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Abstract. It is known that the Lyapunov exponent is not continuous at certain points in the
space of continuous quasiperiodic cocycles. In this paper we show that it is continuous
in the analytic category. Our corollaries include continuity of the Lyapunov exponent
associated with general quasiperiodic Jacobi matrices or orthogonal polynomials on the
unit circle, in various parameters, and applications to the study of quantum dynamics.

1. Introduction

Let M(C) be the set of 2 x 2 matrices with complex entries. Let T=R/Z, S:
T—T, Sx=x+w. A one-dimensional quasiperiodic cocycle is a pair (B, w) €
C(T, M»(C)) x R understood as a linear skew product

(B,w):C>xT—C?>xT with (w, x) = (B(x)w, Sx).
For N > 1, set

0
By (x, w) = ]_[ B(S'x). (1)

j=N—1

The Lyapunov exponent (which exists under certain conditions that are discussed below)
is defined by

i 1
L'(B, w) = Nll_r)noo N log | By (x, @)

Note that L’ is not necessarily non-negative. It is known that L' : C(T, M»(C)) - R
is discontinuous at certain B € C(T, M>(C)) (see [Bo, F, Kn, Th]). Namely, it is
discontinuous at all non-uniformly hyperbolic cocycles [Bo, Bol, BV, F]. In particular,

https://doi.org/10.1017/50143385709000704 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385709000704

1882 S. Jitomirskaya et al

such are the cocycles of transfer matrices of one-dimensional Schrodinger operators on the
spectrum and in the region where the Lyapunov exponent is positive. In this paper, we
study continuity properties of L’ in the analytic category. This issue has been addressed
previously in the setting of transfer matrices of quasiperiodic Schrodinger operators and
continuity in energy. Namely, those cocycles are defined using

E —v(x) —1>

1 0 @

Bp(x) = (
In [GS] Goldstein—Schlag developed an important tool, the avalanche principle, and
showed that for analytic v with o satisfying a strong Diophantine condition, L'(BEg, ®)
has Holder regularity in E. Similar results for underlying dynamics, with S being a shift
or a skew-shift of a higher-dimensional torus, were obtained in [BGS, GS]. It was shown
in [BJ] that for analytic v, L'(Bg, w) is a jointly continuous function of (E, w) at every
irrational w. This was appropriately extended to shifts of higher-dimensional tori in [B2].
The main result of our paper is that for general quasiperiodic cocycles, L' (B, w) is jointly
continuous in (B, w) in the analytic category. As far as we know, this is the first result
in this direction for general (rather than Schrodinger) cocycles. It is an interesting open
question as to what the weakest regularity assumption on B is for continuity to hold. The
current techniques cannot handle anything between C° and (quasi-)analyticity. There are
some indications (see [Y]) that at least for cocycles with hyperbolic underlying dynamics
the continuity may start already in the C! category, although for cocycles over rotations of
the torus the situation could be different.

We now build up the terminology to state our main result precisely. Define

MY = {A € My(C), det A = d}

and note that M21 = SL(C). Fixd : T — C. Define C, (T, Mg(x)) to be the set of maps of
R — Mzd @) Which are one-periodic and analytic on a strip |Im z| < p, with

dist(B', BY) = sup |B'(z) — B2(2)||.

[Im z|<p

Fix w € R. Given B € C,,(T, MZ™), define for x with d(x) # 0

Mpy(x, w) By (x, w). 3)

" |det By (x, )| 172
Assume that d(x) is not identically zero. Since ||My (x, w)|| > 1,
1
Ly(B, w)zﬁflog My (x, w)||dx >0 forany N. @
Set

1
Ly w) = 1 [ log IButx. @)l dx. )

Define D = [ log |d(x)| dx = [ log |det B(x)| dx. It is easy to check that

Liy(B, w)=Ly(B, ) + 3D. (6)
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By the subadditive ergodic theorem, we can define the Lyapunov exponents

1
L'(B, w) = Nh_r)noo N log || By (x, w)|| = Nh_r)noo Ly(B, ) = ilr\llfL;v(B, ), @)
1
L(B,w)= lim —log||My(x,w)| = lim Ly(B,w)=inf Ly(B,®)>0. (8)
N—oo N N—o0 N

We now consider L, L’ as maps of C,(T, Mg (x)) into R. We comment here that in order

to establish the existence of the Lyapunov exponent (using the theorem of Furstenberg—
Kesten) we must assume that D > —o0, so that log || B(x, )| € L1 and log || M (x, w)||

elL;.
We say that w is Diophantine if there exists b(w) > 0 and 1 < r(w) < oo such that, for
all j #£0,
i b(w) 9
|sin 2w jw| > W 9)

It is well known that almost every w is Diophantine.

THEOREM 1. Let d be analytic with |f In |[d(x)| dx| < oo. Fix w Diophantine and p > 0.

Then L is a continuous function on C,(T, Mg(x)).

Remarks.
(1) By (6), L’ is then also a continuous function.
(2) Incase d does not extend analytically to |Im z| < p, the statement is vacuously true.

An important corollary is the case of Jacobi matrices. Specifically, we consider the
Lyapunov exponent associated with general quasiperiodic Jacobi matrices defined by the
following one-dimensional Hamiltonian H,,, acting on £2(Z)

(HyoW)) =, )V m+ 1)+ 1)V m — 1) + Av, ()W (n),

where v: T — R and ¢: T — C are analytic functions on T, and we define c¢,(x) =
c(x + (n — Nw) (similarly for v,(x)). If c(x) =1, this is a discrete one-dimensional
Schrodinger operator with quasiperiodic potential, v(x). When c¢(x) is not identically one,
we call this a Jacobi operator with quasiperiodic potential. The one-step transfer matrices
are defined by
E —vi(x) —co(x)
A, x)= ( . (10)
c1(x) c1(x) 0
Note that ¢ is also analytic on T.
The N-step transfer matrix for the eigenvalue equation Hy ,W = EW is given by

0
By(E, x, ) = ]_[ A(E, S'x).
j=N-1
Set d(x) =co(x)c1(x). For p(c, v) > 0, we define Bg € C,(T, Mg(x)) by
Bp(x) =c1(x)A(E, x). (11)

Thus, transfer matrices naturally form a quasiperiodic cocycle. Set L = L(BEg, ).
Since [ log |d(x)| dx =2 [ log |c(x)| dx, we have the following corollary.
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COROLLARY 1. Suppose that | [ log|c(x)| dx| < oo, with w Diophantine. Then L is

continuous on C,(T, Mg(x)) for p = p(c,v) > 0. In particular, L is jointly continuous
in (E, A).

In the case when c(x) = 1, we have the following results.

COROLLARY 2.

(1)  For any w, L is continuous on C,(T, SLo(C)) for p = p(v). In particular, L is
Jjointly continuous in (E, A).

(2) For any irrational o and any analytic v, L is jointly continuous at (v, w) on

C,(T, SLy(C)) x R for p = p(v).

Many ingredients needed to establish Corollary 2 for any irrational w are present in [BJ],
albeit not formulated there in such generality. The main achievement of the present paper
is that we can consider general rather than just Schrodinger (or, more specifically, SL,(C))
cocycles. This generality is important for our application to the case of transfer matrices
of quasiperiodic Jacobi operators. In fact, as should be clear from the formulation of
Corollary 2, no Diophantine restriction on w is needed for the SLy(C) case (or, more
generally, when d(x) is bounded away from zero). We believe such a restriction is not
necessary in general either, however treating the case of non-Diophantine frequencies
would require a series of additional arguments. This will be done in a future work.

We are particularly interested in the quasiperiodic Jacobi matrix representing the
following one-dimensional Hamiltonian, Hy ;,—j, . acting on ¢%(Z), and given by

(Hy g —24.0W) (1) = (A3 4 s expQri(x + (n + 3)w))
+ A2 exp(—2m1(x + (n + H))W(n + 1)
+ (3 + A2 expQri(x + (n = H)))
+ Ag exp(—2m1(x + (n — H)W(n — 1)
+ (2A1 cos 2 (x + nw))W¥ (n)
L20,0Vn+ D+ 1 (0DW0n —1) 4 v, (x)¥(n).

Using the Poisson—Jensen formula, one can show that f log |c1(x)] dx > —o0 (see
e.g. [JKS]). Thus L is jointly continuous in (E, A1, ..., Aq). This model, called
the second-nearest-neighbors model of a Bloch electron in a perpendicular magnetic
field, has been studied in physics literature and was first introduced by Thouless in
1983 [T]. It describes an electron moving in an infinite two-dimensional crystalline
lattice with translational invariance, subjected to a perpendicular magnetic field, where
the electron is confined to hop to nearest neighbors (north, south, east, west) and second
nearest neighbors (the diagonals on the lattice). The A; represent normalized hopping
terms which are proportional to the probability an electron will hop to one of these
neighboring sites and w is the magnetic flux. In the case A» = A4 = 0, this reduces to the
one-dimensional Schrodinger case with quasiperiodic potential v(x) = A cos 2w (x + nw).
This model, called the almost Mathieu operator, has been studied extensively over the past
25 years (see [L]). Our main result, continuity for general Jacobi matrices is an essential
ingredient in establishing strong dynamical localization for the second-nearest-neighbors
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operator [JKS]. The continuity of L is expected to also play a crucial role in the proof
of Cantor spectrum for this model, similarly to how it was used in [AJ] for the almost
Mathieu operator.

Another important immediate application is to transfer matrices associated with
orthogonal polynomials on the unit circle with quasiperiodic Verblunsky coefficients
(see [S]). Those transfer matrices are related to a cocycle with

N _f\j);)
B.(x) = , (12)

1
—Jzf(x —
Vaf &) 7
where f:T—D,D={zeC:|z| <1}, is such that the meas{x € T: |f(x)|=1}=0,
and  / means any fixed branch. The corresponding Verblunsky coefficients are then
defined by o, (x) = f(x + nw) for an irrational @ and almost every x € T. We therefore
have the following.

COROLLARY 3. Let f as above be analytic with |f In |1 —|f(x)|? dx| < oo. Then:

2
(1)  for w Diophantine, L is a continuous function on C, (T, lef‘f(x)l )forp=p(f) >
0. In particular, for a fixed f, L = L(z) is a continuous function of z on D\0;

2) if f:T— D, then for any irrational w L is jointly continuous at (f, w) on

- f )
Cp(T, My 7Oy xR for p = p(f).

It is easy to show that at least some regularity of f is needed for this statement to
hold. As pointed out in [S] the theory of orthogonal polynomials on the unit circle with
quasiperiodic Verblunsky coefficients is largely undeveloped. Continuity of L is expected
to play an important role in various aspects of this theory, as it does for Schrodinger
operators. In particular, continuity in w is a statement that should enable one to prove
various facts through approximations by periodic Verblunsky coefficients, the theory of
which has been well developed [S].

Compared with existing proofs of regularity for Schrodinger cocycles, we face certain
technical difficulties related to possible small values of d(x). A key technique underlying
most recent developments in the area of quasiperiodic Schrodinger operators with analytic
potential is based on the fact that (1/N) log || By (x, ®)|| for B as in (12) have uniformly
(in N) bounded subharmonic extensions (see [B1]). Situations where such subharmonic
extensions cannot be uniformly bounded in the same strip therefore present certain
challenges. Such difficulties appeared and were treated successfully in the Schrodinger
transfer-matrix models where either quasiperiodicity [BGS] or analyticity [K] were
relaxed. We note that in our case for d(x) not bounded away from zero, the subharmonic
extensions are not bounded at all. The techniques we develop to overcome this problem are
different from those of [BGS, K], and we believe can be used in certain other situations
where similar difficulties appear. Some other problems created by d not being bounded
away from zero include the absence of almost invariance of (1/N) log || By (x, )| with
respect to the shift of x by w, which is crucially used in all proofs for the Schrédinger case,
and the absence of continuity of log || By (x, )|l in x.
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The rest of this paper is organized as follows. In §2 we establish large deviation bounds
for Ly and L'y, This is one of the main places where we develop techniques to deal with
unboundedness of log || By (x, w)|| that allow us to treat general non-SL(2, R) cocycles.
Sections 3 and 4 are devoted to the main induction argument, mostly following that of [BJ]
but developed in more detail. We would like to note that there is an important necessary
arithmetic condition on the scales in the induction argument (see (56)) that was overlooked
in [BJ]. In §5 the proof is completed and an additional result, Theorem 2, is stated and
proved. We note that in our setting, unlike in the proofs of continuity in £ for Schrodinger
cocycles, we cannot use subharmonicity to establish continuity at zeros (or other minima)
of the Lyapunov exponent, thus requiring a separate argument, based on the quantitative
estimates from the induction procedure.

In order to avoid cumbersome notation, we will omit some variables that remain fixed
throughout an argument.

2. Large deviation bound for non-SL(2, R) cocycles
We use (f) for [ f(x)dx.

LEMMA 1. (Large deviation bound (LDB)) Let B € C,(T, Mg(x)), p >0,d not identi-
cally zero. Consider w satisfying (9). Let |w — (a/q)| < (1/q%), (a,q)=1. Let 0 <
k < 1. Then for appropriate ¢ > 0 and C < oo, for N > (Ck~2q)", where n = n(w) > 1,
and sufficiently large g we have

—cKkq

1
— log || By (x, - L
N og By (x, @) N

meas{x : > K} <e

Remarks.

(1) For any 0 <46 < r@) ™! <1 with r(w) from (9), we can choose n=n(w) =
(min(8, 1 — 8))~! so that the statement of Lemma 1 holds with appropriately
adjusted C.

(2) Forany t > 0, constants ¢, C, as well as the largeness condition on g can be chosen
uniformly for B’ with dist(B, B') < 7.

(3) The main difficulty here, compared with [BJ], is that the operator studied there had
log | My (x)] bounded below, which allowed for a bounded subharmonic extension
of (1/N)log ||Mn(x)|]. In our case, log || By|| is unbounded from below.

LEMMA 2. (Large deviation bound for My) Under the hypotheses of Lemma 1, for
appropriate ¢; > 0 and C < 0o, for N > (Cx~2q)", where n = n(w) > 1, and sufficiently
large g we have

—cl1kq

1
meas{x : ‘N log |[My(x, w)|| — Ly| > K} <e
Proof of Lemma 1. Let
1
uy(x)=un(B, x, w) = Nlog BN (). (13)

The strategy of the proof is to first introduce a truncation of uy (x), called wy (x),
which has a bounded subharmonic extension, and thus will make it possible to use a
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modified version of the proof of the large deviation bound shown in [BJ]. The adaptation
is not straightforward because wy is not uniformly close to its shifts. This is addressed
in Proposition A. We then show in Proposition B that the measure of the set where the
original function differs from the truncation is exponentially small in N, which yields the
desired result.

Note that By (x) has an analytic extension, By (z), to a strip |Im z| < p, for some p > 0,
satisfying || By (z)|| < CV. Fix A > —D/2 (see (6)). Define

1
wy (z) = wn (B, z, ®) =maX<N log BN (D), —A). (14)
Thus, wy(z) is a bounded subharmonic function on |Im z| < p. This will be essential
later on. O
Next we would like to bound |wy (x) — wy (x + w)]|.

PROPOSITION A. There exists ¢ > 0 such that for any 0 < § < 1, there exists C < 0o such
that:

C —_eN®
meas |wN(x)—wN(x+a))|>m <e . (15)
Remarks.
(1)  For Schrodinger cocycles, a stronger inequality, |wy(x) — wy(x + w)| < CN~L,
is easily established to hold for all x (see [BG]). This does not hold in our case,

however, due to the unboundedness of || B(x)!|.
(2) Here c depends on d(x) only.

Proof. Note that
1 1
lwy (x) —wy(x + w)| < I log | By (xX) || — N log || By (x + w)]l|.

There exists Cg < 00 such that:

IB(S'x)|l < C (16)
B(S/x)7 ' < ———Cp. 17
| B(S/x) ”_Id(SJx)| B (17)
For ease of notation, let d; (x) =d (S7x). Therefore, recalling (1), we have
1
IBy(x + @)|| < ——— C3|By(x)]|.
d(x)] ~°

Similarly,

I By ()|l < C3|IBy(x + o).

ldn (x)]
Set 0 <8 < 1. Consider the two cases: (a) |d;| > exp{—N‘S}, Jj=0,N and (b) |d;| <
exp{—N‘S}, for some j € {0, N}.
If we are in case (a), then the above calculation gives
ax( 1By 1By +w)||) e
IBN(x + @)l BNl
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and hence,

1 1
N log | By (x)]l — v log || By (x + w)||| < Vi

We now need to bound the measure for case (b). Let S ={x € T: |d;| < exp{—N 3}, for
some j € {0, N}}. By the Lojasiewicz inequality [Lo],

meas{x € T:|d(x)| < e} <€“ (18)
for any sufficiently small € and o depending only on d. Therefore,
—aN? < e—cN5

meas(S) < 2e

for ¢ < o and sufficiently large N. O

We now write
lwy (x) — (wn )l

R_li
wy (x) — Z R2|J|wN(x+ja))'+
[jI<R

R— 1]l .
Y NGt jo) = (w)
lil<R

=<

= (D + dD.
In order to estimate (II), we use the following.

Large deviation bound for subharmonic functions. [BJ] Let v(x) be a bounded one-
periodic subharmonic function defined on a neighborhood of R. Let |w — (a/q)| <
(1/q2), (a,q) =1.Let0 < k < 1. Then for appropriate c; > 0, C < oo, for R > CK‘lq,

DL
v+ jo) = (v)

WARSS

—C1kq

meas{x : > /c} <e

Remarks.

(1) This result in this form is essentially shown in [BJ] (see also [B1, Ch. 5]). We
provide a proof for the reader’s convenience at the end of the section.

(2) This statement will be applied to wy. Note that the constants ¢, C will be uniform
in N since wy (z) are uniformly (in N) bounded on |Im z| < p (see (14)).

Since wy satisfies the conditions of the large deviation bound for subharmonic
functions, uniformly in N, we have meas{x : (I) > «/2} < e C1&/2q

Let X ={x:|lwy(x)—wy(x+w)|>C/N'7%), which by Proposition A has
exponentially small measure. If Uf:_ Ri1 S Jx C T\X, we have

R —|j| . RC
(D:‘wN(X)_mzR (o) < i (19)

We can choose R <« N'=4(2C)~!, so that |(I)| < «/2. If N > (Cik2¢)"/1=9 R can
also be chosen to satisfy the conditions of the large deviation bound for subharmonic
functions. Therefore, by Proposition A, we have

meas{x : |wy(x) — (wn)| >k} <2 Re=N.
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Choosing R ~ Ck ~'q, we obtain
meas{x : |wy(x) — (wy)| >k} < e ¥4 (20)

for N > max((CK_zq)l/(l_a), (C/cq)l/‘s).
We now want to bound [(wy) — (un)| (see (13) and (14)).

PROPOSITION B. Fix 0 <8 <r(w)~! <1. There exists ¢ >0 such that for N large
enough ]
() — (un)] < e @

Proof. Set X ={x € T: || By(x)|| <e M4} = {x: wy(x) # un(x)}. Then

e—NA
{wn) — (22)
IIBN (X)II
Since ||M||*> > |det M|, recalling (1), we have
N—-1
I1By@I? = [ 1d;)l. (23)
j=0
Hence, if x € X, then
N-1
[T 1dje01<e N4
j=0
The following is a combination of [J, Lemmas 11 and 12]. O

PROPOSITION C. [J] For analytic d(x) and Diophantine w satisfying (9), for every ¢ > 0
and N sufficiently large, we have

—&+CN™ r@ logNlog mln d; (x)|<—Zlog|d x)—D<eg (24)
j=1

where C = C(w, d) > 0.
Using the left inequality and (14), we get for x € X
_(ZA + D - 8) Nr(w)fl
Clog N
<V (25)

_—
j:r{fl,,r_l,N| ()] < eXP(

where 0 < § < r(a))_1 < 1. Thus,

meas(X) < meas{x eT: r{linN |dj(x)| < e_Na}. (26)
Jj=l,

In addition, by (23), we have for x € X

e—NA e—NA
0<log <log
| By (Ol

N—1 2
(mﬂmmo

27)
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PROPOSITION D. There exists C < oo such that for sufficiently small ¢,
‘/ log |dj(x)| dx| < Ce*|loge|, i, je{l,..., N}.
di(x)|<e
Remark. The constant @« = «a(d) is the same as in (18).
Proof. Set A; ={x:d;j(x) <e}. Fix je{l,..., N}. Set
Br={x:¢/2" <|d;j(x)| < /2" 1}

Then

‘/ log |d; (x)| dx
\d; () <e

o0
Z/ log |dj(x)|dx+/ log |d;j(x)| dx
k=1 Y BkNA; A\ U2, Bx

o
< Z meas(By) + meas(A;)|log ¢|.
k=1

e
log 7
By (18), we have meas(By) < (e/2F=1) meas(A;) < &¥. Therefore,

‘/ log |d;(x)| dx| < Ce“|log €|.
Aj

To finish the proof of Proposition B, we use (22), (26), (27), Proposition D and (18), to

obtain:
| Nl
[wy) - <uN|<Z vl (- A——Zlogld 1) dx
|d; (x)]|<exp(— N?)
< CN'e=eN’ | NN < =N’ (28)
for ¢ < o and sufficiently large N. O

We now finish the proof of Lemma 1. For any 8 > 0, using (26) and (18):

meas{x € T: |uy(x) — wy(x)| > B} < meas(X) 29)

<N for sufficiently large N.

Thus, overall we can combine Proposition B, (20), and (29) to obtain, for N large enough
so that Proposition C holds, N 2, max((/c_zq)l/(l_‘”, (Kq)l/‘s), and for large ¢:

meas{x € T : |uy(x) — (un)| > «}

< meas{x eT: luy(x) —wy(x)| > % — e_"’NS}

+meas{x eT: lwy(x) — (wy)| > %}
<67CN8 _I_e*Cqu/Z < e K

This proves Lemma 1 with n = (min(8, 1 — 8))~". O
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Proof of Lemma 2. From Proposition C, selecting ¢ < k/2 (see (24)), and recalling (25),

we have
1 &
meas{x : ‘N Zlog |dj(x)| — D| > /c}
j=0
(@) . K
< meas{x :CN7"@" Jog N log {m}r\} ldj(x)] < _5}
< meas{x : min |d; ()] < e‘czNa}. (30)
Using (18) and Lemma 1, and recalling (3), (4), the result is established. O

Proof of the large deviation bound for subharmonic functions. Set || 8| = dist(8, 2nw7Z).
Using Fourier expansion

v(x) = Z v(k) exp2rikx) and 0(0) = (v)
keZ
we have, for any K,
> B joy— )

2
lil<R R

R
3 R2|J|< Y k) exp@rik(x + jo))

liT<R 0<[kl<K

+ Y Dk exprik(x + ja)))) - ﬁ(O)‘

[k|=K

R_li
E v (k) exp2mikx) E /] exp(2rikjw)
R2
0<[k|<K ljI<R

+ ﬁ(o><<ll”2<:R K ;2”') - 1)‘

=<

. . R—1jl _
+ Z v(k) exp(ankx)(Z sz exp(2mk]a)))‘
|k|>K lil<R
=D + dD). 3D
We have
R—_li
@D = Z v(k) exp(2mikx) Z R2|J| exp(Znikjw)‘
0<|k|<K VAR S

<Co [0(k) | ——5
o<‘k2\<1< (1 + R2lko?)

. 1 . 1
=C°< 2 PO et 2 '”(k)'(1+R2||kw||2>>

O<l|k|<q/4 q/4<lk|<K
= Co((IID) + (IV)). (32)
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The inequality here is standard and follows from the properties of Fejer’s kernel. We show
that (IIT) and (IV) can be uniformly bounded in x by x/10. We estimate (I) in the L?

norm.
Consider (IIT). We first make the following observation: as |w — a/q| < 1/, for
k| <q/2, k#0, |kw— (ka/q)| <1/2qg = |kw| > 1/2q. Denote by ai, ..., ag

the decreasing arrangement of (||ka)||_l)k:1 _____ q/4- Then a; <2g/i. Also, note that the
same result will hold for {||ke| ~'}xes if I is any interval of length ¢ /4, where we exclude
at most one value of & (for the possibility of a value close to zero).
Therefore, we have the following inequality
1

—— < (Cyg.
kllkoll

O<|k|<q/4
It is shown in [BG] (see also [B1, Ch. 4]) that the following bound for the Fourier
coefficients holds

C
[0(k)| < m for all k # 0. (33)
The constant C depends only on B, p for |v(z)| < B on |Im z| < p. Thus,
c 1 C
am< Y - <224 (34)
0<icZ.a K Rkl ~ R

We define R appropriately at the end to achieve the desired uniform bound.
Set I; =[lg/4, (I + 1)g/4). Then we have by (33)

e el yc 1
(V) < ) ——— < Yy L
; 1; (1+R2||k 1) ; lq ,;; 1+ R?|kw|
4Kq*1 4C 2 2 4qul 1 C
= —<1+ > (3?2)<C3 3 < Zlogk (35)
=l 0<lji=q/s R = la g

for large K and g. We define the cutoff K at the end.
We now bound (II). We have by (33)

: R—1j
laniz= 3" 1pwr| 3 S

< Y P <—. (36)

k=K ljil<R |k|>K
Now putting (31)—(36) together, and letting
10C,C
029 <R and logK = ki
K 10CoC3

we have

2
< Co((II) + (IV)) + (II) < % + (ID).

. K}
C5 —cKq

4 5\ 5  Cs
<meas{xeT:|(II)|>?}§<E) (IAD| EK_KZ<ﬁe

R—1j .
Y vt o) =)
ljI<R
Hence, overall we have, by (36) and the definition of K,
X = x4 o) — ()

lil<R

meas{x eT:
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Thus, for g large enough, there exists ¢; > 0 such that

3 R—1jl .
72 v(x + jw) — (v)

ljil<R

meas{x : > K} <e 1 (37

3. Preparation for the induction argument
Let L, Ly be as in (8), (4). Note that in general, || My (x, ®)|| are not uniformly bounded
from above. This creates a source of difficulties compared with previous works.

LEMMA 3. Suppose that |D| <oo. Consider w satisfying (9). Let o — (a/q)| <
1/q2, (a,q)=1. Let L(B, w) > 100k > 0. Let N > (CK_Zq)” with n from Lemma 1.
Assume that Loy (B, w) > 19—0LN(B, w). Then for Ny such that N|Ni and NN~ l=m
< e“*4, we have

-2 2m — 1
m Ly — (m—1)

LN1 + Loy| < Ce_C/Kq

where ¢’ = c/2, c from the large deviation bound of Lemma 1.

Remark. We show the lemma for Ly, although our final result, Theorem 1, will hold for
both L and L’. We utilize the fact that L > 0 for M. At the end of the argument, we
reintroduce the truncation function from (14) and use the result of Proposition B in order
to adapt the argument used in [BJ].

Proof. All integrals will be with respect to x in this argument, so we suppress it in the
notation. We use the following result introduced as the ‘avalanche principle’ for SL,(R)
in [GS] (see also [B1, Ch. 6]). We formulate and use it for SL,(C) since the proof is the

same. O
Avalanche principle. [GS] Let A, ..., A, be a sequence in SL(C) satisfying the
conditions:

(A) mini<j<, 1Al > 1> n;

(B) maxi<j<y [log| A; ]| +log | Aj41] —log [ Aj+1 4| < log pe.
Then there exists C4 < oo such that

1

[14;

J=n

log

n—1 n—1
n
+) log [|A;ll = > log |Aj 11451l < Ca—.
i=2 j=1 ®

We use the avalanche principle on Aj.v (x) = My (x + jNw) with x restricted to the set
A C T, defined by 2m conditions:

1 N
5 log 145 ()l = Ly | <«

log [ A5N (0)Il — Loy

1
‘m <k forall j <m. 38)
We have Lemma 2, the large deviation bound for My, holding, hence for any j:

ckq

1
meas{x : ’N log IIAy(X)H — Ly

>/<}<e_
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Similarly for 2N, so that
meas(T\A) < 2me™ 4. (39)

From (38), we have for each Aj.v(x) with x € A,
NN < AN ()| < NN, (40)
Note that since Ly (E, w) > L(E, w) > 100«, we have
IAY ()]l > exp((99/100)NLy) £

For large enough ¢, and hence N by hypothesis, we have u > 2m. Also for j < m, by (38)
and the fact that A?’HA?’ = A?N,

llog| AY (0)1| +log AT, ()l — log |AY, ; (x) AT ()]
<4Nk +2N|Ly — Lan|
1 1
—NL 2N —L
S5t (10 N)

1lo 99N
<L _ 9%
5 log =5 NEN.

Thus, we can apply the avalanche principle for x € A, to obtain, for sufficiently large N,

1 m—1
log| [T A% Zlog 1A% ol - Zlog 1AR, AT @)l
j=m
m
< Cyp—
"
< me 3NLN, 1)

Integrating on A, from (41) we obtain
'f log My, (x + Ne)|| + Z / log [|My (x + jNw)||

<me ZNLN (42)

m—1
- / log | My (x + jNw)|
j=174

Recalling how M are defined (see (3)), observe that

m—1
H My (x + jNo) H Z log [My(x + jNw)| — Y log | Moy (x + jNw)]|
Jj=m j=1

log

m—1 m—1

+ ) log[By(x + jNw)l| = D log [ Bow (x + jNo)|
j=2 Jj=1

=log

j=m
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since the determinant terms cancel. Using this and (42),

m—2 2(m —1)
Ly, + - Ly — Loy

1
= ‘— log [[My, (x + No)||

m—1
+— Z/log ||MN<x+JNw>||—— Z/log ||M2N<x+ij>||‘

mo iy, ‘ 1 /
= e’ + | log | By, (x + No)||
Ny Ni Jma !

m—1 m—1
1
+—§:/ log | By (x + jNw)| — — 3 f 1og||BZN(x+ij>||‘
N1 ‘= Jm\a Nt = Jm\a

m _INLy
Nle + (@D (43)

With uy (x) and wy (x), defined in (13), (14) respectively, and noting that uy (x) < wy (x),
we have by (21), for sufficiently large N,

@ =

/T (uny,(x + Nw) — wy, (x + Nw))

+— Z/ (uy(x + jNw) —wy(x + jNw)
2 /(MzN(X—IrJNw)—sz(X-HNw))’

‘f (wN.(X+Nw))+— [ (wy(x + jNw))

2 m—1
D T +ij))'
m D JT\A
=N 1 (). (44)
It remains to bound (II). Recall that by (16) and (1), for all x,
1By () < C} (45)

and, hence, for any N and any x,

|lwy (x)| < max(log Cp, A) £ Cy
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and thus, by (39) and our condition on m, we have

1 m—1
(D) </ lwy, (x + No)| + — Z/ lwy (x + jNw)|
T\A m = JT\A

2 m—1
+2 3 [ e+ N
m = Jra

< 4Cymeas(T\A) < Ce™/Pxa, (46)
Therefore, combining (43), (44), and (46) we have, since n > 51 (see remark after
Lemma 1), after appropriately adjusting a constant,

-2 2(m —1
m=2, Xm=D

- %e—%NLN_i_e—cN‘S_i_Ce—(C/Z)Kq

1
< Ce(/Vxa, O

Ly, + 2N

LEMMA 4. Let N’ be such that m = N'/N can be represented as m =[[}_, a; with
Ket'va < a; < Klec/"q, ageNi=1...5,ands < e(¢/Dxrq for some 0 < K, K| < o0.

Then under the hypotheses of Lemma 3, there exists ¢ > 0 and C < oo such that
e AN
Ly + Ly —2Lyn| < e q+Cﬁ.
Remark. If m < K1e<*4 (s = 1), then ¢/ = ¢ = c¢/2 with ¢ from Lemma 2, and if m >
Ke“'%4 then any choice of ¢” < ¢//2 = ¢/4 with ¢ from Lemma 2 will work.

Proof. The case s = 1 follows directly from Lemma 3 since
NLy
SN’

/ 2 /
Ly + Ly —2Lay| < Ce %9 4+ —|Ly — Loy| < Ce™ %4 +
m
. - N
< e ckq +Cﬁ

For s > 1, set N; = N [T__, a;. We have Ke“*4N < Ny < K{¢*4N. By Lemma 3,

. NL
Ly, + Ly — 2Loy| < Ce=<%4 4 ——1
5N

< Ce %4 4 L—Ne_"/’“’
5
< Cre=%4, 47)

Similarly we can apply Lemma 3 to 2K ¢4 <2N; < 2K Ne“ 4 to obtain
, NLy
L Ly —2L Ce ¥ 4 ——
|Lon, + Ly vl < Ce + 10N,
< Cre x4,
Hence,
|L2N1 — LN1| < 2C1€_C Kq.

For g large enough this implies
Loy, > 19—0[,]\]1 .
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Thus, we can apply Lemma 3 again, this time for N; and Ke”,"qu <N; < KleC/KqN1
(with the same K, K as before):
NiLy,

|LN2 +LN| —2L2N1| < Ce_CKq + W

s LN — _
< Ce C"q—i——SKle K < Cre™c*

Loy, + Ly, —2Lon,| < Cre=c*4

\Lan, — Ly, | <2C1e™<%4,
So

|ILn, — Ly,| < |Ln, — Loy, | + |Lon, + Ly, —2Lon, | + 2|Lon, — Ly, |
< 7Cie ¥4,

J J
In general, for Ke““IN;_1 < Ny < K1e“*9N;_1:

ILy, + Ly, , — 2Ly, | < Cre=c*4
Loy, — Ly, | <2Cie=%4

N
|LNJ - LNS_1| <TCie ¥4,

Consequently,
Ly, — Ly, | <7C1(s — 1)e™ 9. (48)

From (47) and (48), we obtain
Ly, + Ly —2Lay| < 7Cse <4,
Ass < e(c//z)’“’, we have

|ILy, 4+ Ly —2Lay| < 7C1e™€/2%4.

4. Induction argument

LEMMA 5. Suppose that |D| <oo. Let w;, i=1,2, satisfying (9) with r(wi) =
r(wy), have the same approximant a/q, so |w; —a/q| < 1/q?, (a, q) = 1. Assume that
O<k<l, g> Ck~2 Let L(Bi, w;i) > 100k >0, i=1,2. Then there exists ¢ > 0,
0 < Cy < 00 and Ny < (k~€2¢)", with n from Lemma 1, such that

IL(B', w;) + Lny(B', ;) — 2Lon,(B', wi)| <™, i=1,2.

Remarks.

(1) Note that L(B') is defined by (8), as opposed to (7), as it is the Lyapunov exponent
of the corresponding SL,(C) cocycle.

(2) This proposition follows in a similar manner to [BJ, Proposition 9], but without the
need for an extra lemma since we are working with Diophantine . Our dependence
on Diophantine conditions is mirrored in the appearance of n = n(w) throughout the
proof. We note that the induction argument in [BJ] was not correct without an extra
condition on the specific form of consecutive scales (see (56)). Our proof contains
this important correction.
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(3) Atseveral points in the proof, we make calculations that are valid for large initial go.
We may do this, as we make this claim only finitely many times and, at the end, we
take go — oo in Theorem 1.

(4) The ¢ in Lemma 5 can be chosen to be any number less than c¢/4 with ¢ from the
large deviation bound.

Proof. Take qp = g as in Lemma 5. Note that for any n, by subadditivity Ly, < L,. So
that, by (45) and (6),

100k < L(B, w) = inf Ly, < Loy < L, < Cy. (49)

Consider the sequence {2’n}, leN. If for each 1 <[y <lp <---<I; we have
Lyj+1, < 19—0L211n, then 100k < L1, < (f—o)fCl. Therefore, we must have

9\ "' 100k
i< io=(log =) 1 . 50
j<lo <°g10) og = (50)

Take N = [(Ck ~2¢0)"] + 1, with C from Lemma 2. Then for some 1 < j < 2o, we have
Lyjiy (B, w;) > %szN(Bi, w;), i =1, 2. Therefore, we can find

(Ck™2qo)" < No < 2200 (Cic2qo)" (51)

with
Lany(B', i) > 35 Lng(B', i), i=1,2. (52)

The right-hand side of (51) can be bounded by (k ~©2¢¢)" for an appropriate 0 < C, < 00.
From now on we fix i € {1, 2} and set Ly = Ly (B', w;), L = L(B', w;). O

Define a sequence

go<Nop<qi <Ny <--+<Ng<qgr1 <Ngyp <---

such that
a; 1
qi E
gs+1 is the smallest g ; satisfying (53) such that ¢; > e (54)
(Ck2g)" < Ny < (k~©g5)™" (55)
ks
Ny, = Ny 1_[ a; with Ke® "9~ <af < Kje® %1, (56)
i=1

Clearly we can select our sequence so that (53)—(55) hold. For sufficiently large go,
we can split the set of N satisfying (56) into a disjoint union of A, C Z so that for
Ne A, N=N_i[], a with Ke 91 < af < Kie“ 91, If Ny satisfying both (55)
and (56) cannot be found, then for some p, we have

max A, = Ny_1 K e PEds-1 < (Ci2gy)",

/
min Ap+1 — Ns—le_HeC (p+Dxgs—1 > (K—Czqs)Zﬂ_
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This implies that
Krtl,
(™ Cge)™ < —5—e“ K01 (Ci?gy)",
Ky

which is in contradiction to (54). Thus, such a sequence can be selected. Let ¢” be the
constant from Lemma 4. Fix a constant C such that 2C; < C < oo where C; is defined
in (49). Fix another three constants 0 < ¢3 <3 < ¢ < c¢”.

Set g—1 =0. We use induction to show that for sufficiently large g the sequence
additionally satisfies, for s > 0,

|LN.v+| + LNJ — 2L2N3| < e “1K4s &)
|Laon, — L, < Ce™ 491, (53)
|LN.Y+1 — Ly, | < Ce 6341, 59)

We first check the case s =0. Let g1 be the first approximant satisfying (54). Since we
consider w Diophantine, for M 2 r(w) with r () from (9), we have

g1 < Mo, (60)

Fix Nj satisfying (55)—(56). We want to show

|Ln, + Ly — 2Lan,| < e 1%90, (61)
|Long — Lyl < Ce™ -1 =C, (62)
Ly, — Lyy| < Ce™%4-1 = . 63)

Clearly the second and third inequalities are true for any C > 2Cj, so it remains to
show (61). By (52), (60), and (55), (56) with s = 1, we have that for sufficiently large qo,
the conditions of Lemma 4 with N'= N; and N = Ny are satisfied. Therefore, by
Lemma 4, (55) and (54), for large go, we have

" ~N0 " _ 2 _ _
Ly, + Ly, — 2Lon,| < e 90 4 CF < e CF0 4 Csxc C4q0ne 10 < 190,
1

Thus, we have verified the initial case.
Now assume that we have (57)—(59) for

qo <No<qi <Ny <---<Ng<gqg; <Ns.

Let g5+ be the smallest approximant of w satisfying (54). Pick Ny satisfying (55)—(56).
By inductive assumption we have that [Loy, — Ly, | < Ce™ 24!, For large enough go
this implies Loy, > %L N, - The other conditions of Lemma 4 follow from the construction
and (60).
Thus, by Lemma 4, with N’ = Nyy; and N = Ny,
N;
N, s+1

o _ g _ )
< 7K 4 Can~CagPeTMs < ¢ C1Ks, (64)

Ly, , + Ly, —2Lon,| < e 4 €

s+1
Thus, (57) holds for gs+1, Ns+1. By the same argument

" ~ N _
L + Ly —2Loy | <e €K 4 C—"— < ¢ C1¥s,
2Ns+l Ns 2Ns
s+1
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Hence, we obtain
|L2NS+1 — LNx+1| < Qe C1Kds - p—C2Kgs
Also by (64) and (58)

|LNS+1 - LNV' < |LNs+l + LNr - 2L2Nr| + |2L2Nr - 2LNT|

< efcl’(q.r + 2C8702’“1:—1 < 6753’((1571.

Therefore, (57)—(59) hold by induction. Thus, by (57) and (59), for ¢4 < c¢3 and for
sufficiently large qo,

L+ Ly = 2Lan| = | lim L, + Ly = 2Lon,

Z(LNM — Ly,)+ Ly, + Ly, — 2Lon,

s>1

< |Ln, + Ly = 2Lang| + Y [Ln,,, — L, |

s>1
< e C1K90 | Z e Cds—1 - p—C4Kq0 O
s>1

Note. The only reason we needed the condition L(B!, w;) > 100k was to establish (50)
and therefore (51) and (52). Equations (50)—(52) would follow equally well under the
assumption Ly (B!, ;) > 100« for some N > (k~C2¢0)>" of the form

N=2n, k>2j, and n> (Ck 2qo)". (65)
Hence, after rescaling «, Lemma 5 can be reformulated as follows.

LEMMA 5°. Suppose that |D| < oco. Let w;, i =1, 2, satisfying (9) with r(w1) = r(w2),
have the same approximant a/q, so |w; —a/q| < l/qz, (a,q) =1. Assume that 0 <k
<1, q> C/c_z, and LN(Bi, wi)>k >0, i =1, 2, for some N > (lc_CZq)’7 of the form
(65) with n = n(w) > 1 from Lemma 1. Then there exists 0 < C3 < 00, (Ck2gp)" <
No < (k=€2¢)" and c4 > 0 such that

IL(B', w;) + Ly, (B', w;) — 2Lan, (B', wp)| < e™4, i =1,2. (66)

We are ready to prove our main theorem.

5.  Proof of Theorem 1

The strategy of the proof is to use Lemma 5’ in order to approximate L with Ly and
combine it with continuity of L. The quantitative bounds required for the argument are
not as straightforward as in the Schrodinger case as || My || are unbounded from above. We
address this issue by converting back to the || By || and using a truncation argument similar
to that used in Lemmas 1 and 3 in order to control the regime when || By || is small. Namely
we need a continuity property of wy as defined in (14).

PROPOSITION E. There exists 0 < C < o0 such that

lwy, (B, x) — wy, (B, x)| < C™o dist(B, BY). (67)
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Proof. We assume without loss of generality that dist(B, B*) < 1. There exists Cp < 0o
such that whenever dist(B, B%) < 1,

I B*(S/x)|l < Cg,

o (68)
1B(S/x) 7| < ———Cp.
|d(S7x)|
Set
Xy ={x: By, o)l < e M4 By (o) < e M4,
Xo={x: By, 0|l = e M4 | BY (o)l = e~ NoA),
X3 ={x: | By ()| = e M4 | BY (0)]| < e Mo,
Xq=1{x:|Bn, @) <e ™ B ()] = e M4
For x € X1, we have wy, (B, x) = wy,(B%, x) = —A so (67) holds.
For the other three cases we use
1B )l = 1By @)|I| < 1By (x) — By (x)|| < NCy dist(B, B*), (69)

which can be easily verified by the Trotter product formula and (1), (68). Consider x € X5>.
Without loss of generality, assume that ||B]'i‘,0 (X))l < lIBny(x)]l. Then we have by (69)

1 1
lwi (B, x) — wny (BY, x)| = | — log || By, (x)|| — — log || B, (x)|
No No

1 1By o)ll — 1B, ()
=|—log| 1+ - )‘
‘No Og( 1B,
_ 1| IBn @l 185, @I
Nol 1BS, (@

1
< —eMANGCYP dist(B, BY)
No

= (e Cp)™ dist(B, BY).

For x € X3, noting that ||Bj‘\‘,0 ()] < e M4 < | By, ()|l we have by a similar argument

1 | By (x) || — e~ Mo
[wiy (B, x) — wyy (BY, x)| = ‘Fo log(l + =

1 NoA
<N OB )N = 1 B, (O
< (e*Cp)™ dist(B, BY).

Case X4 follows exactly as X3. O

Remark. For B® with dist(B, B*) < 1, C from Proposition E can be taken to be eACp
with Cp from (68), and A from (14).

Proof of Theorem 1. Fix w satisfying (9). Suppose that B* — B. Assume first that
L(B, w) >k > 0. Recall that L(B, w), Ly(B, w) are defined by (8), (4), respectively.
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Let ¢ > Ck~2 be an approximant of w, that is |w —a/q| <1/¢%, (a,q)=1. Let
N > (/c_CZq)’7 with n = n(w) from Lemma 2 and C; from Lemma 5. We have

Ly(B,w)>L(B,w) >k >0
and since it can easily be shown using (69) and (6) that L is continuous in B, we have

Ly(B%, w) >« fora > ap.

As we can assume that k¥ < ﬁ, Lemma 5’ applies and we obtain that there exists

(Ck™%q)" < No < (k™ 2q)"
such that
|L(B', w) + Ly, (B', ) — 2Lan,(B', w)| < e 1 for B' = B, B“. (70)

Recall that LQ\, = (uy) with up defined in (13). Recall also that n > 1/5. Then by (5),
(70), (6), Propositions B and E, for sufficiently large ¢ we obtain
|L(B) — L(B*)]
<|L(B) + Lny(B) — 2Lany(B)| + |Lny(B) — Lny(BY)]
+ [L(BY) + Lny(B*) — 2LaNy(B)| + 2|Lany(B) — Lany (BY)|
<2079 1 |LYy (B) — Ly, (B*)| +2|Lyy, (B) — Lhy, (B%)|
<27 + [(uny(B)) — (wny (B))] + {ung (B*)) — (wn, (BY))]
+ 2|(uany (B)) — (wang (B))] + 2[{uzn, (B*)) — (wan, (BY))|
+ [{wny (B)) — (wio (BY))| + 2[{wan, (B)) — (wan, (B))|
< 2e79 126N 1 |{wpy (B)) — (wi, (B)]
+4eCN” 421 (wa, (B)) — (wany (BY)))|
<3¢~ 4 302N dist(B, BY) < 3e 1 + C(x)?" dist(B, BY). (71)
Thus, we have lim sup,, |L(B, w) — L(B%, w)| < 3e~“*4. Letting g — 0o, we obtain the
desired continuity for the case when L(B) > 0.
Assume that L(B) =0. Let BY¥ — B. Assume that L is not continuous at B. For «
small enough, for any § > 0, |[L(B%)| > 2« for infinitely many o with dist(B%*, B) < §.

For ¢ as in Lemma 5, let N be the minimum N > (k ~€2¢)" satisfying (65). Since Ly is
continuous for each N, we can find §; such that dist(B*, B) < §; implies

|L+(B) — L(BY)| < k. (72)

Let 8o = min(C (k)™ 9"e~*4 §,). Pick B* with dist(B%, B) < 8y, L(B%) > 2«. Then
by (72), L% (B) > «. Thus, we can apply Lemma 5’ to B' =B and B>=BY, wjs=w.
Let Np be as given in Lemma 5°. We then have (66). Thus, the argument used to arrive at
(71) applies and by (71) we have

2k < |L(B%) — L(B)| < 4e™ 44 (73)

a contradiction for large ¢g. Hence, L(B) is continuous. O
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Fix r > 1. We define a Diophantine condition, call it DC(r), to be w such that there
exists b(w) > 0 such that for all j # 0,
b(w)

[sin 2w jw| > ——.
1"

It can be shown that DC(r) for r > 1 is a full measure set. Our analysis also leads to the
following.

THEOREM 2. Under the assumptions of Theorem 1, we have:
(1) L'(B,w):C,(T, M;l(x)) x DC(r) — R is jointly continuous;
(2) L(B,w):Cy(T, Mg(x)) x DC(r) — R is jointly continuous.

Proof. Assume that (B, wy) — (B, ®) in C,(T, Mg(x)) x DC(r). As before assume
first that L(B, ) > k > 0. Let ¢ > Ck 2 be an approximant of w, hence

1

w——| < —.

q| 4*

Let N > (K_Cq)”. The value of n(w) in Lemma 1, only depends on the r(w) from (9)
(see the remark after Lemma 1). As we have a fixed value r > 1 for the class DC(r), we
see that all of our estimates will hold for both w and w,. Therefore, Ly (B%, wy) > «k and
lwg —a/q| < 1/q® for a > ap. Fix an o > ag. As above, by Lemma 5°, we can find an
No < (k~€24)" such that

‘ a

|L(B, ®) + Ly (B, ®) — 2Lon, (B, )| < e™ "

and
|IL(BY, wa) + Lng(BY, wa) — 2LoNy (BY, wa)| < ™41,

Then we note that the proof of Theorem 1 holds with only minor changes. Let Sx = x +
as before, and let S, x = x + wy. It is easy to see that

| B*(Six) — B(S/x)|| < dist(B, B*) + Cjlw — wql,

where C depends on the Lipshitz constant for the analytic function B and is uniform in a
neighborhood of B. Thus, (69) can be replaced by

1B ()| — 1B ()| < N2 CN (o — we | + dist(B, B*)).
Therefore, instead of (71), we obtain
|L(B, w) — L(B%, wy)| < C(/c)qn(| ® — wy| + dist(B, B*)) + 3e~ 4, (74)

Hence, lim sup,, |L(B, w) — L(B%, wy)| < 3e~ 4. Letting ¢ — oo, the result follows
for the case L > 0.

Assume now that L(B, w) =0. Let (BY, wy) — (B, w). Assume that L is not
continuous at (B, w). For x small enough, for any § > 0, |L(B%, w,)| > 2« for infinitely
many « with dist(B%, B) + |wy — w| < §. Fora/q asin Lemma 5’ let N be the minimum
N > (K‘C2q)’7 satisfying (65). Since Ly is continuous for each N, we can find §; such
that dist(B%, B) + |wy — @] < §1 implies

|L(B, @) — Ly/(B®, wy)| < k. (75)
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Pick 8> so that |w, — w| < 8, implies |a/q — we| < 1/g>. Let 8o = min(C (k) 9" e~c4K4,
81, 62). Pick (BY, wy) with dist(B%, B) + |w — wy| < 89, L(B*, wy) > 2«. Then by (75),
L+(B, w) > k. Thus, we can apply Lemma 5’ to Bl =B, B% = BY, w) =w, w)=w,y.
Let Np be as given in Lemma 5°. Thus, we have (66) and the argument used to arrive at
(74) applies and by (74) we have

2k < |L(B%, wy) — L(B, )| < 4e™ "4 (76)

a contradiction for large g. Hence, L(B, w) is continuous. Also L'(B, w) is then
continuous by (6). O
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