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The best constant in a mean-value trace inequality for functions of bounded variation
on admissible domains {2 C R™ is shown to agree with an isoperimetric constant
associated with 2. The existence and form of extremals is also discussed. This result
is exploited to compute the best constant in the relevant trace inequality when {2 is a
ball. The existence and the form of extremals in this special case turn out to depend
on the dimension n. In particular, the best constant is not achieved when (2 is a disc
in R2.

1. Introduction and main results

Given an open set 2 C R™ n > 2, we denote by BV({2) the space of functions
of bounded variation on {2, namely, those functions u € L'(f2) whose first-order
distributional gradient Du is a vector-valued Radon measure with finite total vari-
ation ||Dul[(£2). The space BV({2) is a Banach space endowed with the norm given
by |lullz1 (@) + [Dul|(£2) for u € BV(§2). For ease of presentation, we shall assume
throughout this paper that 2 is connected.

Traces of functions in BV(£2) on 912 are well defined if {2 is a Lipschitz domain.
More generally, boundary traces of BV functions can be defined if {2 is an admissible
domain, namely, a bounded open set such that H"~1(92) < oo, H"~1(02\oM2) =
0 and

min{H" 1 (OME N oN),H" 102\ ME)} < CH" ' (OMEN Q) (1.1)

for some positive constant C' and every measurable set ' C {2 [23, definition 5.10.1].
Here, H"~! denotes the (n—1)-dimensional Hausdorff measure, 9 denotes the topo-
logical boundary and O™ denotes the essential boundary in the sense of geometric
measure theory. In this connection, recall that if £ C (2 is a measurable set, then its
characteristic function xg € BV(£2) if and only if H"~1(0ME N 2) < oo; moreover,
IDx&|[(£2) = HP~LH(OME N 2) [16, theorem 4.5.11]. The quantity H* 1 (OME N 2)
is called the perimeter of E relative to f2.

If 2 is an admissible domain, then the trace on 02 of a function u € BV({2) is
the function

u: 02 - R
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defined for H"!-almost every x € 912 as

1

= lim ————— u(y) dy. 1.2
P B @ 0 2] L, oy " (12)

()
Note that this limit can actually be shown to exist for H" '-a.e. x € 942. Here,
B,.(x) denotes the ball centred at x with radius r.

Alternative notions of the trace on 912 of a function u € BV(2) are available in
the literature. One of them involves the upper and lower approximate limits of the
continuation of u by 0 outside {2 [23, definition 5.10.5]. Another makes use of the
rough trace [21, §6.5.1]. Both these definitions agree with @, up to subsets of 912
of H"~!-measure zero.

Boundary traces of functions u from the Sobolev space W1(£2) c BV(£2) are
more classically defined on a Lipschitz domain §2 as the limit of the standard traces
on 942 of approximating sequences of smooth functions on £2. The trace of a function
u € WH1(02) obtained via this definition coincides with @, up to subsets of 92 of
H"~l-measure zero.

It is well known that % € L'(942), the space of integrable functions on 92 with
respect to H" "1, for any function u € BV({2), and that L'(92) is the smallest
Lebesgue space to which @ belongs for every v € BV ({2). Furthermore, the linear
mapping BV(£2) > u — @ € L*(912) is bounded. The optimal constant in a Poincaré
trace inequality between inf.cg ||@ — c[|11(sp) and ||[Dul|(£2) was found in terms of
the best constant C' in the isoperimetric inequality (1.1) as part of the pioneering
work of Maz'ya on the use of isoperimetric inequalities in the characterization of
Sobolev-type embeddings [21, theorem 6.5.2].

One purpose of this paper is to show that, for any admissible domain (2, the opti-
mal constant in a mean-value Poincaré trace inequality in BV({2) can be expressed
via the best constant in a different isoperimetric inequality on 2. The former con-
stant turns out to be achieved if and only if the latter constant is achieved. Moreover,
the characteristic function of any (possible) optimal set in the relevant isoperimetric
inequality is an extremal function in the trace inequality.

The trace inequality in question reads

& — Goqllron) < C(2)[|Dull(£2) (1.3)
for every u € BV({2). Here, ugs, denotes the mean value of @ over 952, given by

Uy = m /8(2 a(z) dHnil(x)a

and C(£2) is the best constant in (1.3), namely, the smallest constant which renders
(1.3) true. Note that, due to the lack of compactness of the mapping BV(£2) 5 u —
@ € L'(012), non-constant functions v € BV(£2) that turn (1.3) into an equality
need not exist. If such a function does exist, it will be called an extremal in (1.3).
A sequence of functions {ug }ren such that

|t — (ir)onllL (a0)
[ Duy | (£2)

- C(2)

will be called optimizing in (1.3).
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The isoperimetric constant coming into play in our discussion is defined as

H L OME N ORYH L (002 \ OME)

K($2) = sup H =1 (OME N )

1181

(1.4)

where the supremum is extended over all measurable sets £ C (2 with positive
Lebesgue measure. Any set E C (2 at which the supremum in (1.4) is achieved will
be called an isoperimetric set in (1.4). The existence of isoperimetric sets in (1.4)
is not guaranteed in general, and depends on global geometric properties of 2. A

sequence of sets { Fx }ren having the property that

H L OME, NO2)YH 1 (002 \ OMEY)
HP=1(OME, N 2)

will be called optimizing in (1.4).

— K(£2)

The link between the constants C(£2) and K({2) is exhibited by the following

result.

THEOREM 1.1. Let {2 be an admissible domain in R™, n > 2. Then

2K (02)

D) = 5o a0

(1.5)

Extremals u exist in (1.3) if and only if isoperimetric sets exist in (1.4). If E is an
isoperimetric set in (1.4), then any function of the form u = axg+0b is an extremal

in (1.3) for every a,b € R.

More generally, if {Ex} is an optimizing sequence of sets in (1.4), then the
sequence {ur} = {apxg, + bk} is an optimizing sequence of functions in (1.3)

for every ay, by, € R.

Our main result is contained in theorem 1.2. It provides us with the best constant
C(£2) in the trace inequality (1.3) when 2 is a ball B, and relies upon theorem 1.1.
Interestingly, the existence and the form of extremals in the mean-value trace
inequality in B turn out to depend on the dimension n. In particular, theorem 1.2
shows that extremals in the trace inequality (1.3) may actually not exist, even for
domains with such a simple geometry as the disc in R2. This should be contrasted
with mean-value Poincaré inequalities in BV(£2) inside {2, where the best constant

is always achieved, provided that 942 is sufficiently smooth (see remark 1.7).

In what follows, we call the (non-empty) intersection of B with a half-space a

spherical segment in B.
THEOREM 1.2. Let B be a ball in R™, n > 2. Then

it — 5]l 2 0m) < C(n) [Dul|(B)
for every u € BV(B), where

ny/m D(L(n + 1))
Ctn)={ "2 I'(*(n+2)
2 ifn=2.

ifn >3,

IR SIS

The constant C(n) is the best possible in (1.6).
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Ifn > 4, the equality holds in (1.6) when u agrees with the characteristic function
of a half-ball.

If n = 3, the equality holds in (1.6) when u agrees with the characteristic function
of any spherical segment.

If n = 2, the equality never holds in (1.6), unless u is constant. Any sequence
of characteristic functions of spherical segments whose measure converges to 0 is
optimizing in (1.6).

REMARK 1.3. The trace inequality of [21] to which we alluded above has the form
(1.6), with [|@ — @sp/z1(ap) replaced with infeer ||@ — c|p1(am) on the left-hand
side [21, theorem 6.5.2 and corollary 6.4.4/3]. When n > 3, the constant in (1.6)
agrees with the constant of [21]. Since infeer ||% — ¢/ 11 (sp) is attained when c is a
median of &, which differs from ugp in general, we have that

inf [|a —cllzr@op) < @~ donll@n),
and the inequality is strict for a generic function u. Thus, inequality (1.6) simulta-
neously improves and recovers the inequality of [21] for n > 3.
REMARK 1.4. Theorem 1.2 yields, in particular, the inequality
@ —tdopllL@n) < C0)|VullL(s) (1.8)

for every u € WH1(B), where Vu denotes the (weak) gradient of u, and C(n) is
given by (1.7). A standard approximation argument for characteristic functions of
spherical segments by Lipschitz functions ensures that the constant C(n) is sharp
in (1.8) as well.

REMARK 1.5. Let ¢ € (0,1) and let R be the radius of B. An application of the
Holder inequality yields

| — @5 Loon) < H"H(OB)* /i — dop| L (o5)- (1.9)
Coupling (1.9) with (1.6) tells us that

n—+2

(¢—1)/q
- ) C(n)RA=D"=D/9|Dy|(B) (1.10)

||ﬂ_@03||m(83) < Wn(l—q)/(2q)p<
for every w € BV(B). Moreover, the constant in (1.10) is sharp if n > 3, since the
equality holds provided that u agrees with the characteristic function of a half-ball.

REMARK 1.6. Inequality (1.3), and, in particular, (1.6), are a counterpart on
bounded domains of a basic inequality for BV functions in the half-space

R? = {z = (2/,2,) e R"! xR: 2, > 0},

which tells us that
]l L2 ory) < IDufl(RY) (L.11)

for every u € BV(R?). Inequality (1.11) is standard and easy to prove via one-
dimensional integration along the x,, variable and Fubini’s theorem. The constant 1
on the right-hand side of (1.11) is sharp, the sequence

{uk} = {X{(a:’,a:n): |z']<1, O<wn<1/k:}}
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being optimizing. Inequality (1.11) continues to hold and to be optimal for functions
u € WHEH(R?Y); of course, ||[Dul|(R%) can be replaced with [Vul[1(mz) in this case.

The best constant in the trace inequality for functions u € W'P(R?%) is also
known. It was found in [13] for p = 2, and in [22] for 1 < p < n. A Moser-type trace
inequality on arbitrary, sufficiently smooth domains {2 C R™ for functions in the
borderline Sobolev space W1 (£2) is a special case of the results of [9]. Additional
references on sharp trace inequalities include [1,2,4,5,11,14, 20].

REMARK 1.7. Incidentally, let us mention that the optimal constant and the
extremal functions in the mean-value Poincaré inequality

HU_UQHLn/(nfl)(Q) < CHDUH(Q)7 (1.12)

for u € BV(£2), were found in [8] in the case when 2 = B. Here, ug stands
for the mean value of u over f2. As mentioned above, unlike in (1.3), extremals
in (1.12) do always exist for any set 2 C R™ whose boundary is of class C?, as
recently established in [6]. When n = 2, the constant C' in (1.12) is the smallest
possible among all convex domains when (2 is a disc, as shown in [15]. Existence
problems for extremals in mean-value Poincaré inequalities involving LP({2)-norms
of the gradient with p > 1 have been considered in [12] (see also [19] for an alternate
approach in the special case when 2 is a ball). A description of symmetry properties
of extremals in the mean-value Poincaré inequality on the ball for the L?-norm of
the gradient is the subject of [17]. One-dimensional Poincaré inequalities are treated
in [3,10]. Related questions are discussed in [7].

2. Proof of theorem 1.1

In this section we are concerned with the proof of theorem 1.1.

Proof of theorem 1.1. Set uy = 2 (u+ |u|) and u_ = 1(|u| — ), the positive and
the negative parts of u. Since @ = 44 — 4_, we have that

[t — GoqllLro0) < it — (G4)oellLroo) + li- — (@-)oellLi(00)- (2.1)

Moreover,
[Dul[(£2) = [[D(uy)[|(£2) + [[D(u-)|(£2). (22)

Thus, it suffices to prove inequality (1.6) in the case when w > 0. In this case,
oo
(z) = / X{asip(z)dt  for H" '-ae. x € 0. (2.3)
0

As a consequence,

’ITLQ_Q = m /8Q 17/(37) dHn_l(I>

= 50 o ([, et a7
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1 o0
= " dHm ! dt
i, (fxeawoe)
1 ©
- n > t}) dt. 2.4
el ACCETIE (24)
Owing to (2.3) and (2.4),
|t — toc| L (a0

= / /000 X{azt)(z) dt — m /OOO H ({a > t})dt’ dH" ()

<

o002
00 /ooo ‘X“‘?“(x) B H"%@Q)HH({@ > t}>‘ dt dH" ()
= m /Ooo /89 |Hn_1(6Q)X{ﬁ>t}(JJ) _ an—l({ﬂ > t})| d’H"_l(x) &

- ([ 000 —w s myae @

+/ H* Y {a > t}) d’H,”l(x)) dt
dO\{u>t}

_é > n—1 i n—1 _ qyn—1 i
— sty | T )0 02) - (> 1)

+(HHOQ) = H T ({a = ) H  ({a > )]t

2 OO n—1/f~ n—1 n—1/r~
- g | W s er e - ez ) @)
We have that
H 7 {a > t)) = H 1 (OM{u >t} NdN) for almost every t > 0. (2.6)

Equation (2.6) is a consequence of: the coincidence H" !-a.e. on 92 of @ with
the so-called rough trace of u [21, theorem 6.6.2]; the fact that, for almost every
t > 0, the essential boundary OM{u > t} agrees, up to a set of H"~! measure
zero, with the reduced boundary of {u > t} [23, lemma 5.9.5]; [21, lemma 6.5.1/2],
where equation (2.6) is established with @ replaced with the rough trace of u, and
OM{u > t} replaced with the reduced boundary of {u > t}. Thus,

2
H—1(00)
2
1 1(00)

/ T i ) (N 02) - H (> 1)) de

/OO H L (OM{u =t} NON)
0

x (H"H092) — H™ 1 OM{u >t} N ON2))dt
2

- =t /OO H Y OMu > 1) N OQH 02\ M{u > 1)) dt. (2.7)
0
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By (1.4),

/OOO H Y OM{u =t} NA)YH 100N\ OM{u > t})dt
< K(2) /OOO WU M N Q) (28)
The coarea formula for BV functions [23, theorem 5.4.4] tells us that
/OOO H L OM{u >t} N N) dt = ||Dul|(£2). (2.9)

From (2.1), (2.2) and (2.5)—(2.9), we deduce that C(£2) < 2K (2)/H"~1(912).
To prove the reverse inequality, given any measurable set E such that

HHOMEN 2) < oo,

one can make use of the function xg € BV({2) as a trial function in (1.3). Doing
so, we easily obtain that

IXE — (XE)snllLr(002)
c(2) >
() IDall(2)
Y (OME N OR)H (90 \ OME)
B HP=L(ON)H L (OME N )

(2.10)

Note that, in (2.10), we have made use of (2.6), applied with u = xg, and of the
fact that ||Dxz[|(£2) = H"~H(OME N 2). Inequality (2.10) implies that

2K (1)
c2) > m

Equation (1.5) is fully proved.

Next, if E' is an isoperimetric set in (1.4), then, by (1.5) and (2.10),
2K (£2)

_VY o

Hr=1(012) cl2)

IXE — (XE)anllLi00)
IDxe|l(£2)
IH " H(OME N 9Q)YH (902 \ OME)
T AH L 0YH T L(OMEN 0)
2K (£2)
T HL(00)

(2.11)

Hence, the equality holds in the inequality in (2.11). Thus, xg, and hence any
function of the form axg + b with a,b € R, is an extremal in (1.3). An analogous
argument proves the assertion concerning optimizing sequences in (1.3) and (1.4).

Conversely, assume that there exists an extremal w in (1.3). An inspection of
the above proof tells us that if the equality holds in (1.3), then, in particular,
the equality must hold in (2.8), with u replaced with uy and u_, for almost
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every t € [0,ess supuy) and ¢t € [0,ess supu_), respectively. Equality in (2.8)
entails that the level sets {ux > t} are isoperimetric in (1.4) for almost every
t € (ess infug,ess supug). O

3. Proof of theorem 1.2

Let B™ be the ball in R™, which is centred at 0 and has radius 1. For each ¥ € [0, 7],
we denote by T'(¢) the spherical segment in B™ given by

TW) =B"N{(x1,...,2n): T1 > cosI}. (3.1)
Let us call w,, the n-dimensional Lebesgue measure of B", namely,
wp =72 /01 + in).
Define the function @: [0, 7] — [0, w,_1] as
D) = wp_1sin" 1Y for ¥ € [0, 7], (3.2)

and the function ¥: [0, 7] — [0, nw,,] as

9
U(9) =(n— 1)wn_1/ sin""2ndn for ¥ € [0,7]. (3.3)
0
Elementary geometric considerations show that
(W) = 1" (OMT (W) NB") (3.4)
and
T (9) = H"HOMT(9) N OB™) (3.5)

for every ¥ € [0, 7].

Given a measurable set £ C B"™, we denote by E® the spherical symmetral of
about the half-axis H = {(x1,...,2,): 21 2 0, ©9 = -+- = x,, = 0}. The set E®
is defined as the subset of B™ such that the intersection of F® with any sphere S
centred at 0 is a spherical cap, centred at S N H, such that

H Y ESNS)=H"H(ENS).

In particular, E® is symmetric about the z;-axis.

The next result is an inequality between H"~1(OMENB") and H"~ (M ENOB™)
for any measurable set £ C B™. It will be exploited to show that, when {2 = B™, the
supremum in (1.4) agrees with the supremum of the same functional restricted to
the class of spherical segments in B™. The relevant inequality is essentially contained
in [21, lemma 6.4.4]. We reproduce a proof here for completeness.

PROPOSITION 3.1. Spherical segments in B" minimize H" = (OMENB"™) among all
measurable sets E C B™ with prescribed H"~1(OME N OB"). In formulae,

H Y OMENB") > (WL (H" Y OME N oB™))) (3.6)

for every measurable set E C B".
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Proof. Fix s € (0,nwy,). Let E C B™ be a measurable set such that

H L OMENOB") = 5.
We may obviously assume that H"~!(OME NB") < oo, and hence that
HHOME) < 0.

By [21, lemma 6.4.1/1], there exists a sequence of polyhedra {P;} enjoying the
following properties. Define Qy = P, NB™ for k € N. Then

lim xg, = xg in L*(B"),

k—o0
Jim H L (OQr NB™) = H" H(OMENB™), (3.7)
—00
and
Jim H1(0Q), NOB™) = H" L (OME N oB™). (3.8)
—00

Fix any k € N. By the very definition of spherical symmetrization,
H"H(0Q5 NOB™) = H" 1 (0Q, N OB™). (3.9)

Moreover, since spherical symmetrization does not increase the perimeter relative
to B (see, for example, [18]),

H'HOQ5 NB™) < H"H0Qr NB™). (3.10)

Now, let T}, be the spherical segment in B™ such that

T, NOB"™ = 0Q5 N OB™. (3.11)
Obviously,
H" (9T, NB™) < H" 1 (0Q5 NB™). (3.12)
By (3.11),
H" (0T, N OB™) = H"~H(0Qk N OB™), (3.13)
and, by (3.12) and (3.10),
H*HOT, NB™) < H"1(0Qk NB™). (3.14)

Owing to (3.4) and (3.5), the equality holds in (3.6) if E = T}, namely,
H (9T, NB") = S~ (H" (9T}, N IBM))). (3.15)
Inequality (3.6) follows from (3.13)—(3.15) and (3.7) and (3.8). O

Let us now define the function f: (0,7) — [0,00) as

9 T
f) = n1_1</ sin" 2 ndn) (/ sin" 2 ndn) for 9 € (0,7).  (3.16)
sin”" "9\ Jo 9

https://doi.org/10.1017/50308210511000758 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210511000758

1188 A. Cianchi

Note that f(¢) is related to the functional on the right-hand side of (1.4) evaluated
for E = T(¥) by the equality

H 1 (OT(9) N OB™)H™ (OB \ 0T (9)) 5
(0T (9) N B =(n—1)w,—1f(9) ford e (0,m).

(3.17)
In the next lemma, monotonicity properties of f are established in order to deter-
mine the supremum of the left-hand side of (3.17).

LEMMA 3.2. Letn > 2, and let f be the function defined as in (3.16). Then, f(J) =
f(m = 9) for ¥ € (0,7). Moreover, we have the following.

(i) If n =2, then f is strictly decreasing in (0, %7‘(] Hence,
9)= 1 )
sup f(0) = lim f(J)

9€(0,m)
= lim f(9),

YT
and Supye (o, f(9) is not achieved.
(ii) If n =3, then f is constant in (0, 7).
(iii) If n >4, then f is strictly increasing in (0, $7]. Hence,

max_f(d) = f(4m).

9€(0,m)

Proof. (i) If n =2, then
I(r — ) 1
= W for ¥ S (07 §7T]
Thus,
9(V)
fl(’l9) = m fOI' ?9 S (07 %ﬂ'],
where we have set
g(¥) = (m — 209)sin? — I(7 — ¥) cos¥ for ¥ € [0, $7].
Note that g(0) = g(37) = 0, and
g (9) = (—9* +md —2)sind for ¥ € [0, in].
Thus,

¢ <0in[0,3(r— /72 —8)) and ¢ >0in ((7r—/72—38),1in].

: :
Hence, g < 0 in (0, 27), and f is strictly decreasing in (0, 27].

(ii) If n = 3, then

(1 —cos)(1 + cos?)

sin® 9

f(0) =

=1 ford e (0,n).

Hence, f is constant in (0, 7).
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(iii) If n > 4, then
9
() = g forv e, 7],

where we have set

W 9
h(¥) = sin® 19 (/ sin™ 2 ndn — / sin" 2 77d77>
9 0
77 9
—(n—1) cosﬂ(/ sin™ 2 77d77> (/ sin”~? 77d77>
9 0

for ¥ € [0, $7]. Observe that h(0) = h(im) =0, and
W (9) =m(9)sind for ¥ € [0, 7],
where

T 9
m(ﬁ) = _9 Sin2n—4 194,_(11—1)(/19 Sinn72 ndn) </O Sinn72 77d77> for ¥ € [0, %Tr}

Next, note that m(0) = 0, and
m/(¥) = z(9)sin" " ?9  for ¥ € [0, 1]

2(9) = —4(n — 2)sin™ 39 cos
T 9
+(n— 1)(/ sin" 2y dn — / sin" 2 ndn) for ¥ € [0, 37].
9 0

The function z has the following properties:

2(0) = (n — 1)/ sin" "% ndn > 0, z(im) =0,
0
and
2'(9) = 2(n — 3)sin" 1 9((2n — 3)sin® ¥ — 2n +4) for ¥ € [0, 3.
Thus,

o —4 o —4
Z' < 0in (O,W) and 2’ >0 in (m,g)

As a consequence, there exists 91 € (0, \/arcsin(2n — 4)/(2n — 3)) such that

z>01in (0,91) and z<0in (Jy,1m).

Therefore,
m' >0in (0,91) and m' <0in (I, i7);

hence, there exists U2 € (0, 37) such that

m>0in (0,92) and m <O0in (92, 7).
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Note that m necessarily has to be negative in a neighbourhood of %77, since h(0) =
h(3m)(= 0). Consequently,

K >0in (0,92) and h' <0 in (Js, i),

whence i > 0 in (0, 37). Thus, f/ > 0 in (0, 37), hence, f strictly increases in

)
(0, 17]. O
PROPOSITION 3.3. Let n > 2, and let K(B™) be defined as in (1.4), with 2 = B",
namely,
H L OME N OB )H" L (OB™ \ OME)
K®B") = . 3.18
(B") = sup Hr—1(ME N B") (3.18)
Then ( 2
nwy, .
— 23,
KB ={ 4oy, U7 (3.19)
2 ifn=2.

If n > 4, the supremum in (3.18) is attained if E is a half-ball. If n = 3, the supre-
mum in (3.18) is attained if E is any spherical segment. If n = 2, the supremum
in (3.18) is not attained; any sequence of spherical segments of the form T () is
optimizing, provided that the sequence {9y} converges either to 07 or to .

Proof. For every measurable set £ C B", define the spherical segment Tg as
Tp =TW@ ' (H" (OMENOB™))),
where T' and ¥ are defined as in (3.1) and (3.3), respectively. Therefore,
H L OME N OB™)YH" 1 (0B™ \ OME)
H—1(OME NB")
H L OMTE NOB™)H"~1(0B" \ OMTg)
Hr=1(OMTg N B")
= -1 2w, 1 f@ Y (H"H(OME N IB™)))

< (n—1)%w,_1 sup f(V)
¥e(0,m)

= K(B"), (3.20)

N

where f is defined by (3.16). Note that the first inequality holds by proposition 3.1,
and the last equality holds by lemma 3.2. Furthermore, the equality holds in the
first inequality whenever FE is a spherical segment. Thus, the conclusion follows via
lemma 3.2 again. O

Proof of theorem 1.2. An dilation scaling and translation argument shows that the
constant C'(n) in (1.6) is independent of the radius and of the centre of B. The
conclusion is thus a consequence of theorem 1.1 and proposition 3.3. O
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