X w. Let (ei)?zl be the standard basis of R3. For A € R**3 let tr(A) be the
trace of A, and for A, B € R®*3 let A: B :=tr(ATB) be the inner product of
R3*3. By v - w we denote the inner product for v, w € R3. Let the twist function t
be given by

t: LY(Q) x LY Q) — L' (0,L), t(¢p,¢)(z1) = / w3¢(21,2") — 22t(21,2") da’.
We denote by ¢: R® — R3*3 the natural inclusion ¢(v) = v ® ey, by axl: R3
R3 the axial vector axl(A) = (—Aa3, A13, —A12) and by idszx3 we denote the 3 x
3 identity matrix. By ()’ we denote the derivative with respect to x1, by V =
(01, 02, O3) the gradient with respect to « and for every h > 0 we define the scaled
gradient as Vj, = (01, (1/h)02, (1/h)03). Finally, we define the function spaces

C25,([0, L)) == {f € C>=([0, L)) | f(0) = 0};
Woin ([0, L]) := {f € W2([0,L]) | £(0) = 0};

—

and
Coay(Q) :={f € C=(Q) | f =0 on {0} x w};
Wlide(Q) = {feW"(Q) | f =0 on {0} x w in the trace sense}.
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2.2. The nonlinear bending-torsion theory for beams

Let L > 0 and let w C R? be an open, bounded, connected Lipschitz domain such
that £2(w) = 1, and such that w is centred, that is, w satisfies

/ ToX3 dLL'Q d$3 - / X9 d,Tg dl‘g = / I3 d:L‘Q dLL'3 =0. (21)
w w w

The reference domain 2 C R? is given by Q = (0, L) x w. The assumption on the
elastic energy density W are as follows:

Let a, B, M be positive constants with o < . The class W(«, 8, M) contains
all differentiable functions W: R3*3 — [0, co) that satisfy:

(M1) Frame indifference: W(RF) = W (F) for all F € R3*3 and R € SO(3).
(M2) Non-degeneracy and continuity:

adist?(F,S0(3)) < W(F) < Bdist?(F,S0(3)) for all F € R3*3,

In particular, this implies the minimality at the identity, that is, W (idzx3) =
0.
(M3) Linear stress growth: Let DW be the derivative of W. Then

IDW (F)| < M(|F| +1) for all F € R¥*3,

REMARK 2.1. The condition (M3) is already needed for the first term in the first
variation of £ given in (1.4), to be well-defined. Hence the growth condition
appears in a similar form also in [16,17]. But it is not needed to prove the T'-
convergence, for example, the result in [14]. In this case, the upper bound (M2) is
also only needed locally, that is,

3p, 5 >0: W(F) < g dist>(F,S0(3)) for all F € R**® with dist(F,SO(3)) < p.

It is, however, easily seen that this local upper bound together with linear stress
growth implies the global estimate (M2) for some (§ > 0.

Let now «, B, M be as above. A family of energy densities (Wh)h>0, wWh: Q x
R3%3 — [0, co) describes an admissible composite material of class W(«, 3, M) if
for every h > 0 it holds:

(S1) W" is a Borel function on Q x R3*3,

(S2) Wh(z, -) € W(a, 8, M) for almost every x € (.

(S3) There exist a monotone function r: [0, co] — [0, co] and quadratic forms
Q": Q x R3*3 — [0, 0o) such that r(g) \, 0 as e \, 0 and

esssup|W"(z,idsx3 +G) — Q"(x, G)| < r(|G|)|G|>  for all G € R3*3.
e

Let (Q") be the family of corresponding quadratic forms associated with a fam-
ily (W") c W(a, B, L). Then for every h >0 we easily obtain, that Q" is a
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Carathéodory function, which for almost every z € (2 satisfies
alsym FI? < Q"(x, F) = Q"(z,sym F) < Blsym F|*  for all F € R3*3,
Q" (2, Fr) — Q"(x, F2)| < Blsym Fy — sym F|

-|sym Fy +sym Fy| for all Fy, Fy € R3%3,

(2.2)

Let A" denote the linear, symmetric, positive semidefinite operator associated with
the quadratic forms Q". In particular, Q" (F) = (1/2)A"F : F for all F € R3*3.

In [16, proposition 4.1] the following compactness result was proved:

PROPOSITION 2.2. Let (u") € WH2(, R?) be a sequence satisfying
li L[ dist? (v, 50(3))
imsup o ist?(Viu",S0(3)) dz < oo. (2.3)
N Q

Then there exists a constant C' > 0, depending only on the domain ), and a sequence
(RM) c C*>=([0, L], SO(3)), such that

[Vhu" = R*|| 2y < Ch, (2.4)
1R oz + Bl R 2oz < C (2.5)

for every h > 0. If, in addition, u" = hp on {0} x w in the trace sense, then
|R"(0) — idsys| < CVh. (2.6)

The following observations are standard, and follow the approach taken in [16]:

Let (y") be the sequence of deformations satisfying the assumptions of
Theorem 1.1. The non-degeneracy assumption (M2) implies that (y") satisfies (2.3).
Thus, by the previous proposition, there exists a sequence (R") satisfying (2.4)
and (2.5). By using the frame indifference of W" we have that

(RM)TVpyh — idsxs )

W) = WP R T) = W (-sida

=W" (-, idsx3 +hG"),

where we introduced
(RM)TV )y —idsxs
W .

Estimate (2.4) implies that (G") is uniformly bounded in L?(2). We define 2"
implicitly by introducing the ansatz

Gh = (2.7)

y"(z) = (/Oxl R"(s)e; ds) + haoRM(x1)es + has R (x1)es + hz"(x). (2.8)

We plug this ansatz into (2.7), and obtain

RMTVpyh —idsys

n_ (
¢ = h

= 1(AMp) + (R")TV 2", (2.9)
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where we introduced A" := (R")T(R")". Clearly, (A") is uniformly bounded in
L%(I), and since (G") is uniformly bounded in L?(f2), the sequence (Vjz") is
uniformly bounded in L?(2). Furthermore, on {0} x w we have the boundary condi-
tions y” (x) = hawses + hrses, and thus also we can assume (2.6) holds. With this we
obtain |2""| < Cv/h on {0} x w. Hence Poincaré’s inequality implies that (") is uni-
formly bounded in W12(Q). Thus, after extracting a subsequence (not relabelled),
we have in L? the weak convergences

Gh—~@G, A"—~A and (Rh)Tthh = R(01z ] g2 |q3)

for some G € L*(Q, R3*3), 2 € Wh2(Q, R3), A€ L*((0, L), R¥3 ) and ¢, g3 €

skew
L?(2, R?). The uniform L? bound on ((1/h)022", (1/h)332") implies that z does
not depend on x5, x3. Thus passing to the limit in (2.9) we obtain

G(z) = (R (21)012(21) + A(z1)p(2)) + BT (21)(0 | g2(2) | g3()).
For brevity, we set p := RTd;2 € L?((0, L), R3).
Next, we focus on symG". In [14, proof of theorem 2.15] sequences (v") C
Wh2(Q, R3), (¥h) c Wh2((0, L), R¥3 ) and o ¢ L?(Q2, R**?) were constructed,
such that

sym G = symL(Ap + plel) + syInL((\Ilh)/p> + sym Vo' + o,

and such that (Vj,v") is uniformly bounded in L?(2), and ¥" — 0 in W12(0, L),
v" = 01in W12(Q) and o" — 0 strongly in L2(1).

We define the fized part mg by
mg = Ap + p1e1 (2.10)

and the corrector sequence (") by

Y (z) = whp — % (@?Qez + @?3@,) +oh, (2.11)
where Uh(z;) = Jo ' W"(s)ds. Direct calculation yields

V" = (U")'p — FWhes — £ Uhes, +UMey, $Ules) + Vioh,

as well as

sym V9" = sym L((\Ilh)’p) + sym Vv (2.12)
Thus we have that

sym G = sym L(md) + sym V" + o, (2.13)
with easily verifiable strong convergences

(Yl bl hap) — 0 in L2(Q,R3) and  t(f, %) — 0in L?(0, L).
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2.3. The I'-limit

We will briefly introduce the variational approach developed in [14], with which
the I'-convergence for the inhomogeneous rod was proved. A similar variational
approach for thin elastica was used earlier in [4] for the membrane model. The
approach was also already adapted and used in [5] to show the convergence of
stationary points for the inhomogeneous von Karman rod.

By applying the frame indifference (M1) and Taylor expansion (S3) we obtain

1 .

—SW"(-, Vay") = ﬁwh (- idsxs +hG")
- 1
2

(2.14)
Qh('7 hGh) = Qh('7 Gh) = Qh('vsym Gh)

This motivates, together with the decomposition (2.13), the definitions

_ . o h h
Ky (m, O) := inf {ll}ln\lglf - Q" (x,t(m) + Vit )dx} ;

Kl ©) =i {hm o Q" (w,u(m) + Vi) dx} :
h\0 OXw

where we take the infimum over all sequences (¢") € W2(O x w, R3), such that
(Yl haplt hap) — 0 strongly in L2(O x w,R?) and t(y4,¢%) — 0 in L*(0).

It is proved in [14, lemma 2.6] that there exists a subsequence, still denoted by
(h), such that:

vm € L*(Q,R?),YO C [0, L] open : Ky (m, 0) = K,y (m,0) = K,y (m, 0).
(2.15)

This can be done by extracting a diagonal sequence such that K@) and IC(+h) agree

()

on a dense, countable subset of L? and of open subsets of (0, L). Utilizing the
continuity of the maps L?(Q2, R?) — R, m IC(_h) (m, O), m ICZL) (m, O) for any
open set O C (0, L), proved in [14, lemma 2.5], it is then easy to see that (2.15)
holds.

We now introduce the relaxation sequence and state its most important
properties, which were proved in [5, 14]:

LEMMA 2.3. Let (h) C (0, 00) with h \, 0 be a sequence such that (2.15) holds true.
Then there exists a subsequence (not relabelled) such that for every m € L*(€, R3)
there exists (1) C W12(Q, R?), with the property that for every open set O C
(0, L) we have that

Kny(m,0) = }IL{% . Q" (x,u(m) + Vy ) da, (2.16)
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Moreover, (Y1) satisfies the following:

(a) (h - e1, bl - ea, hI, - e3) — 0 and t(Yh, - e, Y1, - e3) — 0 strongly in L2.
(b) The sequence (Jsym V! |?) is equi-integrable, and there exist sequences Bl C
WL2((0, L), R3X3 ) and (0") c WH2(Q, R3) with B — 0, 9! — 0 strongly

skew
in their respective L?-norm, and

sym V9l = sym ¢((BP)'p) + sym V9.

Moreover, for a subsequence (|(BR)'|?) and (|V, 9 |?) are equi-integrable, and
the following inequality holds for some C > 0 independent of O C (0, L):

. 2
llgligp (HB:%HWM(O) + thﬁ’}rlnHLz(OXw)) < C<B||m||L2(O><w) +1).

(c) If (@h) C WL2(Q, R?) is any other sequence that satisfies (a) and (sym Vhizh)
is bounded in L?(Q, R®*3), then

lim [ A"(s(m) + Vi) - sym V" dz = 0.
N0 Jo

(d) If (") € WE2(Q, R3) is any sequence that satisfies (2.16) and (a) , then
lsym Vp b, — sym Vit 12 q) — 0,

and (|sym Vh$h|2) is equi-integrable.
(e) The map Kuy(-, (0, L)): L*(Q, R?) — R is continuously Fréchet-differentiable,
and for every m, n € L*(Q, R3) we have that

W[nl = /Q AMu(m) +sym Viyl) se(n)da. (2.17)

The sequence (") is called the relazation sequence for m. For our purposes, m
will always be of the form m = Bp + be; for some B € L((0, L), R¥2 ) and b €
L?(0, L). Thus we introduce the linear map

m: L*((0,L),R3X3 ) x L*((0,L),R) — L*(,R?), m(B,b) := Bp + be;. (2.18)

skew

By applying the chain rule together with (e) we thus can compute the deriva-
tive of Kp(+, (0, L)) om. Indeed, for every B, M ¢ wh2((0, L), ngxef’v), b, u €
L?(0, L) we have that

3’C(h)(m(B’b)’(O’L))[M] = lirn/QAh(L(m(B,b))Jrsymvhz/}fn(B,b)):L(Mp)dx,

0B R\0

OK iy (m(B, 1), (0, L .
(h)(m(ab 20Dy, = Jim | AMu(m(B, b)) +sym Vil s ) ¢ e) da.
(2.19)

To shorten notation we define K(m) := KC(m, (0, L)) for every m € L*(Q, R?).
In [14, proposition 2.12] also the following result regarding the existence of a
density for K(;) was proved:
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PROPOSITION 2.4. Let (h) C (0, co) with h ™\, 0 be a sequence such that (2.15)
holds true for every m € L*(Q, R3). Then a measurable function Q?h): [0, L] x
R3X3 xR — [0, 0o) exists, such that for every O C [0, L] open, and every (B, b) €

skew

L2((0, L), R33 x R) we have that
Ky (m(B.8),0) = [ @y (a1, Blar).blo) dar.
o
Furthermore, for almost every x1 € [0, L] the map Q?h)(xl, -, +) s a quadratic form,

and there exists a constant C > 0, depending only on the domain w and the sequence
(h), such that for every B € R332 b € R we have that

skew 7
CH(|BI? + [b*) < Q) (21, B,b) < CB(|BI* + [b]?).

Let (h) be as in the hypothesis of proposition 2.4. We define the map

skew

g(h%min: [0,L] x R33 R, g(h%min(xl,é) = arg min Q(()h)(xl,]?,b).
beR

It is easily seen that /b\(h)’min is well-defined, linear in B , and there exists a constant

C' = (o, B, w, (k) > 0 such that for almost every z1 and all B € R3%3 we have
that

[b(hy min (21, B)| < C'|B.

We define
Q?h)J : [Oa L] X Rgléiv - Ra Q(()h)vl(zla B) = Q(()h) (‘Tlv Ba b(h),min(xla B))

Then for almost every x; € [0, L] the map Q?h) 1(z1, ) is a quadratic form, and
there exists C' = C"(a, B, w, (h)) > 0 such that for all B e R¥3 it holds

skew

(C") MBI < QQuy (21, B) < C'|BJ*.

We now define the limiting bending energy IC?h)  L2((0, L), R¥3 ) = R by

skew
L
K% (B) -:/ Q" (m B(x ))dx
in(B) = | Qyalw1, Blzr) ) dua
L -~
:/0 Q?h)(1'17B(xl)ab(h),min<x173(x1)))d-T1~

From the linearity of B »—>/b\(h)’min(-, E) and the Fréchet-differentiability of KC(;)
we deduce that also IC(()h) is Fréchet-differentiable. For fixed B € R3*3  and almost

skew

every z; the function Q?h) (21, B, -) has quadratic growth, thus B(h)’min(ajl, B) is
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the unique stationary point of Q(()h)(xl, ]§, -). Hence

~

(D@0 (@1, B,b) =0 <= b= Db min(21, B).

Furthermore, the mapping

skew

b(h),min: LQ((Ov L)7R3X3 ) - LQ(Oa L)a b(h),min(B) :/b\(h),min('a B)

is well-defined and linear. Thus for any B € L2((0, L), R¥? ) and b € L(0, L) we
have that

{ 6/C(h) (TTl(B7 b))

D [0 =0 forall pe LQ(O,L)} < b="Dbp)min(B). (2.20)

We are now able to compute the variations of IC?h). For fixed B, M €
L?((0, L), R3X3 ) we calculate by using the chain rule

skew

<6aBIC?h)) (B)[M] = 6% (lC(h) (m(B,b(h),min(B)))) [M]

- <8§$ (m(3, b<h>,mm<3>))) PWB’ bé%mmw)) [M]]
(2:21)

From (2.18) and the linearity of b(3) min We obtain that

am(Bv b(h),min(B))
0B

[M] = Mp + ((aBb(h),min)(O) : M)el

and thus (2.21) can be rewritten as

a 0 . h h
(8]3’%») (B)[M] = }LIQ% QA (L(m(Bab(h),min(B))) + sym Vwm(B,b(h),min(B)))

: L(Mp + ((aBb(h),min)(O) : M)el).

(2.22)
The function by min(B) satisfies according to (2.20) the equation
OK 1,
0= = (B, by min(B)) 11
(2.23)
— 1 h : h .
= Jim [ (m (B, b0y min(B))) + 5ym Vil 0, ooy ) H1e1)

for all o € L*(0, L). Finally, using p := (9Bb(x),min)(0) : M in (2.23) allows us to
simplify (2.22) to

) |
(5500 ) B = Ji [ 4% (s B by min (BY) 4 5 Vi, ) o000
(2.24)
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2.4. Derivation of the limit Euler-Lagrange equation

Let A be given by (1.3). We define
Ao = {(y,da,d3) € A : y(0) =0, (¥ | d2 | d3)(0) = idsx3} .

Let (y, da, d3) € Ap and define the associated SO(3)-valued function R = (y' | d2 |
d3). The regularity of y, da, d3 implies that R € W12((0, L), SO(3)). Recall that
the limit energy of (y, da, d3) is given by

L
E%(y, da, dz) = K{y (RTR') — /0 gy dm

L
= ’C?h)(RTR/) —/ g-y duy,
0

where g(z1) = fL g(s)ds. We say (y, do, d3) is a stationary point of £°, if for any

Z1

Cl-curve y: (—o0, 00) — Ag with v(0) = (y, da, d3) and derivative 4, we have that

(0-€°(7(€))) |._o = DE°(y, d2, d3)[7(0)] = 0,

The following lemma gives an alternative characterization by identifying the tangent
spaces of Ay and explicitly computing the derivative DEP.

LEMMA 2.5. Let (y, ds, d3) € Ay. Define R=(y |dy|d3) and A= RTR'.
Then (y, do, d3) is a stationary point of E° if and only if for every ® €
Wh2((0, L), R332 ) with ®(0) = 0 we have that

skew

) , L
(831%)) (A)[AD — DA + @] :/0 G- (R®e;)day. (2.25)

The left-hand side of (2.25) can be represented by (2.24).

Proof. Let (y¢, d5, d5)e C Ag be a Cl-curve with (y°, d3, d3) = (v, d2, d3), and
define (R.). C W2((0, L), SO(3)) by R. = ((v°)' | d5 | d); in particular Ry = R.
It is well-known that the tangent space of SO(3) in R is given by {R® : & € R¥*3

N skew J*
Thus, denoting the derivative of (R.) with respect to € by (R.), we obtain
REIRy = ® for some ® € Wh2((0, L), R%X3 ). Moreover, for every ¢ € R we have

that R.(0) = id3x3, and thus ®(0) = 0. Hence the tangent space of Ay in (y, da, d3)
is given by

T(y7d2,d3)Ao = {(1}1,1)2,’[)3) S [/{/2,2((07 L),]RS) « W1’2((0,L),R3) « W1’2((0,L),R3) :

skew

(' | da | ds)" (v | vz | va) € WH2((0, L), RESS, ), (o] | va | v)(0) = 0}
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With the chain rule, we obtain that

L
aESO(yev d§7d§)|5:0 - 35 <IC(()h) (RsTRf/-:) - / /g\ y; dCE1>
0

oKD, L

=5 (RTR)[0:(RTRL)] g (Ro®er) dzy
0

oK) . L

= ag)(RTR/)[RgR’ +RTR) — | G- (Ro®er)day.
0

By using the relationship ROTRO = ® we obtain that
RIR) = —®R"R' and RIR)=R"(R®) =R'R'®+ RTRY’,
and thus
RIR) + RIR), = —®RTR' + RTR'® + @', (2.26)
Furthermore, we can insert A = RT R’ into (2.26), obtaining

RIR) + RIR) = —®A + AD 4+ @'

Hence
8IC? L
0.6°(% 5, d5)]|_y = 5 UL (A)[AD — BA + @) - /0 i (Rbey).
If (y, da, d3) is a stationary point, the left-hand side vanishes and we obtain as
claimed
(T)IC(()h) / L
5p (AA2 — 24+ ¢'] :/0 G- (R®ey). (2.27)

Moreover, if (2.27) holds for every ® € W12((0, L), R**3) with ®(0), then by the
characterization of T{y, 4, 4,)A0 we obtain for any C*-curve y with v(0) = (y, da, d3)
that

(0:£°(v(€)) |y = 0-

This concludes the proof. O

3. Proof of the main theorem

We dedicate the whole section to the proof of theorem 1.1. From now on let
Wh y" g, (h) be as stated in the hypotheses of theorem 1.1. To simplify notation,
we will simply write h and h \, 0, instead of hy and k — oo.
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From the energy bound (1.5) together with the non-degeneracy hypothesis (M2)
on W we obtain the inequality

. L, .
lim sup ﬁHdlS‘c(Vhyh,SO(?’))Hiz < 09,
A0

and furthermore, by assumption on (y") we have that y"(0, zo, 23) = hxaes +
hxzes for all ' € w. Thus we may apply proposition 2.2 and deduce that there
exists a sequence of rotations (R") ¢ C*°([0, L], SO(3)) with properties (2.4), (2.5)
and (2.6).

We introduced once more the linearized strain G" by

RMTIV,yh —idsys
; .

Then (2.4) implies that (G") is uniformly bounded in L?(€2). Hence, there exist
a subsequence (not relabeled) and G' € L2(Q, R**?) such that G* — G in L2((Q).
Moreover, the frame indifference of W implies that

Gh:(

DW"(z, F) = RDW"(z, RTF) for all F € R3*3, R € SO(3), almost every = € (.
Thus
DW"(x,Vyy") = RP'DW" (,id3y3 +hG") = hR"E", (3.1)

where E" := h='DW"(-, id3x3 +hG") is the nonlinear stress. On the other hand,
a Taylor expansion around the identity yields

DW"(-,id3x5 +hG") = hD*W"(-,id5x3)G" + ¢"(-, RG™),
where (S3) implies the estimate
" ) < F(FD)IFY,
for some monotone 7: [0, c0) — [0, o0) with 7(g) \, 0 if £\, 0. Together with
D2Wh(-, id3x3) = D2Q"(-, 0) = A" we get that
1
E" = Ahsym G" + Egh(., hG™). (3.2)

The error term h~1¢" (-, hG™) does not necessarily converge strongly to 0 in L?(12),
since G" might concentrate in L?(£2). We will now show that the error term does
not oscillates, and that it weakly converges to zero:

LeEMMA 3.1. Let (n) C L3(2) be such that (|n"|?) is equi-integrable. Then
1
. ho(Long g n _
}Ll{‘% Qn (hC (-,hG )) dzr = 0.

This immediately implies h=1¢"(-, hG") — 0 in L?(Q2, R**3), and, in particular,
that (h=1¢"(-, hG™)) is uniformly bounded in L?(2).
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Proof. Let 0 < o < 1. We define the sets Sg = {x € Q: h|G"(z)| < h*}, and the
truncated function G" := GhXS;" Obviously hG" — 0in L>, G" = G" on Sy, and
by Chebyshev inequality we have that £2(Q2\ S2) — 0 for h\, 0. We can now
compute

Lo %2_1/h iy
gereaen| =g [t nenas

<i/ﬁwﬁmm@mx
hQQ

<SPG | NG 172 < FIRG™ ) IG™ |72 — 0,

by the uniform bound of G" in the L?-norm. Finally, applying Holder’s inequality
yields

’/ gh (z,hG") — (" (x, hGh))> dz

<c/ 2 dz — 0,

which implies the claim. O

With this result, we can deduce the limit PDE in terms of the stress. The part
follows closely the corresponding proof in [16], and thus we skip some details.

Compactness

From the properties (2.4)—(2.6) for the sequence (R"), we deduce that there exist
a subsequence (not relabelled) and limit R ¢ W12((0, L) SO( ) such that R(0) =
idsx3 and R" — R in W12((0, L), SO(3)). Deﬁnlng y(z1) = [y R(s)erds, dp =
Rey, for k=2, 3 we obtain 3 € WbQ(’fy([O, L], R3), y" — 7 strongly in W1 2(Q, R3),
Viy" — (7' | do | d3) strongly in L2(Q, R3*3), di(0) = e for k=2, 3. Hence
(?7 EQ, 33) e Ap.

Properties of E"
We start by using only the uniform energy bound of the deformations ("), that
is, stationarity is not yet needed. Recall the decomposition (3.2), that is,

= A"(z)sym G + %Ch(m, hG™).

The uniform bound on |A"| < CB given by (2.2), the uniform L? bound on G"
and the uniform L? bound on the sequence (h='¢"(-, hG"))p=0, following from
lemma 3.1, imply a uniform L? bound on the sequence E”. Thus (E") weakly
subconverges to some E € L?(Q2, R3*3). The frame indifference (M1) implies that
DW"(., F)FT is symmetric for every ' € R3*3 almost everywhere on Q. For F =
id3y3 +hG" the statement skew (DW" (-, F)FT) = 0 can be rewritten as

skew (E") = hskew (G"(E™)T). (3.3)

From the uniform L2(Q) bound on both (E") and (G"), we deduce that
(h~!skew (E")) is uniformly bounded in L'().

https://doi.org/10.1017/prm.2018.109 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.109

248 M. Pawelczyk

Deriving Euler-Lagrange equations B
As (y") are stationary points of £, for any 1 € Cpay (€2, R3) we have that

/Q (DW" (2, Vi () : Vidh(z) — h2g(a1) - (x)) dz = 0.

By density, the equation also holds for arbitrary ¢ € Wblc’fy(Q, R3). Using relation-
ship (3.1) we rewrite this equation as

/Q (R"E" : Vpip — hg - 1) da = 0. (3.4)

For ¢(z) = ¢p(x1) with ¢ € C23,([0, L], R?) the equation (3.4) reduces to

L L
/ / (R"E"ey - ¢' — hg - ) da’ day = / (RhEhel ¢’ — hg - gp) dzy =0,
0 w 0
(3.5)
where Eh is the zero-th moment of E™, that is,

B (0, L) — R3*3, Eh(xl) :/Eh(xl,x’)da:’.
w

Furthermore, we denote the first moments with respect to z2 and z3 of E" by
EM EM € L2((0, L), R3*3) respectively; more precisely let

E‘h(xl):/xgEh(xl,:r’)dx'; Eh(xl):/xgEh(:cl,x’)dx’.

Let ¢ € Cpg,([0, L]) and define Y(z) = 22¢(x1)R"(x1)e;. Then " €
Wg(’fy(Q, R?) and

Vi (@) = (226 (20 R @1)er + 220(0) (B (@1)er | Fo(e) R (@1)er |0).
Plugging " into (3.4) yields
0= / (RME" : V" — hg - ") da
Q
L ~ ~ [ Rp—
:/ (RhEhe1 -¢'Re; + R"E"e; - p(R") e; + ERhE e - ¢Rhel> dz;.
0
Introducing A" := (R")T(R") this simplifies to
L ~ 1—=n
/ <E{L1 ¢+ pE" ey - Aley + ¢hE12) dxy, = 0. (3.6)
0

Analogously, for ¢(z) = z3¢(z1) R (z1)e; we get

L
~ ~ 1—
/ (E{g ¢+ ¢E"e; - Aley + qshE’fg) dzy =0, (3.7)
0
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and finally, 9(z) = x3¢(x1)R"(21)e2 — z2¢(z1) R" (21)e3 yields

L
~ ~ ~ ~ 1 —n —n
/ <¢'(Egl — E}) + ¢(E"e; - Aey — EMey - Ales) + 67 (B — E32)> dzy = 0.
0
(3.8)
Consequences of the Euler-Lagrange equations
Now, by stationarity of (y"), the equation (3.5) holds for arbitrary ¢ €
C2°((0, L), R?), and thus
Eley = —h(Rh)T§ almost everywhere in (0, L). (3.9)
Passing to the limit we also obtain
FEe; =0 almost everywhere in (0, L). (3.10)
Furthermore, the equations (3.6), (3.7) and (3.8) imply that E%, E" and (E} —
E%) are weakly differentiable. The respective derivatives are in L', as seen by

combining (3.3), (3.9) together with the uniform L? bound on A", which was just
(RMT(R")'. By Sobolev’s Embedding Theorem we thus obtain that

(E{‘l), (E\fl)7 (Egl — E?}fl) converge strongly in LQ(O, L). (3.11)

From this we immediately obt{iin the following;: )
Let (M") c L?((0, L), R33 ) with M" — M € L?((0, L), R¥X3 ). Then by

skew skew
direct calculation we obtain

L
/ EM:y(MPp) dx = / (Eh — BN EN BN axIM? day
Q 0
and thus by applying (3.11) we get

- h. h — 1 h.
}1}{16 QE (M p)dx-}lLl{%/ﬂE (u(Mp)da. (3.12)

The limit of the PDE in terms of the stress
Fix some ® € Cp5.([0, L], RYSY ) and let 1, ¢, ¢35 be given by axl(®) =

skew

(¢1, P2, ¢3). We then define the test functions
(21,02, w3) = R"(21)®(21)p ().
Then ¢" € W2 (2, R®) and
Vah = (th>'p + (RM) ®p ‘ 1 Rhe, ] %3%63).
Plugging 1" into (3.4) yields that

/ (RM"E™ : Vil — hg - ") da

¢ , , (3.13)

= / (Ehel . <I>Ip + Ehel . Ah@p + EEheg . (1)62 + EEhefj . @63) dx.
Q
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Using the skew-symmetry of ® we obtain that

Eley - Bey + Eles - Pes = EM : @ — Eley - Peq
= (P : skew Eh) — Eley - ®ey.

The preceding calculations imply that

/ (RME" . Vb — hg - ¢") do =1" + 11" 4+ 111", (3.14)
Q
where
" ;:/ (E"e; - @'p) dx:/Eh:L(q)’p)da?, (3.15)
Q Q
h 1 h
11 ::/ (hE el-¢el> dz,
Q
" ;:/ <Eh61 .Ahq>p+lll<1>;skewEh) dz. (3.16)
Q

The third one will be the most difficult to handle.

Regarding 11", from (3.9) we obtain E'e, = —h(R")Tg and thus

N L1y P,
" = EE ey - Q)@l dzl = — qg- (R ‘1)61) diE1. (317)
0 0

Regarding III", we claim that we have that

1 h _ 1; h . —
}P{%HI —}111{% 5 (E"e1 - (AD — ®A)p) da. (3.18)

Indeed, recall that from (2.7) we have that
Gh = AMp @ ey + (RM)TV,,2",
where 2" was defined by (2.8). By making use of (3.3) we obtain
%skew (E") = skew (G"(E™MT)
=skew (((R")"V,2" + A"p @ 1) (EM)T)
=skew ((R")TV,,z"(EMT) + skew ((A"p @ e1)(EM)T).
Furthermore, by the skew-symmetry of ® we thus obtain
%cp skew (EM) = @ ¢ (RMTV,2"(EMT) + @ - (A'pw Ele;).  (3.19)
For any M € R™*™ and v, w € R™ we have the algebraic identity

M:(vew) =tr(M"(vew)) =tr(MTv) @ w) = (M) - w,
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which applied to M = ®, v = A"p, w = E"e; yields for the second term in (3.19)
the equality

P : (A"'p @ Eley) = —EMey - (@ AM).
With this, we can simplify ITI", given by (3.16), to
1
1" :/ (Ehel - Ahdp + E(I) : skewEh> dx
Q

(3.20)
_ / (E"er - (A"® — ®AM)p + @ : (R")TV,2"(E")T)) da.
Q

We start by proving that,

. h h h : h
Jim Q(E er - (AMD — dAMp) dz = Jim Q(E er- (A® — ®A)p) du.

This, however, follows immediately from (3.12) by setting M" := A"® — ® A" and
M := A® — P A. We now show that the second term on the right-hand side of (3.20)

converges to 0, thus proving the claim (3.18).
The skew-symmetry of ® implies that almost everywhere on 2 we have that

@ (R")"Vp"(EMT) = (@E") : (R")TV,2")
=—E": (®(R")TV,2")
=—R'"E" . (R"®(R")T(V,2")).

Integrating over € then yields
/ @ (RMTVR"EMT) do = —/ R'E": (R'®(RM)T(Vy2")) da. (3.21)
Q Q

Let hg > 0 and h € (0, hp). Then
R"®(RMT = RM®(RMT 4 (R" — RMo)®(RMT
= R™®(R™)T + (R" — R")®(R")T + R™®(R" — R™)T,
and hence

/QRhEh : (Rh<1>(Rh)T(thh)) de = /QRhEh: (Rh%(R"O)T(vhzh)) dz
+/QRhEh : ((Rh —Rh°)<1>(Rh)T(thh)> dz

+/QRhEh : (Rh°<1>(Rh - RhO)T(thh)) de.
(3.22)
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We estimate the last two terms in (3.22) by

/QR’“LEh (R = RM)®(RM)T(V),2")) da

Jr/ RhEh : (Rhoq)(Rh _ RhO)T(VhZh)) dx (3.23)
Q

< 650D (11" 2 0 191l 0 0,0) IV02" 200 ) I1B" = B 10,0

As R" — R strongly in L®(0, L), passing first with h to the limit 0, and then with
ho to 0, the right-hand side of (3.23) converges to 0. It remains to show that the
first term on the right-hand side of (3.22) converges to 0. We rewrite this term as

R'EM: (RM®(RM")T(V),2")) da :/

QRhEh: [vh (Rhocb(RhO)Tzh)] de

Q
_/ RMEhe, - [(Rho(b(Rho)T)’zh} A,
Q

(3.24)

As R™ is a smooth function on the compact set [0, L], we have that R ¢

Whee(0, L). Together with ® € Cg3,([0, L], RYY) and 2" € Wh2(Q, R®) this

implies that RM®(RM)T2h € Wblfy(ﬂ, R?). Plugging RM®(R")T2" into (3.4)
yields

/ RME" W (RP9(RM)T") do = h/ I (Rro(RM)T2") d

<3l 2 0.2 191 oo (0.0 12" | 202 -

By the uniform L? bound on (z"), the right-hand side of (3.25) converges to 0

as h \, 0, independently of hg. Moreover, the weak convergence of (E") in L2(12),

the strong convergence of (2") in L?(Q2) and the strong convergence of (R") in

L>(0, L) allows us to pass to the limit &\, 0 in the second term on the right-hand
side of (3.24). We obtain that

lim [ R'Ele, - [(RhOCD(Rh")T)Izh} do = / REe - [(R%@(RhO)T)’z} da.
A0 Jo Q
As R, R™_ & and z are independent of x5, z3, we obtain that
L
REey - [(R™®(R")")"z] da :/ (BEe, - [(R"@(R™)T)'z]) dor. (3.26)
Q 0
By (3.10), we have Ee; =0 almost everywhere on (0, L) and thus (3.26) is
identically 0 for all hy. Combining (3.21)—(3.26) yields
lim [ ®: (V,z"(R'E™)T) dz = 0.
ANO Jo

This concludes the proof of the claim (3.18).
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Inserting (3.15), (3.17) and (3.18) into (3.14) we obtain

. hh . - . _ 7 h . o /
KXB Q(RE : Vp) — hg - ¢) dx }L%/QE L1 ((AD — PA)p + @'p) dw

. (3.27)

. ~ h
—I—}lLl{rb ; g (R"®ey) duy.

From the strong convergence R" — R in L™ we obtain for the second term

L

L
lim [ §-(R"®e;)dx, :/ g (R®ey)dzy, (3.28)
hN0 Jo 0

while for the first term we will show that

oK
: h . - ’ _ (h) o ’
}1:{1}) 5 E" : ,((AD — PA)p + P'p)dx B (ma)[(A® — DA+ @")p].  (3.29)

Identification of the limit
To show (3.29) we will first prove the analogue to [5, lemma 3.1], whose approach
we will follow from now on.

LEMMA 3.2. Let (u") C WH2(Q, R®) be such that t(ub, ul) — 0 strongly in
L*(0, L), (|symVyu”|?) is equi-integrable and (uf, hub, hu) — 0 strongly in
L2(Q). Then for all ¢ € Cpay ([0, L]) we have that

. h~h . h _
lim Q(¢A G" : Vyu )dm—O. (3.30)

Proof. Let (u") be as in the hypothesis, and fix some ¢ € Cgfiy([(), L]). By propo-
sition A.1 there exists a constant C, > 0, depending only on w, and sequences
(BM) c WhH2((0, L), R332 ), (97) ¢ WH2(Q, R3) and (o") € L?(Q, R3*3) with

skew
sym Vpu" = syme((B")'p) +sym V0" + 0", (3.31)
that, in addition, satisfy the bounds
1B w20,y + 19" | 2y + VRO [l L2y < Cullsym Vau(| 2q)-
Furthermore, B", ¥, o" — 0 strongly in L?(Q2), and (|(B")'?), (|V,9"|?) are both
equi-integrable. Using (3.2) we can write (3.30) as
/Q(¢>Ahsym G" : sym (thh)> dx = /Q(gzﬁEh : sym (thh)) dx

— 3 [ (066" sy (V)

h
(3.32)
The first term on the right-hand side can be decomposed with (3.31) to

/Q (pE" : sym (Vju")) dw :/

; (quh csym (u((B")'p) + V" + oh)) dx.

(3.33)
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Clearly, the term containing o" converges to 0 as h \, 0. By symmetry of A" we
have that skew E" = 1skew (" (-, hG") and thus

/Q (ngh : sym (L((Bh)’p) + Vhﬂh)) dz
= [ (6B": (UB"YP) + V0" ) o (3.34)
— /Q(qS%Ch(x, hG™") : skew (u((B")'p) + Vhﬁh)> de.

Combining (3.33) with (3.34) yields

gi{no/g(quhGh : sym (thh)> dr = }11{110 /Q ((;SEh : (L((Bh)/p) + Vhﬁh)> dx

. 1 .n N byt h
—&1{110/Q¢E§ (2, hG") < ((B")'p) + V39" da.
(3.35)

By applying (3.12) with M" = (B")" and M = 0, the first term on the right-hand
side of (3.35) is 0. For the second term on the right-hand side of (3.35) we write

/Q(qu’L:vhﬁh) dxz/@(qﬁRhEh:thhﬁh) dz

:/5-2<RhEh:vh(Rh¢§h)> dx_/Q(RhEh:L((R%)’ﬁh)) da.
(3.36)

For the first term on the right-hand side of (3.36) we use the Euler-Lagrange
equation and obtain

/ E" V(R 9" do = h/ g- (R"¢9") — 0,
Q Q
while we split once more the second term on the right-hand side of (3.36) into

/ (RhEh : L((thb)/ﬁh)) de = / (RhEhe1 (RMoY (9" — Eh)) da

¢ ¢ (3.37)

+ / (RhEhe1 : (R%)’E") da,
Q

where Eh(xl) = [, 9(z1, 2’) dz. By the uniform bound of h(R")” in L*(0, L), stated
in (2.5), we obtain the uniform bound of h(R")" in W12(0, L). From the compact
Sobolev embedding we obtain that (h(R")) is strongly compact in L>(0, L). Since
(R") is bounded in L%(0, L), we have that h(R") — 0 strongly in L?(0, L). By
uniqueness of the limit, we have that h(R")" — 0 strongly in L>(0, L). We apply
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Poincaré’s inequality and obtain
h _ 3h h h
[|[9" — 9 HLQ(Q) < C|0:0 HLQ(Q) < Ch||Vyo ||L2(Q) < Ch.

This bound, together with h(R")" — 0 strongly in L>(0, L), implies that

h(R'$) *————% — 0 strongly in L*(9).

For the second term in (3.37) we use Sobolev embedding to obtain Eh — 0 strongly
in L°°(0, L). Combining both we conclude the vanishing of (3.37). Finally, for the
last remaining term in (3.32), namely

%%/(Zaxl)%gh(m,hc;h): (L((Bh)/p)+vhz9h) de,

we use that (|(B")’|?) and (|]V,9"|?) are equi-integrable. Hence lemma 3.1 implies
that this term vanishes as well. This finishes the proof of the lemma. O

We finally prove (3.29). For this, we decompose E" into E" = APG" + (1/h)¢"
(-, hG™) and apply lemma 3.1 to obtain

: h . o I
’111{% 5 E" : (((AD — PA)p + P'p)da
(3.38)

. hh . o 1
—}ILl{% QA G" : 1((AD — PA)p + D'p) du.

From the decomposition (2.13) we get that
ho_ h o h
sym G" = sym t(mg) + sym V" + 0",

where the fixed part mgq € L?(Q, R?) and the corrector sequence " were introduced
in (2.10) and (2.11) respectively, and o converges strongly to zero in L?(£2).
We show that sym V9" and sym V9% are, up to L*-concentration, close in

L?(Q), where (¢! ) is the relaxation sequence given by lemma 2.3. Indeed, we first

use identity (2.12) to obtain
h _ hy/ h
sym Vg™ = sym o((U*)p) + sym Vo™,

where U, v" are defined prior to (2.12). By applying [14, lemma 2.17] to (¥")
and (v"), we obtain a subsequence (h) (not relabelled), a sequence of measur-
able sets O with limp~ o £3(2\ O") =0 and a sequences (¥"), (v") such that
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(I(") |2, |(V,0™)|2 are equi-integrable and such that
1" = T o on + IV (0" =T o oy — O
By proposition A.2 there exists (") ¢ W12(Q, R3) such that
sym V0" = sym L((\T/h)’p) + sym V0"
By construction, we have that

(Isym V,¢"|?) is equi-integrable, and }lli{‘rbﬂsym (Vnyph — Vhizh)HLa(oh) =0.

(3.39)
Let a € (0, L). Then

lsym V), (" — sz)Hi?(Q)

~ ~ (3.40)
= [|sym Vh(lfjh - %d)lliz((o,a)xw) + [lsym Vh(wh - ¢Zu)”i2((a,L)><w)'

For the second term on the right-hand side we use the coercivity of @" to obtain

1

al|sym V(" — wg’bd)|‘22((a7L)><w) < 2/( . AP, (97 — i) Vi@ - P
a,L)Xw

Let p € C*([0, L]) be a cut-off function such that p >0, p=0 on [0, a/2] and
p=1on [a, L]. With this we calculate

1
2
af[sym Vi, (9" — ¢7}:Ld)||L2((a,L)><w) <

2
1

= i/QpAh(L(md) + thZh) : Vh(zzh - :Lnd)

/QpAhvh({Eh— Y Va(@h — ot )

1

-5 / pA" (1(mg) + Vgl ) Vit =gt ).
Q

The second term vanishes by virtue of lemma 2.3, while for the second one we use
the decomposition (2.13), i.e.,

sym G" = sym 1(mg) + sym V" + o,
to write

/Q pA" (L(mg) + V") V" — ) = /s 2 pA" (G +o") VL (" — )

+ [ o @u @ =) Va "~ ).
(3.41)
The sequence (o) converges to 0 strongly in L?(9), and thus the term containing
it vanishes in the limit. By lemma 2.3 the sequence |sym (V" d)|2, and by con-

struction the sequence |sym (Vh{pvh)ﬁ are both equi-integrable. Thus by applying
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lemma 3.2 the first term on the right-hand side of (3.41) vanishes. For the second
term we decompose 2 = O" U (2 \ O") and estimate with Hélder’s inequality

/Q pAPT (P — Py LV (9 — )

<ﬂ/ﬂsymvh<{/7h—wh>:symvh@h— ")

(3.42)

< Bllsym Vi (8" = ™) 12 oy llsym V(@ = 65t ) 120
+ Bllsym Vi, (" — ¢h)||L2(Q) lsym V(4" — 1/’Zm)||L2(Q\oh)-

First note that

[sym vh(UJh - fnd)||L2(Q)7 [sym Vh(q//h - 7/’h)HL2(Q)

are uniformly bounded in h. Furthermore, utilizing (3.39) we obtain that
- Th h
}{{r})llsymvh(w - )”Lz(oh) =0,

and thus the first term on the right-hand side of (3.42) converges to 0. For the
second term on the right-hand side of (3.42) we use the equi-integrability of
(Isym V(9" — % )|?) together with £3(2\ O") — 0 as h\, 0, and obtain that
the sequence converges to 0 as well.

Returning to (3.40), we take a sequence a = a(h) with a(h) \, 0 as h \, 0 such

that
: Th h _
}nggllsym Vi(p" — %/de)”m((a(h),L)Xw) =0.

By equi-integrability we also obtain
. Th h _
%{%”Sym Vi(" — wmd)||L2((0,a(h))><w) =0,

and thus

}1Li<%||sym V(" — wfnd)“L?(Q) = 0.

Returning to (3.38), we first approximate sym V%" by sym V;ﬂ;h, and then the
latter by sym V1" | thus obtaining

mgq?

: h . o ’
}ILl{IB QE (AP — @A)p + 'p) dx

=lim [ A"G":((AD — ®A)p + @'p)dx
rN\O Jq
(3.43)

=lm [ A"(u(mg) + Vil ) L((AD — ®A)p + @'p) da
N0 Jo

_ 9K
T Om

(ma)[(A® — ®A + &' )p].
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We combine (3.27), (3.28) and (3.43), obtaining

oK
T hh . . _ (h) o /
0= %1{1}) A (R'E" : Vo — hg - O1¢) da - (mg)[(A® — DA + D')p]
L
0
It
oK, 0
8;;) (ma)[(AD — DA+ & )p] = (%K?h)> (A)[AD — DA + D] (3.45)

holds, then (3.44) reads

a L
—K? ) A)[AD — DA+ D :/ G- (R®ep)day,
(5 ) ca = [ 5 (reeran

and by lemma 2.5 this is equivalent to (7, da, d3) being a stationary point of £°.

After replacing both sides in (3.45) by the more explicit representations (2.17)
and (2.24), we see that it suffices to show that the fixed part mg is given by
m(A, bpy,min(A4)). By definition of mg4 in (2.10) we have that mg = m(A, p1)
where p; is some L? function. By the characterization given in (2.20) the equality
P1 = b(n),min(A) follows, if

K n)(m(4,-))

b (p1)[u] =0 for all u € L*(0,L).

Using (2.19) we see that this is equivalent to

’lli{‘% AM(u(ma)) +sym Vil ) i(per)dz =0 for all pe L*(0,L).  (3.46)
Q

Similar to before we can replace sym V% by sym V1", Then we can approx-
imate A"G" by E" with lemma 3.1, and the statement (3.46) is then seen to be
equivalent to

L
, —=h
%{Jr\r%)/o Ejpdr=0 forall yc L*0,L),

which now easily follows from (3.10).
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Appendix A.

For convenience of the reader we recall a type of decomposition introduced in [10,
11]. More precisely the variant proved in [14, corollary 2.3, lemma 2.4]

PROPOSITION A.1. Let L >0 and Q = (0, L) X w, where w is an open, connected

bounded Lipschitz-domain, which is centered at the origin in the sense of (2.1). Let
(u) Cc WH2(Q, R3) with t(ub, ult) — 0 in L*(0, L),

sup||sym thhHLz <oo and (ul,hul, hul) — 0 strongly in L*(Q,R3).
h>0

Then there exists a constant C,, > 0, depending only on w, and sequences (B") C

WL2((0, L), RS2 ), (9") ¢ Wh2(Q, R3) and (o") C L*(Q, R¥*3) with
sym Vyu" = sym ¢((B")'p) 4+ sym V, 0" + 0",
and satisfying the bounds
1B" lyys.2 + 10" 2 + V09" ([ g2 < Collsym Viu" |l 2.

Furthermore, B", o, 9" — 0 strongly in L?. If, in addition, (Jsym Vyu”|?) is equi-
integrable, then so are (|(B")'|?) and (|V,9"|?).

The reverse holds true as well:

PROPOSITION A.2. Let L >0 and Q = (0, L) X w, where w is an open, connected
bounded Lipschitz-domain, which is centered at the origin in the sense of (2.1).
Let (B") c Wh2((0, L), R332 ), (9h) € WH2(Q, R3) be sequences with B" — 0
strongly in L?((0, L), R3*3) and 9" — 0 strongly in L*(Q, R?). Then there eists
(uh)y c WH2(Q, R®) with t(ul, ul) — 0 in L*(0, L) and

(ult, hult, hult) — 0 strongly in L*(2, R®)

such that
sym Vyu" = sym o((B")'p) + sym V,,9".
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