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Abstract

In this paper, a reflected stochastic differential equation (SDE) with jumps is studied for
the case where the constraint acts on the law of the solution rather than on its paths.
These reflected SDEs have been approximated by Briand et al. (2016) using a numerical
scheme based on particles systems, when no jumps occur. The main contribution of
this paper is to prove the existence and the uniqueness of the solutions to this kind of
reflected SDE with jumps and to generalize the results obtained by Briand ez al. (2016)
to this context.

Keywords: Reflected stochastic differential equation; jumps; particle systems

2010 Mathematics Subject Classification: Primary 60H10
Secondary 65C35; 60J75

1. Introduction

Reflected stochastic differential equations (SDEs) have been introduced in the pioneer-
ing work of Skorokhod (see [Sko61]), and their numerical approximations by Euler schemes
have been widely studied (see [S1094], [Slo01], [Lep95], [Pet95], [Pet97]). Reflected stochas-
tic differential equations driven by a Lévy process have also been studied in the literature
(see [MR85], [KH92]). More recent works have introduced and studied reflected backward
stochastic differential equations with jumps (see [HO03], [EHOO05], [HHO6], [EssO8], [CMO08],
[QS14]), as well as their numerical approximation (see [DL16a] and [DL16b]). The main par-
ticularity of our work comes from the fact that the constraint acts on the law of the process X
rather than on its paths. The study of such equations is linked to the theory of mean field games,
which has been introduced by Lasry and Lions (see [LL07a], [LLO7b], [LLO6b], [LLO6a]) and
whose probabilistic point of view is studied in [CD18a] and [CD18b]. Stochastic differential
equations with mean reflection have been introduced by Briand, Elie, and Hu in their backward
forms in [BEH18]. In that work, the authors show that mean reflected stochastic processes exist
and are uniquely defined by the associated system of equations of the following form:

t t
Xy =Xo+ / b(X;)ds + / o(Xy)dBs +K;, t>0,
0 0
. (1.1)
E[h(X;)] > 0, / E[lh(X)]dKs=0, t>0.
0
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Because the reflection process K depends on the law of the position, the authors of
[BCdRGL16], inspired by mean field games, study the convergence of a numerical scheme
based on particle systems to compute solutions to (1.1) numerically.

In this paper, we extend previous results to the case of jumps, i.e. we study existence and
uniqueness of solutions to the following mean reflected stochastic differential equation (MR-
SDE in the sequel):

t t t
X, =Xo + / b(X,-)ds + / o (X, )dB, + / f F(X,-, DN(s, d) + Ky, 120,
0 0 0 JE

t
E[h(X)] =0, f E[h(Xs)]dKs=0, 1=0,
’ (1.2)

where E=R*, N isa compensated Poisson measure N(ds, dz) = N(ds, dz) — Mdz)ds, and B is
a Brownian process independent of N. We also propose a numerical scheme based on a particle
system to compute solutions to (1.2) numerically, and we study the rate of convergence of this
scheme.

Our main motivation for studying (1.2) comes from financial problems subject to risk mea-
sure constraints. Given any position X, its risk measure p(X) can be seen as the amount of own
funds needed by the investor to hold the position. For example, we can consider the follow-
ing risk measure: p(X) = inf{m : E[u(m + X)] > p} where u is a utility function (concave and
increasing) and p is a given threshold (we refer the reader to [ADEH99] and to [FS02] for more
details on risk measures). Suppose that we are given a portfolio X of assets whose dynamic,
when there is no constraint, follows the jump diffusion model

dX, = b(X)dt + o (X,)dB, + f FX,_, DN, dz), 120,
E

Given a risk measure p, one can ask that X; remain at an acceptable position at each time t.
The constraint can be rewritten as E [h(X;)] > 0 for t > 0, where h = u — p.

In order to satisfy this constraint, the agent has to add some cash to the portfolio over time,
and the dynamic of the wealth of the portfolio becomes

dX[ = b(Xt)dt + O'(Xt)dBt + / F(Xt_, Z)N(dt, dZ) + th, 1> 0,
E

where K; is the amount of cash added to the portfolio up to time 7 to balance the ‘risk’ associ-
ated to X;. Of course, the agent wants to cover the risk in a minimal way, adding cash only when
needed: this leads to the Skorokhod condition E[#(X;)]dK; = 0. Putting together all conditions,
we end up with a dynamic of the form (1.2) for the portfolio.

The paper is organized as follows. In Section 2, we show that, under Lipschitz assumptions
on b, o, and F and bi-Lipchitz assumptions on #, the system admits a unique strong solution,
i.e. there exists a unique pair of processes (X, K) satisfying the system (1.2) almost surely, the
process K being an increasing and deterministic process. Then we show that, by adding some
regularity on the function %, the Stieltjes measure dK is absolutely continuous with respect
to the Lebesgue measure, and we obtain the explicit expression of its density. In Section 3
we show that the system (1.2) can be seen as the limit of an interacting particle system with
oblique reflection of mean field type. This result allows us to define in Section 4 an algorithm
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based on this interacting particle system together with a classical Euler scheme which gives a
strong approximation of the solution of (1.2). When # is bi-Lipschitz, this leads to an approx-

imation error in the L? sense proportional to n~! 4+ N ’%, where 7 is the number of points of
the discretization grid and N is the number of particles. When £ is smooth, we get an approx-
imation error proportional to n~! 4+ N~!. By the way, we improve the speed of convergence
obtained in [BCARGL16]. Finally, we illustrate these results numerically in Section 5.

2. Existence, uniqueness and properties of the solution

In this paper, (2, F, IP) is a complete probability space endowed with a standard Brownian
motion B = {B;}o</<7. {Ft}o<:<7 1s the usual augmented filtration of B. Before moving on, we
give the following assumptions needed in the sequel.

Assumption 1. (A.])

(i) Lipschitz assumption: there exists a constant C, > 0 such that for all x, x' € R and p > 0,
we have

1b(x) — b + o (x) — o (X)IP + / |F(x, 2) = F(X', 2)IPA(dz) < Cplx — X'V
E
(ii) The random variable Xy is square integrable independent of B; and Nj;.

Assumption 2. (A.2)
(1) The function h: R — R is increasing and bi-Lipschitz: there exist 0 <m < M such that
VxeR,VyeR, mlx—y|l<|h(x)—h(y)| <Mlx—y|
(ii) The initial condition X satisfies E[h(Xo)] > 0.
Assumption 3. (A.3) There exists p > 4 such that Xy € P (i.e. E[|XolP] < 00).

Assumption 4. (A.4) The function h is twice continuously differentiable with bounded deriva-
tives.

2.1. Preliminary results

Consider the function
H:RxPi(R)>x,v)—~ / h(x + 2)v(dz), 2.1)

where P;(R) is the set of probability measures with a finite first-order moment. Let Gy be the
inverse function in space of H evaluated at 0,

Go:P1(R)> v inflx e R: H(x, v) > 0}, (2.2)
and let Gy denote the positive part of Gy,
Go:Pi(R)> v+ inf{x>0:H(x, v) > 0}. (2.3)

We start by studying some properties of H and Gy.
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Lemma 1. Under Assumption 2, we have the following:
(1) Forall v in P1(R), the function H(-, v) : R > x+— H(x, v) is bi-Lipschitz:
Vx,yeR, mlx—y| <|H(x,v)—H(y, v)| < Mlx —yl. 2.4

(ii) Forall xin R, the function H(x, -) : P1(R) > v +— H(x, v) satisfies the following Lipschitz
inequality:

VV, V/ € PI(R)a |H(-xs V) - H(-xv V/)| =

/ h(x+ )(dv —dv)|. (2.5)

Proof. Lemma 1 ensues from the definition of H (see (2.1)).
Let v and v’ be two probability measures. The Wasserstein-1 distance between v and v’ is

defined by
Wi(v, V)= sup /(p(du —dv)|= inf E[X-Y]].
@1—Lipschitz X~v; Y~
Thus
Vv,V € PI(R), |H(x, v) — H(x, V)| < MW (v, V). (2.6)

According to the Monge—Kantorovitch theorem, the assertion (2.5) implies that for all x in R,
the function H(x, -) is Lipschitz continuous with respect to the Wasserstein-1 distance. The
regularity of Gy is then given in the following lemma.

Lemma 2. Under Assumption 2, the function G : P1(R) 2 v +— Go(v) is Lipschitz continuous:

1 -
|Go(v) — Go(V)| < P ‘/ WGo(v) + -)(dv — dv')|, 2.7
where Go(v) is the inverse of H(-, v) at point 0. In particular,
!/ M !/
|Go(v) — Go(V)| = Zwl(v» V). (2.8)
Proof. The proof is given in [BCARGL16, Lemma 2.5].

2.2. Existence and uniqueness of the solution of (1.2)

The set of Assumptions 1-4 will be used as follows:

e The existence and uniqueness results are stated under Assumption 1 (the standard
assumption for SDEs) and Assumption 2 (the assumption used in [BEH18]).

e The convergence of particle systems is proved under Assumption 3.
e Some of the results will be improved under the smoothness assumption, Assumption 4.
Firstly, we recall the existence and uniqueness result of [BEH18] in the case of SDEs.

Definition 1. A couple of processes (X, K) is said to be a flat deterministic solution to (1.2)
if (X, K) satisfy (1.2) with K being a non-decreasing continuous deterministic function with
Ko =0.
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Given this definition we have the following result.

Theorem 1. Under Assumptions 1 and 2, the mean reflected SDE (1.2) has a unique determin-
istic flat solution (X, K). Moreover,

Vi >0, K;=supinf{x>0:E[h(x+ Us)] > 0}=sup Go(is), 2.9)

s<t s<t

where (U;)o</<T is the process defined by

t t t
U =Xo+ / b(Xs-)ds + / o (Xy-)dBs + / / F(Xs-, 2)N(ds, dz) (2.10)
0 0 0 JE
and ()o<i<r is the family of marginal laws of (Us)o<i<t-
Proof. We refer to [BEH18] for the proof in the case of continuous backward SDEs. We
present here the proof of the forward case with jumps.

Let us consider the set C2 = {X F-adapted cadlag, E(sup,.y 1X;]2) < oo}, and let Xec?
be a given process. We define

t t t
0, = Xo + / b(Xo-)ds + / o (R )dB, + / / FX,-, DN, do),
0 0 0 JE
and the function K given by

K; =supinf{x > 0: E[h(x + Us)] > 0} = sup Go(fLy). 2.11)

s<t s<t

Let us introduce the process X:

t t t
X, =Xo + / b(X,-)ds + / o (X,-)dBy + f f F(Xo-, DN, d2) + Ki,
0 0 0 JE

where K is given by (2.11). We check that (X, K) is the solution to (1.2) with U replaced
by U. First, based on the definition of K, we have E[h(X;)] > 0, K; = Go({i;) dK; — a.e. and
Go(j1;) > 0 dK; — a.e. Then we obtain

t t
/ E[h(X,)JdK, = / E[h(D; + K,)IdK,
0 0
t
_ /0 E[A(D; + Goljis)1dK,s

t
_ /0 E(D; + Gols) gy iy 0dKs.

Moreover, since & is continuous, we have E[A(Us 4+ Go(f5))] =0 as soon as Go(jis) > 0, so
that

t
f E[h(X,)]dK; = 0.
0

Second, choose the map ® : C2 — C? which associates to X the process X, solution to (1.2).
Let us prove that @ is a contraction. Using the same Brownian motion and Poisson process,
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we consider X, X' € C? and K, K’ defined by (2.11). From Assumption 1, and by using the
Cauchy—Schwarz and Doob inequalities, we get

]E|:sup |X; —X/t|2i|

t<T

t
54E[supH / (b(f(s)—b(f(’s)>ds
t<T 0
t . . 3 2
+‘f /<F(Xx_vz)_F(X/s—vz)>N(dSadZ) +|Kz—K’z|2}:|
0 JE
t N R 2 t R R
54{E|:supt/ b(Xr)—b(X/r)‘ dsi| +E|:sup f (U(XS)—U(X/X))st
<T Jo <7 | Jo
'
/ / (F(Xs,z)—F@/s,z))N(ds, dz)
0o JE

T 2 T 2
5C[TE[/O ’b(f(r)—b(f(’r)‘ ds:| +JE[/O ‘a(f(r)—a(f(’r)‘ a’s:|

2

2 t
+‘ f (o(&)—ao?’s))dm
0

]

—HE[sup

t<T

2
]+sup|Kt—K’,|2}

t<T

T
+/ / E[‘F(}A(S—, ) — F(X/y-, z)‘2:|k(dz)ds+ sup |K; — K’,|2}
0o JE

1<T

< C{T2C1E|:sup 1X,- —5(’,|2} + TC1E|:sup 1X,- —X’tﬂ

t<T t<T

t<T t<T

+ TC1E|: sup |X,- — X/, |2} + sup |K; — K/,|2}

< C<T2C1 + TC2>IE[ sup | X, — 5(9|2] + Csup |K; — K/,

t<T =T
From the representation (2.11) of the process K and Lemma 2, we have that

M ~ n
sup |K;, — K',|> < —E[ sup | Uy — Uﬂ

t<T m t<T

< C(T?C; + Tcz)IE:[ sup |X; — X’,|2].

t<T

This leads to

E[ sup |X; — X/,|2} <Cc(+ T)T]E[ sup |X;, — fmz]

t<T t<T

Therefore, there exists a positive 7, depending only on b, o, F, and h, such that forall T < T,
the map @ is a contraction. Consequently, we get the existence and uniqueness of a solution
on [0, 7], and by iterating the construction the result is extended to R™.
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2.3. Regularity results on K, X, and U

Remark 1. In view of this construction, we derive that for all 0 <s <1,
K, — K,

r r
= sup inf {x >0:E [h <x+Xs + / b(X,~)du —i—/ o(X,-)dBy,
s N

S<r=<t

+/r/F(Xm,z)N(du, dz)>:| 20}.
s JE

Proof. From the representation (2.9) of the process K, we have

K; = sup Go(U,) = max { sup Go(U;), sup GO(Ur)}

r<t r<s s<r<t

=max {K,, sup GO(Ur)}

S<r=<t

=max { K, sup GO(XS—KS—i—Ur—US)}

S<r=<t

=max { Ky, sup [GQ(XS — K+ U, — US)JF] }

S<r=<t

By the definition of Go, we observe that for all yeR, Go(X + y) = Go(X) — y, SO we get

+
K, = max {KS, sup |:<Ks + Go(X; + U, — Us)) :| }

S<r<t

+
= K + max {O, sup |:<KS+GO(XS—I—UF—US)) —K{H.

s<r<t

Note that sup, (f(r)") = (sup, f(r))" = max (0, sup, f(r)) for any function f, and obviously

+ +
K; =K+ sup [{(KS+G'0<XS+Ur—US)) —Ks} }

S<r=<t
_ +
=K+ sup |:<G0(XY +U, — Uc)) :|
S<r<t

=K+ sup Go(Xy + U, — Uy),

S<r=t
SO
K; — Ky = sup Go(X; + U, — Us).

s<r<t

Proposition 1. Suppose that Assumptions 1 and 2 hold. Then, for every p > 2, there exists a
positive constant K, depending on T, b, o, F; and h, such that

() E[ sup,<7 1X:I”] < Kp(1 +E[1X0/7]), and
(i) forall0<s<t<T, E[sup,_, 1XulPIF] < C(1+IX,P).
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Remark 2. Under the same conditions, we conclude that

E[sup |U,|P} <K,(1+E[IXo]).

t<T

Proof of (i). We have

t p t p
E|:sup|X,|”i|55”_1{E|X0|”+Esup(/ |b(XS—)|ds> + [E sup /G(XS—)dBS
t<T 1<T 0 <T | Jo
t N p
+Esup / / F(X,-, 2)N(ds, dz)| + Kb ¢.
<7 | Jo JE

The last term K7 = sup, .y Go(u;) is studied first. By using the Lipschitz property of G from
Lemma 2 and the definition of the Wasserstein metric, we have

M
Vi=0, [Go(u)l = ZE[IUz — Uoll,

since Go(p) =0 as E[(Xp)] > 0, and where U is defined by (4.3). Therefore

4 M P t P t P
IKrl? = | sup Go(yu) 531’—1(—) Esup( / |b(Xs)|ds) +Esup / o (X, )dB,
t<T m t<T 0 t<T [ JO
‘ _ P
+ E sup /fF(Xs—,z)N(ds, dz)| ¢,
t<T 0 JE
and so

p

13 P t
IE|: sup |X,|p:| <Cp,M, m)E[IXolp + sup (/ |b(XS)|ds> + sup / o (X~ )dBs
0 0

1<T t<T 1<T
p]

t
//F(Xs—,z)ﬂ/(ds, dz)
0o JE

Hence, using Assumption 1 and the Cauchy—Schwarz, Doob, and BDG inequalities yields

T T £
]E[sup|Xt|”]SC{E[IXOI”}+T”_1E[/ (1+|XS—|)”ds]+C1E[/ (1+|XS—|)2ds]2
0 0

t<T
T
+ CzE[ / (a+ |X‘Y|>Pds”
0

T
< C1<1 +E|Xo|p> + Cz/ E|:sup |X,|p]dr,
0

I<r

=+ sup
1<T

and from Gronwall’s lemma, we can conclude that for all p > 2, there exists a positive constant
K,, depending on T, b, o, F, and A, such that

E|:sup |Xt|!’] <K,(1 +E[1%o"]).

t<T
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Proof of (ii). For the first part, we have

X, =U,+ K,
=X+ (Uu —Us) + (Ku - Ks)

=X, + /u b(er)dr—i-/Ma(Xr)dBr —{—/M/ F(X,-, 2)N(dr, dz)
K s K E
+ (Ku - Ks)

Let us define E[- | = E[- | F;]. Then we get

Es|: sup IXul”]

s<u<t

<501 :Es[mv’} +Es[ sup / ' b(X,-)dr
s<u<t s
s[ sup / /F(X, , DN(dr, d7) ]
S<u<t
t

§C{|Xs|p+T” 1/ [ ]dr+/ [

t 4

o[ [=] |
K} E

t
< C(T){ IX,P + C f Es[l + X, |p}dr+2
s

P
} —HES[ sup

S<u<t

]

/ ' o (X,-)dB,

|

i

FX,—,2)

P
]A(dz)dr + Z‘KT

Kr

|

Finally, from Gronwall’s lemma, we deduce that for all 0 <s < < T, there exists a constant
C, depending on p, T, b, o, F, and h, such that

t
§C1(1+|Xx|”)+C2/ Es|: sup |Xu|p:|dr'
N

s<u<r

E[ sup IXul”Ifs} < C(1+1X,).

S<u<t

Proposition 2. Let p > 2 and let Assumptions 1, 2, and 3 hold. There exists a constant C
depending on p, T, b, o, F, and h such that the following hold:

() YO<s<t<T, |K —K<Cl|t—s/?.
(i) VO<s<1<T, E[|U—Ul]<Clt—s|
(i) VO<r<s<t<T, E[U;—UP|U —UgP1<Clt—r|%
Remark 3. Under the same conditions, we conclude that

VO<s<t<T, E[IXi—X/P]<Clt—sl.
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Proof of (i). Let us recall that, for any process X,
Go(X) = inf{x € R: E[h(x + X)] > 0},
Go(X) = (Go(X))* =inf{x > 0: E[h(x + X)] = 0}.
From Remark 1, we have

K: — Ky = sup Go(X; + U, — Uy). (2.12)

s<r<t

Hence, from the previous representation of K; — K, we deduce the %-Hélder property of the
function t — K;. Indeed, since by definition Go(X;) =0, if s < t, by using Lemma 2, we have

|Kt _Kr|

sup GO(XS + Ur - Us)

S<r=<t

= sup [Go(Xs + U, — Us) — Go(Xy)]

S<r=<t

M
= — sup E[|U, - Usll,

m s<r<t
] + (E[ sup
S<r=<t
+ <E[ sup /r/- F(X,f,z)N(du, dz)
S<r<t | Js E
t t
§C=/ ]EUb(XM—)Hdu+ (E[/
t 2 12
Em ) }
K E

1/2
5C{|I—S|E|:l+sup|Xu|:|+|t—s|1/2<E|:1+sup|X,,|2]) }
usT u<T

Therefore, if Xy € L? for some p > 2, it follows from Proposition 1 that

and so

7

K — K| < C{]E|: sup

S<r<t

/‘r b(X,~)du

N

[ ot am,
2]) ]/2}

2 172
du:|>

o(X,-)

FX,-, 2)

K, — K| < Clt — s/,
Proof of (ii).

t p t
E[IUI—USI”}§4”1E[</ Ib(Xr)Idr> +‘/ o (X,-)dB,
t . P
[ [ rosonane
s JE

r p
<C sup IE|:</ |b(Xu)|du> +
0<r<t K
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r 4
/ / F(X,-, 2)N(du, dz) ]
K E
t t r/2
5C{|t—s|p1]E[f (1+|Xu|)Pdu]+clE[</ (1+|Xu|)2du> }

+C2]E[f[(1 + |Xu|)1’du”

p/2
< Cl]E[l + sup |X,|p} It — sl + C2E[<1 + sup |x,|2> ]|t — s|P/?

t<T t<T

+

+ C3]E|:1 + sup |X,|P]|t—s|.

t<T
Finally, if Xo € IL” for some p > 2, we conclude that there exists a constant C, depending on p,
T, b, o, F, and h, such that
VO<s<t<T, E[X;— X,’] < Clt —sl.

Proof of (iii). Let 0 <r <s <t <T. We have

E|:|UA - Ur|p|Ut - Uslp:| = El:lUA - Ur|pEs[|Ut - Us|p]:|

t
SCE[IUS—UrIP{Es[ / b(Xy-)ds

N
+E,|

t
/ o (X-)dBs

Jos
1))

|

t
/ / F(X,-, z)dN(ds, dz)
) E

Then, from the Burkholder—Davis—Gundy inequality, we get

EI:IUA‘ - Ur|p|Ul - Us|pi|

p !
SC]E|:|US_Ur|p{Es|: i|+(Es|:/
N N
t p
+]Es|:/ f ’F(XS,Z) )»(dz)ds:|
s JE
§CIE|:|US—U,|”{|1‘—S|/’(1+IES|: sup |Xu|p:|>
s<u<t
p/2
+|t—s|p/2(1+ES|: sup |Xu|2} )+|t—s|(1+Es[ sup |XM|PD
S<u<t s<u<t
SC]E|:|US_Ur|P{|t_S|(1+ES|: sup |Xu|p:|>}:|;
s<u<t
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thus, from (i) and Proposition 1, we obtain
E[|US U, - US|P]
<Cili— le[lUS - U,|P] Ot s|E[|US - Ur|P|XS|P]
= Cilt = slls = rl + Colt = SB[ Uy = Upl? (X, = X, 17 + 1%, )
<Cilt— 1P+ Colt — s|E[2”_1 Uy — U,|1’<|US — Ul + K, — Kr|1’>]
+ Clt = s[E[ Uy = U1, |
< Cilt—r + Cale = SIE[1Uy = U7 | + Cale = slls — B[ 1U, - U, ]
+ Cylt = SIB[|Us = U, P11 |
< Cilt = rf? + Cylt = SIE[ X, PE, Uy = U, ).
Following the proof of (ii), we can also get

E[|U; — U] < C|s—r|<1 —HE,[ sup |Xu|”]>.

r<u<s

Then

E[|U5—Ur|P|Uz—US|P]sc1|r—r|2+Cz|t—s||s—ruE[mV’(l+Er[ sup mw])}

r<u<s

r<u<s

scm—r|2+cz|t—r|2E[|Xr|”(1 + sup |Xu|”)}.
Under Assumption 3, we conclude that
E[|Uy — U,P|U;, — Us|P1 < Clt — r|? VO<r<s<t<T.

2.4. Density of K

Consider the second-order linear partial operator £ described by
3 1, 9
Lf(x) = b(x)—f(x) + 5007 (x) ——f(x)
X 2 ax

+ [E (f(x+ F(x, 2)) = f(x) = F(x, 2)f(x)) Md2), (2.13)

for any twice continuously differentiable function f.

Propositions 3. Suppose Assumptions 1, 2, and 4 hold. Let (X,K) be the unique deterministic
flat solution to (1.2). Then the process K is Lipschitz continuous and the Stieltjes measure dK
has the following density:

ELLAX-)D™

k:RT
2 TR O

1E(x)1=0- (2.14)
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Let us admit for the moment the following results that will be useful for our proof.
Lemma 3. The functions t —> E [W(X;)] and t —> E [Lh(X;)] are continuous.

Lemma 4. If ¢ is a continuous function such that, for some C>0and p > 1,
VxeR, oM =<C1+x),

then the function t — E[@(X})] is continuous.

The proof of Lemma 3 is given later in this section, and that of Lemma 4 is given in
Appendix A. We may now proceed to the proof of Proposition 3.

Proof. Firstly, we prove that K is Lipschitz continuous. In order to do this, we first prove
that s +—> Go(us) is Lipschitz continuous on [0,7]. From the definition of Go, we have
H(Go(ur), ny) =0, and by using (2.4), if s < ¢, we get

1Go(ies) — Go(pr)

1 - _

< ZIH(GO(MS), ) — H(Go(e), pr)l
1 -

= —|H(Go(us), o),
m

1 —
= —|E[h(Go(us) + Upl|
m

13 t '
=%’E[h<(_;o(us)+Us+ / DX, )dr + / o (X, )dB, + / / F(X,-. ON(dr, d@)”,
$ s s JE

From It6’s formula, we obtain
h(Go(is) + Uy)

t t
= h(Go(ps) + Uy) + / b(X,- )l (Go(ps) + U,-)dr + / o (X)W (Go(us) + U,-)dB,

t t
+ / f F(X,-, 2)l (Go(us) + U, )N(dr, dz)+% f o (X~ )" (Go(us) + U,-)dr
s JE s

t t
+ / / m(r, 2)1(dz)dr + f / m(r, 2)N(dr, dz),
K E K E

with
m(r, 2) = (h(Go(s) + Uy~ + F(X,~, 2)) = h(Go(us) + U,-) = F(X,-, 21 (Go(s) + U,-)).
This yields

[ —_ —_—
W(Gos) + Up) = h(Go(us) + Us) + / Lx _h(Go(ps) + Up-)dr
t
- / o (X, (Go(s) + U,-)dB,

t
+ f / (h((_?o(us) + U= + F(X,-, 2)) = h(Golps) + Ur—))fV(dr, dz),
s JE
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where

_ 0 1 " 92 /

Lyf(x) = b(y)af(X) + 500 (y)@f(X) + /E (f(x+ FO, 2)) = f(x) — F(y, 2f (%)) A(dz).
Therefore,

—_ —_ t —_ —_
Elh(Go(is) + Ul = EIA(Go(us) + Up)] + / ElZx_h(Go(ty) + Uy-)ldr
t —_ —_
— H(Go(y), 15) + / ElZx_hGolus) + Uy )ldr

t - -
= [ Bty MGou)+ U

Consequently, the result immediately follows from the fact that 4 has bounded derivatives and
sup,7 |Xs| is a square integrable random variable for each 7 > 0 (see Proposition 1).

Finally, we deduce that K is Lipschitz continuous and so has a bounded density on [0,77] for
each T > 0 (see Proposition 2.7 in [BCdRGL16] for more details).

Secondly, let us find the density of the measure dK. For all 0 < s <t <T, we have

t t t
X; =X+ / (bX,-) — / F(X,-, 2)A(dz))dr + / o(X,-)dB, + / / F(X,-, 2)N(dr, dz)
K} E s s JE

+ Kt - Kv~
Under Assumption 4 and thanks to It6’s formula we get

h(X;) — h(X;)
t t t
_ / bOX, (X, )dr + / o (X, (X, )dB, + f f F(X,-, QW (X, )N(dr. d)
K K K E
t 1 t
+ / h’(Xr)dKr+§ / o2(X, W' (X,-)dr
t
+ / / (h(X,- + F(X,-, 2)) — h(X,-) — F(X,—, 2l (X,-))N(dr, dz)
K E
t t t
= / b(X, W (X,-)dr + / o (X, )W (X,-)dB, + / / F(X,—, 2/ (X,-)N(dr, dz)
K K K E
t l t
4 / WX, + 5 f 02X, (X, ydr
t
+ / f (h(X,- + F(X,-)) — h(X,~) — F(X,- I (X,-)) M(dz)dr
K E
I3
+ / f (h(X,- + F(X,-, 2)) — h(X,-) — F(X,-, 2l (X,-))N(dr, dz)
K E

t t t
= f Lh(X,-)dr + / I (X,-)dK, + f o (X, W (X, )dB;

t
+ / f (h(X,- + F(X,-, 2)) — h(X,-))N(dr, dz),
s JE

https://doi.org/10.1017/apr.2020.11 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.11

Mean refected SDEs with jumps 537

where L is given by (2.13). Thus, we obtain

t t
]E( / h’(X,)dK,) =Eh(X,) — Eh(X) — / ELh(X,-)dr. (2.15)

N

As a conclusion, using (2.15), Lemma 3, and the proof of Proposition 2.7 in [BCdRGL16], we
deduce that the measure dK has the following density:

_ ELLAXHOD™
'S TR, o=

Proof of Lemma 3. Under Assumption 2, and by using Lemma 4, we obtain the continuity
of the function r — Eh(X)).

Under Assumptions 1, 2, and 4, we observe that x —> Lh(X;) is a continuous function such
that, for all x € R, there exist constants C;, C2, C3 > 0 such that

Ib()K (0)] < C1(1 4 |x]),
lo 2R (x)] < Ca(1 + |x]?),

and

/ (h(x+ F(x, 2)) — h(x) — F(x, D)’ (x)) A(dz)
E

§C3/ [F(x, 2)|\(dz)

E

§C3(/ |[F(x, z) — F(O, z)lk(dz)+/ [F (0, Z)Ik(dz))
E E

< C3f [x|A(dz) + C'3
E

= G3(1 + |xD.

Finally, by using Lemma 4, we conclude that t —> ELA(X;) is continuous.

3. Approximation of mean reflected SDEs by an interacting reflected particle system

By using the notation presented in the beginning of Section 2, in particular Equation (2.9),
the unique solution of the SDE (1.2) can be derived as

t t t
X = Xo + / b(X,)ds + f o (X, )dB; + / / F(X,-, N(ds, dz) + sup Go(us), (3.1)
0 0 0 JE

S<t

where p, stands for the law of

t
U,:Xo—i-/ b(Xr)ds+/
0 0

Let us consider the particle approximation of the above system. In order to do this, let us
introduce the particles: for 1 <i <N,

t

t
o (Xs-)dBs + / / F(X,-, 2)N(ds, dz).
0 JE

t t t
Xi=Xi+ /0 bX)ds + /O o (XI_)dB! + /0 | PO N s, o)+ sup G, (32
E

s<t
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where (B’ )1<i<n are independent Brownian motions, (IV i)lgs ~ are independent compensated
Poisson measures, (X;)1<i<y are independent copies of Xo, and u represents the empirical
distribution at time s of the particles

Ul =X + fo b(X!_)ds + /0 o(X')dB + /O /E F(X'_, 9Ni(ds,dz), 1<i<N,

N
|
namely ;1 = N Z Syi. Note that
i=1
1 & :
Go(ulsv)zinf{sz: 5 3 hix+ U;)zo},

i=1
K} = sup Go(uy).
s<t

Now we can prove the propagation of chaos effect. In order to do this, let us introduce the
following independent copies of X:

t t t
X! =X}, +/ b()_(;_)ds+/ o(X!_)dB, +/ /F()_(;_, 2)N'(ds, dz) + sup Go(us),
0 0 0o JE

s<t

I <i<N,

where the Brownian motions and the Poisson processes are the ones used in (3.2).
In addition, we introduce the decoupled particles U', 1 <i <N:

. - t - t - . t - ~
Ul =X, + / b(X!)ds + / o (X! )dB. + / / F(X!_, z)N'(ds, dz).
0 0 0 JE

It is worth noting that the particles (U?) <;<y are independent and identically distributed (i.i.d.).
Furthermore, we introduce 2V as the empirical measure associated to this system of particles.

Remark 4.

(i) Under our assumptions, we have E [h (X})]=E [h(Xo)] > 0. However, there is no
reason to have

1 &
5 2 (%) =0,
i

even if N is large. As a consequence,

N
. 1 _.
Go(,ug)sz{xzo: N igl h (x+X) 20}

is not necessarily equal to 0. As a byproduct, we have X} = )_(6 + Go(/ﬂ(;' ), and the non-
decreasing process sup,, Go(1Y) is not equal to 0 at time # = 0. Written in this way, the
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particles defined by (3.2) cannot be interpreted as the solution of a reflected SDE. To
view the particles as the solution of a reflected SDE, instead of (3.2) one has to solve

. - [ . t . .
X! =X} + Go(uh)) + / b(X_)ds + / o(X'_)dB.
0 ' 0 '
t . ~
+ f f F(X;-, 2N'(ds, d2) + K},
0 JE
N

1 : S
=)0, /0 S () akY =o,
i=1 i=1

with KV non-decreasing and K{)V =0. Since we do not use this point in the sequel, we
will work with the form (3.2).

(ii) Following the proof of Theorem 1, it is easy to demonstrate existence and uniqueness of
a solution for the particle-approximated system (3.2).

We have the following result concerning the approximation of (1.2) by an interacting

particle system.
Theorem 2. Let T > 0 and suppose that Assumptions I and 2 hold.
(1) Under Assumption 3, there exists a constant C depending on b, o, and F such that, for
eachjef{l, ..., N},
) . M2 M2
E| sup X —X/|?| <Cexp(C[1+—= |1 +T?) | —=N"12
o : 2 2

(i) Under Assumption 4, there exists a constant C depending on b, o, and F such that, for
eachjef{l, ..., N},

o M? 14772
E[sup|X§—X§|2:|5Cexp(C(l+W)(l+T2)) ;2 <1+1E[sup|XT|2DN1.

s<T s<T

Proof. Let t > 0. We have, for r <t,

X} - ]| <

/ ' b(x!) — b _)ds
0

+ ’ /r <a(Xﬁ,_) —a(f(ﬁ_))dBi
0

+Uf (F(x{_,z)—F(f({,_,z)>Nf(ds, dz)
0 JE ' '

From the inequality

+ [ sup Go(y) — sup Go(sey)|.
S<r S<r

sup Go(ul) — sup Go(pss)
S=r

S<r

< sup |Go(u) — Go(y)| < sup | Go(d) — Go(us)|
S<r s<t

< sup |Go(u) — Go(a)| + sup |Go(d) — Go(us)|,
St §<t
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we obtain

sup |X] — X’|<11+SUP|G0(M ) — Go( )|+SHP|G0(/L9)—

r<t

(3.3)

where I; is defined by

t . .
I =/0 |b(X!_) — b(X_

Or (c0 ) =0 (®))aB;

+ sup /()r/E (F(Xi_,z) —F()_(ﬁ_,z))lvj(ds, dz)‘.

r<t

Firstly, due to Assumption 1 and the Doob and Cauchy—Schwarz inequalities, we have

2 / )
E[|11\2]§C{]E[t dS]—HE[/ ds]
0
X 2
HE[/ / ‘F(X )= F(X;-. 2) A(dz)ds”
<clic x| - d+C/ £l - %[a
<{t1/0 [| |]s 1 [| |]s
t
va | E[lx@—mZ]ds}
0

t
<ca +r)/ E[|X{; —)‘({;|2]ds,
0

! . . . .
b(X\_) = b(X]_) oX_)—o(X)

where C is a constant that depends only on b, o, and F. Note that C may change from line to
line.
Secondly, in view of Lemma 2,

M M1
sup |Go(u) — Go(i )|<—sup—Z|U’ U'|<——Zsup|U’ Ui

S<t

Moreover, taking into account that the variables are exchangeable, the Cauchy—Schwarz
inequality implies

2 N 2 1‘42 2
Ny _N ‘_‘4_ i M i T
E[i‘g’mo(us) Go(um} N§:i [igg\Us Us!] sz[igr;\Us Uj] }
Since

U= 0= [ @)~ dr+ [ @)~ o8] a]
0 0

+ / / (FX_, 2)— FX.), 9N/ (dr, d2),
0 JE
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and following the previous computations, we get
2 t
_NA2 M S _.5
E| sup [Gotusl) — Goa)|*| = €751+ t)/o E| %] — X{[*]s.
5=

Consequently, combining the previous estimates with Equation (3.3) gives

1
E| sup |¥] - %/*] < K/ B[ [x] - % |ds + 4B sup |Go()) — Go(uo) |
r<t 0 s=t
13
<& [ [ sup ] X[ Jas + 48] sup [ G ~ Gotuo ]
0 r<s s<t

where K = C(1 + t)(1 + M?/m?). According to Gronwall’s lemma, we get

E[ sup | X] — 5(1;|2] < Ce’“lE[ sup |Go(izY) — Go(,us)|2:|.
S<t

r<t

In view of Lemma 2, we have
2 }

2
i|, (3.4)

Proof of (i). Since h is at least a Lipschitz function, the rate of convergence will be given by
the convergence of empirical measure of i.i.d. diffusion processes. As we consider a uniform
convergence in time, getting the usual rate of convergence is not straightforward. If we only
suppose that Assumption 2 holds, we obtain that

1 _
E[ sup |Go(71y) - Go(m)ﬂ < @E[ sup ‘ / h(Go(pes) + Ndfty — dps)

which leads to

. _. 1 _
E[ sup [X] — Xlr|2:| < Ce’“ﬁﬂf[ sup ’/ W(Go(ps) + Nt — duy)
s<t

r<t

1 - ) 21 m? )
—QE[ sup ‘ f h(Gopes) + Ndiy — dps) ] <— E[ sup Wiy, us)}.
m s<t m s<t

According to the additional Assumption 3, and in view of the proof of Part (i) of [BCdRGLI16,
Theorem 3.2], we have

E[ sup Wil m)} <CN'2,
s<l1

Proof of (ii). Under Assumption 4, we can get rid of the supremum in time by using the
sharp estimate

2
] (3.5)

IE)|: sup

S<t

/ WGolas) + i — dyy)
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_According to Proposition 3, let i be the Radon-Nikodym derivative of Go(). Since
(U"1<i<n are independent copies of U, we have

_ 1 &L . _
R(5)i= [ Go(us) + N — diao) = 3 3 (Golus) + 09) ~ E[h(Go(us) + U]
l:l

{1(Go(us) + Uy) = E[1(Go(us) + Ty) ]}

Il
2=
AMZ

Il
-

{a(vs) = E[n(V)]},

|
2=
AMZ

1

where V' is the semi-martingale s —> Go(s) +
It follows from It6’s formula that

s

s

(V) = (Vi) + [ (v ydGoloed) + [ v yars [ n (v e

0

/ f )W (VL )Ni(dr, dz) + ! f o2 (X ) (VE)dr
/ / (h Vi 4+ F(X,2)) = (Vi) — FXL, W (Vi ))/\(dz)dr
/ / (A + P 2) = hVE) = FRL 2 (Vi) )N (dr, de)
/0 WV )gndr + Osb(;‘(£)h/(v;')dr+% /0 2 (X)W (VE)dr
/ (h (Vo +F(X._, 2) - h(v;'_)—F(X;'_,z)h/(v;'_)),\(dz)dr
/ (Xi )i/ (Vi )dBl + / / (Vi +F(X;;,z))—h(v;;))zvf(dr, dz)

/ n(Vi) l/frdr—i-/ LX, h(Vi )dr—i—fo n(V_)o (X' )dB.
/ / ( WV +F&, ) = h(V: ))N"(dr, dz)

/ (W (Vi) + Lgs_ R(VE)Jar + fo WV )o (X1 )dBl

/ / h(Vio+FX!_, 2) —h(V! ))N"(dr, dz).

Taking the expectation gives
5| =elnvi) | + [ B+ £y nvi
0 "
—_ s . - .
— HGoluo), 110) + /0 B[ (Vi) gy + £gi h(Vi)]dr

=0+ [ B[V )y L h(Vi)ar
O r
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We immediately deduce that

(LI QA
NOESDIIHNEEDD /O Ci(r)dr + My(s) + Ly(s)
i=1 i=1

1 s YL
=N ; h(Vy) +f0 (ﬁ ; C’(r)>dr + Mn(s) + Ln(s),

where
C(r =0 (VL) + Ly h(VL) —E[R (V)Y + Ly h(VL-)],
A
My =3 /O W (V,-)o (X,-)dB,,
N i=1
1 ’ i i i N
Ly(s) = ; /O /E (h(Vr_ +F(X,_, 7)) — h(Vr_))N (dr, dz).
Then,
1
sup [Ry(s)| < Z h(Vp)| + sup / ~ 2 C')|dr + sup My (5)] + sup [Ly(s)|
s<t s<t i s<t s<t

1<
< N;h(%) +
=

t 1 i .
~ ) Cn
N i=1

dr + sup |My(s)| + sup [Ly(s)].
s<t s<t

Since (U')1<j<y and (X')1<;<y are i.i.d., and by using the Cauchy—Schwarz inequality, we

obtain
LE {V[l ] ee[( [ Y]

S<t
i=1

Z Ci(r)|d

+]E[SUP My (s)I? +E[SUP ILn ()| ”
[lvzwa]-el [
<41V iE
+]E[SUP My (s)? +E[sup ILn(s)l ”

1 NS QA
{V[ h(VO) tfo V(ﬁ;C(r)>dr

+ E[ sup IMN(s)I + E[ sup |LN(S)|2i| }

S<t s<t

Mz

h(Vo)

+

I
—_

Mz

1
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Hence, we get

4
E[ sup |RN(s)|2:| NV[h(VQ) / V(C(r))dr + 4E[ sup |MN(s)|2] + 4]E[ sup |LN(s)|2j|
s<t sS<t

s<t

= SV + / VO (V, )y + B, h(V,))dr

+ 4IE|: sup |MN(s)|2i| + 4IE|: sup |LN(s)|2:|.
<t

s<t

Since My is a martingale with

1 P\ i )2
(M) =3 > / (W(V o (X)) dr
Doob’s inequality leads to

E[ sup [My ()] < 4E[IMy ()]

s<t

4 - ! /v i V)2
= ,2_1:/0 E| (1 (Vi o (%) Jar
4 [t )
== /O E[(h’(Vrf)a(er)) ]dr

Then, using Doob’s inequality for the martingale Ly, we obtain

E[ sup ILy(5)*| < 4E[ 1y (0]

S<t
4 Y ! ) . L. 2
([ [ty -n )]
+i2 [ / / Vl—+F(X£7,Z))—h(Vi,))N"(dr,dz)

1<1<]<N

: / / (n(V]+ F&E2) = h(V]))Niar, dz)i|
0 JE
4 & i oi i\
:ml; /0 /E ]E|:<h(Vr +F(X,9) = h(Vi)) ]x(dz)dr
4 i o i \)2
== /0 /E E[(h(vr—i—F(Xr,z))—h(Vr)) :|A(a’z)dr.

Finally, using the fact that z has bounded derivatives and that b, o, and F are Lipschitz, we get

E|:sup |RN(s)|21| <c( +z2)(1 +IE|:sup |XX|2DN_1.

s<t s<t

This gives the result coming back to (3.4).
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4. Numerical approximation for MR-SDE, and its performance

In this section, the numerical approximation of the SDE (1.2) on [0,7] is studied. Let 0 =
To<T) <---<T,=T be asubdivision of [0,T], and define the mapping ‘_’ by s+ s = T if
S € [Ty, Tk+1), k€ {0, - - - , n— 1}. Let us consider the case of regular subdivisions: for a given
integer n, Ty =kT/n, k=0, ..., n.

In the previous section, we have shown that the particle system given, for 1 <i <N, by

X =X+ /0 lb(Xé_)ds+ /0 [a(x;j_)dBf;Jr fo I /E F(X'_, 2))N'(ds, dz)+su;[) Go(u),
s=<
where
1 N
n'=y 2
with -
U}':)'(3+/()tb(xj)ds+f0

B’ being independent Brownian motions, N’ being independent Poisson processes, and }_(6
being independent copies of X, converges to the solution of (1.2). Hence, to determine the
numerical approximation, we apply an Euler scheme to this particle system. The discrete
version of the particle system is as follows: for | <i <N,

t

t
olds+ [ [ Pl oNs . 1=i=N,
0 JE

t t t
Xi=Xi+ / b(X'_)ds + / o (X' )dB. + / f F(X'_, 2)N'(ds, dz) + sup Go(fi}),
0 - 0 - 0 JE - S<t -

where
LN
~N__ »
Y .2]:8“’
=

t t t
U =X + /O b(X; )ds + fo o (X, )dB; + fo /E F(X{-,2N'(ds,dz), 1<i<N.

4.1. Scheme

In view of the above notation, and taking into account the result on the interacting system of
mean reflected particles of the MR-SDE of Section 3 and Remark 1, we deduce the following
algorithm for the numerical approximation of the MR-SDE.

Remark 5. It should be pointed out that, at each step k of the algorithm, the increment of the
reflection process K is approximated by the increment of the following approximation:

AK"N = sup Go(jiy,) — sup Go(iiy,). 4.1)
1<k 1<k—1

First, we consider the special case when the SDE is defined by
t t t
X =Xo+ / b(Xy-)ds +f o (X,-)dBy +/ F(X,-)dNs+K;, t>0,
0 0 0
t
E[h(X)] =0, / E[h(Xs)]dKs=0, =0,
0

where N is a Poisson process with intensity A, and N; = N; — Af.
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Algorithm 1 Particle approximation

1: f0r1<j<Nd0

2: ((X“ ) (U“ )J AN) (x, x, 8y)
3: end for

4: forl<k<ndo

5: for 1 <j<Ndo

6: G ~N(©,1)

7: H/ ~ P(\(T/n))

N (0?:)j=((7rﬂil) +(T/n)<b<( i 1)’) _AF((X?:I)J))

9: +W6<( Tkjvl))Gf +F<()~(%:Vl>j>Hj
10: end for

1 g =Ny ls(Uﬂ

12: AKN = supo; Go(if) — supj<i_y Go(itf)
13: for 1 <j<Ndo

" (X%N)J _ (Xéf:il)J +(T/n) (b<()?§1~:1)j> —AF ((X%Nl)/»

~~N \J , ~~N \J . N
15: /T Tn)o ((X;kl> )G’ + F((X?kl) )H/ + AR
16: end for
17: end for

By Remark 1, the increment (4.1) can be estimated by
N . 1 N o i T i i hh i
KK =inf 1x 2 0:0 Zh<x+ (%5.) +~ : (b((XTk ) ) M((XT“) ))
i=1
\/T "’llN i . '"/ZN i .
# (L))o () o) o}

where G' ~ N(0, 1) and H' ~ P(A(T/n)), and the (G');—1.. v and (H'); =,y are i.i.d.

In addition, procedures similar to those in the proof of Theorem 1 can be used to verify that
the increments of the approximated reflection process are equal to the approximation of the
increments:

Vikel(l,---n), MK =AY,

Returning to the general case (1.2), we see in [YS12] that N = {N(r) :=N(E x [0, f])} is a
stochastic process with intensity X that counts the number of jumps until some given time. The
Poisson random measure N(dz, dt) generates a sequence of pairs {(:;, &),ie€{l,2,--- , N(T)}}
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for a given finite positive constant 7 if A < oo. Here {¢;, i€ {1,2,---, N(T)}} is a sequence
of increasing nonnegative random variables representing the jump times of a standard Poisson
process with intensity A, and {&,i€{1,2,---, N(T)}} is a sequence of i.i.d. random vari-
ables, where &; is distributed according to f(z), where A(dz)dt = Af(z)dzdt. The numerical
approximation can equivalently be written in the following form:

X, =X, + <b(XTk e / WF(XG, l,z)f(z)dZ> +[ oKy, )G

k
+ Z FX), &)+ MKV,
=, +1

T—1

N
R o 1 . T . .
AkN = AK" = inf {x >0 > h<x + X7, + (b(xka]) — /E MK, Z)f(z)dz)
j=1

Hka

fa(X’T G+ Y F(XTkl,si)>zo},

j
i= HTk 1+1

where G ~ N(0, 1) and B ~ P(M(T/n)), and the (G/);—;  are i.i.d.

,,,,,,,,,,

4.2. Scheme error

Proposition 4.

(1) Let T > 0, let N and n be two nonnegative integers, and suppose that Assumptions 1, 2,
and 3 hold. There exists a constant C, depending on T, b, o, F, h, and X but independent
of N, such that foralli=1, ..., N,

E[ sup | X! —X§|2] < C(n1 +N1/2).
s<t

(i1) Moreover, if Assumption 4 is in force, there exists a constant C, depending on T, b, o, F,
h, and Xo but independent of N, such that foralli=1, ..., N,

IE|:sup |X§ —)~(§|2i| < C(n_1 +N_l>.
s<t

Proof. Letus fixie {l,...,N}and T > 0. We have, fort < T,

+ ‘ /S <a(x;'_) —a(XL))dBi
| :

n ‘ [ (F(xi_,z)—F(X;'_,n)N"(dr, &)
0 JE B
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Hence, using Assumption 1 and the Cauchy—Schwarz, Doob, and BDG inequalities gives

s 2 s
/ (b(Xi)-b(f(i))dr +’ / (o(x;')—a()?;')>d3§
0 - 0 -
§ . ~ ~ 2
+‘/ /(F(X;_,z)—F(X;_,z)>N’(dr, dz)
0 JE -

+ sup ]Go(ujrv) - Go(ﬁlN)’2 ”

el - ]

t
+EU /‘F(X;',z)—F(f(;',z)
0 JE -

+ E[ sup |G0(M1sv) - Go(lllsv)|2j| }
s<t B

t t
Sc{mf E[|Xg_x;|2]ds+c1/ E[|x;‘_5(;|2]ds
0 - 0 -

t
+Ci /0 E[}xg —x;|2]ds+ﬂ-z[ sup |Go(ul) — Go(ﬁﬁ’)F”
s<t

2
]E[sup ]Xj —5(§|2:| < 4E[ sup !

s<t sS=<t

2
dsi|

b(X_) — b(}?;'_)

o(x')— a(f(;'_)

)»(dz)dsi|

t
< c/ E[|X§ —5(;'|2}ds +4E[sup |Go(ud) — Go(ﬁ?)!z}.
0 = s<t -
4.2)

Denoting by (Mi)OEIST the family of marginal laws of (U,i)OSth and by (ﬁé)OstsT the family

of marginal laws of ([7{)05,57, we have

- 2 i12 i ~iv]2
IE[ sup |Go(ub) — Go(id)| ] < 3{115[ sup | Go(u) — Go(uh)| ] + sup |Go(py) — Go(iay)|
s<t s<t S<t

+ ]E[ sup |Go(ih) — Go(ﬂg)ﬂ }
s<t N B

and from Lemma 2,

2 2
L]E Py N _ g M 20,0 mi
=31 E| sup| [ A(Goluy) + )dps —duy| |+ sup Wi (i, fy)
m s<t m s<t -
1 _ ) ) 2
+ _2E[ sup / WGo(fi) + NdfiY — djil) ]
m s<t - - -
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]

2
:| —i—supIEHUQ - Uy

1}

Proof of (i). Following the proof of (i) in Theorem 2, we obtain

/ WGolul) + N — )

< C{IE[ sup
s<t

+E[sup

s<t

[ Gty + i - aii

2
E[ sup / h(Go(l) + Yduy — dul) ] < C]E[ sup Wiy, Mi)] <CN~'2,
s< S=
- . . 2 .
IE[ sup f h(Go(fiy) + Ndpy — dfiy) ] < CE[ sup W (7L iy )] <CNT'2,

from which we can derive the inequality

2
~ N2 i i -
E[sup\Go(uiv)—Go(uﬂv)l :|§Cl suplE[ U, — U, ]+C2N 1z
s<t - s<t -
. ,_,.2 ~ ,_,42
gcl{supE[U;—U; :|+sup]E|:’U;—U§. “+C2N—1/2.
S<t S<t -

For the first term of the right-hand side, we can observe that

2 2
HSE[sup :H
s<t
< 3IE|: sup [ / ' (b(x;') — X )) dr
S<t 0 =
/ f (F(Xi,z)—F(Xg,z))Nf(dr, dz)
0 JE -
t 2 t
SC{E[t[ ds]+E[/
0 0
t ) . 2
+]E[ f f ‘F(X;_,z)—F(X;_,z) /\(dz)ds”
0 JE =
! L t R,
SC{TCI/ E[IXi—XéI }dr+261/ E[|X;—x;| i|dr}
0 - 0 =
t
SC/ E[|X§—)~(§|2:|ds.
) s

supE[ Ui _ i Ui - b

s<t

2

2 s
+’ / (o(Xj)—a(f(i))dBi
A r

1]

o(X')— a()”(;'_)

+

b(X!)— b()”(;'_)

2
ds]
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2
Using Assumption 1, the second term sup;, IEH{]@ - l~]§ i| becomes
supEHUé—U; j|§3sup {]E|: b(X; )dr| + /G(X;,)dB’r
s<t - S<t s - s -
S - . 2
F(X._, 2N'(dr, dz) ]}
g r
i [P 2 i |7 i P12
<3sup {]EHb(x@) |s—s|"+ |o(X)| |B; — By
[ /‘F(X’ ,2) )\(dz)dr:”
§3sup{]E b(Xl |s—s| + o(X’
s<t
<3sup{( | sup b(XL)| }+E[|B;_B;|2}E[|a@;>|2}
sS<t S<r=s - -

r vi2
we( e e, cvrmen |

Bl| —i—C/ (1+|X’ |)dri|}

2
<C (Z) E[ sup |b(5(;')|2] +C sup]E[|B§ - BHZ}E[ sup |a()~(§)|2i|
n s<T s<t - s<T

[sup (1+ |5<§|2)}

T
+ C3 (—)E
n s<T
T\? -
<Cy (—) <l + E|:sup |X§|2])
n s<T

Lo supza[wg _Bﬂ(l +E|:sup |5<;’|2])
s<t - s<T

co(G) (o= pler])

and from Proposition 1, we get
2
T . .
] <C; (—) + C; sup IE|:|B§ —B§|2].
n s<t -

Then, by using the BDG inequality, we obtain

. s\ ? T
supIE[|B’S—B’S| ]:sup]E[(/ dB;) }ssupls—glﬁ—.
s<t - s<t s s<t n
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Therefore, we conclude

2
supE| |0 —Ul| |<Cin™' + Con™!
= H T } e (43)
< Cnfl,
from which we derive the inequality
t . ~
]E[ sup |Go(u) — Go(,lgv)f] < C{nl + N2 +/ E[!X; - X;|2]ds}, (4.4)
s<t = 0 =
and taking into account (4.2) we get
1
E[ sup [X! —5(;|2] < c{n1 FNT2 +[ E[|X; —Xgﬂds}. (4.5)
s<t 0 =

Since
el x5y < 28] jx - %] + 22 5 - 3

=21E[|X;' _xﬂ +2E[|Ug o

it follows from (4.3) and (4.5) that

s<t

, -
E|:sup ’Xé—)?;’z]fC{n_l—i-N_l/z—i—/ E[’Xé—f(ﬁ‘z ds}.
0

Finally, we conclude the proof of (i) with Gronwall’s lemma.
Proof of (ii). Following the proof of (ii) in Theorem 2, we obtain

2
}SCN_l,

/ W(Golul) + N — dal)

E[ sup

s<t

2
]§CN‘1.

IE|: sup

s<t

/ HGoli) + WY — djil)
By the same strategy as the one applied in the proof of (i) in Theorem 4, the result follows

easily:
E[sup X! —Xgﬂ < C(n‘ +N1>.

s<t

Theorem 3. Let T > 0, let N and n be two nonnegative integers, and suppose that Assumptions
1, 2, and 3 hold.

(1) There exists a constant C, depending on T, b, o, F, h, and X but independent of N, such
that foralli=1, ..., N,

IE|: sup | X; —Xf|2j| < C(n_1 +N—1/2>.

t<T
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(1) Ifin addition Assumption 4 holds, there exists a positive constant C, depending on T, b,
o, F, h, and X but independent of N, such that foralli=1, ..., N,

E[ sup |)_(; —5(;'|2i| < C<n_1 +N_1).

t<T
Proof. The proof is straightforward, writing
[Xi = Xi| < X, — x| + [x; - X
and using Theorem 2 and Proposition 4.

5. Numerical examples

In this section, let us study on [0, T'] processes of the following sort:

t t
X, = Xo— fo (Bs + asX, )ds + /O (05 + yoX,- )dBs

t
+/ /c(z)(ns+9st)1§7(ds,dz)+K,, >0, (5.1
0 JE

t
E[h(X,)] = 0, f E[h(X,)]dK, =0, 120,
0

where (8/):>0, (@1):=0, (01)1=0, (V1)1=0, (M)r=0, and (6;),>0 are bounded adapted processes. This
sort of process is chosen to make some explicit computations which allow the illustration of the
algorithm. Different diffusions and functions % are considered in order to illustrate our results.

Linear constraint. Firstly, we consider the cases where h: R>x+——x—p eR.

Case (i). Drifted Brownian motion and compensated Poisson process: ;=8 >0, a; =y; =
0r=0,0,=0>0,n,=1n>0,Xo=x0>p, c(z) =z, and

1 (In z)z)
7)= exp| — 1 .
fQ=—= p( 5 | lo<n
We have
K,:(p+ﬂt—x0)+,
and
Ny
X, =Xo—(B+ /o)t +oBi+ Y nki+K,
i=0

where N; ~ P(rt) and &; ~ lognormal(0, 1).
Case (ii). Black—Scholes process: ;=0 =1n,=0,a,=a >0, yy=y >0,6,=6 >0, c(z) =

81(z). Then
K =ap(t — ") L=,

where t* = %( In (x9) — In (p)), and

t
X, =Y, + th v ldKs,
0
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where Y is the process defined by
Y, = Xo exp ( —(at Y 2400+ yB,)(l o).

Nonlinear constraint. Secondly, we consider the case of a nonlinear function 4:
h:Roaxr—x+asin(x)—peR, —-l<a<l.
We illustrate this case with the following.

Case (iii). Ornstein—Uhlenbeck process: g =8>0,a;=a >0, y;=60;,=0,0,=0 >0, n; =
n > 0, Xo = xo with xo > || + p, c(z) = §1(z). We obtain

dK; = e “dsup (F; ' (0)T,
s<t

where for all ¢ in [0, T],

' —af . e —1 _ w0
Fi:Raox+—— {e xo— B +x) +aexp e 2 sinh (at)
a a

1 i —i . —at e — 1
X E(exp (At — 1)) + exp (At(e™ " — 1))) sin <e (xo —(B+ )»17)( p ) +x>)

i

_p},

Remark 6. We choose these examples in order to obtain an analytic form of the ‘true’ reflect-
ing process K which can be compared numerically with its empirical approximation K. Having
the exact simulation of the underlying process, we can verify the efficiency of our algorithm.

! i —i —at e -1
+ 7 (exp (At(e' — 1)) — exp (At(e™" — 1))) cos <e <xo — (B +M))( P > +x>>:|

5.1. Proofs of the numerical illustrations

In order to have a closed, or almost closed, expression for the compensator K we introduce
the process Y solving the non-reflected SDE

t t t
H=Xo- [ Goradodst [ @ttt [ [ a0 i o,
0 0 0 JE
. ! . A
By letting Ay = fo asds and applying Ito’s formula on ¢*'X; and ¢*'Y;, we get
1 t t
A X, =X + / M Xazds + / (= By — agX,-)ds + / &Y (05 + ysX,- )dBs
0 0 0
t t
+ / / se(@)(ng + 0,X,- N (ds, dz) + / s dK
0 JE 0
1 t
=X — / eASﬂsds + / eAS(O's + Y5 Xs- )dBg
0 0

t t
+ / f et e(z)(ns + 05X- )N(ds, dz) + / M K.
0 JE 0
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In the same way,

t t t
Y, =Xy — f 5 Bods + / (0y + yo¥o By + / / (D) + 0,V WN(ds, d2),
0 0 0 E

and so

t t
X, =Y, +e / AR+ e / M y(X,- + Y- )dBy
0 0

t
+ eiA’ / / eASC(Z)Qs(Xs* + YS* )N(ds’ dZ)
0 JE

Remark 7. In all cases, we have a; = a, i.e. A; = at, so we get

t t
E[Y:]= E|:e_’” (xo — / e Bds + / e (og + ys Y- )dBy
0 0

1
+ / / e (@) (s + 6:Ys- )N(ds, dz))}
0 JE
t
=e ¥ <x0 —/ e‘”ﬂds)
0
“(o-o(55))
=e xo— B .
a

Proof of assertions in Case (i). From Proposition 3 and Remark 7, we have

ki = BlE(Xo) = p
= BlEY)+Ki—p=0

= Blxy—pt+ K —p=0>

1
Kt = / kst
0

t
= / IBle =p+ ﬁs—xodS,
0

so we obtain that

and as K; > 0, we conclude that

K; =(P+ﬂt—xo)+~

1 (g
f@)= o eXP( > )

the density function of a lognormal random variable, so we can obtain

Next, we have

/ nzi(dz) = An / #f(2)dz = AnE(§)
E E
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where & ~ lognormal(0, 1), and we conclude that

/ nzi(dz) = An/e.
E

Finally, we deduce the exact solution

N

X, =Xo—(B+ /o)t +oBi+ Y nki+K,
i=0

where N; ~ P(At) and &; ~ lognormal(0, 1).

Proof of assertions in Case (ii). In this case, using the same Proposition and Remark, we
have

ki = (E( — aX;))” 1gx)=p-
which implies

t
E(X)=p <= E(Y,) —p+e f K, =0
0

t
— _er—at +p= e—at/ eadeS
0

— K;=ap,

and
K >0 —xpe “+p>0

s efat < ﬁ
X0

—=it> %(m (x0) — In (p)) = £*.

So we conclude that K; = ap(t — t*)1,>,+, where * = é( In (xg) — In (p)).
Next, by the definition of the process Y,

dY; = —aY,-dt+ yY,-dB, + 0Y,-dN;,

we have
Y, = Xo exp (— @+ 722+ 200 + yB,)(l +o).

Thanks to Itd’s formula we get

a( )= Lar,+ L( 2 2Yidi+dYy ! Ly Ly
v,)” v a\y)r Yo +AY, Yo o yr o

t s<t

0 . 2 1 1 6
=3dt—ldBt——dzv,+y—dt+dZ(—__+ )
Y, Y, Y, Y, “\1+0)Y- Yo Y-

and so
2

1 21 - 1% 4
dYt =(a+y)Yt dt—]/Yt dBt—QY[, dNt+ ]+

7y

S<t

—(a+y*+ 167 Y 'ar—yyldB 0 y-lan,
=|a —_— — —|—)Y_ .
Y T iye) Vi @b 1+6) 1
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Then, using integration by parts, we obtain

dX, Y7 Y =X-dy; + v ldx, +dix, v,

~ 92
2 -1 -1 —1 —1
=(@a+yH)XY; dt —yX;Y, dB;, —0X,-Y_ dN;+ dE X,-Y
(Cl ) t4y iy t =4y t (1 9> o= ST oy

—aX,Y; 'dt + yX,Y; 'dB, + 0X,- Y- dN, + Y[\ dK,

92
2 —1 —1
—y Xth dt_(l—i—G)d E XS—YA__

s<t

=Y, ldK,.
Finally, we deduce that
t
X, =Y + Y,/ v ldK;.
0

Proof of assertions in Case (iii). In this case, we have

e t t .
Yi=e % (xo — ﬁ( >> +oge / e dBg + e / nse™ dNj
a 0 0
P t t
=e ¥ (xo —(B+ An)( )) +oge / e®dBy + e / nse”dNy
a 0 0

:=ﬁ+Gl+Fl9

and ,
X =Y, +e K, K= / e“dK;.
Hence i
hX) =Y, +e “K;+asin(Y;+e YK) —p
=Y, + e “K, + a(sin (Y;) cos (e~ “K;) + cos (Y;) sin (e~ “K})) — p
=Y, + e YK, + af cos (e"K){ sin (f;) cos (G;) cos (Fy) + cos (f;) sin (Gy) cos (Fy)
~+ cos (f;) cos (Gy) sin (Fy) — sin (f;) sin (G;) sin (F,)}
+ sin (e~ K;){ cos (f;) cos (Gy) cos (Fy)
— sin (f;) sin (Gy) sin (F;) — sin (f;) cos (Gy) sin (F;) — cos (f;) sin (Gy) sin (F,)}] —p-
On one side, since G; is a centered Gaussian random variable with variance

—2at .
Ve o2 1—e _ g2t sinh(at)

b

2a a

we obtain that
]E[eiG,] =2,

G, —iG,
E[sin (G,)] = E[%] —0,
l
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and

iGy 4 ,—iG; ) 2
E[cos (G)] = E[%] =E(e'") = exp ( - eat;—sinh(at)> =: g(0).
a

. t
E[ef1] = ]E|:exp (ine‘”/ e“SdNS>},
0

E[e'f'] ~ IE|: exp (in /0 t dNS)]
~ IE[ exp (inNt)]

~ exp (M(e"" _ 1)),

On the other side,

by taking a small, we get

and so
exp (kt(ei” _ 1)) —exp (At(e’i" _ 1))

E[ sin (Fp)]~ 2

=:m(),

exp (kt(ei” — 1)) +exp (At(e_i” — 1))
2

Using Remark 7, we conclude that, for small «,

E[ cos (F)]~

=:n(t).

ELM(X)] ~ ELY] + e, + o (g(m(r) cos f + ="K+ g(on(@) sin (; + ¢™'Ko)) = p
=F t(I_(t)~

Therefore,

7 1" —at 1"
K, =sup (FS (0)) and dK, = ¢~d sup (FS (0)) .

St s<t

5.2. Illustrations

This computation works as follows. Let 0 =Ty < Ty < - - - < T,, =T be a subdivision of [0,
T ] of step size T/n, n being a positive integer, let X be the unique solution of the MR-SDE
(5.1), and let (X’Tk)oskfn, for a given i, be its numerical approximation given by Algorithm 1.
For a given integer L, we draw (X')o</<z and (X"/)o</<r, L independent copies of X and X'.
Then we approximate the L>-error of Theorem 3 by

(5.2)

Figure 1 illustrates the evolution in time of the true K (full line) and the estimated K (dotted
line for particle method, dashed line for density method) in Case (i). It is confirmed that the
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True K (full line), estimated K, (dotted line for particle method)

Ls (dashed line for density method)

1.0+ .

0.5F .

0.0 1 1 1 1 1 1 1 1 1
00 01 02 03 04 05 06 07 08 09 10

FIGURE 1: Case (i). n.=500, N=100000, T=1, B=2, o =1, A=5, xo=1, p=1/2.

Regression: Slope=-0.93015

0.5

0. O Data

-+ Slope & Intercept
10} P 2l

4.0 . . . - . .
45 5.0 5.5 6.0 6.5 7.0 7.5 8.0

FIGURE 2: Case (i). Regression of log (E) w.r.t. log (N). Data: E when N varies from 100 to 2200 with
step size 300. Parameters: n=100,T=1,8=2,0 =1,A=5,x=1,p=1/2, L =1000.

approximation of K is almost the same as the exact solution. The evolution of log (E) with
respect to log (V) is depicted in Figure 2. It can be seen that the slope is equal to 0.9, which is
consistent with the statement of Theorem 3.

https://doi.org/10.1017/apr.2020.11 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.11

Mean refected SDEs with jumps 559

True K, (full time), estimated k; (dotted line for particle method)

(dashed line for density method)
2.0 : : : : : : : : :

1.8F

1.6F

14r

1.2+

1.0F

0.8 F

0.6F

0.4F

02F

0'0 1 1 1 1 1 1 1 1 1
00 01 02 03 04 05 06 07 08 09 10

FIGURE 3: Case (ii). Parameters: n =500, N =10000, T=1,=0,a=3,y=1,n=1,A=2,x0 =4,
p=1

Regression: Slope=-0.84526

T

O Data

-3.8F Slope & Intercept
O

42t ;

44}

—48F

-5.6 - 4 " " @)
4.5 5.0 5.5 6.0 6.5 7.0

FIGURE 4: Case (ii). Regression of log (E) w.r.t. log (N). Data: E when N varies from 100 to 800 with
step size 100. Parameters: n=1000, T=1,=0,a=3,y=1,n=1,A=2,x0=4,p=1, L=1000.
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True K, (full time), estimated k; (dotted line for particle method)
(dashed line for density method)

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2

0.1

0.0 . L
0.0 5.0 10.0 15.0

FIGURE 5: Case (iii). Parameters: n = 1000, N = 100000, T =15, =102, 6 =1, p=7/2, « =0.9,
a= 1072, xg is the unique solution of x + & sin (x) — p =0 plus 107!,

Figure 3 illustrates the evolution in time of the true K (full line) and the estimated K (dot-
ted line for particle method, dashed line for density method) in Case (ii). As in the previous
example, the approximation of K is almost the same as the exact solution. The evolution of
log (E) with respect to log (N) is depicted in Figure 4. It can be seen that the slope is equal to
0.9, which is consistent with the statement of Theorem 3.

Figure 5 illustrates the evolution in time of the true K (full line) and the estimated K (dotted
line for particle method, dashed line for density method) in Case (iii). Moreover, we notice that
the approximation of K using the particle method is closer to the exact K than the one using
the density method.

Appendix A. Proof of Lemma 4

Let s and 7 in [0, T'] be such that s <.

Firstly, we suppose that ¢ is a continuous function with compact support. In this case, there
exists a sequence of Lipschitz continuous functions ¢, with compact support which converges
uniformly to ¢. Therefore, by using Proposition 2, we get

IE[p(X)] — Elp(X)]| < [Elp(X)] — Elpa(Xn]| + [E[@n(X)] — Elgn(X,)]|
+ |E[@q(X)] — Elp(X)]|
<E[l(¢ — @)X+ CiE[1X; — X1+ [E[(¢n — @)(X)]|
<2E[ | @n — ¢ lloo 1 + Ca(E[1X; — X, "'/
<2E[ [ @n — ¢ lloo 1+ Calt — 5|2,

Thus, we obtain that

lim sup [E[¢(X)] — E[p(X)]l < 2E[ | gn — ¢ lloo 1.

1—s
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This result is true for all n > 1, so we deduce that

lim sup |E[¢(X/)] — E[p(X;)]| =0;

t—s

then we conclude the continuity of the function r — E[¢(X})].
Secondly, we consider the case where ¢ is a continuous function such that

VxeR,ACeR, o) <CU+ |x|P).
We define a sequence of functions ¢, such that for all n > 1 and x € R,
©n(x) = ()8, (x)

with

1 if |x] <n,
O,(x) =
n(%) {O if |x| > n.

Based on this definition, ¢, is a continuous function with compact support. Then we get

Ele ()] = ElgXOIl < B[ = ) X)X xi120 + It || + [Elea(X0] = Eln(Xo)1|
+ B[00 = )XW 20+ 1) |

< [E[@ = 00001 x| + [Elga(X0] — Elgn(X,)]
+ [E[@n — 0)X01x0]
= 2] lp X0 x =) + [ElonX01 — Blga(X0]| + 2E[l0Xo) 113,21
< CE[(1 4+ X)1ix, 0] + [Ela (0] — Bl (X1

+ CE[ (1 + X )1 x -0 |

< CE[(1+ sup X" aup,_; 1xi1=n | + [Elon(X0)] — Elgn(X,)]

t<T

Thus, by using the first part of this lemma, we obtain that

lim sup |E[p(X1)] — E[p(X,)]] < CE[(l + SU? |Xt|p)lsup.5T \Xt|>ll]'
1<

—s

This result is true for all n > 1; by using the dominated convergence theorem, we deduce that
lim sup [E[¢(Xy)] — E[p(X;)]] =0,
—s

and we conclude the continuity of the function r —— E[¢(X})].

References

[ADEH99] ARTZNER, P., DELBAEN, F., EBER, J.-M. AND HEATH, D. (1999). Coherent measures of risk. Math.
Finance 9, 203-228.

[BCAdRGL16] BRIAND, P., CHAUDRU DE RAYNAL, P.-E., GUILLIN, A. AND LABART, C. (2016). Particles systems and
numerical schemes for mean reflected stochastic differential equations. Submitted.

https://doi.org/10.1017/apr.2020.11 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.11

562
[BEH18]
[CD18a]
[CD18b]
[CMO8]
[DL16a]
[DL16b]
[EHOO05]
[Ess08]
[FS02]
[FG15]
[HHO6]
[HOO03]
[KH92]
[LLO6a]
[LLO6b]
[LLO7a]

[LLO7b]
[Lep95]

[MRS85]
[Pet95]
[Pet97]
[QS14]
[STRO8]
[Sko61]
[Slo94]
[Slo01]

[YS12]

P. BRIAND ET AL.

BRIAND, P., ELIE, R. AND HU, Y. (2018). BSDEs with mean reflexion. Ann. Appl. Prob. 28, 482-510.
CARMONA, R. AND DELARUE, F. (2018) Probabilistic Theory of Mean Field Games with Applications I.
Springer, New York.

CARMONA, R. AND DELARUE, F. (2018) Probabilistic Theory of Mean Field Games with Applications 1.
Springer, New York.

CREPEY, S. AND MATOUSSI, A. (2008). Reflected and doubly reflected BSDEs with jumps: a priori
estimates and comparison. Ann. Appl. Prob. 18, 2041-2069.

DUMITRESCU, R. AND LABART, C. (2016). Numerical approximation of doubly reflected BSDEs with
jumps and RCLL obstacles. J. Math. Anal. Appl. 442, 206-243.

DUMITRESCU, R. AND LABART, C. (2016). Reflected scheme for doubly reflected BSDEs with jumps and
RCLL obstacles. J. Comput. Appl. Math. 296, 827-839.

EssAKY, E. H., HARRAJ, N. AND OUKNINE, Y. (2005). Backward stochastic differential equation with
two reflecting barriers and jumps. Stoch. Anal. Appl. 23, 921-938.

EssAKY, E. H. (2008). Reflected backward stochastic differential equation with jumps and RCLL obstacle.
Bull. Sci. Math. 132, 690-710.

FOLLMER, H. AND SCHIED, A. (2002). Convex measures of risk and trading constraints. Finance Stoch. 6,
429-447.

FOURNIER, N. AND GUILLIN, A. (2015). On the rate of convergence in Wasserstein distance of the
empirical measure. Prob. Theory Relat. Fields 162, 707-738.

HAMADENE, S. AND HASSANI, M. (2006). BSDEs with two reacting barriers driven by a Brownian motion
and an independent Poisson noise and related Dynkin game. Electron. J. Prob. 11, 121-145.

HAMADENE, S. AND OUKNINE, Y. (2003). Reflected backward stochastic differential equation with jumps
and random obstacle. Electron. J. Prob. 8, 1-20.

KOHATSU-HIGA, A. (1992). Reflecting stochastic differential equations with jumps. Tech. Rep. 92-30,
University of Puerto Rico.

LASRY, J.-M. AND LIONS, P.-L. (2006). Jeux a champ moyen. I. Le cas stationnaire. C. R. Acad. Sci. Paris
343, 619-625.

LASRY, J.-M. AND LIONS, P.-L. (2006). Jeux a champ moyen. II. Horizon fini et contrdle optimal. C. R.
Acad. Sci. Paris 343, 679-684.

LASRY, J.-M. AND LIONS, P.-L. (2007). Large investor trading impacts on volatility. Ann. Inst. H.
Poincaré, Anal. Non Linéaire 24, 311-323.

LASRY, J.-M. AND LIONS, P.-L. (2007). Mean field games. Japanese J. Math. 2, 229-260.

LEPINGLE, D. (1995). Euler scheme for reflected stochastic differential equations. Math. Comput. Simul.
38, 119-126.

MENALDI, J.-L. AND ROBIN, M. (1985). Reflected diffusion processes with jumps. Ann. Prob. 13, 319—
341.

PETTERSSON, R. (1995). Approximations for stochastic differential equations with reflecting convex
boundaries. Stoch. Process. Appl. 59, 295-308.

PETTERSSON, R. (1997). Penalization schemes for reflecting stochastic differential equations. Bernoulli 3,
403-414.

QUENEZ, M. C. AND SULEM, A. (2014). Reflected BSDEs and robust optimal stopping for dynamic risk
measures with jumps. Stoch. Process. Appl. 124, 3031-3054.

RUSCHENDORF, L. AND RACHEV, S. T. (1998). Mass Transportation Problems. Vol. 1: Theory. Vol. 2:
Applications. Springer, New York.

SKOROKHOD, A. V. (1961). Stochastic equations for diffusion processes in a bounded region. Theory Prob.
Appl. 6,264-274.

SLOMINSKI, L. (1994). On approximation of solutions of multidimensional SDEs with reflecting boundary
conditions. Stoch. Process. Appl. 50, 197-219.

SLOMINSKI, L. (2001). Euler’s approximations of solutions of SDEs with reflecting boundary. Stoch.
Process. Appl. 92, 317-337.

YU, H. AND SONG, M. (2012). Numerical solutions of stochastic differential equations driven by Poisson
random measure with non-Lipschitz coefficients. J. Appl. Math. 2012.

https://doi.org/10.1017/apr.2020.11 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.11

	Introduction
	Existence, uniqueness and properties of the solution
	Preliminary results
	Existence and uniqueness of the solution of (1.2)
	Regularity results onk, X, U
	Density of K

	Approximation of mean reflected SDEs by an interacting reflected particle system
	Numerical approximation for MR-SDE, and its performance
	Scheme
	Scheme error

	Numerical examples
	Proofs of the numerical illustrations
	Illustrations

	Appendix A. Proof of Lemma 4
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


