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Abstract  We establish multiplicity results for the following class of quasilinear problems

—Agu = f(z,u) in Q
{u:() on 0, ()

where Agu = div(p(z, |Vu|)Vu) for a generalized N-function ®(z,t) = O‘tl @(z, s)sds. We consider 2 C
M to be a smooth bounded domain that contains two disjoint open regions Qy and €2, such that
Qn N Qp = 0. The main feature of the problem (P) is that the operator —Ag behaves like —Ay on Qxn

and —A, on Q. We assume the nonlinearity f : 2 X R — R of two different types, but both behave like
on Qpn and \t|p*’2t on €, as |t| is large enough, for some a > 0 and p* = ]\?]f’p being the
critical Sobolev exponent for 1 < p < N. In this context, for one type of nonlinearity f, we provide a

e [t] N—-1
multiplicity of solutions in a general smooth bounded domain and for another type of nonlinearity f, in

an annular domain 2, we establish existence of multiple solutions for the problem (P) that are non-radial
and rotationally non-equivalent.
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1. Introduction

In this paper, we establish the existence of multiple solutions for the following class of
quasilinear problems

—Agu = f(z,u) in €,
{u:O on 05, (P)

where Q C RV, with N > 2, is a smooth bounded domain, Agu = div (p(z, |Vu|)Vu)

is the ® Laplace operator, where ®(x,t) f oz, s)sds, ¢ : Q x [0,+00) — [0, +00)
and f:Q xR — R are continuous functlons that satisfy some hypothesis that will be
mentioned later on.

Before proceeding further, let us go through some known results associated with the ®
Laplace equations. In the recent past, the study of such equations concerning the existence
theory has been a research topic of considerable attention. Such operator extends the
p-Laplace operator, the variable exponent p-Laplace operator, weighted p-Laplace
operator, p, g-Laplace operator and indeed occurs in many physical phenomena.

When @ is independent of z, solutions of (P) are investigated in the Orlicz-Sobolev
space [44] and we refer the reader to Alves, Figueiredo and Santos [7], Fukagai, Ito
and Narukawa [29], Carvalho, Silva, Gongalves and Goulart [15], Fukagai and Narukawa
[28], Harjulehto and Héasto [32], and their references for the study of such PDEs. When
® also depends on z, we are led to study the problems in variable exponent Sobolev
[23, 37] or Musielak—Sobolev spaces [20, 34, 43, 44]. Differential equations in variable
exponent Sobolev spaces have been studied extensively in the last years, most part of
them involves the p(z)-Laplacian operator, see for example, Alves and Barreiro [2], Alves
and Ferreira [3], Alves and Souto [6], Alves and Radulescu [5], Chabrowski and Fu [18],
Fan and Zhang [27], Fan [25], Radulescu and Repovs [46] and their references. However,
Differential equations in general Musielak—Sobolev spaces have been studied very little,
see for instance, Azroul, Benkirane, Shimi and Srati [10], Benkirane and Sidi El Vally
[11], Fan [26], Liu and Zhao [40], Wang and Liu [51] and the references therein.

In the present paper, we will apply some recent results involving the Musielak—Sobolev
spaces to study the existence of non-trivial solution for the problem (P). Next, we will
state our main hypothesis on the functions ® and ¢:

(p1) For each z € Q, p(x,.) is a C*! function in the interval (0, +00).
(p2) p(z,t), O(p(x,t)t) > 0, for x € Q and ¢ > 0.

(¢3) There exists 1 < p < N < ¢ < p* such that

¢, )t _
o(z, Itl)

p—2< —2, forxeQ and t>0.

Arguing as in Fukagai, Ito and Narukawa [29], it is possible to prove with few modifica-
tions that if ¢ satisfies the conditions (1) — (¢3), then the function ® is a generalized
N-function.
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The complementary function ® associated with ® is given by the Legendre’s transfor-
mation, that is,

O(x,s) = Igmox{st —®(z,t)}, z€Q and seR. (1.1)

The functions ® and ® are complement of each other and ® is also a generalized
N-function. Hereafter, we also assume that for some constant dy,

The conditions (p1)—(¢4) are very important in our approach, because they permit us
to conclude that the Musielak—Orlicz space L*(£2) and Musielak-Sobolev space W1:®(Q)
are reflexive and separable Banach spaces, for more details, see § 2.

In a recent paper, Alves, Garain and Radulescu [8] proved the existence of at least one
non-trivial solution for the following prototype problem

—Agu = f(z,u) in Q,
{u :¢0 on 01, Q

provided € is a smooth bounded domain in RY with N > 2, f is a continuous function,
©: Q% [0,400) — [0,+00) satisfies the hypothesis (¢1) — (¢4) above (see [8] for precise
assumptions).

In the present paper, as in [8], Q satisfies the following conditions: There are three
smooth domains Qy, 24, €, C ) with non-empty interior such that

Q=QyUQ,UQ,
and there is § > 0 such that
Qn)s N ()5 = 0.

Hereafter, if A C Q, we denote by As to be the §-neighbourhood of A restricted to €2,
that is,

As ={x € Q : dist (z, 4) < 0}.
Associated with the sets Qn, 2, and ), there are three continuous functions n, 74,1,
2 — [0, 1] satisfying:
nv(z) =1, Vo€ Qp,
np(x) =1, Yz eQ,,
and
ng(z) =1, VeeQ,=0\(QnUQ,),
77N($) =0, Vze (m)g’ np(m> =0, Vze (ﬁp)g’

ng(x) >0, Ve (Qy)s, ng(r)=0, Vre (ﬁq)g
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and for some positive constant cy,

Nq(x) < cadist(z, ()5 N Qp)lv vz € Qp N (Q)s,
where [ > ¢ and dist(z,0(Qy)s N Q) = inf{lz —y| : y € I(Qy)s N Qp}.

Related to the function f:Q x R — R, we assume that it is a continuous function of
one of the following forms:

Fa1) = M ()|t} 2ee 17T ()
g (@)g () + (@) (P24 ), Y (a,t) € QA xR,

or

flz,t) = )\nN(x)\tW_Qteo“thlil + g (x)g(z, t) + np(x)|t|p*_2t, V(z,t) € QA xR, (f2)

where A\, u, 7 are positive parameters, « > 0, p* > (> q¢> N >p > ,ﬁ > q, where p* =

AJ,V L g:QxR—Rand,:Q— [0,1] are continuous functions such that

Ng(x) =1, VereQ,=Q\(QnxUQ,)

and
flq(z) =0, Vaze(Q q)5/2

Related to the function g, we assume the following conditions:
g is odd with respect to the second variable ¢, (g0)
g(z,t) = 0(|t|q1*1), as t— 0, wuniformlyin =z € (ﬁq)g/g (91)
for some g1 > ¢ and there is 6 > ¢ such that
0 < 0G(z,t) < g(z,t)t, Vxe (ﬁq)g/g (92)

where G(z,t) = fo (z,s)ds, for t € R.
There exists a constant ¢ > 0, such that

g(z,t) >t YVt >0, Yz €Q,, (93)

for some g2 > q1,
With these notation, we are ready to mention the last conditions on . If f is the form
(f1), we assume for each ¢ > 0 the following:

(p5) @z, t) >tN=2 for 2€Qy and itV 72> p(x,t), z€Qn\ (Qg)s-

(p6) p(x,t) > 71 (x)t972, for z € (Qy)s where 71 : Q — R is a continuous function
satisfying:

T(z) >0, Vre(Qy)s and 7i(xz)=0, Vze ((Q)s)°
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(p7) T2(2)t972 + cotP™2 > @(x,t) > P72, x € Q, where 73 : , — R is a non-negative
continuous function satisfying:

() < esdist(z,0(Q)s N Q,)%, Vo e QN (Qy)s

for some s > ¢ and

m(x) =0, VoeQ,\ (Qy)s,

for some constants ¢; > 0 with i = 1,2, 3.
Now, if f is the form (f2), the condition (p5) is assumed of the following way:
(p5)p(z,t) > N2 for x¢c Q.

As a model of a function that satisfies the conditions (¢1) — (¢7) is the function ¢ :
Q x [0,400) — [0, +00) defined by

oz, t) = nn (@) tN 72+, (2)tT2 4 n,(2)tP72, Y (2,t) € Q x [0, +00) (1.2)
and so,
Oz, t) = ”N]éf”) N + "qff) 1t]7 + ’7”](;”) P, V(z,t) € QxR (1.3)

Motivated by the study made in [8], we intend to prove the existence of multiple
solutions for the problem (@) working with the same operator under the nonlinearities
(f1) and (f2). Here we have two main results involving multiple solutions and their
motivation are mentioned below.

Our first main result is motivated by the study made by Wei and Wu [53], where the
authors showed the existence of multiple solutions for the following class of problems
involving the p-Laplacian operator

{div(|Vu|p2Vu) = f(z,u) + Mu|’ ~2u in Q,

u=0 on 0f, (1.4)

where 2 is a bounded domain, A is a positive parameter and f is a continuous function
with subcritical growth and p* = NN—_’; for N > p. Using a version of an abstract theorem
due to Ambrosetti and Rabinowitz [9] that involves the genus theory for C! even func-
tional, it was proved that given n € N, there is A, = A.(n) > 0 such that problem (1.4)
has at least n non-trivial solutions for A € (0, A.). In [47], Silva and Xavier improved the
main results proved in [53].

Here, we proved a version of the above-mentioned result for the problem (P) and the
statement of our result is the following.

Theorem 1.1. Assume (go) — (g3), (f1) and (1) — (¢7). Then, for each k € N, there
exists positive real numbers Ay, ux and Ty such that for X > A\, u > pg and T > 7, the
problem (P) has at least k pairs of non-trivial solutions.

Our second result involves the existence of many rotationally non-equivalent and non-
radial solutions. We would like to point out that the existence of many rotationally
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non-equivalent and non-radial solutions was considered in some problems involving the
Laplacian operator. Brézis and Niremberg [13] proved the existence of non-radial positive
solution for the following problem

J— —_ p: 1
{ Au+u—u 0 in D, (1.5)

w=0 ondD,

where
D={zecRY:r<|z|<r+d}

for some d > 0. This type of phenomenon is known as symmetry breaking. In [22], Coffman
proved that the number of non-radial and rotationally non-equivalent positive solutions
of (1.5) in D tends to +o0 as r tends to 400, if p>1and N =2o0r 1 <p < N/(N —2)
and N > 3.

Motivated by the above papers, some authors have studied this class of problems. For
the subcritical case, we cite the papers of Li [38], Lin [39], Suzuki [50] and references
therein.

Related to the critical case, Wang and Willem [52] have shown the existence of multiple
solutions for the following problem

—Au=X u+v¥1 in Q,
{u =0 on 99,, (1.6)
where
Q. ={zecRY . r<|z|<r+1} (1.7)

The authors proved that for 0 < A < 7% and n € N, there exists R(\,n) such that for
r > R(A\,n), the equation (1.6) has at least n non-radial and rotationally non-equivalent
solutions. Motivated by [52], de Figueiredo and Miyagaki [24] have considered the
following problem

{Au—f(|x|,u)+u2*1 in Q. (1.8)

u=0 on 0%,

where f is a C' function with subcritical growth.

In [4], Alves and de Freitas showed the existence of many rotationally non-equivalent
and non-radial solutions for a large class of quasilinear problems that have, in particular
case, the problem below

N
—Anu = MulP~2ge ¥ in Q. (Ry)
u=0 on 9J9,.

Still related to this class of problem, we would like to cite the papers of Byeon [14], Castro
and Finan [16], Catrina and Wang [17], Mizoguchi and Suzuki [42], Hirano and Mizoguchi
[33] and references therein.

Motivated by the bibliography cited above and more precisely, by results found in [4],
[24] and [52], we are ready to state our second main result; however, we need to fix some
more conditions:

(ps) @ is radial in relation with x that is ®(|z|,t) = ®(x,t) for all ¢ > 0.
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(¢9) There exists x € (0, zx+r) such that
|0s®(s,t)| < k®(s,1), V(s,t) € R
(n) The functions ny, 74, 1, and g are radial in z, that is
nn (@) = ([x]), g () = i(lz]), np(x) = mp(l2])
and

g(a’:,t) = g("x‘?t)’
for all z € Q and ¢ > 0.

(Qn) There is §; > 0 such that

2 1 2 1 —
A:{xeRN: T; b < e < 2 +51}CQN\(QQ)5.
g(|z],t)

jtje=t

(g4) g(|z],.) is a C* function in the interval (0, 4+o00) and is increasing for ¢ # 0

uniformly in x € (£2¢).
The reader is invited to see that ® given in (1.3) also satisfies (¢g) — (pg), provided
(n) holds.

Our second main theorem has the following statement.

Theorem 1.2. Assume Q = Q, with N > 2 and N # 3. Let (f2),(91), (92), (94), (n),
(Qn) and (p1) — (p9) holds. Then, for each n € N, there exists ro = ro(n) > 0 and \g =
Ao(n) > 0 such that for A > \g and r > r¢, the problem (P) has at least n non-radial,
rotationally non-equivalent and non-trivial solutions.

1.1. Our approach

To prove our main results (Theorem 1.1-1.2), we use variational methods. More pre-
cisely, for the proof of Theorem 1.1, we follow the approach from Wei and Wu [53] and
Silva and Xavier [47]. To this end, we use a result from Ambrosetti and Rabinowitz (see
Lemma 4.1). To obtain Theorem 1.2, we adapt for our problem some ideas found in de
Figueiredo and Miyagaki [24] and Alves and de Freitas [4]. Here, we establish a Poincaré
type inequality (Lemma 2.3) and a Strauss type result (Lemma 5.4) in the setting of
Musielak—Sobolev spaces.

It is worth mentioning that, due to the double critical behaviour, the energy functionals
associated with the problem (P) do not satisfy the (PS)-condition at some levels, which
brings some difficulties to apply variational methods. To overcome such difficulties, we
closely follow the approach introduced in [8], where one needs to simultaneously employ
the concentration compactness Lemma due to Lions in W1?(€,) found in Medeiros [41],
see Lemma 3.1, to obtain a useful estimate related to the critical exponent problem and
a version of the Trundiger-Moser inequality in W () by Cianchi [21], see Lemma
3.3, to deal with the exponential growth. Another difficulty appears since the trace of
the functions on d€), and J€)y may not vanish. We tackle this difficulty by applying the
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type of results that are used in the study of Neumann boundary value problems (Lemmas
3.4-3.5).
1.2. Organization of the article

This article is organized as follows: In § 2, we discuss some preliminary results for the
Musielak—Sobolev spaces, while in § 3, we show some technical results that will be used
in our approach. In § 4 and § 5, we discuss some preliminaries required to prove our main
results and finally, in § 6, we prove our main results (Theorems 1.1 and 1.2).

1.3. Notation

Throughout the paper, for ¢ > 1, we denote by t' = ﬁ By C, we mean a constant
which may vary from line to line or even over the same line. If C' depends on the
parameters 11,79, -+ , T, we write C = C(ry,79, -+ , 7).

2. A brief review about the Musielak—Sobolev spaces

In this section, we recall some results on Musielak—Orlicz and Musielak—Sobolev spaces.
For more details, we refer to [20, 26, 32, 43] and their references.

Let Q C RY be a smooth bounded domain and ®(z,t) = O‘tl o(x, s)s ds be a generalized
N-function, that is, for each ¢ € R, the function ®(., ) is measurable and for a.e. x € , the
function ®(x, .) is an N-function. For the reader’s convenience, we recall that a continuous
function A : R — [0, +00) is an N-function if

(i) A is convex.
(i) A=0<t=0.
A(t) Alt) _

(i) Jim = = 0 and tggloo% = 400
(iv) A is even.

The Musielak-Orlicz space L*(Q) is defined by
L*(Q)

_{U:QHR

u is measurable and 37 > 0 such that / P (:E, u|) do < Jroo}
[¢) T
endowed with the Luxemburg norm

|u|¢:inf{/\>0’/¢<x,|u|> dxél}-
Q A

We say that an N-function ® satisfies the As-condition, denote by ® € Ao, if there exists
a constant K > 0 such that

O(z,2t) < K®(x,t) for 2€Q and teR. (2.1)
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Arguing as in [44, Theorem 4.4.4], it follows that ® satisfies the As-condition if and only
if,

AR
N CA 1

(.)€ (0,400)  P(T, [t])

Moreover, an important inequality involving ® and its complementary function ® (see
(1.1)) is a Young’s type inequality given by

st < ®(z,s) +P(x,t), z€Q and Vs, t>0. (2.2)
Using the above inequality, it is possible to prove a Holder type inequality, that is,

‘/uvdx‘ﬁZHuH@HvH&) Vue L*(Q) and V’UEL(T)(Q).
Q

Arguing as in [29], if (p3) holds, we derive that

o(z, [t])[t]? ,
p< T2 <gqgfor z€Q and t#0 (¥3)
®(z, [t]) ’
and
~ 2
¢ (= [t)t] < P e and t40,
q-—1 (z, |t]) p—1
where
5 [t]
bat) = [ ol s)sds
0
and

o(z,8) =sup{t : p(x, )t <s}, z€Q and s>0.

Hence, if (3) holds, we have ® also satisfies the Ay-condition. )
Arguing as in [29, Lemma A2], it is possible to prove that ® and ® satisfy the following
inequality
B(x, o(z, t)t) < ®(z,2t), z€Q and t>0. (2.3)
The inequality (¢3)’ is very important, because following the ideas of [29, Lemmas 2.1
and 2.5], it is possible to prove the following: Setting the functions

&o(t) = min{t?, 19},  &(t) = max{t’, 17}, &(t) =min{t77,t71} and

&4(t) = max{tF T, taT},

we have
So(8)P(z,t) < Pz, st) < & (s)P(x,t) for s,t>0, (2.4)
So(lule) < A Oz, [u]) dz < & (|ule) for uwe L*(9Q), (2.5)
E4(s)B(2.1) < Blast) < &4(s)B(ast) for 5,830, (2.6)
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and
Elluls) < [ Blofudo < &alulg) for we L(@) (2.7
The Musielak—Sobolev space W®(Q) can be defined by
Wh(Q) = {ue L*(Q)||Vu| € L*(Q) }

with the norm
ully o = lulg + [Vulg -

The conditions (1) — (¢4) ensure that the spaces L®(Q2) and WH® () are reflexive and
separable Banach spaces, for more details see [26, Propositions 1.6 and 1.8]. In what
follows, Wy ®(Q) is defined as the closure of C§°() in W, “®(Q)) with respect to the
above norm. Moreover, |[ul| = |Vu|g is a norm in Wy'®(Q) and if (p1) — (¢4) holds, by
[31, Lemma 5.7], || || is equivalent to the norm |ju||; ¢ in Wol’(b(Q).

As a consequence of (2.5), we have the lemma below that will be used later on.

Proposition 2.1. The functional p : Wol’q)(Q) — R defined by

pu) = [ (e, [Vul)dz, (28)
Q
has the following properties:
(i) If lull = 1, then [[ul]” < p(u) < [Jul].
(i) I f[ull <1, then [lull? < p(u) < [[u]l”

In particular, p(u) = 1 if and only if ||jul| = 1 and if (u,) C Wy *(Q), then |ju,| — 0 if
and only if p(u,) — 0.

Remark 1. For the functional ¢ : L®(Q2) — R given by
) = | @ ful)de,

the conclusion of Proposition 2.1 also holds, for example, if (u,) C L* (), then |u, |5 — 0
if and only if &(u,) — 0.

From the definition of W®(Q) and properties of ®, we have the continuous embedding
WhE(Q) — WH((Qg).)
for all w € (0,0) and the compact embedding
WHI((Qq)5) — C((Q)w),
because ¢ > N, from where it follows that
WHE(Q) = C((Q)w), (2.9)

is compact, which is crucial in our approach.
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Next, we would like to state our last result found in [26, Theorem 2.2], which says the
operator —Ag : W01’<1>(Q) — (Wol’é(Q))* belongs to the Class (S4).

Lemma 2.2. Assume the conditions (1) — (¢7). If up, — u in W'*(Q) and

lim (p(z, |Vun|) Vi, Vu, — Vu) dr = 0,

n—-+00 Q
P
then u,, — u in Wy~ ().

Before concluding this section, we will show a version of Poincaré’s inequality, which
is a key point in the proof of Theorem 1.2.

Lemma 2.3. Assume (1) — (v4) and (@g). Then, there is T > 0 independent of r > 1
such that

/ (2, [u]) m<T/ o |Vul)de, Vu e WhE(Q,).

Proof. Fix p > 1 and v € C§°(Q),.). Arguing as in [4, Lemma 3.1], we get

N—1
1
/ [P dz < (r—i— ) / Vol de.
Q, r Q.

Now, taking the limit when p — 1 and using the fact that » > 1, we derive that

/ [ da < 2N_1/ [Voldz, Yve C§(8).
Q. Q.
Since C§°(RYN) is dense in W' (€2,.), it follows that

/ lw| dz: < 2N—1/ |Vw|dz, Ywe W, (Q,).
Q.

r

Now, for each u € Wol’(b(ﬂr), we know that w = ®(z,u) € Wy (2,) and so,

/ B(z, |u|)dx§2N_1/ VD, u)| dz.
Qp

r

Since [VO(z,u)| < |05®(x, |ul)| + ¢ (|u])|u][Vu], we obtain

/ B(z, |ul) dr < 2V / (10:8 (., [ul)| + (e [ul)[ul|Va]) dz, Vu € WEP(Q,).
Q-

T

Given € > 0, by Ay condition, (pg), (2.2) and (2.3), there is Ce > 0 such that

/QT ®(x, |ul) de < 2V [6/9 ®(z, |u|)dm+m/ O(z, |u|) dz + C. / z,|Vu|) dz }7

r
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for all u e Wol’é(Qr). Thus, for € = gy and recalling that x < sx7r, there is T >0
independent of r > 1 such that

/ B(z, |u|)dx§T/ B, [Val)de , Vue WEE(Q,),
Q.

Q’V‘

3. Some technical results

The main goal of this section is to recall and prove some technical results that are crucial
in the proof of our main result. Since we are going to work with double criticality, which
involves the exponential critical growth and the critical growth p*, the next two results
are crucial in our approach. The first one is a Concentration Compactness Lemma due
to Lions for W1P(©) explored in Medeiros [41], where © C RY is a smooth bounded
domain.

Lemma 3.1. Let (u,) be a sequence in W'P(©) with 1 <p < N and u, — u in
Whr(e). If

(i) |Vun|P — u weakly-* in the sense of measure,
and

(i) |un|P” — v weakly-* in the sense of measure,
then for at most a countable index set .J, we have

(@) v=[ul" + e, 00, v; 2 0.
b) pu=|VulP + ZjeJ 11505 pj > 0.

(
(¢) Ifx; € ©, then Spuj”T < ;.
(

S, =
d) If xj € 0O, then vl <y,

op/N
where p* = NN—_’; and S, denotes the best constant of the embedding DP(RY) —
LP" (RN) given by
/ |Vul|P dz
uwe DVP(RN) (fgu [ufP da)?”

u#0

The proof of the above lemma follows by combining the arguments explored in Struwe
[49, Chapter I, Section 4] and the following Cherrier’s inequality [19] below.

Lemma 3.2. Let © C RY be a smooth bounded domain and p € (1, N). Then for each
7 > 0, there is M, > 0 such that

S
o = | Wil o) < 190l o) + Mol Ve W)
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The second result that we would like to point out is a version of Trundiger—-Moser
inequality in W1 (©) due to Cianchi [21, Theorem 1.1].

Lemma 3.3. Let © C RY be a smooth bounded domain for N > 2 and u € WHV(0).
Then, there is a constant C(©) > 0 such that

lu—ug]|

SO VAN v — N
/ . N(WullLN(e)) dz < C(0), 2
€]

where ug = @H f@ u dx is the mean value of u in ©, any = N(wTN)% and wy is the volume
of sphere SN~1. The integral on the left-hand of (3.2) is finite for each u € W1V (©) even
if aey Is replaced by any other small positive number, but no inequality of type (3.2) can
hold with a large constant in the place of a .

From Lemma 3.3, for each u € WV (0), we have

™ e LY©), vi>o. (3.3)

For the reader interested in Trudinger-Moser inequality for functions in WV (), we
would like to cite the papers due to Adimurthi and Yadava [1], Kaur and Sreenadh [36]
and their references.

As a consequence of Lemma 3.3, we have the following two results whose proof can be
found in [8].

Lemma 3.4. Given t > 1 and « > 0, there is r € (0,1) and C = C(t,r, N) > 0 such
that

Sup{/ ™ qg sy e whN(e), [Vullpyey <r and |ullpie) < r} <C. (34)
e

Lemma 3.5. Let a > 0 and (u,) C WHN(©) be a sequence satisfying ||Vun||f]/v(@) <
v X and ||lup| 1@y < M for some 7 € (0,1) and M > 0. Then, there is t > 1 with

2N«

t ~ 1 such that

sup/ etelunl™ dg < 4o0. (3.5)
neN.Joe

Hence, the sequence f,(x) = elen @™ is bounded in L(©).
As a consequence of Lemma 3.5, we have the corollary below.

Corollary 3.6. Let (u,) C WHN(0) be a sequence as in Lemma 3.5. If u,(x) — u(x)
a.e. in O, then f, — f in L'(©) where f(z) = ealu@I™ , that is,

/fncpdxﬁ/fapdx, VngLt/(@),
e e

Where%—i—tl, =1.
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Our next result will help us to conclude that the energy functional associated with the
problem (P) is C’l(WOl’(P(Q), R). Since it follows as in Bezerra do O, Medeiros and Severo
[12, Proposition 1], we will omit its proof.

Lemma 3.7. Let (u,) C WYY (0) be a sequence such that u,, — u in WHN(0) for
some u € WY (0©). Then, for some subsequence, still denoted by itself, there is v €
WHN(©) such that:

(1) up(z) — u(x) a.e. in O.

(ii) |un(2z)| < wv(x) a.e. in © for all n € N.

4. Preliminaries for the proof of Theorem 1.1

To prove Theorem 1.1, we use the following result, whose proof follows similar arguments
as in Ambrosetti and Rabinowitz [45]. Let X be a Banach space, K C X be compact and
~v(Y) be the genus of Y C X, where

Y:={Y € X\ {0}:Y is close in X and symmetric with respect to the origin}.
Theorem 4.1. Suppose I € C(X,R) satisfies:
(a) I(0) =0, I(u) = I(—u) for allu € X.
(b) there exists o, p > 0 such that

T(w) > a ¥ flul| = p.
(c) for every X C X such that dim X < oo, there exists R = R(X) > 0, such that
I(u) <0, for every u € X \ Br(0);

(d) there exists M > 0, such that I satisfies (PS). condition, for any 0 < ¢ < M.

For each m € N, fix a finite-dimensional subspace X,, of X and consider R, = R(X,,) >
0 given by condition (¢). Now, define

Dy = Bg, N X, (4.1)
Gp i={h € C(Dy,,X) : h is odd and h(u) =u, Yu € IBg, N X},
Iy = {h(Dn \Y); h € G, m >4, Y €5, 4(Y) <m—j}, (4.2)
and
Cm = Kiéllfm max I(u).

Then 0 < a < ¢y < €1, and if ¢,,, < M, the levels ¢; for j € {1,2,...,m} are critical
values of I. Moreover, if c; = ¢y = -+ = ¢, = ¢ < M, then y(Ky) > r.
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4.1. Functional setting

In what follows, we consider the associated energy functional I : VVO1 ® () — R given
by

I(u)z/Qd)(:zc7\Vu|)d:c—/QF(x,u)dx,

where F(z,t) = fot f(x,8)ds, t € Rand f is either of the form (f;) or (f2). Here, we would
like to mention that, for the rest of the article, whenever we deal with (f;), we assume
Q) to be a smooth bounded domain in R, N > 2 along with the hypothesis (go) — (g3)
and (¢1) — (¢7) as in Theorem 1.1. For (f2), we consider Q =Q,, N > 2, N # 3 along
with the hypothesis (g1), (92), (94), (n) and (2x) and (1) — (g) as in Theorem 1.2.

Lemma 4.2. Assume that f is of form (f1) or (f2). Then, the functional I belongs to
CY(Wy®(Q),R) and
I'(u)v = / o(z, |Vu|)VuVo dz —/ fle,wvde, Yu,ve Wy(Q).
Q Q

Proof. See proof in [8, Lemma 3.8] O

Next, our goal is to prove that I satisfies the geometric conditions of Theorem 4.1 and
the well-known (PS) condition.

Lemma 4.3. Assume that f is of the form (f1). Then,
(i) There are r,p > 0 such that
I(u) > p, for |ul|=r.
(ii) For every X C Wol’q)(Q) with dim X < oo, there exists R = R(X) > 0, such that
I(u) <0, for all u € X \ Bg(0).

Proof. The proof of (i) can be done as in [8, Lemma 3.9].
(#4) Suppose for each n € N, there exists u, € X \ B, (0) such that

I(uy) > 0. (4.3)
From (g2), it follows that
0 < xF(x,t) < f(z,t)t, V(x,t) € 2 x (R\{0}), (4.4)

where x = min{#0, 3,(} > ¢. Therefore, f satisfies the Ambrosetti-Rabinowitz condition.
This gives the existence of positive constants C, D such that

F(z,t) > Clt|)X—D, VteR and Vzel. (4.5)

Using Proposition 2.1-(ii) along with (4.5), we obtain

() < [lun]]” —c/ X dz + DI, (4.6)
Q
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Since dim X < co and X > ¢ letting n — oo in (4.6), we arrive at a contradiction to our
assumption (4.3). Hence (ii) follows. O

Lemma 4.4. Assume that f is of the type (f1) or (f2). Then, every (PS) sequence
(un) of the functional I is bounded in W' ().

Proof. Let d >0 and (u,) be a (PS)q sequence for I. Then, there are constants
C4,Cy > 0 such that

1
I(uy) — ;I’(un)un < C1+ Colluy|, VneN. (4.7)

If f is of the type (f1) or (f2) it is easy to check that (4.4) holds. Hence, by (¢3) and
the definition of I,

I(un) - il’(un)un > /

Q

> (1_;’) /Qcp(x,wun\)dx.

(1i)/<I>(£c,|Vun)d:v§Cl+C’2||un||, VneN.
Q

1
@(m,\VunDdx—;/ (2, [V ) [ Vitn |2 dz
Q

Therefore,

If there is (uy,,) C (un) such that [ju,, || > 1, then Proposition 2.1-(i) leads to
(1= 2) hun I < €1+ Callu . Vi e
X

from where it follows the boundedness of (uy,; ). This implies the boundedness of (u,,). [

Corollary 4.5. Assume that f is of the type (f1) or (f2) and let (u,) be a (PS)q4
sequence of I with d € (0, M),

q . 1 ( an )N*l 1 N
M=(1-1 = Ry
( X) mln{N 2N,CE ?p P )

where x = min{0, 5,(}. Then,

. ay
lim sup ||V, || M < —.
iﬂﬁg IVanllzy @) 2N oy

Hence, without loss of generality, we can assume that there is 7 € (0,1) such that

TON

IVun || 2n o) <

https://doi.org/10.1017/5S001309152200044X Published online by Cambridge University Press


https://doi.org/10.1017/S001309152200044X

Multiple solutions for a class of quasilinear problems with double criticality 1027

Proof. First of all, we must recall that
1 !
I(u,) — ;I (Un )ty = d =+ 0n (1) ||un|| + 0n(1).
Therefore, by (¢5),

d -+ 0n(D)llun ]| + 04 (1) >

S~

((@(z, [Vun|) - %P(x» V)| Vun|?) dz

1
— <1 — q) / |Vun|Ndm.
N X/ Jax

Hence,

. 1 q N . q 1 /oy \V-1 1 X
limsup — (1— L V|V dz < d 140~ Ges) oSy
imeup 3 x>/QN' wl¥aesa<min (1= D5 ()" s

leading to

v

) an \N-1
lim sup/ |V, |V dz < ( ~ ) ,
n—+oo JQpn 2V«

which proves the lemma. O

Lemma 4.6. Assume that f is of the type (f1) or (f2). Then, the functional I verifies
the (PS)q condition for d € (0, M), where M was given in Corollary 4.5.

Proof. The proof of this lemma follows as in [8, Lemma 3.13]; however, for the reader’s
convenience, we will write the proof for (f1), since for (f3), it follows with similar argu-
ments. Let (u,) be a (PS)y sequence for I. Then, by Lemma 4.4, (u,) is bounded in
W ®(Q). Since Wy'®(Q) is reflexive, we assume that for some subsequence, still denoted
by itself, there is u € Wy'®(Q) such that

Up, = u in Wol’q)(ﬂ),

and

Un(z) — u(z) ae in Q.
Let us set
Pa= [ (600 [Vual) Vi, Vit = V) i,

Q

that is,

Pn = I/(un)un + / f(x, Un)un dx — I/(un)’u, - / f(aj7un)ud:c

Q Q

Consequently

Pn:/Qf(:c,un)undx—/Qf(x,un)udx—l—on(l).
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From the definition of f together with embedding (2.9),

lim Ng(x)g(x, up)up de = lim ﬁq(x)g(as,un)udx:/ﬁq(x)g(m,u)udx,
Q

n—-+o0o Q n—-+00 Q

lim () |un|® dz = lim 77p($)|un|<_2unud$:/np($)|u|< dz,
Q

n—-+4o0o Q n—-+oo Q
fim i () g P d$:/ (@) ul’e™ da,
n—-+o0o Q\QN Q\QN
lim v ()|t [P~y e 1™ d :/ i (@) |ulP e da,
n—-+0oo A\ 2\x
lim ml@lul” do = [ (@)l da.
noreeJove, 0\Q,
and
lim (@) [un [P unude = / 1p (@) |ul?” da.
noee 2\Q, O\,

Consequently

P,=\ |un|5ea‘“"‘N dz — )\/ |un|ﬂ_2unuea‘""‘N dx+/ |t [P daz
Qn

QN QP
—/ [un|P” = 2upudz dz + 0, (1).
QP
By Corollary 4.5, the sequence (u,,) satisfies
TN
2N’
for some 7 € (0,1). Employing Corollary 3.6, there is ¢ > 1 and ¢ ~ 1 such that the
I 1™ in Lt(Qy) , that

IVunllx o < vn €N,

sequence h,(z) = el @17 is weakly convergent to h(x) = e®lu(®

is,

hppdr — hpdz, Ve e Lt,(QN). (4.8)

As
lun|? = [u|® in L¥(Qn),

/ |t | dz —>/ h|u|? dz,

/ |un|ﬁe°‘|“”|Nl dz — \u|ﬂea‘“|w dz.
QN QN

it follows that

that is,

Now, using the fact that

un P 2upu — [ul® in LY(Q),
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we also derive that

N’ N’
/ |t |~ 2up uet v n @1 dg — lul?~2uue! @17 dg.
QN QN

The above analysis ensures that

. N’
lim |ty [Pt (@7 qge
n—-+4oo QN
. _ N’ N’
= lim |t |P 2t ue® @I g = lulPec™ da,
n——4o0o QN QN

and then,
P, = / |un|P” dz — / tn|P” " 2unudz + 0, (1).

Qp P

By [35, Lemma 4.8],

lim |un|p*_2unudx:/ lulP” da,
n—-+00 Q, Q,

then

P, :/ " dx—/ [P da + o (1).
Now, we are going to use the Concentration Compactness Lemma 3.1 to the sequence
(un) € WHP(€2,). From (gs), for each open ball B C (Q4)s we have that the embedding
Wh®(Q) < C(B) is compact, then as (u,) is a bounded (PS) for I, it is possible to
prove that for some subsequence, there holds

/}3((,0(33, |Vun,|)Vuy, Vu, — Vu)dz — 0.
Since from (¢5) — (7), the embedding Wh®(B) — L*®(B) is compact, the last limit
together with the Ag-condition (2.1) implies that
u, —u in WH?(B).
Now, recalling that the embedding W®(B) — W'P(B) is continuous, we derive that
up, —u in WYP(B),

from where it follows that z; € 0, \ (Q,)s for all i € J. Now, our goal is proving that .J
must be a finite set. Have this in mind, we will consider J = J; U J> where

J1 :{ie J :x; Eﬁp\(ﬂq)g}
and
Jo = {Z cJ:x; € 8(Qq)5 n Qp}.

If i € Jp, the condition (p7) says that c3tP=2 > p(z,t) > tP=2 for x € Q, \ (,)s. This
fact permits us to repeat the same arguments explored in [30, Lemma 2.3] to conclude
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that Jy is finite. Now, if 7 € Jo, the situation is more subtle and we must be careful. In
what follows let us consider 1 € C§°(RY) such that

¢ =1on B(0,1) and ¢) = 0 on B(0,2)°.

For each € > 0, we set

U(z) = p((x — ;) /€), VreRY.
Since (u,) is a bounded sequence in W1 ®(Q), the sequence (u,) is also bounded in
W®(Q) and so, I’ (uy)u, = 0,(1). Hence,

/so(fc,IVunl)VunV(wn)dfﬂ:/ﬁq(w)g(w,un)wundxwL/np(w)lunI”*wderon(l)-
Q Q Q

Now, given £ > 0, the Young’s inequality (2.2) combined with (2.3) and As-condition
(2.1) gives

/Q|<P(l’,IVUnI)\VunHUnHVdeSS/Qfﬁ(x,IVunl)d$+Cs/Q<I>(w,\WJllunl)d%

for some C¢ > 0. Note that by (¢7),

/ D(x, [V |uy|) de < Cy </ [VYIP||un|P de +/ 7'2(17)|V1/)|q||un|qu> .
Q B(x;,2¢) B(x;,2€)

By Holder’s inequality

limsup/ [un|P|V|P de < Cy / lulP” dz
n—+00 J B(z;,2¢) B(wi,2€)

from where it follows that

N—p
N

p

lim |lim sup / P | V[P dz| < lim O / P de) 7 =0, (4.9)
B(x,2€) e—0 B(x;,2€)

=0 | n—itoo

Arguing as above, we also have

limsup/ To(2)|un | V[T dz
Q

n—-—+o0

<\
B(x;,2¢)

p*—q
=

p*—q .
dz / |u|P dx .
B(x;,2¢)
2 N
P —q P —aq
dz = () /
€ B(0,2)

By change of variable,

/B(.’Ej,QE)
1\ 7=q
<o (0) )
€ B(0,2)

7 (2) V)

725 (x)V TQE (ex + .’L‘1>V’L/~) o dx

1 P —q
Ty (ex + ;) dx.
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Since z; € 0(§2g)s N Qp, it follows that
Toex + x;) < cq€’|z|?

and

ap*

2
pT—a (s—a)p*

dz < Cge »7-a .,

1

75 (2) Vi

/3(3%26)

As s > g, it follows that

lir% [limsup/ T2($)|un|q|v¢qu] =0. (4.10)
e~V ln—+oo JQ

Now, the boundedness of (u,) in WH®(Q2) together with Proposition (2.1), (4.9) and
(4.10) ensures that

i [l sup. [ (o [V, ][9] 0| < 6.
Q

Cans n—-+oo

for some C > 0. Since £ > 0 is arbitrary, we can deduce that

i [ sup [ (2,900 V[V ] =0
€ n—-+oo JQ)

The last limit together with the fact that ¢(z,t) > tP=2 for x € €2, permit us to conclude
as in [30, Lemma 2.3], that J5 is also finite. Consequently, .J is a finite set. However, in
order to conclude the proof of the lemma, we need to show that J is in fact an empty
set. Seeking by a contradiction, assume that there is ¢ € J. In this case, the argument
explored in [30] also says for us that

3|2

S
\%
£

Hence, by Lemma 3.1-(d),
N
pi > Sy

As |Vu, [P — p weakly-* in the sense of measure, we have

lim inf [Vu,|Pdz > u;
QP

n—-+o0o

and so,

N
lim inf/ [Vu,|[Pdz > Sy .
Qp

n—-+o0o

Now, using once more the equality

I(uy) - il'(umun — d+ 0n(1)un| + 0n(1),
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we get

1
d~+ 0n(1)||tn | + on(1) > 5 (1 — ;]() / [Vu,|P dz.

Taking the limit of n — +o00, we find the inequality below

N
dzl( —q)spp,
p X

which is a contradiction, showing that .J = ). Thereby, by Lemma 3.1-(a), v = |u|?" and

/ P d — / ul?” da,
Q, Q,

implying that P, = 0,(1), that is,

p

lim (p(z, |Vun|) Vg, Vu, — Vu) de = 0.

n—-+4oo Q

Now, it is enough to apply Lemma 2.2 to finish the proof. O
Our last lemma in this section is as follows:

Lemma 4.7. Assume that (f;) holds. Then, for each m € N, there exists positive
constants A\, (b, and T, such that

AT s .
T = inf sup I(u) < M
m KGquep ( ) ,

for all A\ > A\, 0 > oy, and T > 7,,, where M is given by Corollary 4.5.
Proof. First, we claim that for some positive constant C' > 0, we have

min / |u\'6dx+/ |u\q2dx+/ lul® dz » > C, (4.11)
weK, |lull=1 | Jou Q Q

q p

where K C X, is compact such that dim X,, < occ.
Indeed, if (4.11) does not hold, then there exists a sequence {u,} C K with ||u,|| =1

such that
/ |, [P dm—i—/ |, |72 dx—l—/
QN Q Q

Since dim X,,, < 0o, there exists a subsequence of {u,} still denoted by {u,} and u € K
with [[u]| = 1 such that u,, — u in X,,,. Then, letting n — oc in (4.12), we obtain

/ |u|ﬁdx+/ |u|® dx—l—/ lul¢ dz = 0.
QN Q Q

q P

1
|, | dx} <, VneN (4.12)

q P

Hence, we have u = 0 a.e. in each of the sets n,, and €2,. Now, since {2 = Qnx U, U
Q,, we have w =0 a.e. in Q. This contradicts the fact that ||u|| = 1. Hence the Claim
(4.11) follows.

https://doi.org/10.1017/5S001309152200044X Published online by Cambridge University Press


https://doi.org/10.1017/S001309152200044X

Multiple solutions for a class of quasilinear problems with double criticality 1033

Now we choose K = D,,, where D,, is given by (4.1). Since h = I; € G,,, the definition
of ® combined with (2.4) and (f;) gives
|u|® doe — 7'/ lul¢ dz 3,
Q

et < sup {IUII” + [full? - A/Q jul’ da — u/Q
u N q P

or equivalently

B
u
T < sup {nunp = Al [ |2l do
ueK

QN
e /
Q

q2
dx — 7'||u||C/
QT—’
Now, when ||u|| > 1, we observe that

[l

[l

u
[l

q

¢
dx .

B q2 ¢
u u u
el + [« — Aful)? / \ dz — plfu® / L T / S
o | Tl o, | Tul o, | Tl
u B u q2 ¢
<t = [, (gl oo [ [gigl” oo [ ||
o | Tl o, | Tul o, Tl

< Jlul? + [lull” = Cxallull,

where 5 = min{f, g2, (}, x1 = min{\, 4, 7} and the constant C' is given by (4.11).
Moreover, when |lu|| < 1, we get

B q2 ¢
U u . U
Jale + et = Ml [ |l =g [ | e o [ | 0o
o | Tl o, |Tul o, Tl
u B q2 ¢
<l + ol = i { [ \ do [ aes [ da
an |l Q, [l Qp [l

< lull® + flufl* = Cxallul™,
where lo = max{0, g2, (}, x1 = min{\, u, 7} and the constant C is given by (4.11). Hence,
A 1
T < lull” + flull = Cxllull,

where [ = [1 or [5.

Let, w(t) = t? +t7 — C'xt'. Then using the fact that [ > ¢ > p, it can be easily seen
that w achieves its maximum at £ =#()\,3,7) > 0 which goes to 0 as the parameters
A, 1, 7 goes to infinity. Hence there exists A, ttm, 7 such that for all A > A\, >
and 7 > 7,,, we have

T < M,

where M is given by Corollary 4.5. Hence, the Lemma follows. (]
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5. Preliminaries for the proof of Theorem 1.2

5.1. Functional setting

In what follows f is of the type (f2), Q@ = Q,., see (1.7), N > 2, N # 3 and the hypothesis
(91),(92), (g4), (p1) — (¢9) will be assumed, unless otherwise mentioned. Let us denote
by O(N) the group of N x N orthogonal matrices. For any integer 1 < k < oo, let us
consider the finite rotational subgroup Oy of O(2) given by

2 2 2 2
Oy = {h €0(2): h(x) = (1‘1 cos%l + To sin %l, —x1 sin%l + x5 CoS ZZ)}

where z = (z1,22) € R? and | € {0,...,k — 1}. We define the subgroups of O(N)
Hi =0, xO(N —2),1<k<ooand Hy :=0(2) x O(N —2).
Associated with the above subgroups, we set the subspaces

W&Ek(QT) = {u e Wl*(Q,) s u(z) = u(h™'x), for all h e Hk}, 1<k <o,

endowed with the usual norm of Wy'®(Q,.), that is,
lull = [[Vulle + [Julle.

Hereafter, we denote by I : WO{’Ek (€,.) — R the functional given by

I(u):/Q @(x,Vu)dx—/QrF(m,u)dx.

r

Throughout this section, Ji , denotes the following real number

Jk,r - uei/{l/lfk,r I(U)’

where

My = {u € Wy () \ {0}, I' (w)u = 0}.

5.2. Properties of the levels J .

Our first result concerns the positivity of J ..
Lemma 5.1. For any 1 <k < oo and r > 0, we have J , > 0.

Proof. We prove the result in two steps.
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Step 1. We claim that for every fixed 1 < k < oo and r > 0, there exists a constant
7 > 0 such that

[lul| > n, for all u € My ,. (5.1)

Indeed, if (5.1) does not hold, there exists a sequence (uy) € My, such that ||u,|| — 0
as n — oo. From u,, € My, we have I'(u,)u,, = 0. Hence

J

Due to the fact ||u,|| — 0 as n — oo, without loss of generality we may assume that
[lun|| < 1 for all n € N. Hence from (¢3)" and Proposition 2.1, we can estimate the left-
hand side of (5.2) as follows:

go(x7Vun)|Vun|2dx:/ f(z], wn)uy da. (5.2)
Q.

r

pllunll” gp/ (2, uy) dz g/ o, Vi) [Vun |2 da. (5.3)

T r

Now, we estimate the right-hand side of (5.2). Indeed,

/ f(], un)up do = )‘/ ‘Un|ﬁ€a‘u"|Nl dx +/ )\ﬁN(‘l‘mun‘ﬁea\unlNl dx
QN N

r r

+ / 9((], n)uun d + / (12 )g (2], ) da

q Q"'\Qq

+/ |un|p*dx+/ (1) fun]?” da
Q

p Q"‘ QP

< [ et ok [ gllalwundet [l ds
QN

q Qp
[ el )i da
(Q4q)s/2
=L +1L+ I3+ 1,
(5.4)

Estimate of I;: As ||u,|| — 0, by Hélder’s inequality and Lemma 3.5 for some constant
Cy > 0 (independent of n), we have

I :)\/ |un|ﬁea‘“"‘N dx
Qn

§A</ un|2ﬂdx)2 </ et dw>2 o
QN QN

< Cilfual|”.

Estimate of I5: From the condition (g1) and the embedding (2.9) for some constant
Cy > 0 (independent of n) we deduce that

I = / (2], n)tn dz < Col[un] . (5.6)

Qq
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Estimate of I3: It is clear that

L— / fun P da < Cilfunl”", (5.7)

I4

for some constant C5 > 0 (independent of n).
Estimate of I,: By the embedding (2.9), the definition of f» and the condition (g1) we
have that

Iy = /7 £l tn )t A < Co (||| 7 + [ [7 + [fun][7), (5.8)
(Q2¢)s/2

for some constant Cy > 0 (independent of n).
Therefore, using the estimates (5.5), (5.6), (5.7) and (5.8) in (5.4), we obtain

/Q Fllz]sun)un dz < C(lfunl|™ + unl|” + [Jual[77), (5.9)
for some constant C' > 0 (independent of n). Using (5.9) in (5.3), we have

pllunll? < p/ (x| Vun|) de < C(llunl[* + [Junll® + [lun] ). (5.10)

r

Since all the parameters ,¢; and p* are larger than ¢, from (5.10) for some constant
C > 0 (independent of n), we have

lun|| > C, for all u, € My,

which is a contradiction to the fact ||u,|| — 0. Hence (5.1) holds.
Step 2. From the definition of I, (¢3)" and Proposition 2.1 for any u € My .., we have

)/Srcp(x, V) de

) max{{Jul|, [l [P}
> (1 - q) max{n?,n"},
X

where in the last line, we have used the estimate (5.1) from Step 1 and x = min{60, 5, p*}.
This means that,

Tk > (1 - %) max{n?,n’} >0,

for every 1 < k < oo and all » > 0. Hence the result follows. O
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Lemma 5.2. For any integer 1 < k < 0o, there exists Ao = Ao(k) > 0, such that
1 N-1 1
Jpr <M = (1 — i) min {N (%) 7p5év/p} , for all \ > X\, and x = min{0, 3,p*}.
Proof. Fix 1 < k < co. Due to (), there exists v = v(k) < min {1, 6; } such that the

ball B, := B, ((251,0,...,0)) C Qn \ (Q4)s satisfies

W'B,,NhB,,=0, forall i € Hy,i#je{0,1,...,k—1}

Consider v, € W, ’q)(B(;J.) \ {0} and define

vim Y b, e Wil (9w \ 2)5) \ {0}

heHy,

By definition of I, we observe that

Sz, to)tv da.

I'(tv)tv = / o(x, [tVo]) 13| Vo? dz — /
AN \(Q24)s QN \(24)s

Using
fx, to)tv > MP | Vo € Qn \ (Q,)s and t > 0.
Therefore, using (¢3)" and (2.4), for every t > 0,

lv|® dz.

Mng@@/

®(z, |Vo|) dz — Atﬁ/
QN \(Qq)s

QN \(Qq)s

As B> q > p, we get that I'(tv)tv — —oo as t — +oo and I'(tv)tv > 0 for ¢ =~ 0.
So, there exists ¢, > 0 such that t,v € Woly’;}}k (Qn \ (Q29)s) \ {0} with I'(t,v)t,v = 0. If
we denote by w = t,v, then

Jer < I(w) = kI(tyv,) = kr{1>ag< I(tv,.). (5.11)

Following similar arguments as in the proof of [8, Lemma 3.11], we have

N B

e
1 < 1 1> (ClHVUngN(QN))

1 tyvp) <

o) = o s \~=
(110r 11250

Now, we fix \g = A\g(k) > 0 such that for all A > Xy, we have

8
: (1_ 1) (@lVerllzy @) 7 (1—q)min{1( )N 15N/p}
\iox \N 3 (||vr|‘§ﬁ(ﬂm)ﬁ%v X N 9N ' poP

(5.12)
Therefore, from (5.11) and (5.12), the result follows. O
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Lemma 5.3. If 1 <k < oo and A > Ao, then Jy,, is achieved.

Proof. Let (v,) C My, a minimizing sequence for Jy ., i.e., (v,) C Wolf}k () \ {0}
such that

I'(vp)v, = 0 and I(vy,) — Ji .

We claim that (v,,) is bounded. Assume there is some n such that ||v,|| > 1, since oth-
erwise (vy,) is bounded. Due to the fact I(v,) — Ji, and Ji, < M, where M was given
in Lemma 5.2, it follows that

M > 1(v,) = I(vy,) — i['(vn)vn

q
> (1-2) I
X

Therefore, ||v,|| < ¢ if ||Jv,|| > 1, for some constant ¢ > 0 independent of n. This shows
that (vy,) is bounded.
Claim:

I'(vy) = 0in (Wy'pg, ().
Indeed, using the Ekeland variational Principle (see Willem [54]), there exists a sequence
(wp,) C My, such that

Wy, =V +0p(1), I(wy) = Jir

and
I'(wy) — 6, E (wy,) = on(1), (5.13)

where (£,) C R and E(w) = I'(w)w for w € Wol”gk (). Since (vy,) is bounded, we also
have that (w,) is bounded. Now, we prove that there exists C' > 0 such that

|E' (wp,)wy,| > C for all n € N. (5.14)

Indeed, we observe that

[@(33, (V)| V| + 20(a |an>} V|2 da

N /QT [;mx,wn>wz+f(|x|,wn)wn] “

> —q [ (o, [Tun))[Vun do (5.15)
Q

s

_+/Qr{éifﬂx’“%)wi*‘fﬂxhwnﬁmJ da

- /Q {gtf (2], wn)wr, = (g = 1>f<|x|,wn>wn] dz,
o(z, 1)

[t|a—31
t # 0, which is a consequence of (¢3), while that in the third step we have use the fact

where in the second step, we have used that the function is non-increasing for
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that I’ (wy)w, = 0, ie.

J

respectively. Since (w,) is bounded in Wy®(Q,) and Ji, >0, there exists w e
Wh®(Q,) \ {0} such that w,, — w strongly in L*(£2,.) and w, (r) — w(x) a.e. in Q, for
some subsequence. Then, by Fatou’s lemma,

(i, [V |) [V | de = /Q F (], wn)wn da,

s

i | T [(,ftmxuwn)wi (- 1>f<x|,wn>wn} da

n—oo

A ] (5.16)
> [ |5l we? - @ - DS (el w)u| da.
QL J
From the hypothesis (g4) and the definition of f5, we obtain
fo -
/ 2 Fllal,wyu? ~ (g = 1)f(al, wpw| dz > 0. (5.17)
Q. L |

By contradiction, suppose

lim E'(w,)w, = 0.
n—oo

Then letting n — oo in (5.15) and using (5.16) along with (5.17), we obtain

0= lim E'(w,)w, > /Q L,?tf(h:,w)w2 —(qg—1)f(|z],w)w| dz > 0,

n—oo

which is absurd. Therefore, (5.14) holds.
From, (5.13)

0 E (wp)w, = op(1),
and so, £, = 0,(1). Since (w,,) is bounded we get (E’(w,)) is bounded. Hence from (5.13)

I

I'(wy,) — 0'in (Wg;gk (QT)) .
Thus, without loss generality, we may assume
I(v,) — Jir and I'(v,) — 0.

Since (vy,) is bounded, there exists v € Wol_’gk (€2,) such that, for a subsequence, we have

Up =V in Wol,’gk (Q),
vp(z) — v(x), a.e. in Q,.

Now following exactly the proof of Lemma 4.6, we get I(v,) — I(v) = Ji . Hence, Ji ,
is achieved. g

Now we establish the following Strauss-type result in Musielak—Sobolev space, which
would be very useful to find a lower bound of Ju .
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Lemma 5.4. (A Strauss-type result in Musielak—Sobolev space) Assume that (¢1),
(02), (3), (pg) — (¢g) holds and let v € WH®(RY) be a radial function. Then

lo(z)] < &1 (:v, mg_l [®(z, |v]) + ®(z, |Vv])] dx) a.e. in RY,
RN

where ®~1(z,-) denotes the inverse function of ®(z,-) restricted to [0,+00) and C is a
positive constant independent of v.

Proof. We will establish the result for radial functions in C§°(RY).
Let v € C§°(RY) be radial and let |z| = r, w(r) = v(z). Then, from (¢g)

b
®(b,w(b)) — (r,w(r)) = / (i@(s,w(s))) ds, for all b > r > 0.

Since w € C§°(]0,00)), for b large enough,

O(r,w(r)) = — /TOO %@(s,w(s)) ds — /Too (s, w(s))w(s)w'(s) ds s

o0 8 o0
< [ gt ] ds+ [ ot wDhu) v ()] ds
From (2.1), (2.2) and the Ay condition (2.1), for all s > 0,

(s, [w(s))w(s)|[w'(s)] < &(s, @ (s, w(s))w(s)]) + (s, [w'(s)])
< (s, 2lw(s)]) + @(x, [w'(s)]) (5.19)
< K®(s, [w(s)]) + (s, [w'(s)])-

From (pg), for all s > 0,
‘%@(&w(s))’ < k(s w(s)). (5.20)
Now using (5.19) and (5.20) in (5.18), we obtain
@(r,w(r)) <(k+K+1) /OO [q)(s, |w(5)|) + <I>(5, \w’(s)m ds.

Hence, we can conclude that

(k+ K +1)

+o00
®(r,w(r)) < 7"1\77*1/ (@ (s, |w(s)]) + (s, \w’(s)|)]sN_1 ds.

From this, there is C' > 0 such that

P (z,v(x)) < x|]CV’1 /RN [®(z,|v]) + ®(z, |Vv])] dz.
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= ®(z, |v(x)|) for all z € RY and so,

Since ® is an even function, ®(z, v(x))

© /RN (@ (x,[v]) + ®(z, |Vv])] dz

CI)(x, |U(x)|) < W

From this,
C
lo(z)] < &1 (x, <||N1/ [ (ac7 \v|) + <I>(3c, |Vv|)] dx)) , for all z € RN \ {0},
x
where ®~1(z,-) denotes the inverse function of ®(x,-) restricted to [0, +0c0). Now the
result follows from the density of C§°(RY) in WH®(RYM), because ® satisfies the A,
condition. (]
Lemma 5.5. There exists ro = ro(A) > 0 such that for x = min{6, 3, p*}
1 N-1 1
Joor = (1—X>min{N<;V],va) ,Sév/p}, for all v > ry.
Proof. By contradiction, suppose there exists a sequence (r,) such that r, — co

satisfying
1 1
Joor, < (1— %) min {N(;’j/\fa)N_l’ pSéV/p} , for all n € N. (5.21)
First, we claim that J . is attained, for all n € N. In fact, for a fixed n, let (vg) C

Moo, be a minimizing sequence for Joo ., i.e., (vi) C Wy’ (2;,) \ {0} and satisfies

I'(vi)vr, = 0, and I(vg) — Joo,r,, as k — 00

Note that
1
Ok(1> + JOO,T" = I(Uk) — ;I’(vk)vk
q

> - = P (z, |Vug|) do .22
( X)/anu ) (5.22)

> 1 (1 — q) / VoY da.
N X Qn

Using (5.21) in (5.22),
an \N-1
lim sup || Vg5, NQn) < (m) .

k—-+4oco
Now, we can repeat the same arguments employed in the proof of Lemma 5.3 to conclude

that
I'(v) — 0in (W5 (9,,)) and v, — v in WOI”EOO Q)

where v € W&’E (€,,) is the limit of (vy) in Wo m.. (Sr,). Then

I(vg) — I(v) = Joor, and I'(vg) — I'(v) = 0.
Hence I(v) = Joo,r,. Note that v # 0, since by Lemma 5.1 Ju ., > 0. Therefore, v €

Mo v, and Joo ., is attained at v.
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Therefore, for each n €N, we can choose a sequence {u,} C Wol,gm (2-,)\ {0}
satisfying
I/(Un)un =0 and I(un) = ‘]0077"71'

Proceeding as in (5.22)

1 q an N-1 1 / 1 q / N
N ( X) (2”0&) > Joor, = I(uy) XI (Up )ty > N 1 L [Vu,|"™ da

which implies

. N ON \N-1

Let {@,} be a sequence given by

i () = un(x), if 2 €Q,,
0, iz g Q.

Observe that the following properties hold:
(1) {an} € Wy ®RY);
@) lallwso gy = lonlls o,
(3) @, — 0in W;Ii (R™) because i, (z) — 0 a.e. in RV.

Therefore, we have

/gp(w,|Vﬁn|)|Vﬂn|2d$:/ f(z, @,y de. (5.24)
RN RN

From Lemma 5.4, we deduce that the sequence {u, } satisfies
|tin]oo — 0.

Using the fact that
t)t
ey
t0 @(x, t)t?
and (p3)’, it follows that given e < q%, where T was given in Lemma 2.3, there exists
no € N such that

=0, VzeRY,

F (@i )i de < € / (@ i )i ?

RN RN

< Eq/ O(x, |Uy|) dax = 6q/ O(x, |ty,|) dx, n > ng.
RN n

Since r, — 400, without loss of generality we can assume that r, > 1 for all n € N.
Therefore, by the Poincaré inequality from Lemma 2.3,

[z, iy, de < eqT/ D(x, |Viy,|) dz, Vn > ng. (5.25)

Tn

RN
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From (5.24), (5.25) and (¢3)

p/ O(|Viy,|) dx :p/ ®(z, |Va,|) de
RN

n

g/ (2, Vit )| Viin |2 dz
RN

< eqT/ O(z,|Viy,|) de, VYn > ny.

n

As @, # 0 for all n € N, we get p < eqY, which is absurd. Hence, the result follows. [

Lemma 5.6. Suppose that Jyp, , is attained for some 1 < k < oo and some 2 <m <
00. Suppose also that Jigm, » < Joo,r. Then, Ji » < Jim r.

Proof. Consider u € My, , such that I(u) = Jym,. Let = (6,p) be the polar
coordinates of x € R%. Then, u = u(#, p, ly|), v € R¥~2. Note that

1 1/2
(v p? + [y, [Vul) = @ (\/,02 + yl?, (pﬂ? +up + IVyUIQ) ) :

Define
o0, o) = u (2 p Ly
Py 1Y) = m»P» Yyl
We observe that,
(i) ve Wy, ()
(i) S/ F TP [V]) = D77 F P (ke + 2 + V)2
(i) [o, F(lz|,v)dzdy = [, F(|2],u)dxdy, where z = (z,y) € Q.

Proceeding similarly as in the proof of Lemma 5.2, there exists o > 0 such that tov €
M, . For simplicity, let v := tgv. Now, since v € My, ,

Dp <10) = [ @(el, Ve dzdy ~ [ F(el,v)dody.
Q.

r

Using (1) — (i),

1/2
1
Jk,rﬁ/ o( /p2+|y|27(p2m2u§+u§+|vyu|2> )dgcdy—/Q F(|z|,u) dz dy.

' ' (5.26)
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If I(u) = Jgm,r < Joo,r, then u ¢ Wolv’f;m(ﬁ,.), then 2 is not identically zero. Therefore,
using that m > 1,

J

"

“J,

which together with (5.26) implies Jy , < I(u) = Jgm,» and the proof is complete. O

1/2
1
) (1 /02 F [y]2, (meng +ul + |Vyu|2> ) dz dy

1 1/2
) (va + |y|?, <p2u§ +ul + |Vyu|2> > dz dy,

r

6. Proof of the main results

6.1. Proof of Theorem 1.1

By our assumption on fi, it is easy to verify that I is even and I(0) = 0. Moreover,
from Lemma 4.2, Lemma 4.3 and Lemma 4.6, I satisfies all the properties in Lemma
4.1. Now from Lemma 4.7, there exists positive real numbers A, i, 7 such that for all
A > Ay b > o, and T > 7, We have

A A
0< T <ephT <o <™ < M.

Hence by Lemma 4.1, for every A > A\, 4 > fiy, and 7 > 7, the problem (P) has at least
m pairs of non-trivial solutions.

6.2. Proof of Theorem 1.2

By Lemma 5.2, for each n € N, there exists A\g = A\g(n) > 0 satisfying

q . 1 ay \VN-1 1 N/p
n - h— s - > .
Jon < (1 X) mm{N(ZN'a) ,pSp , YA> X

On the other hand, by Lemma 5.5, there exists 1o = ro(Ag,n) > 0 such that

1 q ay \N-1
Joor>7 1-= (7/) 5 v .
’ _N( X) 2N reTo

Thus,

g\ . J 1 /ran\N1 1.
0< Jong = Jygn-1, < (1 — X) min {N (m) ,ESP /Y < Joo,rs

for all A > Ay and for all » > ry. By Lemma 5.3, we have Jan , is attained. So, we can
apply Lemma 5.6 to get

Jon-1, < Jon ., for all A > A and for all r > rq.
Now Jan-25, is also attained and satisfies

J2n—22,r = Jzn—l)r < J2n7r < JOO,T.
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Again, by Lemma 5.6, we get Jyn—2, < Jon-1 ,.. Inductively,
0< JQ,T < J22,r <...< J2”7r < Joo,r7

for all A > A\p and all > rg.
Noting Lemma 4.2, from Lemma 5.3, minimizers of Jj ,, are critical points of I in

WOI,’I(—)};C (©,). Now, applying the Principle of symmetric criticality from [48], it follows that

they are critical points of I in Wy ®(€,.) and therefore are solutions of (P). Note that,
due to Lemma 5.1, such solutions are non-trivial. Therefore, all minimizers of Jom ., m =
1,...,n are non-radial, rotationally non-equivalent and non-trivial solutions of (P).
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