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ABSTRACT

It is essential for insurance regulation to have a clear picture of the risk mea-
sures that are used. We compare different mathematical interpretations of the
Solvency Capital Requirement (SCR) definition from Solvency II that can be
found in the literature. We introduce a mathematical modeling framework that
enables us to make a mathematically rigorous comparison. The paper shows
similarities, differences, and properties such as convergence of the different SCR
interpretations. Moreover, we generalize the SCR definition to future points in
time based on a generalization of the value at risk. This allows for a sound def-
inition of the Risk Margin. Our study helps to make the Solvency II insurance
regulation more consistent.
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1. INTRODUCTION

Solvency 1II is the new regulatory framework of the European Union for in-
surance and reinsurance companies. It will replace the Solvency I regime and
is set to become effective probably in 2016. One main aspect of Solvency 11
is the calculation of the Solvency Capital Requirement (SCR), which is the
amount of its own funds (i.e. capital) that an insurance company is required
to hold. For the calculation of the market-consistent values of liabilities, Sol-
vency Il suggests using a cost-of-capital method and defines the Risk Mar-
gin (RM). In order to calculate the SCR, each company can choose between
setting up its own internal model and using a provided standard formula.
The calculation standards were defined in the documents of the Committee of
European Insurance and Occupational Pensions Supervisors (CEIOPS), but
they are mainly described only in words. To our knowledge, the only truly
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mathematical definitions for the SCR and the RM currently exist for the stan-
dard formula.

Since Solvency II will have a significant impact on the European insur-
ance industry, a large number of papers have already been published on that
topic. For example, Devolder (2011) studies the capital requirement under dif-
ferent risk measurements; Eling et al. (2007) outline the characteristics of Sol-
vency II; Doff (2008) makes a critical analysis of the Solvency II proposal; Stef-
fen (2008) gives an overview of the project; Filipovi¢ (2009) analyzes the aggre-
gation in the standard formula; Holzmiiller (2009) focuses on the relationship
between the United States’ risk-based capital standards, Solvency 11, and the
Swiss Solvency Test; Sandstrom (2006) shows the path from historical regula-
tion to Solvency II; and Sandstrém (2011) gives a detailed overview over the
Solvency II project. Wiithrich and Merz (2013) discuss general solvency aspects
mathematically rigorously, but do not focus on Solvency II problems. Only a
few papers give a mathematically substantiated definition of the Solvency II
SCR (e.g. Barrieu et al., 2012; Bauer et al., 2012; Devineau and Loisel, 2009;
Kochanski, 2010). All of these papers define the SCR only at time 0. Mohr
(2011) gives a rigorous definition for any point in time, but does not specify
the definition of a conditional value at risk. Ohlsson and Lauzeningks (2009)
also define the SCR for any point in time, but only within a chain ladder frame-
work. Kriele and Wolf (2007) present a fairly general definition for the future
value at risk, assuming that the underlying probability space has some specific
structure. Another problem is that different mathematical definitions are used.
The reason is that the directive of the European Parliament and the Council
(2009) describes the SCR only in words, and from a mathematical point of
view, there is room for interpretation. This paper yields the first mathemati-
cal analysis of similarities and differences of the various interpretations of the
SCR.

The RM is supposed to enable the calculation of the liabilities’ market-
consistent values; however, it is discussed less in the literature. For example,
Floreani (2011) studies conceptual issues relating to the RM in a one-period
model, Kriele and Wolf (2007) consider different approaches for a RM, Mohr
(2011) proposes a framework for the market-consistent valuation of insurance
liabilities using cost of capital and shows that the resulting value is sometimes
smaller than the sum of best estimate and RM, Salzmann and Wiithrich (2010)
analyze the RM in a chain ladder framework, and Wiithrich et al. (2011) use
the probability distortion to define a RM. Generally, the RM is defined by a
cost-of-capital approach and is based on minimal future SCRs. However, no
broad definitions for minimal future SCRs currently exist in the literature, which
subsequently lacks a mathematically correct definition of the RM. This paper
contributes to this problem by introducing a dynamic and minimizing SCR
definition.

The paper is structured as follows. In Section 2 we present different inter-
pretations of the fundamental SCR definition. In order to end up with mathe-
matically well-defined SCR definitions, in Section 3 we discuss necessary and
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sufficient assumptions and restrictions. All following sections base on these
specifications. Section 4 transfers the SCR definitions to any point in time. Sec-
tion 5 compares the different definitions. In Sections 6 and 7, we study conver-
gence and invariance properties of the SCR definitions. With the help of the
generalized SCR definitions of Section 4, we present a sound definition of the
RM in Section 8. Section 9 gives an overview of the main findings.

2. THE REGULATORY FRAMEWORK

In this section we discuss the fundamental definition of the SCR, taking into
account regulatory requirements. In the directive of the European Parliament
and the Council (2009), which is the binding framework for Solvency 11, we find
the following two definitions of the SCR:

e Article 101 of the directive requires that the SCR “shall correspond to the
value at risk of the basic own funds of an insurance or reinsurance undertak-
ing subject to a confidence level of 99.5% over a one-year period.”

e At the beginning of the directive, an enumeration of recitals is given that has
been attached to the directive. Recital 64 of the directive (European Parlia-
ment and the Council, 2009, page 24) says that “the Solvency Capital Re-
quirement should be determined as the economic capital to be held by insur-
ance... undertakings in order to ensure... that those undertakings will still be
in a position with a probability of at least 99.5%, to meet their obligations to
policy holders and beneficiaries over the following 12 months.”

However, from a mathematical point of view, there is room for interpretation,
and we have to clarify the fundamental definition of the SCR. First we introduce
some notation.

Definition 2.1 (assets and liabilities). Let (<2, 7, P) be a probability space with
filtration (F;)/>0 and let Fy = {0, Q}. We assume that (K])sen,, (H])ren,»
(L¢)ieny> (Zi)ien are adapted real-valued stochastic processes (1 < i < m).

1. Let K! > 0 be the capital accumulation function that gives the market
value of investment 7 at time 7 (1 < i < m) and let K, = (K], ..., K'™).

2. Let H' be the units of asset K! that the insurer holds at time ¢ € Ny (1 <
i <m)andlet H = (H', ..., H").

3. We define 4, := H, - K, := ) -, H K! as the market value of the assets
that an insurer holds at time ¢. For technical reasons, we generally assume
that 4, = 0 implies H, = (0, ..., 0) which is needed in (2.4).

4. If 4, € R\ {0}, we define 0/ := % as the proportion that the market
value of investment i has on the total market value of the asset portfolio. We
call (6,), := (9,1, ..., /"), the asset strategy of the insurer.

5. Let L, be the time ¢t market-consistent value of liabilities of the insurer,
which is also called technical provisions in Solvency II.

6. Let N, = A, — L, be the net value of assets minus liabilities at time ¢. In

the literature, it is also denoted as available capital. For simplification, we
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assume that the basic own funds and the eligible own funds are equal and
correspond to the net value.

7. Let Z, be the sum of all payments that the insurer makes or receives on the
interval (¢ —1, ] in time # money, including any premiums, costs, and benefits
from new and old business as well as payments to and from the shareholder.
Payments from the insurance company have a negative and payments to the
company a positive sign.

The framework focuses on the assets, while we do not specify here how the
market-consistent value of liabilities are calculated. For the following investi-
gation, it does not matter if the market-consistent value is derived from a RM
approach, a risk-neutral martingale measure, some real-world risk measure, or
any other approach. We discuss the RM approach which is in line with the Sol-
vency II framework in Section 8. For a general discussion of the valuation of
insurance liabilities, we refer to Wiithrich ez al. (2010).

The discount factor v(z, ¢ 4+ 1) for the time period (¢, ¢ + 1] of any investment
‘H, with corresponding strategy 6, is defined as

-1
v(tt—l—l)—H K,+1 (Z ’“) . 2.1)

We define % =1 and % = o0. Furthermore, we define VaR,(Y) := inf{y e R :
P(Y < y) > a} for a € (0, 1). The following definitions are possible interpreta-
tions of the SCR definition in the Solvency II framework.

(a) One possible interpretation of Article 101 is
SCR() = VaR().ggs(No — U(O, I)Nl) (22)

for a positive random variable v(0, 1), not necessarily of the form (2.1). The
proper choice of the discount factor v(0, 1) is unclear. Article 101 does not
give a definite answer.

(al) Let 6 be an asset strategy that correspond to a numeraire such
that the appendant discount factor v"“"(¢, ¢t 4+ 1) has a represen-
tation of the form (2.1). Thus, a possible specification of defini-
tion (2.2) is

SCR;"™ := VaRg.995(Ng — v""(0, 1) V) . (2.3)

Note that the discount factor v"*"(z, t + 1) is usually random and
that Artzner et al. (2009) prefer the use of the term eligible asset
instead of numeraire. They also discuss a framework with several
eligible assets. Such a SCR definition can be found, for example,
in Ohlsson and Lauzeningks (2009), Floreani (2011), Mohr (2011),
and Bauer et al. (2012). They all specify the numeraire to be the
discount factor corresponding to a riskless interest rate. Such a rate
can be theoretically derived from a model, or it can simply be de-
fined as the returns on government bonds or real bank accounts.
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Only Devineau and Loisel (2009) use such a definition without fur-
ther restricting the choice of the numeraire.

(a2) Let v (¢, t+ 1) be a discount factor that relates to the real capital
gains that the insurance company from Definition 2.1 actually earns
on its assets in the time period (¢, ¢ + 1], which is defined with the
strategy 6; and (2.1). The following representations are equivalent

‘ H, - K A
vl 1) = ——L = d . (2.4)
H - Ky A — Ziga

For 4, = 0 we have by Definition 2.1 H, = 0 and consequently
H, - K, = 0, recall that % = 1 and % = 00. Thus, another possible
specification of definition (2.2) is

SCRy“" := VaRg905(No — v/ (0, 1) V). 2.5)

We are not aware of such a definition in the literature, although it
has advantageous properties, as we will see later on.
(b) Assuming the existence of a martingale measure Q that allows for a risk-
neutral valuation of assets and liabilities, some authors (e.g. Kochanski,
2010; Barrieu et al., 2012) define the SCR according to Article 101 as

SCRE := VaRg.95 (Eq (v (0, ) N7) — v™™"(0, DN;).  (2.6)

If ™™ (0, ) N; 1s a Q-martingale, we obtain Ny = Eq(v"*"(0, 1) V), and
SCR™ and SCRE are equal.

For the calculation of the subsequent SCR definitions, we have to minimize the
value of the asset portfolio. Because upsizing and downsizing of the asset port-
folio can be disproportional to the existing portfolio, we have to extend our
modeling framework.

Definition 2.2 (upsizing and downsizing of assets).

1. The new net value at time ¢ is defined by ]V, = A + Z, — L, where 171[
is one potential shift of the assets at time 7. We assume that 4, and L, are
invariant with respect to the hypothetical capital inflow/outflow 4,,1.e. when
A, changes, 4, and L, do not change.

2. We assume that an upsizing or downsizing of the asset portfolio at time
t € Ny follows an adapted management strategy function /, that gives
for every shift A4, the corresponding units of the investments, i.e. /1,(4,)
is F;-measurable and h,(4,) - K, = A, for all possible market value
shifts 4,. ~ ~

3. We also use the notation H, = /,(4;) to describe possible shift of the units
of assets at time 7 € Ny with corresponding investment strategy 6,. Note that
H, and 6, change when 4, changes. Again, we assume that 4, = 0 implies

=(0,...,0),1e hi(0) =0.
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The intuition behind the assumption that 4, and L, are invariant with re-
spect to A, is that the asset shift is only meant to adapt the solvency
level of the insurance company but shall not interact with its business
plan.

(¢) A mathematical interpretation of Recital 64 of the directive leads to

SCRy := inf { Ny + 4y : P(N{* > 0) > 0.995},
o

where N1A° is the net value at time one under the hypothetical assumption
that the asset value at time zero was shifted by 4y. Actually, the net value
should be positive in the whole time interval [0, 1]. Since no insurance com-
pany is able to provide this information, we reduce our investigation to a
yearly time grid. Bauer ef al. (2012) state that this is the intuitive definition
of the SCR, while SCR{"" is an approximation of it.

For the minimization of Ny + 20, there are two possibilities: The assets can
be reduced or increased by a given strategy, or we even minimize with respect
to all reducing strategies. Consequently, we split up definition (c) into (c1)
and (c2).

(cl) Let Ay be a given management strategy as in Definition 2.2. Then one

interpretation of Recital 64 is

SCR} :=inf | No + Ao : P(Ny + ho(Ap) - Ky = 0) > 0.995}, (2.7)
Ao

where we assume that the infimum exists.
(c2) By minimizing over all possible strategies /¢ in the first interpretation,
we get another interpretation of Recital 64

SCRY = 1nf SCR!

~ (2.8)
= igf{No + 110 - Ky : P(N1 + Hy- K| > 0) > 0.995},
Hy

where we assume that the infimum exists. The second equahty holds,
since for every Hy thereis a 1y with ho(Ho Ky = Ho and since for every
hy and Ao there is a Ho with Ho = ho(Ao) Note that by Definition 2.2
we have that Ao = 0 implies Ho = 0 which corresponds to /4¢(0) =
0. The existence problem of the infimum is discussed in Artzner et al.
(2009) for finite 2. Their condition for existence is that no acceptability
arbitrage exists. Here we also allow for infinite €2, and some sufficient
conditions for the existence of the infimum will be given in the next
section.
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FIGURE 1: Development of the assets.

The different interpretations of the SCR lead us to the following questions:

(1) Are the aforementioned interpretations of Article 101 and Recital 64 con-
sistent? If not, which additional assumptions do we need to make them con-
sistent?

(2) Are (some of) the different definitions equivalent? If not, can we find addi-
tional conditions that make (some of) them equivalent?

(3) Ifthe different definitions cannot be harmonized, are there other arguments
that support or disqualify some versions?

So far, we have only discussed the definition of a present SCR that gives the
solvency requirement for today. However, for the calculation of the RM, which
will be discussed in more detail in Section 8, we also have to define future SCRs
that describe solvency requirements at future points in time.

(4) How can we mathematically define an SCR; that describes the solvency re-
quirement at a future time s > 0?

In the Solvency II standard formula, the one-year perspective is replaced by
shocks that happen instantaneously. Consequently, there is no discount factor,
and so the standard formula does not answer the questions.

The following example illustrates the SCR definitions. The example is kept
very simple in order to make the differences between the definitions more clear.

Example 2.3 (SCR of a riskless insurer). We consider a time horizon of one
year and a financial market with two assets, a riskless bond K'! and a stock K2,
which both have a price of K} = K; = 100 at time 0. Two scenarios =
{w1, wp} may occur; see Figure 1. Both scenarios shall have the same probabil-
ity, P({w1}) = P({ws}) = 0.5. We consider a simplified insurance company that
is closed to new business and which has an asset portfolio with no bonds and
two stocks, Hy = (H}, 1—102) = (0, 2). The insurance portfolio consists of just
one unit-linked life-insurance with a sum insured of Kl2 at time 1. As no assets
are traded during the year, we obtain Ny = 100 and N, = K7. In the following,
we calculate the SCR according to the different definitions.

(al) We choose the riskless bond as the numeraire, which leads to a riskless
discount factor of v™"(0, 1) = 1.05~'. By definition (2.3), we obtain

100

SCR{"™ = VaR 905 (100 — 1.057'K7) = 2
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FIGURE 2: SCR! calculated for different choices of 7.

(a2) Since v"¢(0, 1) = M , the SCR according to definition (2.5) is

100
SCRf“! = VaR05(100 - FK%) =0.
1

(b) Since we can show that Q({w;}) = P({w;}) = 0.5fori = 1,2, we
have Eq (v (0, 1) N1) = 100 = Ny, and consequently SCROQ is equal to
SCRy"™. _

(cl) Definition (2.7) requires minimization of the additional assets 4, by a
strategy /10. We assume that /1o is a nonnegative linear function, i.e. there
are 4, 92 e [0, 1] with 91 + 92 = 1 and ho(A4y) = (AOG 1K}, A002/K2)T
Thus, we get

- - ~K1 ~2K2
M+ ho(Ao) - Ky = M+ Ao | 0 — + 05— | -
KO KO

By minimizing 20 under the condition P(N; + ho(Zo) - Ky > 0) > 0.995,
we get

SCR{ = 100 + max {—120(1.05 + 0.156)~"; —=90(1.05 — 0.156) "} ,

which is visualized in Figure 2. We observe that the SCR highly depends
on the choice of the reduction strategy. Since stocks are the only assets of
the company, it seems to be a proper choice to reduce the assets by selling
stocks. This would lead to an SCR of 0.
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(c2) We use the right-hand side of (2.8) to calculate SCRf)"f i Straightfor-
ward calculations show that the condition P(N, + Hy - K1 > 0) > 0.995 is

fulfilled if and only if
90 ~ ~
1 —m(1+1-102), Hy > -1
0 = .
120 ~ ~
T (1+Hy), H=<-1

The infimum of Ny + FIo - Kp is in both cases 0 with the strategy flo =
(0, —1). Consequently, we obtain S CRf)”f =0.

The numerical example shows that the different SCR definitions are not gen-
erally equivalent. Then which SCR is adequate here, zero or greater than zero?
Let us recall the fundamental intention of the Solvency II project. According to
Recital 16 (European Parliament and the Council, 2009, page 8) “the main ob-
jective of insurance and reinsurance regulation and supervision is the adequate
protection of policy holders and beneficiaries.” Consequently, if the company
holds one stock, it has a perfect hedge for the liabilities, and the policy holder
is sufficiently protected. Hence, it seems reasonable to set SCRy equal to zero.
However, from a shareholder’s perspective it is not necessarily optimal to per-
fectly hedge the liabilities (see Wiithrich and Merz, 2013). The SCR definitions
that are most frequently used in the literature, namely SCR;*" and S CRé2 , both
lead to an SCR larger than zero.

To keep the example as simple as possible, we used a binomial model for the
development of the stock. However, we can construct similar examples for many
kinds of stock models. For the calculation of SCRy the stock price at time 1
is irrelevant, and for reasonable stock developments SCRg is still equal to zero
for 67 = 1 and positive for 67 # 1.

3. DISCUSSION OF RECITAL 64

Analogously to (2.1) and (2.4), we define the discount factor for one possible
additional asset portfolio A4, as

~

H-K  h(4)-K 4

Vit t+ 1) = = =2 = -,
H K h(A) Ky A

3.1)

where ;1,+1 is the time ¢ + 1 value of Zt. In general, the return of the additional
assets can depend on the amount of additional assets. In order to simplify the
mathematical structure in (2.7), we assume that the discount factor v (¢, t + 1)
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is invariant with respect to 4;, i.e.

A a
h t
Vit t+ 1) = —= = , foralla e R.
hi(A) - Kiq hi(a) - K1

This assumption does not fully agree with insurance practice, but it will often
be an acceptable approximation.

Proposition 3.1. Suppose that all investment portfolios with value zero (almost
surely) at time 1 necessarily have value zero at time 0. Then the discount factor
v"(0, 1) is invariant with respect to Ao for all posszble capital markets (K,), if

and only if hg is a linear function, i.e. ho(Ao) = Ao By for a constant vector By.

Proof. Let v (0, 1) be invariant with respect to Ay. For any Ay we get that

~

~$ =v"(0,1) = ———, almost surely,
ho(Ao) - Ky ho(1) - K4

which is equivalent to (NZoho(l) - hogvzo)) - K; = 0 almost surely. By assump-
tion this implies that (Apho(1) — ho(Ap)) - Ky = 0. Note that the denominator
ho(1) - Ky is never zero: ho(1) - K1 = 0 implies /(1) - Ky = 0 which leads to the
contradiction 1 = Ay(1) - Ky = 0 because of Definition 2.2. As the set of all pos-
sible capital markets K at time 0 includes a basis of R, we necessarily conclude
that tho(l) - ho(Ao) = 0. Hence, / is linear and we can define By := ho(1).
The other way round it is obvious that /1 linear implies that v(0, 1) is invariant
with respect to Ay. [ |

If there existed an investment portfolio with value zero at time 1 but with a value
unequal to zero at time 0, there exists arbitrage in the market.

Because of this proposition, in the following we always let 4y be a linear
function. Analogously, we say that also the /,, 1 € N, shall be linear, which
implies that v" (¢, t + 1) is invariant with respect to At for each r € N. As v"*"
corresponds to a linear management strategy, all Solvency II SCR definitions
that we found in the literature implicitly assume linear management strategies.
In practice, management strategies for the excess assets may be non-linear, and
linearity can be seen as a first-order approximation of non-linear management
decisions.

Proposition 3.2. Suppose that hy(Ay) = Ay By, where we find both positive and
negative signs in the components of By. Furthermore, we assume that there exists
ameasurable set M C Q2 with0.005 < P(M) < 0.995. Then there are Hy, (L) en,,
(Z)1en, and (K;)en, such that

inf { Np + Ao : P(N + ho(4y) - Ky > 0) > 0.995} = inf ¢
Ao

while VaR.995(No — v(0, 1) Ny) is a finite real number for any real random variable
v(0, 1).
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Proof. We choose (K;):cy, in such a way that we have M = {w € Q :
vh 0, D(w) < 0}. Let M:= Q \ M. We define Hy, (L;)ieny> (Z1)sen, and (K))en,
such that Ny = 0 and

M.

0. o
1 _

v1(0, 1)

N =

Then the inequality N1+h(A0) Ki > 0holds on Mand ‘Mifand only if AO < -1
and 4y > 1, respectively. Consequently, {No + A - P(N + ho(Ay) - Ky >
O) > 0.995} = (. On the other hand, for any real random variable v(0, 1), all
a-quantiles, « € (0, 1), of the random variable Ny — v(0, 1) N} exist and are
finite. [ |

The proposition shows that — under the assumptions that we made so far —
it can happen that the SCR according to Article 101 of the Solvency II directive
exists while the SCR according to Recital 64 of the Solvency II directive does
not. In the proof we construct such inconsistencies by letting v (0, 1) be nega-
tive on the set M. In order to avoid such inconsistencies we make the following
assumption.

Assumption 3.3 (linearity and nonnegatmty of h;). We assume that the manage-
ment strategy function /%, is linear, i.e. & (A,) = A, B;, and that the F;-
measurable random vector B, takes only values in [0, c0)™ \ {0}.

Assumption 3.3 excludes acceptability arbitrage in the sense of Artzner et al.
(2009), but only for the shifting portfolio H;. The total portfolio H; + H; may
have short-long positions. From Definition 2.2 and Assumption 3.3 we get that
1=hq0)-K, =B, -K,.

Remark 3.4 (nonnegativity of the asset strategy vector B;). The assumption
that B, takes only values in [0, 00)™ \ {0} is sufficient to ensure that v" (¢, t + 1) is
strictly positive. In some sense this assumption is also necessary: If' B, equals the
zero vector with positive probability, then the assumption /,(4;) - K; = A; 18 vi-
olated. If B, has negative entries with positive probability, then we can construct
a financial market (K;), for which B, - K, is negative with positive probability.
Thus, in order to ensure v" (¢, 4+ 1) = (B, - K,41)~' > 0 for all kinds of financial
market models (K;);, the random vector B, must almost surely take values in
[0, 00)™ \ {0}. This positivity property will play a crucial role later on. It implies
that a decrease (an increase) of 4; by 4, <0 (A, > () at time 7 cannot result in
an increase (a decrease) of the asset value one year later, i.e. we always have

A + Zr <4 = A+ Zz+1 < A1,
A+ A4 >4 = Ay + Zt+1 > Ay
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Capital that is added at time 7 in order to increase the solvency level lets the
insurer always be financially better off after one year and never the other way
round.

The denominator h(Z,) - K41 of the discount factor v (¢, t + 1) defined in (3.1)
can get zero, but B, - K, is always positive since all entries of K, are positive,
all entries of B; are nonnegative, and B; is not the zero vector. Therefore in the
following we always use the definition

h
Vit t+1) = = . 32
Bt : Kt+l Bt : Kt+l ( )

Under the condition of Assumption 3.3 definitions (2.7) and (2.8) change. Un-
less stated otherwise, from now on we assume that the management strategy in

SCR’S (cf. (2.7)) fulfills Assumption 3.3 and that SCRE)"f is defined as follows

SCR™ = inf inf {No + Ao : P(M; + Ao By - Ki > 0) > 0.995}.

By€[0,00)"\{0}, Bo-Ko=1 74,
(3.3)
These changes in the definitions of SCRg and SCRB’U cannot be found in
Recital 64, but we make them for two reasons. First, we showed in Propo-
sition 3.2 that without Assumption 3.3 it is possible to construct examples
where the SCR is equal to the infimum of the empty set, which is not a sound
definition for the SCR. Second, one key aspect of this paper is the question
whether Article 101 and Recital 64 are consistent. When Assumption 3.3 does
not hold we know from Proposition 3.2 that Article 101 and Recital 64 cannot
be consistent in general. Consequently, we restrict the further investigation to
Assumption 3.3.
Note that Assumption 3.3 also implies that (3.3) is finite. Suppose we had
a sequence of Ay that goes to —oo and satisfies the infimum condition in (3.3).
Applying limit theorems we obtain that P(— By - K; > 0) > 0.995 for some
By € [0, 00)" \ {0} with By - Ky = 1, which is a contradiction to the fact that
By - K] is always positive.

Theorem 3.5. Under Assumption 3.3 we have
SCR} = VaRg s (Np — v"(0, V). (3.4)

Furthermore, there exists a linear management strategy hf)"f and a correspond-

ing discount factor v’/ (0, 1) such that S CRg"f . defined according to (3.3) has the
representation

SCRY” = inf {No+ o : PNy + 4 (o) - Ki = 0) = 0.995)
0

(3.5)
= VaR995(No — v/ (0, DN).
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Proof. From (3.1) we get 4,41 = v (s, s + 1)~! 4;, which leads to
Nopi = Nt + "G5 + D71 Ay = Nt + 06,5 + D71 = N,
and since v” (s, s 4+ 1) is always positive, we obtain
(Nt 2 0) = "G5y s + D Ny 2 0) = (N = "G5, + D Ny = N} (3.6)

for all s € Ny. As N is deterministic, the left-hand side of (3.4) is well defined
and equals the right-hand side of (3.4) because

P(M = 0) = P(N, —v"(0, ) N < Np).

By the definition of SCRgnf given in (3.3), there exists a series (a*, bX)en, a* € R,
bk € [0, 00)™\{0}, with b*- Ky = 1, P(N;+a"* b*- K| > 0) > 0.995, and No+a* —
SCRE)"f. As{b €[0,00)" : b- Ky = 1}isacompact subset of R”, we may assume
that b* converges to some b € [0, 00)” with b> - Ky = 1. Furthermore, N +
a® b*. K converges stochastically to the random variable N +(S CR’O"f — Ny)b*>-
K;. For any sequence (Xj), of random variables that stochastically converges
to a limit X, the distribution functions satisfy Fy(t—) < liminfy Fy, (z—) for
all t € R (compare Milbrodt, 2010, pages 270-271). Therefore we can conclude
that

P(N, + (SCRYY — Np)b*™ - Ky = 0) = limsup P(N; +a*b* - K; > 0) > 0.995.
k

Hence, by defining hionf(x) = xb*, in the first line in (3.5) the right hand side is
not greater than the left hand side. On the other hand, the right hand side can-
not be truly smaller than the left hand side since »* is one of the management
strategies in the first infimum in (3.3). The second equality in (3.5) follows from
(3.4). [

The theorem allows us to substitute definition (2.7) with (3.4). This is especially
useful when Monte-Carlo simulations are used. For calculating (2.7) a starting
level Ny + Ay is needed before N, +ho(Ay) - K; can be simulated, and the simula-
tion only approximates the ruin probability for this starting level. Consequently,
we need methods such as nested intervals, and the simulation has to be run over
and over again until the desired ruin probability is reached. In contrast, (3.4)
can be calculated with one run of simulations. One might think that similarly
the value at risk representation on the right hand side of (3.5) can serve as a
substitute for definition (2.8). However, Theorem 3.5 yields only an existence
result but not a construction principle for v/

Corollary 3.6. Under Assumption 3.3 S CRgnf has the representation

SCR)” = inf  VaRggos(No — v"(0, 1) Ny), (3.7)
bo€[0,00)™\{0}

b . by Ky
where v”(0, 1) := =X
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Proof. Using (3.3) and (3.4), SCRB"f “has the representation

SCR} = inf VaR g95(No — (0, 1) N})
By€[0,00)"\{0}, By- Ko=1
= inf  VaRggos(No —v"(0, 1) M),
bo€[0,00)"\{0}
where the second equality follows from the fact that for all by € [0, c0)™ \ {0}
we can define a corresponding By = bf_’(}(o that satisfies Assumption 3.3 and for
which Uh(o’ D= By Ko __ bo- Ko m

By-Ki T b Ki®

4. THE SCR FOR AN ARBITRARY POINT IN TIME

We now generalize all our SCR definitions to future points in time with the help
of a dynamic value at risk definition. The following proposition helps to define
such a dynamic value at risk. The proof can be found in the appendix. A dynamic
value at risk definition is also given in Kriele and Wolf (2012) that is based on a
sophisticated construction of the probability space. Our construction includes
the model of Kriele and Wolf (2012), but requires less effort.

Proposition 4.1. Let (2, F, P) be a probability space with random variables
Xog: (Q2,F) = (Q, F)and Y : (2, F) - (R, B[R)), Ye), where (', F))
is some measurable space and Y is some countable set of real-valued random vari-
ables. Then the function qyq : Q' — R defined by

gra(x) :=1inf{y e R: P(Y < y[Xjo) = X) = &}
and the function qgf’ Z (x) : @ — R defined by

gyl () = inf{Y € Y : gya(x))
are F,-B(R)-measurable.

Definition 4.2 (dynamic value at risk). Suppose that the assumptions of Propo-
sition 4.1 hold, and let Xj ) be a generator of the filtration from Definition 2.1;
ie. Fy = 0 (X). For @ € (0, 1) and a random variable Y we define

VaR, (Y|F) = qvo(Xo,5) »
and for a countable set ) of random variables we define
infyey VaRy (Y] 7) = g3 (Xjo.q) -

With the help of Definition 4.2, we can generalize SC R definitions (2.2), (2.3),
(2.9), (2.6), (3.4), and (3.7) to future points in time by replacing the values at
risk by dynamic values at risk.
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Definition 4.3 (present and future SCR). Given that Assumption 3.3 holds, the
SCR at time s € Nj is defined as
(@) SCRy := VaRgg95(N; — v*(s, s + 1) Nyy11Fy), x € {num, real, h},
(b) SCR? := VaRgg95(Eq(v"" (s, s+ 1) N1 F) —v"™" (s, s+1) Ney1)|F),
(c) SCR™ := inf, 0,00y 0y VaRo.99s(Ny — v0 (s, 5 + 1) Nyy1|Fy),

by K,

where Q is a martingale measure and v”(s, s + 1) 1= kT

The definition of S CRi,”f is motivated by (3.7). The following proposition shows
that the uncountable set [0, 00)™ \ {0} may be reduced to the countable set
[0, c0)™ N Q™ \ {0} such that SCR;"f is a well-defined F-measurable random
variable according to Definition 4.2. Measurability ensures that SCR™ has a
probability distribution and will be crucial in Definition 8.4.

Proposition 4.4. Under Assumption 3.3, we have

SCR™ = inf VaR 995(N; — v0(s, s + 1) Nyp1|F). 4.1
. bse[o,og)rr}lm@m\w} aRp.995(Ny — v7(s, 8 + 1) Nyy1|Fs) 4.1)

Proof. Given that Xy, = x, K almost surely equals a deterministic vector
K} € (0, 00)" and N; almost surely equals a real variable N € R. Using (3.6)
and the fact that v’(s, s + 1) is invariant with respect to any positive scaling of
by, we get

SCR!(x) = inf  VaRggos(Ny — v"(s, s + 1) Nes1] X0, = X)
bs€[0,00)"™\{0}

= inf inf{N+aeR:
bs€[0,00)"\{0}

PN —v’(s,5 + 1) Nyp1 < N + a| Xjo.q = X) > 0.995)
= inf inf{NSx—l—ae]R:

bs€[0,00)"\{0}
bs : Ks+l
bs - K}
=inf{NS+ b, - K} : b, € [0, 00)" U (—o00, 0]",

P(Nyy1 + b5 - Ko = 0] Xjo.s = x) = 0.995}.

P(Ns+1 +a > O‘X[Q,S] = x) > 0.995}

The last inequality is true since the vector

a
b = b
N by - KY ’

4.2)

meets the quantile condition in the last line and satisfies b} - K = a whenever
the pair (a, by) satisfies the quantile condition in the second to last line, and
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since the pair

a:=b,-K},
b, :1a>0 (4.3)
by = b, 1a<0
1,..,1):a=0

meets the quantile condition in the second to last line whenever b satisfies the
quantile condition in the last line. Since ¢ - K;y; > 0 for all ¢ € [0, o0)™, the
inequality

P(Nys1 + (B, +©) - Kyt = 0 Xjp,g = %) = 0.995 (4.4)

is true for all nonnegative vectors ¢. Thus, the infimum set of the latter infimum
contains a sequence of rationale vectors that converges to ;. Hence, the above
infimum does not change if we replace the infimum set b, € [0, co)” U (—oo, 0]"
by the dense subset b} € ([0, 0c0)” U (—o0, 0]") N Q™. We now use (4.2) and (4.3)
again in order to get back to the double infimum representation. The trans-
formations (4.2) and (4.3) do not necessarily lead to rationale quantities, but,
analogously to the arguments in (4.4), we always find rationale sequences that
meet the corresponding quantile conditions and converge to the transforma-
tions (4.2) and (4.3). Hence, we obtain

SCR" (x)
= inf{N* + b/ - KX : b/ € ([0, 00)" U (—00, 0]") N Q",
P(Nyy1 + b5 - Ko = 0] Xjo.q) = x) = 0.995)

= inf inf{N*4+a:aeQ,
b,€[0,00)"NQ™\ {0} A Q

P(N; =" (s, 5+ 1) Nyt < N + al X = X) = 0.995)

= nf - VaRoos(Ny —v” (5,5 + 1) Nopi| Xjp.5) = %)
b: 6[0, OO)WQQW\{O}

Interestingly, in Example 2.3 SCR/"" and SCRE are equal. The following
remark clarifies their relation.

Remark 4.5 (relation between SCR;“™ and SCR,Q). Suppose that v"*"(0, 1) K,
is a Q-martingale. We have N, = Eq("" (¢, t + 1) N.y1|F;) for all times ¢ if
and only if

L, = EQ( Z _vnum(l, $)Z,

s>t

]-",) 4.5)
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for all times ¢z. This can be proven by using the martingale property of
V™0, 1)K, to show that Eq(v™" (¢, t + 1) (t, 1 + 1))7'|F) = 1 for all
t € Ny. Because of equation (2.4), N, = Eq (™" (¢, t + 1) Ni41|F,) is equivalent
to L, = Eq("™"(t, t+1) (Li+1 — Zi11)|F;). Using the latter equation iteratively,
we arrive at (4.5) and vice versa.

So if Qis a martingale measure that allows for a risk-neutral valuation of assets
and liabilities, then (4.5) is satisfied and, in turn, SCR{"" and S CRSQ are equal.

Therefore, in the following we do not consider SCR? anymore.

5. COMPARISON OF THE DIFFERENT SCR DEFINITIONS

In a next step we want to learn if and when the different SCR definitions are
equivalent.

Proposition 5.1. Under Assumption 3.3 we almost surely have
SCR™ < SCR", seN,.

Let H™™ be a portfolio that replicates the numeraire between times s and s + 1
and H; the actual portfolio of the company according to Definition 2.1. If the F-
measurable random vectors Hy; and H*™ almost surely assume values in [0, 00)™ U
(—o00, 01" and are non-zero, then we also have

SCR" < SCR*, SCR™ < SCR™™,  seN,

almost surely.

Proof. By setting /,(x) := '—"H and hg(x) me X e HIM™, we get
SCR" = SCR*’ and SCR" = SC i , respectively. The condition that H; and
H””’” almost surely assume values i 1n [0, 00)™ U (—00, 0]" ensures that /;(x) ful-
fills Assumption 3.3. Hence, we just have to prove that SCR™ < SCR" almost
surely. The latter inequality follows directly from the definition of SCR”’f be-

cause under the condition Xjo s = x the management strategy vector By equals
almost surely a deterministic vector b; € [0, c0)™ \ {0}. ]

The proposition shows that under the proposed conditions SCRi.”f is a lower
bound of the other definitions. This explains the superscript in the notation
SCR™ , which stands for infimum.

Theorem 5.2. Let H, be an arbitrary but fixed non-zero asset portfolio with values
in[0, 0c0)"U(—o00, 01" and with corresponding discount factorv(s, s+1) according
to definition (2.1).

(1) Under Assumption 3.3 we have VaR . g995(Ny—v(s, s+1) Nyyq |.7-"S) =S CRf
for all insurance companies (H;);, (L;):, (Z);, and all probability measures
equivalent to P if and only if v(s, s + 1) = v" (s, s + 1) almost surely.
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(i) Given that the asset strategy of the insurer 05 from Definition 2.1 and
the asset strategy of a possible shift 6, from Definition 2.2 exist, we have
v’eal(i, s+ 1) = v'(s,s + 1) for all financial markets (K;), if and only if
0, = 05 almost surely.

(ii)) Given that the asset strategy that correspond to a numeraire 67" de-
fined before (2.3) and the asset strategy of a possible shift 0, exist, we have

v (s, s + 1) = v'(s, s + 1) for all financial markets (K,), if and only if
O™ = 6y almost surely.

Proof. (i) Ifv(s,s + 1) = v"(s, s + 1) almost surely, then VaRg.g95(N, —
v(s, s+1) Nyyp |.7-"s) is almost surely equal to the definition of S CRf. Suppose
now thatv(s, s+1) # v (s, s+1). Without loss of generality let {v(s, s+1) <
v/ (s, s + 1)} be a non-zero set (a set of positive measure). Then there must
be an & > 0 such that {v(s, s +1)/v" (s, s+ 1) < 1 — ¢} is also a non-zero set,
otherwise we could write {v(s, s + 1) < v"(s, s + 1)} as a countable union
of zero sets. Thus we can find a probability measure P* equivalent to P for
which P*(0(s, s+ 1)/v" (s, s +1) < 1 —¢|F,) > 0.995 almost surely for some
& > 0. We further define (H,);, (L;);, and (Z;); in such a way that N, = 0
and

1

Nypj= o
st vi(s, s + 1)

lﬂ(s,s+l)/v" (s,5+D)<l—eg-

Then we obtain SCRi.’ > 1 (calculated on the basis of P*), since P*(N, —
V(s s4+1) Noyp = 1|1F) > 0.995 > 0.005, and SCR; < 1 —¢ (calculated on
the basis of P*) since P*(N; — v(s, s + 1) Nv+l < 1 —¢€|Fy) > 0.995. Hence,
VaRog95(Ny — (s, s + 1) Nyy1|Fy) # SCR (calculated on the basis of P*).

(i) If6, = 6, almost surely, then we also have by Q.1 v (s, s+1) = v (s, s+
1) almost surely. On the other hand, suppose now that there exists an iy €
{1, ..., m} for which P(9" # 5;0) > 0. By defining K" () := 1 + 1[510.5,00) (?)
and K/ (w) := 1 for all j # iy and ¢t € R*, from (2.1) we get

1 1
— vh(s,s—i—l): —

real
Vs, s+ 1) =
146 146

since the sum of the 6! equals 1 by definition. Thus, we obtain P(v el (s, s +
1) = (s, s+1))—P(910—9’0) < 1.

(iii) The proof is analogous to the proof of part (ii). From /%" = 6, almost
surely we can conclude that v (s, s + 1) = v"(s, s + 1) almost surely. On
the other hand, if there exists a component iy € {1, ..., m} where the vectors
0" and 6, differ with positive probability, then we can construct a financial
market (Ky); with P (s, s + 1) = v (s, s + 1)) < 1.

|

In particular, Theorem 5.2 shows that the SCR definitions SCR’;,“’] , SCR"™,
and S CR? are equivalent for all insurance companies and market situations if
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FIGURE 3: Relationship between the SCR definitions under Assumption 3.3.

and only if the corresponding investment strategies for the excess capital are
equal.

Remark 5.3. SCR? can change considerably depending on the choice of
v" (s, s 4+ 1). While in all other definitions the discount factor is largely deter-
mined by pre-existing circumstances, the discount factor v (s, s + 1) is mainly a
management decision that the insurer has to make by appointing a management
strategy function 4. A more detailed discussion of management strategies can
be found in Wiithrich and Merz (2013). In case H; is nearly proportional to H,
then v (s, s + 1) is well approximated by v (s, s + 1).

The relationship among the different SCR definitions is summarized in Figure 3.

6. CONVERGENCE OF SCR DEFINITIONS

For the next result we need the following setting: An insurer has a net value of
y@ := N, and calculates the SCR

yU 1= SCR; = VaR995(N; — v(s, s + 1) Ny 1|Fy)

where v(s, s + 1) is any arbitrary discount factor. In contrast to the previous
sections, the discount factor v(s, s + 1) is not necessarily of the form (2.1) but
just some positive random variable. In a next step, the company reduces the
asset portfolio with the linear management function /4 as in Assumption 3.3 by
A; := y® — N, such that the new net value is Ny = N, + 4, = y(l) According
to (3 1), we have A, = v (s, s+ 1)~ 4;, and thus we get Ny;; = Nyyy + (D —

N)v" (s, s + 1)~ With y® we denote the SCR that corresponds to the altered
net value. As y® is not necessarily equal to yV, the asset portfolio is again
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re-organized such that N; = N, + 4, = y@. By repeating this procedure n-
times, we obtain

3™ =VaRgg9s(3" D —v(s, s + 1) (Nys1 + "D = Npvls, s +1)"H1F).

(6.1)
Theorem 6.1. Let hy be as in Assumption 3.3.
(1) If there exists an € > 0 such that
1 1
vGs, s+ 1) < — almost surely, 6.2)

vi(s,s +1) €

then the random variable SCR? is the (almost surely) unique fix-point of
iteration (6.1).
(i1) If there exists an € € (0, 1) such that

v(s,s +1)

< m < 2 — € almost surely, (6.3)

then lim,,_ o, y™ = SCR" almost surely, where y™ is defined as in (6.1).
Proof. (i) If yisa fix-point of (6.1), then almost surely

y = VaRgoo5(y — v(s, s + D) (Nys1 + (y — N)v" (s, 5 + D™H|F)

v(s,s +1)
vi(s, s+ 1)

& 0 = VaRgg9s(N; — v" (s, 5 + 1) Nyt — y|Fy)
& y = VaRggos(N; — v" (s, s + 1) N1 | Fy) = SCR]. .

< 0= VaR.995 ( (Ny = v"(s, s + DNy — ) )ﬂ)

In the third line, we use that v—”,% can be omitted by Proposition A.1 in the

appendix. The requirements for the proposition are fulfilled because of (6.2).
The equivalences yield that SCRﬁ’ is always a fix-point and that all fix-points
equal SCR".

(i) The following calculations are all true almost surely. From (6.1) we get

b +1)
) Z VaRg oo ( SCR" + (1= 285D ) o _ g
y a 0.995( s T Vi(ss+ 1) ()’ 3)
. (6.4)
v(s,s + 1) J 1
— (N, = V" (s, DN,y — SCRH|F ).
vh(s,s+1)( s — V(5,5 + 1) Nyyy s)f)
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By multiplying equation (6.3) with —1, adding 1, and multiplying the result
with ™ — SCR" separately for y™ — SCR" > 0 or y™ — SCR" < 0, we get

1
~(1 = &)|y™ — SCR!| < (" — SCRY) (1 v s+ 1) )

(s, s+ 1)
<1 -ely™ - SCR!.
Since the dynamic values at risk satisfy the monotonicity and the translation

invariance property as the standard values at risk do, and by applying the
inequalities, we obtain from (6.4) that

YD <SCR! + (1 — €)|y™ — SCR!|

v(is,s +1)

——= (N, —v"(s,s + 1) N,y — SCR"
Uh(S,S+1)( U(S S+) +1 s)

+ VaR 995 (

7).

Since h; is a nonnegative linear function, we get with Theorem 3.5
VaR.995(N; — v"(s, s + 1) Nyy1 — SCR") = 0 and by Proposition A.1 we
can multiply the inner of the value at risk with U”,f(“;ifrll)) , since the fraction
satisfies (6.3). Consequently, the last summand is equal to zero. In total we
obtain that y*V has the upper bound SCR! + (1 — €)|y™ — SCR!| and,
analogously, the lower bound SCR! — (1 — €)|y™ — SCR!|. By induction
we can show that

|y(n+l) _ SCR?| < (- e)"+l|y(0) — SCRi’| -0 (n— o00)

pointwise. Hence, lim,,_, o, y™ = SCR’.
|

Setting v(s, s+ 1) = v™" (s, s+ 1) and v(s, s+ 1) = v"*“(s, s+ 1) and assuming
that they fulfill (6.3) accordingly, we get that iterative calculations of SCR{""
and SCRZ,“’I converge to SCRf. If the probability space 2 is finite, condition

(6.3) can be relaxed to 0 < U“,,(gg";l])) < 2. We have v",f(‘;";ll)) < 2if and only if the

return ¢" of the additional assets is smaller than 1+2¢, or ¢" < 1+2¢, where ¢
is the return corresponding to the discount factor v(s, s + 1). This restriction is

usually met in practice. The proof also shows that, for a discount ratio v"h(g; fjrll)) >

2, the sequence y™ never converges. This fact is illustrated in Example 6.2. If
the discount ratio is random and takes values both less and greater than 2, a
general convergence result is out of reach.

Example 6.2 (speed of convergence). We modify the payoff of the stock from
Example 2.3, such that its payoff is deterministic. We use this variable to an-

alyze different discount ratios p := v'?,(z;‘f;ll)) . With a starting point of N, = 100,

we calculate the iteration (6.1) with h(x) = (x9~(}/K1, x(1 — 5()1)/K§)T and
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FIGURE 4: Tteration (6.1) for different discount ratios.

5; = 0!, such that vi(s,s + 1) = v (s, s + 1) and SCR? = SCRZ"”I. The
results for the first 15 steps are shown in Figure 4. For p = 0.93 the conver-
gence is rapid. This is still the case for p = 1.07, even though the iteration is
not monotonous anymore. If the discount ratio is equal to p = 2.00, the it-
eration has two accumulation points, and the iteration jumps between them.
For values larger than 2, we see divergent behavior. It should be mentioned
that these examples are quite extreme. For example, in the case that p = 2.00,
the stock performance has to be at least 215%, given that the riskless interest
rate is 5% and the stock ratio is 50%. In practice, condition (6.3) is hardly a
restriction.

7. INVARIANCE PROPERTY WITH APPLICATION TO INSURANCE GROUPS

In this section, we consider the question of how additional assets (excess capital)
change the SCR. It sounds reasonable to require an invariance property so that
the SCR is independent of the amount of excess capital that the insurer holds.
However, Example 7.5 will show that such a property is not always advanta-
geous.

Let SCR" be the SCR calculated with market-consistent values of liabilities
(L), payments (Z;),, and present asset portfolio H,. By altering the present

asset portfolio to Hy, we get a different SCR, which we denote by S CRf.
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Proposition 7.1 (invariance of SCR"). For each management strategy function h,
as in Assumption 3.3, we have

SCR" = SCR. a.s.

forall Hy € {Hy + hx(;is)lzs is a Fy-measurable random variable}.

Proof __The difference of H; and H, has a representation of the form H, —

= hy (A ) for some F-measurable random variable 4. The dlfference of the
coriesponding asset values is A4, — A, = A,. Since (3.2) implies that v/ (s, s +
1) 4.1 = A;, we have

Ny — 0" (5,5 + DNyy1 = Ny + Ay — v (5,5 + D(Noy1 + Agp1)
=N, —v(s,s + DNy -

Consequently,
SCRil = VaRg95(N, — vh(s’ s+ DNy Fy)
= VaR99s(Ns — V" (s, 5 + DNy1|Fy) = SCRf _ (7.1)

The set { H; + hS(ZS)|ZS is a F;-measurable random variable} is a subset in the
set of all (theoretically possible) asset portfolios at time s. The invariance of
SCR" is only true on this subset.

Remark 7.2 (invariance of SCR{"™ and SCRg”’). Proposition 7.1 gives us an
invariance property for SCRf. Analogously to the proof of Proposition 7.1 we
get that SCR™™ and SCR’*“ are invariant with respect to the initial net value if
additional capital is invested in the numeraire and proportionally to the existing
asset portfolio, respectively. In other words, the SCR is invariant with respect to
excess capital if the discount factor v* in Definition 4.3(a) describes the return
that the insurer really earns on its excess capital. Such an invariance property for
SCR;"™ is also mentioned in Artzner and Eisele (2010). With Theorem 5.2 we
get that, for having invariance with respect to all financial markets and market-
consistent values of liabilities, it is not only sufficient but also necessary that
excess capital is invested according to the discount factor in Definition 4.3(a).
For SCR™™ and SCR’*" this means that we necessarily have to invest the excess
capital in the numeraire and proportional to the existing portfolio, respectively.

Let SCRi"f be the minimal SCR of an insurer according to (2.8) with market-
cons1stent values of liabilities (L,),, payments (Z;),, and present asset portfolio
Hy, and let SCRO be the minimal SCR of the same insurer but with present

asset portfolio Hy. The following corollary is a direct consequence from defini-
tion (2.8), which is only valid at time 0.
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Corollary 7.3 (invariance of SCR™/ at time 0). We have

SCR™ =SCR)" .

The corollary is not true anymore if we restrict possible asset shifts as in
Assumption 3.3, so we cannot generalize this result to Definition 4.3(c).

Since insurance groups have the possibility to shift money between their sub-
sidiary undertakings up to a certain extent, an invariance property is particu-
larly useful for insurance groups, because in that situation, a shifting of money
between subsidiary undertakings does not change the SCR.

Suppose we have an insurance group that consists of n insurance compa-
nies with asset portfollos (' H)), and market-consistent values of liabilities (' L,),
(1 < i < n). Let (‘9,), be the asset strategy of company i for additional as-
sets within a linear management strategy /1,. We assume that the total assets of
the n insurance companies are reallocated at time s and that / H; are the units
of assets that msurer i delivers or receives (depending on the sign) at time s.

Let 6] = H K

ISCRy and’ 'SCR R, be the SCRs for company i before and after the asset transfer.

" be the corresponding proportions of transferred assets, and let

Corollary 7.4. Under the above framework, we have the following properties.:

i) 'S CRg'f = [ﬁgnf, where the SCR is defined according to (2.8).

. —~h
(i1) Given that Assumption 3.3 holds, ’SCRh ='SCR, foralls e Ny, 1 <i <
n and all (Ki)y, (Lo, (Zo), andprobablllty measures equivalent to P if and
only if 10, =0, forall1 <i <n.

The corollary is a direct consequence of the previous results and Theorem 5.2.
As stated in the directive (European Parliament and the Council, 2009, Chapter
II, Section 1), the SCR of a group should be calculated on the basis of the con-
solidated accounts (default method) or by aggregating the stand-alone SCRs
(alternative method). The default method is similar to the calculation of a sin-
gle SCR. In the technical specifications to QIS 5 (CEIOPS, 2010, Section 6), the
alternative method is basically described as

SCRgroup = Z iSCRsolo—adjusted >

where ! SCRyolo-adjusted 15 the SCR of company i adjusted according to some
group effects. Consequently, in case the assumptions of Corollary 7.4 hold, shift-
ing money between subsidiary undertakings does not change the group SCR.

Example 7.5 (invariance property for insurance group). We consider Exam-
ple 2.3 but add one more asset, which has price Kj := 100 at time zero and
payoff K13 =210 — K12 after one year. We consider two insurance companies
that belong to an insurance group, and both have liabilities of Ly = 100 and
L; = 105. The asset structure of the companies assumed for this example, their
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TABLE 1

SCRS BEFORE AND AFTER THE TRANSFER TOOK PLACE.

Hy No Ni SCRy™  SCRy“  SCRh SCRy”

Before Transfer Company 1 (1,1,007 100 K2 @ 11—030 25 0
Company 2 (1,0, )" 100 1<3 10 10 0 0
After Transfer ~ Company 1 (1,1, )7 200 210 0 0 25 0
Company2 (1,0,007 0 0 0 0 0 0

net values and the resulting SCRs are shown in the first two rows of Table 1.
Suppose that company 2 transfers one unit of investment 3 at time zero to
company 1, ' Hy = ' Hy = (0,0, 1) and 2Hy = 2Hy = (0, 0, —1). These strategies
are used for the calculation of SCR". The resulting SCRs are shown in last two
rows of Table 1.

Since the requirements of Corollary 7.4 are fulfilled, SCR" and SCR™ are
invariant with respect to the exchange of assets, while SCR™" and SCR"*“ are
not invariant, not only individually for each company but also in total. The
transfer of investment K> from company 2 to company 1 is reasonable, since K>
is a perfect hedge for investment K2. After the asset transfer, both companies
have no longer any risk, and SCRs of zero seem to be appropriate. Then why is

—h ~
'SCR, > 0? As ' Hy = (0,0, 1), and the definition of SCR" implicitly assumes
that redundant assets are paid out (cf. definition (2.7) and Remark 7.2), shares
of K? are paid out, and the perfect hedge is disrupted.

The example illustrates that an invariance property is not always desirable.

8. RISK MARGIN

This section deals with the RM according to Solvency II and its interaction with
the SCR. Since there is no universally valid definition of the RM in the academic
literature, we resolve some of the unsolved problems to find a RM that is con-
sistent with the directive. The key is that we defined the SCR in Definition 4.3
also for future points in time and that we have with SCR™ a minimizing SCR
definition, which is a key property for the definition of the SCR of a reference
undertaking.

The purpose of the RM is to decompose the calculation of the market-
consistent value of liabilities into Ly = BE; + RM,, where BE, denotes the
best estimate of the liabilities. Article 77 paragraph 5 of the Solvency II direc-
tive requires that the “risk margin shall be calculated by determining the cost
of providing an amount of eligible own funds equal to the Solvency Capital Re-
quirement necessary to support the insurance and reinsurance obligations over
the lifetime thereof”; i.e. the directive suggests a cost-of-capital approach with
respect to the SCR. A possible implementation of these requirements is given
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in the technical specifications to the fifth Quantitative Impact Study (CEIOPS,
2010). We interpret the RM given there as

RM—CZ

>0 (1 +Vk+

RU
6.1

where S CRf,g is the SCR of a reference undertaking for the time period [k, k+1)

conditional on the information available at time ¢, ¢ is the cost-of-capital rate,

and r, is the risk-free rate for maturity ¢. In CEIOPS (2010) the numerator in

(8.1) is given just as SCRRY, but from our point of view the notation SCRéf,((]

is more appropriate. The calculation of the RM is based on a transfer scenario,

where the liabilities are taken over by an artificial insurance company that is
capitalized exactly to SCR®Y. Furthermore, it is assumed that “the assets should
be considered to be selected in such a way that they minimize the SCR for market

risk that the reference undertaking is exposed to” (compare CEIOPS, 2010).

CEIOPS (2009) requires that the RM contains the non-hedgeable risks. If there

are two reference undertakings with the same liabilities, but one company has

a different asset portfolio such that it also has a lower SCR, then an investor

prefers the one with the smaller SCR. Hence, we conclude that the SCR of a

reference undertaking should have an asset portfolio such that the resulting SCR

is minimal. Formula (8.1) has the following three deficiencies, which cannot be
clarified from the official documents, since a mathematically rigorous definition
is missing.

e The risk margin RM and the quantities SCREY shall be Fy-measurable, but
it is not specified how the Fj-measurable random variable SCR; that gives
the SCR for time period [k, k+ 1) is transferred to a Fy-measurable random
variable.

e Formula (8.1) defines the RM only for time s = 0.

e A precise mathematical definition of the SCR of a reference undertaking is
missing.

In the following we want to deduce a mathematically sound definition for the
SCR of a reference undertaking which chooses an optimal asset portfolio such
that the SCR is minimized. However, in SCR"/ according to Definition 4.3 the
SCR is minimized with respect to all asset portfolios that can be built from the
originally portfolio with a positive or a negative shift. More precisely, let H;
be again the current asset portfolio of the insurer, then SCR™ considers all
portfolios in the set { H, + H, : H, € [0, 00)™ U (—o0, 0]"}. Since this excludes
a lot a reasonable asset portfolios we introduce a minimum asset portfolio H;
which has in all components very negative values such that all reasonable asset
portfolios can be reached with a positive shift. This is specified in the following
assumption.

Assumption 8.1. We assume that for all s € Ny there is a deterministic mini-
mal portfolio H, € R" such that H, < H; + H; a.s., where H is the asset
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portfolio of the insurer (compare Definition 2.1), H isa possible shift of the
portfolio (compare Definition 2.2) that fulfills Assumption 3.3 and can be arbi-
trary within these restrictions, and for vectors w, w € R™ we specify that w < w
if and only if w; < w; forall 1 <i < m.

This assumption means that there is a minimal asset portfolio such that all possi-
ble asset portfolios that we consider are in all components larger. Such a minimal
portfolio exists if we restrict possible short sales of each asset. For example, if
we completely rule out short sales, we set H, = 0 € R™. Assumption 8.1 can be
seen as a restriction from two different point of views: First, given that we know
all relevant portfolios H; + H; we assume that there is a minimal portfolio H,.
Second, given that we have a minimal portfolio it restricts the admissible port-
folios H; + H;. Consequently, Assumption 8.1 restricts the possible asset port-
folios with respect to which SCR" and SCR™ are minimizing. Let SCR" be the
SCR of an insurance company with market-consistent values of liabilities (L;);,
payments (Z;),, present asset portfolio H,, and management strategy vector By
according to Definition 2.2, Assumption 3.3, and Assumption 8.1. Under these
requirements SCRi,’ can be specified with Proposition 4.1 and Definition 4.3,
given that Xjoq = x, as

SCR! = inf{N'+ A e R: H' + 4' B > H,,

- 8.2)
PN+ B B+ Koot = 01Xy = ) = 0.995),

since H* = A* BY. For the remainder of this section we use (8.2) as the definition
of SCRf. Let M”f " be the SCR of the same insurance company, but with
asset portfolio H, from Assumption 8.1, such that N, = H, - K, — L,. Under
Assumption 8.1 we define M”f , given that Xjp = x, analogously to the
notation used in the proof of Proposition 4.4 as

SCR" = inf inf{N>+ yb,- K € R: H + yb, > H,,
bs€[0,00)"\{0} - - -

8.3
P(N, + ybs - K1 = 01 Xjo,5) = x) > 0.995}. ®3)

Proposition 8.2. Under Assumptions 3.3 and 8.1, we have for all portfolios H, that
are admissible in the sense of Assumption 8.1
o p
SCR™ < SCR" almost surely, (8.4

where S CR(; and SCR™ are defined as in (8.2) and (8.3), respectively.

Proof. Given ‘;hat Xjo,) = x and under the restrictions of Assumption 8.1
S CR? and SCR™ are given by (8.2) and (8.3), respectively. For all A) € R that
satisfy the inequalities in (8.2), we set

-1 X Tx px
N y(HY + AY BS— H,) fory+0
= A NY — N¥ d bs =\ * v ' ¥ '
y=d4;+ Ny — Ny an 1,0, ...,007 fory=10
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With Assumption 8.1 , FC = ;1;,‘ Bf,and N\ = H - Ksy1 + Zy1 — Ly,

we get that

o y= YKyt HY Ky = H, Ky =0,

o by €[0,00)"\ {0}, since H* + A B* — H, = H*+ H* — H, > 0,

o for y = 0: N¥+ yb, - Kf = N¥+ (H, — HX + yb) - K} = NY + A, since
BY- K} =1, and for y=0 this a direct consequence from the definition of Vs

o H, + yby > H,,since yb, = H* + H* — H > 0for y #0,

e Ny +)_’bs “Ksr1 = Nepin + Hy - Koy — H - Koy +st - Koy = Nop1 +
A BY - K41, where the last step follows from H, — H + ybs = Ax BX for
y # 0and for y = 0 we get 0 = A+ N~ N = (H' + H — HY) - K
which implies that 0 = H*+ H* — H = A B*+ H* — HY, since K7 is always
strictly positive in all components by definition and flf + H'— H > 0by
Assumption 8.1.

Consequently, the infimum set of SCR? is a subset of the infimum set of SCR"/
and so we get SCR"/ < SCRﬁ1 almost surely. [ |

With Proposition 8.2 we see that SCR™ chooses implicitly the optimal port-
folio to minimize the SCR and is smaller than SCR" independent of the choice
of hy. For this reason, we define the SCR of a reference undertaking on the basis
of &inf‘

Definition 8.3 (SCR of a reference undertaking). Under the assumptions of
Proposition 8.2, we define the SCR for time period [s, s + 1) and conditional
on F; of a reference undertaking with market-consistent values of liabilities
(L,), and payments (Z;), by

SCR?V .= SCR™ .

As the RM is intended for the calculation of the market-consistent value
of current liabilities, we exclude the new business in L,. This is required in
Assumption 5 in CEIOPS (2009). The choice of H according to Assumption 8.1
can have a significant impact on S CRff,/, especially when short selling is a crucial
part of the optimal strategy. However, if H, is way below optimal short selling
strategies, then SCRfSU is rather insensitive with respect to H,.

CEIOPS (2009) mention in the context of the SCR of a reference undertak-
ing that the projected SCR should be considered. This allows us to conclude that
we need some measure that makes a transfer from time k (k > s) to time s. One
possible choice is to take the expected value of the future SCRs which we will
do in the following. A natural choice is the expected value under a martingale
measure Q, given such a measure exists. However, one could also argue for other
measures, e.g. the real-world measure. For a general valid definition, we allow
for a random and time-dependent cost of capital rate. Since the SCR, the cost-
of-capital rate, and the discount factor might be dependent, we have to take the
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expected value of all three factors together. In conclusion, we generalize (8.1)
by the following definition.

Definition 8.4 (RM cost-of-capital version). The RM at time s is defined as

RM; == "Eq(c(k) v™" (s, k+ 1) SCREY| Fy),

k>s

where c(k) is the cost-of-capital rate at time k, SCR,f}C/ only includes new busi-
ness up to time s, and v"*” is the discount factor corresponding to a bank-
account, such that Eq (v (s, t)| F) is the price of a zero-coupon bond at time s
with maturity 7.

In practice, usually there does not exist a unique martingale measure Q that
comprises all risk modules of Solvency II. For those risks where market prices
are available (e.g. interest rate risk, equity risk), Q should be defined as the cor-
responding market measure. For those risks that are not traded on a deep and
liquid market (e.g. longevity risk, lapse risk), we suggest defining Q on a first-
order valuation basis. For example, for the valuation of longevity risk, let Q
correspond to a first-order mortality table (that means that we interpret the dif-
ference between first-order and second-order mortality table as the market price
for longevity risk). A discussion of calculating the risk-adjusted expected value
for the risk margin can also be found in Wiithrich ez al. (2011).

For the practical purpose of calculating the RM, this definition is usually too
complex, so that simplifications are needed. Suppose that the cost-of-capital rate
is constant, that is, ¢(¢) = ¢, and that v"*" (s, k+1) and S CRZ’f are conditionally
independent given F;. Note that these two requirements are often not fulfilled.
Then we obtain the following, simplified version of the RM,

RM, = cZEQ(v"”’”(s, k+ D|F) Eq(SCREY | 7).
k>s

which is inter alia similar to a definition of the RM in M&hr (2011). Implicitly
we have here

SCRY = Eq(SCRY!|F).

In practice, further simplifications are used, which cannot be theoretically
established.

9. CONCLUSION
We started the paper with a comparison of Article 101 and Recital 64 of the Sol-
vency II directive and discussed in particular three interpretations of Article 101

and two interpretations of Recital 64 which are based on an asset minimization
concept. Our main findings are as follows:
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e For nonnegative linear management strategies, Recital 64 can be repre-
sented as a value at risk and, thus, the mathematical structure is similar to
Article 101.

e Article 101 and Recital 64 are consistent (in the sense that they are equal
for all financial markets and liability market-consistent values) if and only if
the discount factor in Article 101 corresponds to the investment strategy for
excess capital in Recital 64.

e Interpreting Recital 64 as the infimum with respect to all linear, nonnegative
management strategies, the resulting SCR is indeed smaller or equal than all
other definitions.

e When assets are minimized iteratively by applying a linear management strat-
egy, the SCR from Recital 64 is the unique fix point of this iteration, and un-
der weak requirements the resulting SCRs even converge towards the SCR
from Recital 64.

e Invariance of the SCR with respect to additional capital corresponds to in-
vesting this capital according to the discount factor v in (2.2). The minimal
SCR interpretation of Recital 64 is at time 0 always invariant. However, in-
variance is not necessarily a desirable property.

In practice, management strategies for the excess assets may be non-linear.
Our focus on linear management strategies can be seen as a first-order ap-
proximation, allowing us to write all SCR definitions in form of a value at
risk and making the different definitions more comparable. The SCR def-
initions that we found in the literature all implicitly imply linear manage-
ment strategies. Future research should also examine non-linear management
strategies.

For the calculation of the market-consistent value of liabilities, Solvency 11
suggests using a cost of capital method and calculating a RM. However, the
definition of the RM depends not only on a present SCR but also on future
SCRs, which are in fact random.

e We showed how to define future SCRs based on a generalization of the value
at risk to a dynamic value at risk.

e We give a general RM definition that takes into account the randomness of
the future SCRs. o

e We defined the SCR of a reference undertaking with the help of SCR™/ .

The definition of SCR™ calculated with a minimal asset portfolio implicitly
assumes that the market risk is minimized by buying corresponding securities.
However, insurance companies might not invest their money using this optimal
strategy, so that their market risk is much higher than the definition implicitly
assumes. Article 101 of the directive of the European Parliament and the Coun-
cil (2009) is often interpreted in such a way that the real market risk of the insurer
shall be considered, and thus the minimal SCR interpretation of Recital 64 is
not necessarily in line with Article 101. A clarification of that question by the
regulator would be helpful.
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APPENDIX
Proof of Proposition 4.1. As R is a Polish space (see Kechris, 1995), ac-

cording to Bauer (1981, Chapter 10) there exists a Markov kernel Q such that
x = Q(x, A) is a version of

P(Ye Al Xpq=x), AeB[R).
Setting 4 = (—o0, y], we get that the function x — F.(y) := OQ(x, (—o0, y]) =
P(Y < yl X5 = x) is F;-B(R)-measurable for each y € R. For any fixed x,
F.(y) is a cumulative distribution function, and we define the quantile function
or generalized inverse as

F; ' (o) = inf{y € R|F(p) = a}.
Since x = F.(y) is F;-B(R)-measurable, it holds that

(xeQ:F(r)>=aleF,, VrekR
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From Milbrodt (2010, page 229) we know that F(r) > « < F~'(a) < r for all
r € Rand o € (0, 1] such that we obtain

xeQ:F Y a)<r}={xeQ:F.(r)=a}eF, VYreR
Hence, the function
X F;l(oz) =inf{y e R: P(Y < y| X5y = X) > o} = gyo(x)

is F;-B(R)-measurable. The pointwise infimum of countably many real-valued
measurable functions is measurable as well. ]

Proposition A.1. Let (2, F, P) be a probability space with random variables W
and Z, where Z is bounded and satisfies Z > ¢ > 0 almost surely. For all« € (0, 1)
Var, (W|F;) = 0 if and only if Var,(WZ|F;) = 0.

Proof. Let 7y = o(Xp,) C F. Since P(W < 0|Xpq = x) = P(WZ <
0] Xj0,5] = x) almost surely, we have

inflw e R: P(W < wlXpyq=x)>a}=0
= inflw e R: P(WZ < w|Xjpyq=x)>a} <0
and
inflw e R: P(WZ < w|Xjpy=x)>a}=0
= inf{fw e R: P(W < w|Xjpq=x) >a} <0.

Now we show that the infima on the right hand side cannot be smaller than 0.
We start with the first line. If Var, (W] F;) = 0, we necessarily have P(—§ < W <
0] Xp0,5 = x) > 0 for all § > 0. Since by assumption Z < ¢ almost surely for
some ¢ > 0, we obtain that also

P(=6c < WZ<0|Xp=x)2P(-6 < W <0=<w|Xpgq=x)>0, §>0.

This implies that Var,(WZ|F,) is not smaller than zero. Analogously, using
Z > &, we can show that Var, (W|F;) cannot be negative if Var, (WZ|F,) = 0.
|
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