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Abstract We establish multiplicity results for the following class of quasilinear problems

{−ΔΦu = f(x, u) in Ω,
u = 0 on ∂Ω,

(P)

where ΔΦu = div(ϕ(x, |∇u|)∇u) for a generalized N-function Φ(x, t) =
∫ |t|
0 ϕ(x, s)s ds. We consider Ω ⊂

R
N to be a smooth bounded domain that contains two disjoint open regions ΩN and Ωp such that

ΩN ∩ Ωp = ∅. The main feature of the problem (P ) is that the operator −ΔΦ behaves like −ΔN on ΩN

and −Δp on Ωp. We assume the nonlinearity f : Ω × R → R of two different types, but both behave like

eα|t|
N

N−1
on ΩN and |t|p∗−2t on Ωp as |t| is large enough, for some α > 0 and p∗ = Np

N−p
being the

critical Sobolev exponent for 1 < p < N . In this context, for one type of nonlinearity f , we provide a
multiplicity of solutions in a general smooth bounded domain and for another type of nonlinearity f , in
an annular domain Ω, we establish existence of multiple solutions for the problem (P ) that are non-radial
and rotationally non-equivalent.
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1. Introduction

In this paper, we establish the existence of multiple solutions for the following class of
quasilinear problems {−ΔΦu = f(x, u) in Ω,

u = 0 on ∂Ω, (P)

where Ω ⊂ R
N , with N ≥ 2, is a smooth bounded domain, ΔΦu = div (ϕ(x, |∇u|)∇u)

is the Φ Laplace operator, where Φ(x, t) =
∫ |t|
0
ϕ(x, s)s ds, ϕ : Ω × [0,+∞) → [0,+∞)

and f : Ω × R → R are continuous functions that satisfy some hypothesis that will be
mentioned later on.

Before proceeding further, let us go through some known results associated with the Φ
Laplace equations. In the recent past, the study of such equations concerning the existence
theory has been a research topic of considerable attention. Such operator extends the
p-Laplace operator, the variable exponent p-Laplace operator, weighted p-Laplace
operator, p, q-Laplace operator and indeed occurs in many physical phenomena.

When Φ is independent of x, solutions of (P ) are investigated in the Orlicz-Sobolev
space [44] and we refer the reader to Alves, Figueiredo and Santos [7], Fukagai, Ito
and Narukawa [29], Carvalho, Silva, Gonçalves and Goulart [15], Fukagai and Narukawa
[28], Harjulehto and Hästö [32], and their references for the study of such PDEs. When
Φ also depends on x, we are led to study the problems in variable exponent Sobolev
[23, 37] or Musielak–Sobolev spaces [20, 34, 43, 44]. Differential equations in variable
exponent Sobolev spaces have been studied extensively in the last years, most part of
them involves the p(x)-Laplacian operator, see for example, Alves and Barreiro [2], Alves
and Ferreira [3], Alves and Souto [6], Alves and Rădulescu [5], Chabrowski and Fu [18],
Fan and Zhang [27], Fan [25], Rădulescu and Repovš [46] and their references. However,
Differential equations in general Musielak–Sobolev spaces have been studied very little,
see for instance, Azroul, Benkirane, Shimi and Srati [10], Benkirane and Sidi El Vally
[11], Fan [26], Liu and Zhao [40], Wang and Liu [51] and the references therein.

In the present paper, we will apply some recent results involving the Musielak–Sobolev
spaces to study the existence of non-trivial solution for the problem (P ). Next, we will
state our main hypothesis on the functions Φ and ϕ:

(ϕ1) For each x ∈ Ω, ϕ(x, .) is a C1 function in the interval (0,+∞).

(ϕ2) ϕ(x, t), ∂t(ϕ(x, t)t) > 0, for x ∈ Ω and t > 0.

(ϕ3) There exists 1 < p < N < q < p∗ such that

p− 2 ≤ ϕ′(x, t)t
ϕ(x, |t|) ≤ q − 2, for x ∈ Ω and t > 0.

Arguing as in Fukagai, Ito and Narukawa [29], it is possible to prove with few modifica-
tions that if ϕ satisfies the conditions (ϕ1) − (ϕ3), then the function Φ is a generalized
N-function.
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The complementary function Φ̃ associated with Φ is given by the Legendre’s transfor-
mation, that is,

Φ̃(x, s) = max
t≥0

{st− Φ(x, t)}, x ∈ Ω and s ∈ R. (1.1)

The functions Φ and Φ̃ are complement of each other and Φ̃ is also a generalized
N-function. Hereafter, we also assume that for some constant d1,

(ϕ4) inf
x∈Ω

Φ(x, 1), inf
x∈Ω

Φ̃(x, 1) > 0.

The conditions (ϕ1)–(ϕ4) are very important in our approach, because they permit us
to conclude that the Musielak–Orlicz space LΦ(Ω) and Musielak–Sobolev space W 1,Φ(Ω)
are reflexive and separable Banach spaces, for more details, see § 2.

In a recent paper, Alves, Garain and Rădulescu [8] proved the existence of at least one
non-trivial solution for the following prototype problem{−ΔΦu = f(x, u) in Ω,

u = 0 on ∂Ω, (Q)

provided Ω is a smooth bounded domain in R
N with N ≥ 2, f is a continuous function,

ϕ : Ω × [0,+∞) → [0,+∞) satisfies the hypothesis (ϕ1) − (ϕ4) above (see [8] for precise
assumptions).

In the present paper, as in [8], Ω satisfies the following conditions: There are three
smooth domains ΩN ,Ωq,Ωp ⊂ Ω with non-empty interior such that

Ω = ΩN ∪ Ωq ∪ Ωp

and there is δ > 0 such that

(ΩN )δ ∩ (Ωp)δ = ∅.
Hereafter, if A ⊂ Ω, we denote by Aδ to be the δ-neighbourhood of A restricted to Ω,
that is,

Aδ = {x ∈ Ω : dist (x,A) < δ}.
Associated with the sets ΩN ,Ωq and Ωp, there are three continuous functions ηN , ηq, ηp :
Ω → [0, 1] satisfying:

ηN (x) = 1, ∀x ∈ ΩN ,

ηp(x) = 1, ∀x ∈ Ωp,

and

ηq(x) = 1, ∀x ∈ Ωq = Ω \ (ΩN ∪ Ωp),

ηN (x) = 0, ∀x ∈ (ΩN )c
δ, ηp(x) = 0, ∀x ∈ (Ωp)c

δ,

ηq(x) > 0, ∀x ∈ (Ωq)δ, ηq(x) = 0, ∀x ∈ (Ωq)c
δ
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and for some positive constant c4,

ηq(x) ≤ c4dist(x, ∂(Ωq)δ ∩ Ωp)l, ∀x ∈ Ωp ∩ (Ωq)δ,

where l > q and dist(x, ∂(Ωq)δ ∩ Ωp) = inf{|x− y| : y ∈ ∂(Ωq)δ ∩ Ωp}.
Related to the function f : Ω × R → R, we assume that it is a continuous function of

one of the following forms:

f(x, t) = ληN (x)|t|β−2teα|t|
N

N−1 (f1)

+ μη̃q(x)g(x, t) + ηp(x)(τ |t|ζ−2t+ |t|p∗−2t), ∀ (x, t) ∈ Ω × R,

or

f(x, t) = ληN (x)|t|β−2teα|t|
N

N−1 + η̃q(x)g(x, t) + ηp(x)|t|p∗−2t, ∀ (x, t) ∈ Ω × R, (f2)

where λ, μ, τ are positive parameters, α > 0, p∗ > ζ > q > N > p > N
2 ,β > q, where p∗ =

Np
N−p , g : Ω × R → R and η̃q : Ω → [0, 1] are continuous functions such that

η̃q(x) = 1, ∀x ∈ Ωq = Ω \ (ΩN ∪ Ωp)

and

η̃q(x) = 0, ∀x ∈ (Ωq)c
δ/2.

Related to the function g, we assume the following conditions:

g is odd with respect to the second variable t, (g0)

g(x, t) = o(|t|q1−1), as t→ 0, uniformly in x ∈ (Ωq)δ/2 (g1)

for some q1 > q and there is θ > q such that

0 < θG(x, t) ≤ g(x, t)t, ∀x ∈ (Ωq)δ/2 (g2)

where G(x, t) =
∫ t

0
g(x, s) ds, for t ∈ R.

There exists a constant c > 0, such that

g(x, t) ≥ ctq2−1, ∀t ≥ 0, ∀x ∈ Ωq, (g3)

for some q2 > q1,
With these notation, we are ready to mention the last conditions on ϕ. If f is the form

(f1), we assume for each t > 0 the following:

(ϕ5) ϕ(x, t) ≥ tN−2, for x ∈ ΩN and c1t
N−2 ≥ ϕ(x, t), x ∈ ΩN \ (Ωq)δ.

(ϕ6) ϕ(x, t) ≥ τ1(x)tq−2, for x ∈ (Ωq)δ where τ1 : Ω → R is a continuous function
satisfying:

τ1(x) > 0, ∀x ∈ (Ωq)δ and τ1(x) = 0, ∀x ∈ ((Ωq)δ)c.
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(ϕ7) τ2(x)tq−2 + c2t
p−2 ≥ ϕ(x, t) ≥ tp−2, x ∈ Ωp where τ2 : Ωp → R is a non-negative

continuous function satisfying:

τ2(x) ≤ c3dist(x, ∂(Ωq)δ ∩ Ωp)s, ∀x ∈ Ωp ∩ (Ωq)δ

for some s > q and

τ2(x) = 0, ∀x ∈ Ωp \ (Ωq)δ,

for some constants ci > 0 with i = 1, 2, 3.

Now, if f is the form (f2), the condition (ϕ5) is assumed of the following way:

(ϕ5)ϕ(x, t) ≥ tN−2, for x ∈ ΩN .

As a model of a function that satisfies the conditions (ϕ1) − (ϕ7) is the function ϕ :
Ω × [0,+∞) → [0,+∞) defined by

ϕ(x, t) = ηN (x)tN−2 + ηq(x)tq−2 + ηp(x)tp−2, ∀ (x, t) ∈ Ω × [0,+∞) (1.2)

and so,

Φ(x, t) =
ηN (x)
N

|t|N +
ηq(x)
q

|t|q +
ηp(x)
p

|t|p, ∀ (x, t) ∈ Ω × R. (1.3)

Motivated by the study made in [8], we intend to prove the existence of multiple
solutions for the problem (Q) working with the same operator under the nonlinearities
(f1) and (f2). Here we have two main results involving multiple solutions and their
motivation are mentioned below.

Our first main result is motivated by the study made by Wei and Wu [53], where the
authors showed the existence of multiple solutions for the following class of problems
involving the p-Laplacian operator{−div(|∇u|p−2∇u) = f(x, u) + λ|u|p∗−2u in Ω,

u = 0 on ∂Ω,
(1.4)

where Ω is a bounded domain, λ is a positive parameter and f is a continuous function
with subcritical growth and p∗ = Np

N−p for N > p. Using a version of an abstract theorem
due to Ambrosetti and Rabinowitz [9] that involves the genus theory for C1 even func-
tional, it was proved that given n ∈ N, there is λ∗ = λ∗(n) > 0 such that problem (1.4)
has at least n non-trivial solutions for λ ∈ (0, λ∗). In [47], Silva and Xavier improved the
main results proved in [53].

Here, we proved a version of the above-mentioned result for the problem (P ) and the
statement of our result is the following.

Theorem 1.1. Assume (g0) − (g3), (f1) and (ϕ1) − (ϕ7). Then, for each k ∈ N, there
exists positive real numbers λk, μk and τk such that for λ ≥ λk, μ ≥ μk and τ ≥ τk, the
problem (P ) has at least k pairs of non-trivial solutions.

Our second result involves the existence of many rotationally non-equivalent and non-
radial solutions. We would like to point out that the existence of many rotationally
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non-equivalent and non-radial solutions was considered in some problems involving the
Laplacian operator. Brézis and Niremberg [13] proved the existence of non-radial positive
solution for the following problem{−Δu+ u− up = 0 in D,

u = 0 on ∂D, (1.5)

where
D = {x ∈ R

N : r < |x| < r + d}
for some d > 0. This type of phenomenon is known as symmetry breaking. In [22], Coffman
proved that the number of non-radial and rotationally non-equivalent positive solutions
of (1.5) in D tends to +∞ as r tends to +∞, if p > 1 and N = 2 or 1 < p < N/(N − 2)
and N ≥ 3.

Motivated by the above papers, some authors have studied this class of problems. For
the subcritical case, we cite the papers of Li [38], Lin [39], Suzuki [50] and references
therein.

Related to the critical case, Wang and Willem [52] have shown the existence of multiple
solutions for the following problem{−Δu = λu+ u2∗−1 in Ωr,

u = 0 on ∂Ωr,
(1.6)

where
Ωr = {x ∈ R

N : r < |x| < r + 1}. (1.7)

The authors proved that for 0 < λ < π2 and n ∈ N, there exists R(λ, n) such that for
r > R(λ, n), the equation (1.6) has at least n non-radial and rotationally non-equivalent
solutions. Motivated by [52], de Figueiredo and Miyagaki [24] have considered the
following problem {−Δu = f(|x|, u) + u2∗−1 in Ωr,

u = 0 on ∂Ωr,
(1.8)

where f is a C1 function with subcritical growth.
In [4], Alves and de Freitas showed the existence of many rotationally non-equivalent

and non-radial solutions for a large class of quasilinear problems that have, in particular
case, the problem below{

−ΔNu = λ|u|β−2βeα|u|
N

N−1 in Ωr,
u = 0 on ∂Ωr.

(R1)

Still related to this class of problem, we would like to cite the papers of Byeon [14], Castro
and Finan [16], Catrina and Wang [17], Mizoguchi and Suzuki [42], Hirano and Mizoguchi
[33] and references therein.

Motivated by the bibliography cited above and more precisely, by results found in [4],
[24] and [52], we are ready to state our second main result; however, we need to fix some
more conditions:

(ϕ8) Φ is radial in relation with x that is Φ(|x|, t) = Φ(x, t) for all t > 0.
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(ϕ9) There exists κ ∈ (0, 1
2N+1 ) such that

|∂sΦ(s, t)| ≤ κΦ(s, t), ∀(s, t) ∈ R
2.

(η) The functions ηN , η̃q, ηp and g are radial in x, that is

ηN (x) = ηN (|x|), η̃q(x) = η̃(|x|), ηp(x) = ηp(|x|)
and

g(x, t) = g(|x|, t),
for all x ∈ Ω and t > 0.

(ΩN) There is δ1 > 0 such that

A =
{
x ∈ R

N :
2r + 1

2
− δ1 ≤ |x| ≤ 2r + 1

2
+ δ1

}
⊂ ΩN \ (Ωq)δ.

(g4) g(|x|, .) is a C1 function in the interval (0,+∞) and
g(|x|, t)
|t|q−1

is increasing for t 
= 0

uniformly in x ∈ (Ωq) δ
2
.

The reader is invited to see that Φ given in (1.3) also satisfies (ϕ8) − (ϕ9), provided
(η) holds.

Our second main theorem has the following statement.

Theorem 1.2. Assume Ω = Ωr with N ≥ 2 and N 
= 3. Let (f2), (g1), (g2), (g4), (η),
(ΩN ) and (ϕ1) − (ϕ9) holds. Then, for each n ∈ N, there exists r0 = r0(n) > 0 and λ0 =
λ0(n) > 0 such that for λ ≥ λ0 and r ≥ r0, the problem (P ) has at least n non-radial,
rotationally non-equivalent and non-trivial solutions.

1.1. Our approach

To prove our main results (Theorem 1.1–1.2), we use variational methods. More pre-
cisely, for the proof of Theorem 1.1, we follow the approach from Wei and Wu [53] and
Silva and Xavier [47]. To this end, we use a result from Ambrosetti and Rabinowitz (see
Lemma 4.1). To obtain Theorem 1.2, we adapt for our problem some ideas found in de
Figueiredo and Miyagaki [24] and Alves and de Freitas [4]. Here, we establish a Poincaré
type inequality (Lemma 2.3) and a Strauss type result (Lemma 5.4) in the setting of
Musielak–Sobolev spaces.

It is worth mentioning that, due to the double critical behaviour, the energy functionals
associated with the problem (P ) do not satisfy the (PS)-condition at some levels, which
brings some difficulties to apply variational methods. To overcome such difficulties, we
closely follow the approach introduced in [8], where one needs to simultaneously employ
the concentration compactness Lemma due to Lions in W 1,p(Ωp) found in Medeiros [41],
see Lemma 3.1, to obtain a useful estimate related to the critical exponent problem and
a version of the Trundiger–Moser inequality in W 1,N (ΩN ) by Cianchi [21], see Lemma
3.3, to deal with the exponential growth. Another difficulty appears since the trace of
the functions on ∂Ωp and ∂ΩN may not vanish. We tackle this difficulty by applying the
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type of results that are used in the study of Neumann boundary value problems (Lemmas
3.4–3.5).

1.2. Organization of the article

This article is organized as follows: In § 2, we discuss some preliminary results for the
Musielak–Sobolev spaces, while in § 3, we show some technical results that will be used
in our approach. In § 4 and § 5, we discuss some preliminaries required to prove our main
results and finally, in § 6, we prove our main results (Theorems 1.1 and 1.2).

1.3. Notation

Throughout the paper, for t > 1, we denote by t′ = t
t−1 . By C, we mean a constant

which may vary from line to line or even over the same line. If C depends on the
parameters r1, r2, · · · , rk, we write C = C(r1, r2, · · · , rk).

2. A brief review about the Musielak–Sobolev spaces

In this section, we recall some results on Musielak–Orlicz and Musielak–Sobolev spaces.
For more details, we refer to [20, 26, 32, 43] and their references.

Let Ω ⊂ R
N be a smooth bounded domain and Φ(x, t) =

∫ |t|
0
ϕ(x, s)s ds be a generalized

N-function, that is, for each t ∈ R, the function Φ(., t) is measurable and for a.e. x ∈ Ω, the
function Φ(x, .) is an N-function. For the reader’s convenience, we recall that a continuous
function A : R → [0,+∞) is an N-function if

(i) A is convex.

(ii) A = 0 ⇔ t = 0.

(iii) lim
t→0

A(t)
t

= 0 and lim
t→+∞

A(t)
t

= +∞ .

(iv) A is even.

The Musielak–Orlicz space LΦ(Ω) is defined by

LΦ(Ω)

=
{
u : Ω → R

∣∣∣∣u is measurable and ∃ τ > 0 such that
∫

Ω

Φ
(
x,

|u|
τ

)
dx < +∞

}
endowed with the Luxemburg norm

|u|Φ = inf
{
λ > 0

∣∣∣∣ ∫
Ω

Φ
(
x,

|u|
λ

)
dx ≤ 1

}
.

We say that an N-function Φ satisfies the Δ2-condition, denote by Φ ∈ Δ2, if there exists
a constant K > 0 such that

Φ(x, 2t) ≤ KΦ(x, t) for x ∈ Ω and t ∈ R. (2.1)
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Arguing as in [44, Theorem 4.4.4], it follows that Φ satisfies the Δ2-condition if and only
if,

sup
(x,t)∈Ω×(0,+∞)

ϕ(x, |t|)|t|2
Φ(x, |t|) < +∞.

Moreover, an important inequality involving Φ and its complementary function Φ̃ (see
(1.1)) is a Young’s type inequality given by

st ≤ Φ(x, s) + Φ̃(x, t), x ∈ Ω and ∀s, t ≥ 0. (2.2)

Using the above inequality, it is possible to prove a Hölder type inequality, that is,∣∣∣ ∫
Ω

uv dx
∣∣∣ ≤ 2‖u‖Φ‖v‖Φ̃ ∀u ∈ LΦ(Ω) and ∀ v ∈ LΦ̃(Ω).

Arguing as in [29], if (ϕ3) holds, we derive that

p ≤ ϕ(x, |t|)|t|2
Φ(x, |t|) ≤ q, for x ∈ Ω and t 
= 0 (ϕ′

3)

and
q

q − 1
≤ ϕ̃(x, |t|)|t|2

Φ̃(x, |t|) ≤ p

p− 1
, x ∈ Ω and t 
= 0,

where

Φ̃(x, t) =
∫ |t|

0

ϕ̃(x, s)s ds,

and
ϕ̃(x, s) = sup{t : ϕ(x, t)t ≤ s}, x ∈ Ω and s ≥ 0.

Hence, if (ϕ3) holds, we have Φ̃ also satisfies the Δ2-condition.
Arguing as in [29, Lemma A2], it is possible to prove that Φ and Φ̃ satisfy the following

inequality
Φ̃(x, ϕ(x, t)t) ≤ Φ(x, 2t), x ∈ Ω and t ≥ 0. (2.3)

The inequality (ϕ3)′ is very important, because following the ideas of [29, Lemmas 2.1
and 2.5], it is possible to prove the following: Setting the functions

ξ0(t) = min{tp, tq}, ξ1(t) = max{tp, tq}, ξ3(t) = min{t p
p−1 , t

q
q−1 } and

ξ4(t) = max{t p
p−1 , t

q
q−1 },

we have

ξ0(s)Φ(x, t) ≤ Φ(x, st) ≤ ξ1(s)Φ(x, t) for s, t ≥ 0, (2.4)

ξ0(|u|Φ) ≤
∫

Ω

Φ(x, |u|) dx ≤ ξ1(|u|Φ) for u ∈ LΦ(Ω), (2.5)

ξ3(s)Φ̃(x, t) ≤ Φ̃(x, st) ≤ ξ4(s)Φ̃(x, t) for s, t ≥ 0, (2.6)
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and

ξ3(|u|Φ̃) ≤
∫

Ω

Φ̃(x, |u|) dx ≤ ξ4(|u|Φ̃) for u ∈ LΦ̃(Ω). (2.7)

The Musielak–Sobolev space W 1,Φ(Ω) can be defined by

W 1,Φ(Ω) =
{
u ∈ LΦ(Ω)

∣∣ |∇u| ∈ LΦ(Ω)
}

with the norm
‖u‖1,Φ = |u|Φ + |∇u|Φ .

The conditions (ϕ1) − (ϕ4) ensure that the spaces LΦ(Ω) and W 1,Φ(Ω) are reflexive and
separable Banach spaces, for more details see [26, Propositions 1.6 and 1.8]. In what
follows, W 1,Φ

0 (Ω) is defined as the closure of C∞
0 (Ω) in W 1,Φ

0 (Ω) with respect to the
above norm. Moreover, ‖u‖ = |∇u|Φ is a norm in W 1,Φ

0 (Ω) and if (ϕ1) − (ϕ4) holds, by
[31, Lemma 5.7], ‖ ‖ is equivalent to the norm ‖u‖1,Φ in W 1,Φ

0 (Ω).
As a consequence of (2.5), we have the lemma below that will be used later on.

Proposition 2.1. The functional ρ : W 1,Φ
0 (Ω) → R defined by

ρ(u) =
∫

Ω

Φ(x, |∇u|) dx, (2.8)

has the following properties:

(i) If ‖u‖ ≥ 1, then ‖u‖p ≤ ρ(u) ≤ ‖u‖q
.

(ii) If ‖u‖ ≤ 1, then ‖u‖q ≤ ρ(u) ≤ ‖u‖p
.

In particular, ρ(u) = 1 if and only if ‖u‖ = 1 and if (un) ⊂W 1,Φ
0 (Ω), then ‖un‖ → 0 if

and only if ρ(un) → 0.

Remark 1. For the functional ξ : LΦ(Ω) → R given by

ξ(u) =
∫

Ω

Φ(x, |u|) dx,

the conclusion of Proposition 2.1 also holds, for example, if (un) ⊂ LΦ(Ω), then |un|Φ → 0
if and only if ξ(un) → 0.

From the definition of W 1,Φ(Ω) and properties of Φ, we have the continuous embedding

W 1,Φ(Ω) ↪→W 1,q((Ωq)ω)

for all ω ∈ (0, δ) and the compact embedding

W 1,q((Ωq)δ) ↪→ C((Ωq)ω),

because q > N , from where it follows that

W 1,Φ(Ω) ↪→ C((Ωq)ω), (2.9)

is compact, which is crucial in our approach.
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Next, we would like to state our last result found in [26, Theorem 2.2], which says the
operator −ΔΦ : W 1,Φ

0 (Ω) → (W 1,Φ
0 (Ω))∗ belongs to the Class (S+).

Lemma 2.2. Assume the conditions (ϕ1) − (ϕ7). If un ⇀ u in W 1,Φ
0 (Ω) and

lim
n→+∞

∫
Ω

〈ϕ(x, |∇un|)∇un,∇un −∇u〉dx = 0,

then un → u in W 1,Φ
0 (Ω).

Before concluding this section, we will show a version of Poincaré’s inequality, which
is a key point in the proof of Theorem 1.2.

Lemma 2.3. Assume (ϕ1) − (ϕ4) and (ϕ9). Then, there is Υ > 0 independent of r ≥ 1
such that ∫

Ωr

Φ(x, |u|) dx ≤ Υ
∫

Ωr

Φ(x, |∇u|) dx, ∀u ∈W 1,Φ
0 (Ωr).

Proof. Fix p > 1 and v ∈ C∞
0 (Ωr). Arguing as in [4, Lemma 3.1], we get∫

Ωr

|v|p dx ≤
(
r + 1
r

)N−1 ∫
Ωr

|∇v|p dx.

Now, taking the limit when p→ 1 and using the fact that r ≥ 1, we derive that∫
Ωr

|v|dx ≤ 2N−1

∫
Ωr

|∇v|dx, ∀v ∈ C∞
0 (Ωr).

Since C∞
0 (RN ) is dense in W 1,1

0 (Ωr), it follows that∫
Ωr

|w|dx ≤ 2N−1

∫
Ωr

|∇w|dx, ∀w ∈W 1,1
0 (Ωr).

Now, for each u ∈W 1,Φ
0 (Ωr), we know that w = Φ(x, u) ∈W 1,1

0 (Ωr) and so,∫
Ωr

Φ(x, |u|) dx ≤ 2N−1

∫
Ωr

|∇Φ(x, u)|dx.

Since |∇Φ(x, u)| ≤ |∂sΦ(x, |u|)| + ϕ(|u|)|u||∇u|, we obtain∫
Ωr

Φ(x, |u|) dx ≤ 2N−1

∫
Ωr

(|∂sΦ(x, |u|)| + ϕ(x, |u|)|u||∇u|) dx, ∀u ∈W 1,Φ
0 (Ωr).

Given ε > 0, by Δ2 condition, (ϕ9), (2.2) and (2.3), there is Cε > 0 such that∫
Ωr

Φ(x, |u|) dx ≤ 2N−1

[
ε

∫
Ωr

Φ(x, |u|) dx+ κ

∫
Ωr

Φ(x, |u|) dx+ Cε

∫
Ωr

Φ(x, |∇u|) dx
]
,
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for all u ∈W 1,Φ
0 (Ωr). Thus, for ε = 1

2N+1 and recalling that κ < 1
2N+1 , there is Υ > 0

independent of r ≥ 1 such that∫
Ωr

Φ(x, |u|) dx ≤ Υ
∫

Ωr

Φ(x, |∇u|) dx , ∀u ∈W 1,Φ
0 (Ωr).

�

3. Some technical results

The main goal of this section is to recall and prove some technical results that are crucial
in the proof of our main result. Since we are going to work with double criticality, which
involves the exponential critical growth and the critical growth p∗, the next two results
are crucial in our approach. The first one is a Concentration Compactness Lemma due
to Lions for W 1,p(Θ) explored in Medeiros [41], where Θ ⊂ R

N is a smooth bounded
domain.

Lemma 3.1. Let (un) be a sequence in W 1,p(Θ) with 1 < p < N and un ⇀ u in
W 1,p(Θ). If

(i) |∇un|p → μ weakly-∗ in the sense of measure,
and

(ii) |un|p∗ → ν weakly-∗ in the sense of measure,
then for at most a countable index set J , we have⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(a) ν = |u|p∗
+
∑

j∈J νjδxj
, νj ≥ 0.

(b) μ ≥ |∇u|p +
∑

j∈J μjδxj
, μj ≥ 0.

(c) If xj ∈ Θ, then Spν
p

p∗
j ≤ μj .

(d) If xj ∈ ∂Θ, then
Sp

2p/N
ν

p
p∗
j ≤ μj ,

where p∗ = Np
N−p and Sp denotes the best constant of the embedding D1,p(RN ) ↪→

Lp∗
(RN ) given by

Sp = inf
u ∈ D1,p(RN )
u 
= 0

∫
RN

|∇u|p dx

(
∫

RN |u|p∗ dx)
p

p∗
. (3.1)

The proof of the above lemma follows by combining the arguments explored in Struwe
[49, Chapter I, Section 4] and the following Cherrier’s inequality [19] below.

Lemma 3.2. Let Θ ⊂ R
N be a smooth bounded domain and p ∈ (1, N). Then for each

τ > 0, there is Mτ > 0 such that[
Sp

2
p
N

− τ

]
‖u‖p

Lp∗ (Θ)
≤ ‖∇u‖p

Lp(Θ) +Mτ‖u‖p
Lp(Θ), ∀u ∈W 1,p(Θ).
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The second result that we would like to point out is a version of Trundiger–Moser
inequality in W 1,N (Θ) due to Cianchi [21, Theorem 1.1].

Lemma 3.3. Let Θ ⊂ R
N be a smooth bounded domain for N ≥ 2 and u ∈W 1,N (Θ).

Then, there is a constant C(Θ) > 0 such that∫
Θ

e
αN (

|u−uΘ|
‖∇u‖

LN (Θ)
)N′

dx ≤ C(Θ), (3.2)

where uΘ = 1
|Θ|

∫
Θ
u dx is the mean value of u in Θ, αN = N(wN

2 )
1
N and wN is the volume

of sphere SN−1. The integral on the left-hand of (3.2) is finite for each u ∈W 1,N (Θ) even
if αN is replaced by any other small positive number, but no inequality of type (3.2) can
hold with a large constant in the place of αN .

From Lemma 3.3, for each u ∈W 1,N (Θ), we have

et|u|N′
∈ L1(Θ), ∀ t ≥ 0. (3.3)

For the reader interested in Trudinger–Moser inequality for functions in W 1,N (Θ), we
would like to cite the papers due to Adimurthi and Yadava [1], Kaur and Sreenadh [36]
and their references.

As a consequence of Lemma 3.3, we have the following two results whose proof can be
found in [8].

Lemma 3.4. Given t > 1 and α > 0, there is r ∈ (0, 1) and C = C(t, r,N) > 0 such
that

sup
{∫

Θ

etα|u|N′
dx : u ∈W 1,N (Θ), ‖∇u‖LN (Θ) ≤ r and ‖u‖L1(Θ) ≤ r

}
≤ C. (3.4)

Lemma 3.5. Let α > 0 and (un) ⊂W 1,N (Θ) be a sequence satisfying ‖∇un‖N ′
LN (Θ) ≤

τ
2N′

αN

α and ‖un‖L1(Θ) ≤M for some τ ∈ (0, 1) and M > 0. Then, there is t > 1 with
t ≈ 1 such that

sup
n∈N

∫
Θ

etα|un|N′
dx < +∞. (3.5)

Hence, the sequence fn(x) = eα|un(x)|N′
is bounded in Lt(Θ).

As a consequence of Lemma 3.5, we have the corollary below.

Corollary 3.6. Let (un) ⊂W 1,N (Θ) be a sequence as in Lemma 3.5. If un(x) → u(x)
a.e. in Θ, then fn ⇀ f in Lt(Θ) where f(x) = eα|u(x)|N′

, that is,∫
Θ

fnϕdx→
∫

Θ

fϕdx, ∀ϕ ∈ Lt′(Θ),

where 1
t + 1

t′ = 1.
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Our next result will help us to conclude that the energy functional associated with the
problem (P ) is C1(W 1,Φ

0 (Ω),R). Since it follows as in Bezerra do Ó, Medeiros and Severo
[12, Proposition 1], we will omit its proof.

Lemma 3.7. Let (un) ⊂W 1,N (Θ) be a sequence such that un → u in W 1,N (Θ) for
some u ∈W 1,N (Θ). Then, for some subsequence, still denoted by itself, there is v ∈
W 1,N (Θ) such that:

(i) un(x) → u(x) a.e. in Θ.

(ii) |un(x)| ≤ v(x) a.e. in Θ for all n ∈ N.

4. Preliminaries for the proof of Theorem 1.1

To prove Theorem 1.1, we use the following result, whose proof follows similar arguments
as in Ambrosetti and Rabinowitz [45]. Let X be a Banach space, K ⊂ X be compact and
γ(Y ) be the genus of Y ⊂ Σ, where

Σ := {Y ∈ X \ {0} : Y is close in X and symmetric with respect to the origin}.

Theorem 4.1. Suppose I ∈ C1(X,R) satisfies:

(a) I(0) = 0, I(u) = I(−u) for all u ∈ X.

(b) there exists α, ρ > 0 such that

I(u) ≥ α ∀ ||u|| = ρ.

(c) for every X̂ ⊂ X such that dim X̂ <∞, there exists R = R(X̂) > 0, such that

I(u) ≤ 0, for every u ∈ X̂ \BR(0);

(d) there exists M > 0, such that I satisfies (PS)c condition, for any 0 < c < M.

For each m ∈ N, fix a finite-dimensional subspace Xm of X and consider Rm = R(Xm) >
0 given by condition (c). Now, define

Dm = BRm
∩Xm, (4.1)

Gm := {h ∈ C(Dm,X) : h is odd and h(u) = u, ∀u ∈ ∂BRm
∩Xm},

Γj = {h(Dm \ Y ); h ∈ Gm, m ≥ j, Y ∈ Σ, γ(Y ) ≤ m− j}, (4.2)

and

cm := inf
K∈Γm

max
u∈K

I(u).

Then 0 < α ≤ cm ≤ cm+1, and if cm < M, the levels cj for j ∈ {1, 2, . . . ,m} are critical
values of I. Moreover, if c1 = c2 = · · · = cr = c < M, then γ(K0) > r.
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4.1. Functional setting

In what follows, we consider the associated energy functional I : W 1,Φ
0 (Ω) → R given

by

I(u) =
∫

Ω

Φ(x, |∇u|) dx−
∫

Ω

F (x, u) dx,

where F (x, t) =
∫ t

0
f(x, s) ds, t ∈ R and f is either of the form (f1) or (f2). Here, we would

like to mention that, for the rest of the article, whenever we deal with (f1), we assume
Ω to be a smooth bounded domain in R

N , N ≥ 2 along with the hypothesis (g0) − (g3)
and (ϕ1) − (ϕ7) as in Theorem 1.1. For (f2), we consider Ω = Ωr, N ≥ 2, N 
= 3 along
with the hypothesis (g1), (g2), (g4), (η) and (ΩN ) and (ϕ1) − (ϕ9) as in Theorem 1.2.

Lemma 4.2. Assume that f is of form (f1) or (f2). Then, the functional I belongs to

C1(W 1,Φ
0 (Ω),R) and

I ′(u)v =
∫

Ω

ϕ(x, |∇u|)∇u∇v dx−
∫

Ω

f(x, u)v dx, ∀u, v ∈W 1,Φ
0 (Ω).

Proof. See proof in [8, Lemma 3.8] �

Next, our goal is to prove that I satisfies the geometric conditions of Theorem 4.1 and
the well-known (PS) condition.

Lemma 4.3. Assume that f is of the form (f1). Then,

(i) There are r, ρ > 0 such that

I(u) ≥ ρ, for ‖u‖ = r.

(ii) For every X̂ ⊂W 1,Φ
0 (Ω) with dim X̂ <∞, there exists R = R(X̂) > 0, such that

I(u) ≤ 0, for all u ∈ X̂ \BR(0).

Proof. The proof of (i) can be done as in [8, Lemma 3.9].
(ii) Suppose for each n ∈ N, there exists un ∈ X̂ \Bn(0) such that

I(un) > 0. (4.3)

From (g2), it follows that

0 < χF (x, t) ≤ f(x, t)t, ∀ (x, t) ∈ Ω × (R \ {0}), (4.4)

where χ = min{θ, β, ζ} > q. Therefore, f satisfies the Ambrosetti–Rabinowitz condition.
This gives the existence of positive constants C,D such that

F (x, t) ≥ C|t|χ −D, ∀t ∈ R and ∀x ∈ Ω. (4.5)

Using Proposition 2.1-(ii) along with (4.5), we obtain

I(un) ≤ ||un||q − C

∫
Ω

|un|χ dx+D|Ω|. (4.6)
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Since dim X̂ <∞ and χ > q letting n→ ∞ in (4.6), we arrive at a contradiction to our
assumption (4.3). Hence (ii) follows. �

Lemma 4.4. Assume that f is of the type (f1) or (f2). Then, every (PS) sequence

(un) of the functional I is bounded in W 1,Φ
0 (Ω).

Proof. Let d > 0 and (un) be a (PS)d sequence for I. Then, there are constants
C1, C2 > 0 such that

I(un) − 1
χ
I ′(un)un ≤ C1 + C2‖un‖, ∀n ∈ N. (4.7)

If f is of the type (f1) or (f2) it is easy to check that (4.4) holds. Hence, by (ϕ3)′ and
the definition of I,

I(un) − 1
χ
I ′(un)un ≥

∫
Ω

Φ(x, |∇un|) dx− 1
χ

∫
Ω

ϕ(x, |∇un|)|∇un|2 dx

≥
(

1 − q

χ

)∫
Ω

Φ(x, |∇un|) dx.

Therefore, (
1 − q

χ

)∫
Ω

Φ(x, |∇un|) dx ≤ C1 + C2‖un‖, ∀n ∈ N.

If there is (unj
) ⊂ (un) such that ‖unj

‖ ≥ 1, then Proposition 2.1-(i) leads to(
1 − q

χ

)
‖unj

‖p ≤ C1 + C2‖unj
‖, ∀ j ∈ N,

from where it follows the boundedness of (unj
). This implies the boundedness of (un). �

Corollary 4.5. Assume that f is of the type (f1) or (f2) and let (un) be a (PS)d

sequence of I with d ∈ (0,M),

M =
(

1 − q

χ

)
min

{
1
N

( αN

2N ′α

)N−1

,
1
p
S

N
p

p

}
,

where χ = min{θ, β, ζ}. Then,

lim sup
n→+∞

‖∇un‖N ′
LN (ΩN ) <

αN

2N ′α
.

Hence, without loss of generality, we can assume that there is τ ∈ (0, 1) such that

‖∇un‖N ′
LN (ΩN ) ≤

ταN

2N ′α
, ∀n ∈ N.
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Proof. First of all, we must recall that

I(un) − 1
χ
I ′(un)un = d+ on(1)‖un‖ + on(1).

Therefore, by (ϕ5),

d+ on(1)‖un‖ + on(1) ≥
∫

Ω

((Φ(x, |∇un|) − 1
χ
ϕ(x, |∇un|)|∇un|2) dx

≥ 1
N

(
1 − q

χ

)∫
ΩN

|∇un|N dx.

Hence,

lim sup
n→+∞

1
N

(
1 − q

χ

)∫
ΩN

|∇un|N dx ≤ d < min
(

1 − q

χ

){
1
N

( αN

2N ′α

)N−1

,
1
p
S

N
p

p

}
leading to

lim sup
n→+∞

∫
ΩN

|∇un|N dx <
( αN

2N ′α

)N−1

,

which proves the lemma. �

Lemma 4.6. Assume that f is of the type (f1) or (f2). Then, the functional I verifies
the (PS)d condition for d ∈ (0,M), where M was given in Corollary 4.5.

Proof. The proof of this lemma follows as in [8, Lemma 3.13]; however, for the reader’s
convenience, we will write the proof for (f1), since for (f2), it follows with similar argu-
ments. Let (un) be a (PS)d sequence for I. Then, by Lemma 4.4, (un) is bounded in
W 1,Φ

0 (Ω). Since W 1,Φ
0 (Ω) is reflexive, we assume that for some subsequence, still denoted

by itself, there is u ∈W 1,Φ
0 (Ω) such that

un ⇀ u in W 1,Φ
0 (Ω),

and

un(x) → u(x) a.e. in Ω.

Let us set

Pn =
∫

Ω

〈ϕ(x, |∇un|)∇un,∇un −∇u〉dx,

that is,

Pn = I ′(un)un +
∫

Ω

f(x, un)un dx− I ′(un)u−
∫

Ω

f(x, un)u dx.

Consequently

Pn =
∫

Ω

f(x, un)un dx−
∫

Ω

f(x, un)u dx+ on(1).
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From the definition of f together with embedding (2.9),

lim
n→+∞

∫
Ω

η̃q(x)g(x, un)un dx = lim
n→+∞

∫
Ω

η̃q(x)g(x, un)u dx =
∫

Ω

η̃q(x)g(x, u)u dx,

lim
n→+∞

∫
Ω

ηp(x)|un|ζ dx = lim
n→+∞

∫
Ω

ηp(x)|un|ζ−2unu dx =
∫

Ω

ηp(x)|u|ζ dx,

lim
n→+∞

∫
Ω\ΩN

ηN (x)|un|βeα|un|N′
dx =

∫
Ω\ΩN

ηN (x)|u|βeα|u|N′
dx,

lim
n→+∞

∫
Ω\ΩN

ηN (x)|un|β−2unue
α|un|N′

dx =
∫

Ω\ΩN

ηN (x)|u|βeα|u|N′
dx,

lim
n→+∞

∫
Ω\Ωp

ηp(x)|un|p∗
dx =

∫
Ω\Ωp

ηp(x)|u|p∗
dx,

and

lim
n→+∞

∫
Ω\Ωp

ηp(x)|un|p∗−2unu dx =
∫

Ω\Ωp

ηp(x)|u|p∗
dx.

Consequently

Pn = λ

∫
ΩN

|un|βeα|un|N′
dx− λ

∫
ΩN

|un|β−2unue
α|un|N′

dx+
∫

Ωp

|un|p∗
dx

−
∫

Ωp

|un|p∗−2unu dxdx+ on(1).

By Corollary 4.5, the sequence (un) satisfies

‖∇un‖N ′
LN (ΩN ) ≤

ταN

2N ′α
, ∀n ∈ N,

for some τ ∈ (0, 1). Employing Corollary 3.6, there is t > 1 and t ≈ 1 such that the
sequence hn(x) = eα|un(x)|N′

is weakly convergent to h(x) = eα|u(x)|N′
in Lt(ΩN ) , that

is, ∫
ΩN

hnϕdx→
∫

ΩN

hϕdx, ∀ϕ ∈ Lt′(ΩN ). (4.8)

As
|un|β → |u|β in Lt′(ΩN ),

it follows that ∫
ΩN

hn|un|β dx→
∫

ΩN

h|u|β dx,

that is, ∫
ΩN

|un|βeα|un|N′
dx→

∫
ΩN

|u|βeα|u|N′
dx.

Now, using the fact that

|un|β−2unu→ |u|β in Lt′(ΩN ),
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we also derive that∫
ΩN

|un|β−2unue
α|un(x)|N′

dx→
∫

ΩN

|u|β−2uueα|u(x)|N′
dx.

The above analysis ensures that

lim
n→+∞

∫
ΩN

|un|βeα|un(x)|N′
dx

= lim
n→+∞

∫
ΩN

|un|β−2unue
α|un(x)|N′

dx =
∫

ΩN

|u|βeα|u|N′
dx,

and then,

Pn =
∫

Ωp

|un|p∗
dx−

∫
Ωp

|un|p∗−2unu dx+ on(1).

By [35, Lemma 4.8],

lim
n→+∞

∫
Ωp

|un|p∗−2unu dx =
∫

Ωp

|u|p∗
dx,

then

Pn =
∫

Ωp

|un|p∗
dx−

∫
Ωp

|u|p∗
dx+ on(1).

Now, we are going to use the Concentration Compactness Lemma 3.1 to the sequence
(un) ⊂W 1,p(Ωp). From (ϕ6), for each open ball B ⊂ (Ωq)δ we have that the embedding
W 1,Φ(Ω) ↪→ C(B) is compact, then as (un) is a bounded (PS) for I, it is possible to
prove that for some subsequence, there holds∫

B

〈ϕ(x, |∇un|)∇un,∇un −∇u〉dx→ 0.

Since from (ϕ5) − (ϕ7), the embedding W 1,Φ(B) ↪→ LΦ(B) is compact, the last limit
together with the Δ2-condition (2.1) implies that

un → u in W 1,Φ(B).

Now, recalling that the embedding W 1,Φ(B) ↪→W 1,p(B) is continuous, we derive that

un → u in W 1,p(B),

from where it follows that xi ∈ Ωp \ (Ωq)δ for all i ∈ J . Now, our goal is proving that J
must be a finite set. Have this in mind, we will consider J = J1 ∪ J2 where

J1 = {i ∈ J : xi ∈ Ωp \ (Ωq)δ}
and

J2 = {i ∈ J : xi ∈ ∂(Ωq)δ ∩ Ωp}.
If i ∈ J1, the condition (ϕ7) says that c3tp−2 ≥ ϕ(x, t) ≥ tp−2 for x ∈ Ωp \ (Ωq)δ. This
fact permits us to repeat the same arguments explored in [30, Lemma 2.3] to conclude
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that J1 is finite. Now, if i ∈ J2, the situation is more subtle and we must be careful. In
what follows let us consider ψ̃ ∈ C∞

0 (RN ) such that

ψ̃ ≡ 1 on B(0, 1) and ψ̃ ≡ 0 on B(0, 2)c.

For each ε > 0, we set
ψ(x) = ψ̃((x− xi)/ε), ∀x ∈ R

N .

Since (un) is a bounded sequence in W 1,Φ(Ω), the sequence (ψun) is also bounded in
W 1,Φ(Ω) and so, I ′(un)ψun = on(1). Hence,∫

Ω

ϕ(x, |∇un|)∇un∇(ψun) dx =
∫

Ω

η̃q(x)g(x, un)ψun dx+
∫

Ω

ηp(x)|un|p∗
ψ dx+ on(1).

Now, given ξ > 0, the Young’s inequality (2.2) combined with (2.3) and Δ2-condition
(2.1) gives∫

Ω

|ϕ(x, |∇un|)|∇un||un||∇ψ|dx ≤ ξ

∫
Ω

Φ(x, |∇un|) dx+ Cξ

∫
Ω

Φ(x, |∇ψ||un|) dx.

for some Cξ > 0. Note that by (ϕ7),∫
Ω

Φ(x, |∇ψ||un|) dx ≤ C1

(∫
B(xi,2ε)

|∇ψ|p||un|p dx+
∫

B(xi,2ε)

τ2(x)|∇ψ|q||un|q dx

)
.

By Hölder’s inequality

lim sup
n→+∞

∫
B(xi,2ε)

|un|p|∇ψ|p dx ≤ C2

(∫
B(xi,2ε)

|u|p∗
dx

)N−p
N

from where it follows that

lim
ε→0

[
lim sup
n→+∞

∫
B(xi,2ε)

|un|p|∇ψ|p dx

]
≤ lim

ε→0
C2(

∫
B(xi,2ε)

|u|p∗
dx)

N−p
N = 0. (4.9)

Arguing as above, we also have

lim sup
n→+∞

∫
Ω

τ2(x)|un|q|∇ψ|q dx

≤
⎛⎝∫

B(xi,2ε)

∣∣∣∣τ 1
q

2 (x)∇ψ
∣∣∣∣

qp∗
p∗−q

dx

⎞⎠
p∗−q

p∗ (∫
B(xi,2ε)

|u|p∗
dx

) q
p∗

.

By change of variable,∫
B(xi,2ε)

∣∣∣∣τ 1
q

2 (x)∇ψ
∣∣∣∣

qp∗
p∗−q

dx =
(

1
ε

) qp∗
p∗−q

∫
B(0,2)

∣∣∣∣τ 1
q

2 (εx+ xi)∇ψ̃
∣∣∣∣

qp∗
p∗−q

dx

≤ C5

(
1
ε

) qp∗
p∗−q

∫
B(0,2)

∣∣∣∣τ 1
q

2 (εx+ xi)
∣∣∣∣

qp∗
p∗−q

dx.
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Since xi ∈ ∂(Ωq)δ ∩ Ωp, it follows that

τ2(εx+ xi) ≤ c4ε
s|x|s

and ∫
B(xi,2ε)

∣∣∣∣τ 1
q

2 (x)∇ψ
∣∣∣∣

qp∗
p∗−q

dx ≤ C6ε
(s−q)p∗

p∗−q .

As s > q, it follows that

lim
ε→0

[
lim sup
n→+∞

∫
Ω

τ2(x)|un|q|∇ψ|q dx
]

= 0. (4.10)

Now, the boundedness of (un) in W 1,Φ(Ω) together with Proposition (2.1), (4.9) and
(4.10) ensures that

lim
ε→0

[
lim sup
n→+∞

∫
Ω

|ϕ(x, |∇un|)|∇un||un||∇ψ|dx
]
≤ ξC,

for some C > 0. Since ξ > 0 is arbitrary, we can deduce that

lim
ε→0

[
lim sup
n→+∞

∫
Ω

|ϕ(x, |∇un|)|∇un||un||∇ψ|dx
]

= 0.

The last limit together with the fact that ϕ(x, t) ≥ tp−2 for x ∈ Ωp permit us to conclude
as in [30, Lemma 2.3], that J2 is also finite. Consequently, J is a finite set. However, in
order to conclude the proof of the lemma, we need to show that J is in fact an empty
set. Seeking by a contradiction, assume that there is i ∈ J . In this case, the argument
explored in [30] also says for us that

νi ≥ S
N
p

p .

Hence, by Lemma 3.1-(d),

μi ≥ S
N
p

p .

As |∇un|p → μ weakly-∗ in the sense of measure, we have

lim inf
n→+∞

∫
Ωp

|∇un|p dx ≥ μi

and so,

lim inf
n→+∞

∫
Ωp

|∇un|p dx ≥ S
N
p

p .

Now, using once more the equality

I(un) − 1
χ
I ′(un)un = d+ on(1)‖un‖ + on(1),
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we get

d+ on(1)‖un‖ + on(1) ≥ 1
p

(
1 − q

χ

)∫
Ωp

|∇un|p dx.

Taking the limit of n→ +∞, we find the inequality below

d ≥ 1
p

(
1 − q

χ

)
S

N
p

p ,

which is a contradiction, showing that J = ∅. Thereby, by Lemma 3.1-(a), ν = |u|p∗
and∫

Ωp

|un|p∗
dx→

∫
Ωp

|u|p∗
dx,

implying that Pn = on(1), that is,

lim
n→+∞

∫
Ω

〈ϕ(x, |∇un|)∇un,∇un −∇u〉dx = 0.

Now, it is enough to apply Lemma 2.2 to finish the proof. �

Our last lemma in this section is as follows:

Lemma 4.7. Assume that (f1) holds. Then, for each m ∈ N, there exists positive
constants λm, μm and τm such that

cλ,μ,τ
m := inf

K∈Γm

sup
u∈K

I(u) < M,

for all λ ≥ λm, μ ≥ μm and τ ≥ τm, where M is given by Corollary 4.5.

Proof. First, we claim that for some positive constant C > 0, we have

min
u∈K, ||u||=1

{∫
ΩN

|u|β dx+
∫

Ωq

|u|q2 dx+
∫

Ωp

|u|ζ dx

}
≥ C, (4.11)

where K ⊂ Xm is compact such that dim Xm <∞.
Indeed, if (4.11) does not hold, then there exists a sequence {un} ⊂ K with ||un|| = 1

such that {∫
ΩN

|un|β dx+
∫

Ωq

|un|q2 dx+
∫

Ωp

|un|ζ dx

}
≤ 1
n
, ∀n ∈ N. (4.12)

Since dim Xm <∞, there exists a subsequence of {un} still denoted by {un} and u ∈ K
with ||u|| = 1 such that unj

→ u in Xm. Then, letting n→ ∞ in (4.12), we obtain∫
ΩN

|u|β dx+
∫

Ωq

|u|q2 dx+
∫

Ωp

|u|ζ dx = 0.

Hence, we have u = 0 a.e. in each of the sets ΩN ,Ωq and Ωp. Now, since Ω = ΩN ∪ Ωq ∪
Ωp, we have u = 0 a.e. in Ω. This contradicts the fact that ||u|| = 1. Hence the Claim
(4.11) follows.
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Now we choose K = Dm where Dm is given by (4.1). Since h = Id ∈ Gm, the definition
of Φ combined with (2.4) and (f1) gives

cλ,μ,τ
m ≤ sup

u∈K

{
‖u‖p + ‖u‖q − λ

∫
ΩN

|u|β dx− μ

∫
Ωq

|u|q2 dx− τ

∫
Ωp

|u|ζ dx

}
,

or equivalently

cλ,μ,τ
m ≤ sup

u∈K

{
‖u‖p + ‖u‖q − λ‖u‖β

∫
ΩN

∣∣∣∣ u‖u‖
∣∣∣∣β dx

−μ‖u‖q2

∫
Ωq

∣∣∣∣ u‖u‖
∣∣∣∣q2

dx− τ‖u‖ζ

∫
Ωp

∣∣∣∣ u‖u‖
∣∣∣∣ζ dx

}
.

Now, when ||u|| > 1, we observe that

‖u‖p + ‖u‖q − λ‖u‖β

∫
ΩN

∣∣∣∣ u‖u‖
∣∣∣∣β dx− μ‖u‖q2

∫
Ωq

∣∣∣∣ u‖u‖
∣∣∣∣q2

dx− τ‖u‖r

∫
Ωp

∣∣∣∣ u‖u‖
∣∣∣∣ζ dx

≤ ‖u‖p + ‖u‖q − ‖u‖l1χ1

(∫
ΩN

∣∣∣∣ u‖u‖
∣∣∣∣β dx+

∫
Ωq

∣∣∣∣ u‖u‖
∣∣∣∣q2

dx+
∫

Ωp

∣∣∣∣ u‖u‖
∣∣∣∣ζ dx

)
≤ ‖u‖p + ‖u‖q − Cχ1‖u‖l1 ,

where l1 = min{β, q2, ζ}, χ1 = min{λ, μ, τ} and the constant C is given by (4.11).
Moreover, when ‖u‖ ≤ 1, we get

‖u‖p + ‖u‖q − λ‖u‖β

∫
ΩN

∣∣∣∣ u‖u‖
∣∣∣∣β dx− μ‖u‖q2

∫
Ωq

∣∣∣∣ u‖u‖
∣∣∣∣q2

dx− τ‖u‖r

∫
Ωp

∣∣∣∣ u‖u‖
∣∣∣∣ζ dx

≤ ‖u‖p + ‖u‖q − ‖u‖l2χ1

(∫
ΩN

∣∣∣∣ u‖u‖
∣∣∣∣β dx+

∫
Ωq

∣∣∣∣ u‖u‖
∣∣∣∣q2

dx+
∫

Ωp

∣∣∣∣ u‖u‖
∣∣∣∣ζ dx

)
≤ ‖u‖p + ‖u‖q − Cχ1‖u‖l2 ,

where l2 = max{β, q2, ζ}, χ1 = min{λ, μ, τ} and the constant C is given by (4.11). Hence,

cλ,μ,τ
m ≤ ‖u‖p + ‖u‖q − Cχ‖u‖l,

where l = l1 or l2.
Let, w(t) = tp + tq − Cχtl. Then using the fact that l > q > p, it can be easily seen

that w achieves its maximum at t̂ = t̂(λ, β, τ) > 0 which goes to 0 as the parameters
λ, μ, τ goes to infinity. Hence there exists λm, μm, τm such that for all λ ≥ λm, μ ≥ μm

and τ ≥ τm, we have

cλ,μ,τ
m < M,

where M is given by Corollary 4.5. Hence, the Lemma follows. �
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5. Preliminaries for the proof of Theorem 1.2

5.1. Functional setting

In what follows f is of the type (f2), Ω = Ωr, see (1.7),N ≥ 2,N 
= 3 and the hypothesis
(g1), (g2), (g4), (ϕ1) − (ϕ9) will be assumed, unless otherwise mentioned. Let us denote
by O(N) the group of N ×N orthogonal matrices. For any integer 1 ≤ k <∞, let us
consider the finite rotational subgroup Ok of O(2) given by

Ok :=
{
h ∈ O(2) : h(x) =

(
x1 cos

2πl
k

+ x2 sin
2πl
k
,−x1 sin

2πl
k

+ x2 cos
2πl
k

)}

where x = (x1, x2) ∈ R
2 and l ∈ {0, . . . , k − 1}. We define the subgroups of O(N)

Hk := Ok ×O(N − 2), 1 ≤ k <∞ and H∞ := O(2) ×O(N − 2).

Associated with the above subgroups, we set the subspaces

W 1,Φ
0,Hk

(Ωr) :=
{
u ∈W 1,Φ

0 (Ωr) : u(x) = u(h−1x), for all h ∈ Hk

}
, 1 ≤ k ≤ ∞,

endowed with the usual norm of W 1,Φ
0 (Ωr), that is,

||u|| = ||∇u||Φ + ||u||Φ.

Hereafter, we denote by I : W 1,Φ
0,Hk

(Ωr) → R the functional given by

I(u) =
∫

Ωr

Φ(x, |∇u|) dx−
∫

Ωr

F (x, u) dx.

Throughout this section, Jk,r denotes the following real number

Jk,r = inf
u∈Mk,r

I(u),

where

Mk,r = {u ∈W 1,Φ
0,Hk

(Ωr) \ {0}, I ′(u)u = 0}.

5.2. Properties of the levels Jk,r

Our first result concerns the positivity of Jk,r.

Lemma 5.1. For any 1 ≤ k ≤ ∞ and r > 0, we have Jk,r > 0.

Proof. We prove the result in two steps.
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Step 1. We claim that for every fixed 1 ≤ k ≤ ∞ and r > 0, there exists a constant
η > 0 such that

||u|| > η, for all u ∈ Mk,r. (5.1)

Indeed, if (5.1) does not hold, there exists a sequence (un) ∈ Mk,r such that ||un|| → 0
as n→ ∞. From un ∈ Mk,r we have I ′(un)un = 0. Hence∫

Ωr

ϕ(x,∇un)|∇un|2 dx =
∫

Ωr

f(|x|, un)un dx. (5.2)

Due to the fact ||un|| → 0 as n→ ∞, without loss of generality we may assume that
||un|| < 1 for all n ∈ N. Hence from (ϕ3)′ and Proposition 2.1, we can estimate the left-
hand side of (5.2) as follows:

p||un||q ≤ p

∫
Ωr

Φ(x, un) dx ≤
∫

Ωr

ϕ(x,∇un)|∇un|2 dx. (5.3)

Now, we estimate the right-hand side of (5.2). Indeed,∫
Ωr

f(|x|, un)un dx = λ

∫
ΩN

|un|βeα|un|N′
dx+

∫
Ωr\ΩN

ληN (|x|)|un|βeα|un|N′
dx

+
∫

Ωq

g(|x|, un)un dx+
∫

Ωr\Ωq

η̃(|x|)g(|x|, un)un dx

+
∫

Ωp

|un|p∗
dx+

∫
Ωr\Ωp

ηp(|x|)|un|p∗
dx

≤ λ

∫
ΩN

|un|βeα|un|N′
dx+

∫
Ωq

g(|x|, un)un dx+
∫

Ωp

|un|p∗
dx

+
∫

(Ωq)δ/2

f(|x|, un)un dx

= I1 + I2 + I3 + I4.
(5.4)

Estimate of I1: As ||un|| → 0, by Hölder’s inequality and Lemma 3.5 for some constant
C1 > 0 (independent of n), we have

I1 = λ

∫
ΩN

|un|βeα|un|N′
dx

≤ λ

(∫
ΩN

|un|2β dx
) 1

2
(∫

ΩN

e2α|un|N′
dx
) 1

2

≤ C1||un||β .

(5.5)

Estimate of I2: From the condition (g1) and the embedding (2.9) for some constant
C2 > 0 (independent of n) we deduce that

I2 =
∫

Ωq

g(|x|, un)un dx ≤ C2||un||q1 . (5.6)
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Estimate of I3: It is clear that

I3 =
∫

Ωp

|un|p∗
dx ≤ C3||un||p∗

, (5.7)

for some constant C3 > 0 (independent of n).
Estimate of I4: By the embedding (2.9), the definition of f2 and the condition (g1) we
have that

I4 =
∫

(Ωq)δ/2

f(|x|, un)un dx ≤ C4(||un||q1 + ||un||β + ||un||p∗
), (5.8)

for some constant C4 > 0 (independent of n).
Therefore, using the estimates (5.5), (5.6), (5.7) and (5.8) in (5.4), we obtain∫

Ωr

f(|x|, un)un dx ≤ C(||un||q1 + ||un||β + ||un||p∗
), (5.9)

for some constant C > 0 (independent of n). Using (5.9) in (5.3), we have

p||un||q ≤ p

∫
Ωr

Φ(x, |∇un|) dx ≤ C(||un||q1 + ||un||β + ||un||p∗
). (5.10)

Since all the parameters β, q1 and p∗ are larger than q, from (5.10) for some constant
Ĉ > 0 (independent of n), we have

||un|| ≥ Ĉ, for all un ∈ Mk,r,

which is a contradiction to the fact ||un|| → 0. Hence (5.1) holds.
Step 2. From the definition of I, (ϕ3)′ and Proposition 2.1 for any u ∈ Mk,r, we have

I(u) = I(u) − 1
χ
I ′(u)u

=
∫

Ωr

Φ(x, |∇u|) dx− 1
χ

∫
Ωr

φ(x, |∇un|)|∇un|2 dx

≥
(

1 − q

χ

)∫
Ωr

Φ(x, |∇u|) dx

≥
(

1 − q

χ

)
max{||u||q, ||u||p}

≥
(

1 − q

χ

)
max{ηq, ηp},

where in the last line, we have used the estimate (5.1) from Step 1 and χ = min{θ, β, p∗}.
This means that,

Jk,r ≥
(
1 − q

r

)
max{ηq, ηp} > 0,

for every 1 ≤ k ≤ ∞ and all r > 0. Hence the result follows. �
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Lemma 5.2. For any integer 1 ≤ k <∞, there exists λ0 = λ0(k) > 0, such that

Jk,r < M =
(

1 − q

χ

)
min

{
1
N

( αN

2N ′α

)N−1

,
1
p
SN/p

p

}
, for all λ ≥ λ0, and χ = min{θ, β, p∗}.

Proof. Fix 1 ≤ k <∞. Due to (η), there exists γ = γ(k) < min
{

1
2 , δ1

}
such that the

ball Bγ,r := Bγ((2r+1
2 , 0, . . . , 0)) ⊂ ΩN \ (Ωq)δ satisfies

hiBγ,r ∩ hjBγ,r = ∅, for all hi ∈ Hk, i 
= j ∈ {0, 1, . . . , k − 1}.

Consider vr ∈W 1,Φ
0 (Bδ,r) \ {0} and define

v :=
∑

h∈Hk

hvr ∈W 1,Φ
0,Hk

(
ΩN \ (Ωq)δ

)
\ {0}.

By definition of I, we observe that

I ′(tv)tv =
∫

ΩN\(Ωq)δ

ϕ(x, |t∇v|)t2|∇v|2 dx−
∫

ΩN\(Ωq)δ

f(x, tv)tv dx.

Using
f(x, tv)tv ≥ λtβ |v|β ,∀x ∈ ΩN \ (Ωq)δ and t ≥ 0.

Therefore, using (ϕ3)′ and (2.4), for every t ≥ 0,

I ′(tv)tv ≤ qξ1(t)
∫

ΩN\(Ωq)δ

Φ(x, |∇v|) dx− λtβ
∫

ΩN\(Ωq)δ

|v|β dx.

As β > q > p, we get that I ′(tv)tv → −∞ as t→ +∞ and I ′(tv)tv > 0 for t ≈ 0.
So, there exists tv > 0 such that tvv ∈W 1,Φ

0,Hk
(ΩN \ (Ωq)δ) \ {0} with I ′(tvv)tvv = 0. If

we denote by w = tvv, then

Jk,r ≤ I(w) = kI(tvvr) = kmax
t≥0

I(tvr). (5.11)

Following similar arguments as in the proof of [8, Lemma 3.11], we have

max
t≥0

I(tvvr) ≤ 1

λ
N

β−N

(
1
N

− 1
β

) (
c1||∇vr||NLN (ΩN )

) β
β−N

(
||vr||βLβ(ΩN )

) N
β−N

.

Now, we fix λ0 = λ0(k) > 0 such that for all λ ≥ λ0, we have

k

λ
N

β−N

(
1
N

− 1
β

) (c1||∇vr||NLN (ΩN ))
β

β−N

(||vr||βLβ(ΩN )
)

N
β−N

< (1 − q

χ
)min

{
1
N

(
αN

2N ′α
)N−1,

1
p
SN/p

p

}
.

(5.12)
Therefore, from (5.11) and (5.12), the result follows. �
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Lemma 5.3. If 1 ≤ k <∞ and λ ≥ λ0, then Jk,r is achieved.

Proof. Let (vn) ⊂ Mk,r a minimizing sequence for Jk,r, i.e., (vn) ⊂W 1,φ
0,Hk

(Ωr) \ {0}
such that

I ′(vn)vn = 0 and I(vn) → Jk,r.

We claim that (vn) is bounded. Assume there is some n such that ||vn|| ≥ 1, since oth-
erwise (vn) is bounded. Due to the fact I(vn) → Jk,r and Jk,r ≤M , where M was given
in Lemma 5.2, it follows that

M ≥ I(vn) = I(vn) − 1
χ
I ′(vn)vn

≥
(

1 − q

χ

)
||vn||p.

Therefore, ||vn|| ≤ c if ‖vn‖ > 1, for some constant c > 0 independent of n. This shows
that (vn) is bounded.

Claim:
I ′(vn) → 0 in (W 1,Φ

0,Hk
(Ωr))′.

Indeed, using the Ekeland variational Principle (see Willem [54]), there exists a sequence
(wn) ⊂ Mk,r such that

wn = vn + on(1), I(wn) → Jk,r

and
I ′(wn) − �nE

′(wn) = on(1), (5.13)

where (�n) ⊂ R and E(w) = I ′(w)w for w ∈W 1,Φ
0,Hk

(Ωr). Since (vn) is bounded, we also
have that (wn) is bounded. Now, we prove that there exists C > 0 such that

|E′(wn)wn| > C for all n ∈ N. (5.14)

Indeed, we observe that

−E′(wn)wn = −
∫

Ωr

[
∂

∂t
ϕ(x, |∇wn|)|∇wn| + 2ϕ(x, |∇wn|)

]
|∇wn|2 dx

+
∫

Ωr

[
∂

∂t
f(|x|, wn)w2

n + f(|x|, wn)wn

]
dx

≥ −q
∫

Ωr

ϕ(x, |∇wn|)|∇wn|2 dx

+
∫

Ωr

[
∂

∂t
f(|x|, wn)w2

n + f(|x|, wn)wn

]
dx

=
∫

Ωr

[
∂

∂t
f(|x|, wn)w2

n − (q − 1)f(|x|, wn)wn

]
dx,

(5.15)

where in the second step, we have used that the function
ϕ(x, t)
|t|q−3t

is non-increasing for

t 
= 0, which is a consequence of (ϕ3), while that in the third step we have use the fact
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that I ′(wn)wn = 0, i.e.∫
Ωr

ϕ(x, |∇wn|)|∇wn|2 dx =
∫

Ωr

f(|x|, wn)wn dx,

respectively. Since (wn) is bounded in W 1,Φ
0 (Ωr) and Jk,r > 0, there exists w ∈

W 1,Φ(Ωr) \ {0} such that wn → w strongly in LΦ(Ωr) and wn(x) → w(x) a.e. in Ωr for
some subsequence. Then, by Fatou’s lemma,

lim inf
n→∞

∫
Ωr

[
∂

∂t
f(|x|, wn)w2

n − (q − 1)f(|x|, wn)wn

]
dx

≥
∫

Ωr

[
∂

∂t
f(|x|, w)w2 − (q − 1)f(|x|, w)w

]
dx.

(5.16)

From the hypothesis (g4) and the definition of f2, we obtain∫
Ωr

[
∂

∂t
f(|x|, w)w2 − (q − 1)f(|x|, w)w

]
dx > 0. (5.17)

By contradiction, suppose
lim

n→∞E′(wn)wn = 0.

Then letting n→ ∞ in (5.15) and using (5.16) along with (5.17), we obtain

0 = lim
n→∞E′(wn)wn ≥

∫
Ωr

[
∂

∂t
f(|x|, w)w2 − (q − 1)f(|x|, w)w

]
dx > 0,

which is absurd. Therefore, (5.14) holds.
From, (5.13)

�nE
′(wn)wn = on(1),

and so, �n = on(1). Since (wn) is bounded we get (E′(wn)) is bounded. Hence from (5.13)

I ′(wn) → 0 in
(
W 1,Φ

0,Hk
(Ωr)

)′
.

Thus, without loss generality, we may assume

I(vn) → Jk,r and I ′(vn) → 0.

Since (vn) is bounded, there exists v ∈W 1,Φ
0.Hk

(Ωr) such that, for a subsequence, we have{
vn ⇀ v in W 1,Φ

0,Hk
(Ωr),

vn(x) → v(x), a.e. in Ωr.

Now following exactly the proof of Lemma 4.6, we get I(vn) → I(v) = Jk,r. Hence, Jk,r

is achieved. �

Now we establish the following Strauss-type result in Musielak–Sobolev space, which
would be very useful to find a lower bound of J∞,r.
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Lemma 5.4. (A Strauss-type result in Musielak–Sobolev space) Assume that (ϕ1),
(ϕ2), (ϕ3), (ϕ8) − (ϕ9) holds and let v ∈W 1,Φ(RN ) be a radial function. Then

|v(x)| ≤ Φ−1

(
x,

C

|x|N−1

∫
RN

[
Φ(x, |v|) + Φ(x, |∇v|)] dx

)
a.e. in R

N ,

where Φ−1(x, ·) denotes the inverse function of Φ(x, ·) restricted to [0,+∞) and C is a
positive constant independent of v.

Proof. We will establish the result for radial functions in C∞
0 (RN ).

Let v ∈ C∞
0 (RN ) be radial and let |x| = r, w(r) = v(x). Then, from (ϕ8)

Φ
(
b, w(b)

)− Φ
(
r, w(r)

)
=
∫ b

r

(
d

ds
Φ
(
s, w(s)

))
ds, for all b > r > 0.

Since w ∈ C∞
0 ([0,∞)), for b large enough,

Φ(r, w(r)) = −
∫ ∞

r

∂

∂s
Φ(s, w(s)) ds−

∫ ∞

r

ϕ(s, w(s))w(s)w′(s) ds

≤
∫ ∞

r

∣∣∣ ∂
∂s

Φ(s, w(s))
∣∣∣ ds+

∫ ∞

r

ϕ(s, |w(s)|)|w(s)||w′(s)| ds.
(5.18)

From (2.1), (2.2) and the Δ2 condition (2.1), for all s ≥ 0,

ϕ(s, |w(s)|)|w(s)||w′(s)| ≤ Φ̃(s, ϕ(s, |w(s)|)|w(s)|) + Φ(s, |w′(s)|)
≤ Φ(s, 2|w(s)|) + Φ(x, |w′(s)|)
≤ KΦ(s, |w(s)|) + Φ(s, |w′(s)|).

(5.19)

From (ϕ9), for all s ≥ 0, ∣∣∣ ∂
∂s

Φ(s, w(s))
∣∣∣ ≤ κΦ(s, w(s)). (5.20)

Now using (5.19) and (5.20) in (5.18), we obtain

Φ
(
r, w(r)

) ≤ (κ+K + 1)
∫ ∞

r

[
Φ
(
s, |w(s)|)+ Φ

(
s, |w′(s)|)] ds.

Hence, we can conclude that

Φ
(
r, w(r)

) ≤ (κ+K + 1)
rN−1

∫ +∞

r

[
Φ
(
s, |w(s)|)+ Φ

(
s, |w′(s)|)]sN−1 ds.

From this, there is C > 0 such that

Φ
(
x, v(x)

) ≤ C

|x|N−1

∫
RN

[
Φ
(
x, |v|)+ Φ

(
x, |∇v|)]dx.
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Since Φ is an even function, Φ(x, v(x)) = Φ(x, |v(x)|) for all x ∈ R
N and so,

Φ
(
x, |v(x)|) ≤ C

|x|N−1

∫
RN

[
Φ
(
x, |v|)+ Φ

(
x, |∇v|)]dx.

From this,

|v(x)| ≤ Φ−1

(
x,

(
C

|x|N−1

∫
RN

[
Φ
(
x, |v|)+ Φ

(
x, |∇v|)] dx

))
, for all x ∈ R

N \ {0},

where Φ−1(x, ·) denotes the inverse function of Φ(x, ·) restricted to [0,+∞). Now the
result follows from the density of C∞

0 (RN ) in W 1,Φ(RN ), because Φ satisfies the Δ2

condition. �

Lemma 5.5. There exists r0 = r0(λ) > 0 such that for χ = min{θ, β, p∗},

J∞,r ≥
(

1 − q

χ

)
min

{
1
N

( αN

2N ′α

)N−1

,
1
p
SN/p

p

}
, for all r > r0.

Proof. By contradiction, suppose there exists a sequence (rn) such that rn → ∞,
satisfying

J∞,rn
< (1 − q

χ
)min

{
1
N

(
αN

2N ′α
)N−1,

1
p
SN/p

p

}
, for all n ∈ N. (5.21)

First, we claim that J∞,rn
is attained, for all n ∈ N. In fact, for a fixed n, let (vk) ⊂

M∞,rn
be a minimizing sequence for J∞,rn

, i.e., (vk) ⊂W 1,Φ
0,H∞(Ωrn

) \ {0} and satisfies

I ′(vk)vk = 0, and I(vk) → J∞,rn
, as k → ∞.

Note that

ok(1) + J∞,rn
= I(vk) − 1

χ
I ′(vk)vk

≥
(

1 − q

χ

)∫
Ωrn

Φ(x, |∇vk|) dx

≥ 1
N

(
1 − q

χ

)∫
ΩN

|∇vk|N dx.

(5.22)

Using (5.21) in (5.22),

lim sup
k→+∞

||∇vk||NW 1,N (ΩN ) <
( αN

2N ′α

)N−1

.

Now, we can repeat the same arguments employed in the proof of Lemma 5.3 to conclude
that

I ′(vk) → 0 in (W 1,Φ
0,H∞(Ωrn

))′ and vk → v in W 1,Φ
0,H∞(Ωrn

)

where v ∈W 1,Φ
0,H∞(Ωrn

) is the limit of (vk) in W 1,Φ
0,H∞(Ωrn

). Then,

I(vk) → I(v) = J∞,rn
and I ′(vk) → I ′(v) = 0.

Hence I(v) = J∞,rn
. Note that v 
= 0, since by Lemma 5.1 J∞,rn

> 0. Therefore, v ∈
M∞,rn

and J∞,rn
is attained at v.
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Therefore, for each n ∈ N, we can choose a sequence {un} ⊂W 1,Φ
0,H∞(Ωrn

) \ {0}
satisfying

I ′(un)un = 0 and I(un) = J∞,rn
.

Proceeding as in (5.22)

1
N

(
1 − q

χ

)( αN

2N ′α

)N−1

> J∞,rn
= I(un) − 1

χ
I ′(un)un ≥ 1

N

(
1 − q

χ

)∫
ΩN

|∇un|N dx

which implies

lim sup
k→+∞

||∇un||NW 1,N (ΩN ) < (
αN

2N ′α
)N−1. (5.23)

Let {ũn} be a sequence given by

ũn(x) =

{
un(x), if x ∈ Ωrn

,

0, if x /∈ Ωrn
.

Observe that the following properties hold:

(1) {ũn} ⊂W 1,Φ
H∞(RN );

(2) ||ũn||W 1,Φ
H∞ (RN ) = ||un||W 1,N

0,H∞ (Ωrn );

(3) ũn ⇀ 0 inW 1,Φ
H∞(RN ) because ũn(x) → 0 a.e. in R

N .

Therefore, we have ∫
RN

ϕ(x, |∇ũn|)|∇ũn|2 dx =
∫

RN

f(x, ũn)ũn dx. (5.24)

From Lemma 5.4, we deduce that the sequence {ũn} satisfies

|ũn|∞ → 0.

Using the fact that

lim
t→0

f(x, t)t
ϕ(x, t)t2

= 0, ∀x ∈ R
N ,

and (ϕ3)′, it follows that given ε < p
qΥ , where Υ was given in Lemma 2.3, there exists

n0 ∈ N such that∫
RN

f(x, ũn)ũn dx ≤ ε

∫
RN

ϕ(x, |ũn|)|ũn|2 dx

≤ εq

∫
RN

Φ(x, |ũn|) dx = εq

∫
Ωrn

Φ(x, |ũn|) dx, n ≥ n0.

Since rn → +∞, without loss of generality we can assume that rn ≥ 1 for all n ∈ N.
Therefore, by the Poincaré inequality from Lemma 2.3,∫

RN

f(x, ũn)ũn dx ≤ εqΥ
∫

Ωrn

Φ(x, |∇ũn|) dx, ∀n ≥ n0. (5.25)
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From (5.24), (5.25) and (ϕ3)

p

∫
Ωrn

Φ(|∇ũn|) dx = p

∫
RN

Φ(x, |∇ũn|) dx

≤
∫

RN

ϕ(x, |∇ũn|)|∇ũn|2 dx

≤ εqΥ
∫

Ωrn

Φ(x, |∇ũn|) dx, ∀n ≥ n0.

As ũn 
= 0 for all n ∈ N, we get p ≤ εqΥ, which is absurd. Hence, the result follows. �

Lemma 5.6. Suppose that Jkm,r is attained for some 1 ≤ k <∞ and some 2 ≤ m <
∞. Suppose also that Jkm,r < J∞,r. Then, Jk,r < Jkm,r.

Proof. Consider u ∈ Mkm,r such that I(u) = Jkm,r. Let x = (θ, ρ) be the polar
coordinates of x ∈ R

2. Then, u = u(θ, ρ, |y|), y ∈ R
N−2. Note that

Φ
(√

ρ2 + |y|2, |∇u|) = Φ

(√
ρ2 + |y|2,

(
1
ρ2
u2

θ + u2
ρ + |∇yu|2

)1/2
)
.

Define

v(θ, ρ, |y|) := u

(
θ

m
, ρ, |y|

)
,

We observe that,

(i) v ∈W 1,Φ
0,Hk

(Ωr);

(ii) Φ(
√
ρ2 + |y|2, |∇v|) = Φ(

√
ρ2 + |y|2, ( 1

ρ2m2u
2
θ + u2

ρ + |∇yu|2)1/2);

(iii)
∫
Ωr
F (|z|, v) dxdy =

∫
Ωr
F (|z|, u) dxdy, where z = (x, y) ∈ Ωr.

Proceeding similarly as in the proof of Lemma 5.2, there exists t0 > 0 such that t0v ∈
Mk,r. For simplicity, let v := t0v. Now, since v ∈ Mk,r,

Jk,r ≤ I(v) =
∫

Ωr

Φ(|z|, |∇v|) dxdy −
∫

Ωr

F (|z|, v) dxdy.

Using (ii) − (iii),

Jk,r ≤
∫

Ωr

Φ(
√
ρ2 + |y|2,

(
1

ρ2m2
u2

θ + u2
ρ + |∇yu|2

)1/2

) dxdy −
∫

Ωr

F (|x|, u) dxdy.

(5.26)
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If I(u) = Jkm,r < J∞,r, then u /∈W 1,Φ
0,H∞(Ωr), then u2

θ is not identically zero. Therefore,
using that m > 1,∫

Ωr

Φ

(√
ρ2 + |y|2,

(
1

ρ2m2
u2

θ + u2
ρ + |∇yu|2

)1/2
)

dxdy

<

∫
Ωr

Φ

(√
ρ2 + |y|2,

(
1
ρ2
u2

θ + u2
ρ + |∇yu|2

)1/2
)

dxdy,

which together with (5.26) implies Jk,r < I(u) = Jkm,r and the proof is complete. �

6. Proof of the main results

6.1. Proof of Theorem 1.1

By our assumption on f1, it is easy to verify that I is even and I(0) = 0. Moreover,
from Lemma 4.2, Lemma 4.3 and Lemma 4.6, I satisfies all the properties in Lemma
4.1. Now from Lemma 4.7, there exists positive real numbers λm, μm, τm such that for all
λ ≥ λm, μ ≥ μm and τ ≥ τm, we have

0 < cλ,μ,τ
1 ≤ cλ,μ,τ

2 ≤ · · · ≤ cλ,μ,τ
m < M.

Hence by Lemma 4.1, for every λ ≥ λm, μ ≥ μm and τ ≥ τm, the problem (P ) has at least
m pairs of non-trivial solutions.

6.2. Proof of Theorem 1.2

By Lemma 5.2, for each n ∈ N, there exists λ0 = λ0(n) > 0 satisfying

J2n,r <

(
1 − q

χ

)
min

{
1
N

( αN

2N ′α

)N−1

,
1
p
SN/p

p

}
, ∀λ ≥ λ0.

On the other hand, by Lemma 5.5, there exists r0 = r0(λ0, n) > 0 such that

J∞,r ≥ 1
N

(
1 − q

χ

)( αN

2N ′α

)N−1

, ∀r > r0.

Thus,

0 < J2n,r = J2.2n−1,r <

(
1 − q

χ

)
min

{
1
N

( αN

2N ′α

)N−1

,
1
p
SN/p

p

}
≤ J∞,r,

for all λ > λ0 and for all r > r0. By Lemma 5.3, we have J2n,r is attained. So, we can
apply Lemma 5.6 to get

J2n−1,r < J2n,r, for all λ > λ0 and for all r > r0.

Now J2n−22,r is also attained and satisfies

J2n−22,r = J2n−1,r < J2n,r < J∞,r.
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Again, by Lemma 5.6, we get J2n−2,r < J2n−1,r. Inductively,

0 < J2,r < J22,r < . . . < J2n,r < J∞,r,

for all λ > λ0 and all r > r0.
Noting Lemma 4.2, from Lemma 5.3, minimizers of Jk,m are critical points of I in

W 1,Φ
0,Hk

(Ωr). Now, applying the Principle of symmetric criticality from [48], it follows that
they are critical points of I in W 1,Φ

0 (Ωr) and therefore are solutions of (P ). Note that,
due to Lemma 5.1, such solutions are non-trivial. Therefore, all minimizers of J2m,r, m =
1, . . . , n are non-radial, rotationally non-equivalent and non-trivial solutions of (P ).
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elliptic problems using Concave-concave nonlinearities, Ann. Mat. Pura Appl. 198 (2019),
693–726.

16. A. Castro and B. M. Finan, Existence of many positive nonradial solutions for a
superlinear Dirichlet problem on thin annuli, Nonlinear Differ. Equ. 5 (2000), 21–31.

17. F. Catrina and Z.-Q. Wang, Nonlinear elliptic equations on expanding symmetric
domains, J. Differ. Equ. 156 (1999), 153–181.

18. J. Chabrowski and Y. Fu, Existence of solutions for p(x)-Laplacian problems on a
bounded domain, J. Math. Anal. Appl 306 (2005), 604–618.

19. P. Cherrier, Meilleures constantes dans les inegalites relatives aux espaces de Sobolev,
Bull. Sci. Math. 108 (1984), 225–262.

20. I. Chlebicka, A pocket guide to nonlinear differential equations in the Musielak-Orlicz
spaces, Nonlinear Anal. 175 (2018), 1–27.

21. A. Cianchi, Moser-Trudinger inequalities without boundary conditions and isoperimetric
problems, Indiana Univ. Math. J. 54 (2004), 669–706.

22. C. Coffman, A non-linear boundary value problem with many positive solutions, J. Differ.
Equ. 54 (1984), 429–437.
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