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We study the two-scale homogenization of the diffraction interfacial condition for the diffusion
equation relevant to a composite medium which has a periodic structure. The results are
applied to the electric field potential within a dielectric composite body when there is a
difference in dielectric permittivity between the composite components in the presence of
interfacial static charges. The principal result is that the interfacial charge distribution is
equivalent to an apparent bulk charge which can be calculated starting from the composite
geometry. We perform the corrector analysis and establish that the corrector terms strongly
depend on the interfacial charge.
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1 Introduction

The goal of the present study is to apply the two-scale homogenization tool to a new
mathematical problem arising in composite electrets. Electrets are dielectric materials
capable of storing oriented dipoles or an electric surplus charge for a long period of time
without an external electric field. There are several ways to produce space-charge electrets.
For example, electret polymer foams store charges on the inner surfaces of the voids
after having been subjected to a corona discharge [14]. Another example of the electret
composite material is the polymer-ferroelectric ceramic composite which is produced
under the action of an electric discharge plasma and temperature. It is shown that this
process results in strong oxidation of polymer chains. Such an oxidation is accompanied by
an enhancement of interfacial interactions and an increase in the concentration of charge
localization centres in the quasi-band gap of the polymer phase which upon polarization
leads to an increase in interfacial charges [10]. Composite electrets find many applications
including electrostatic filters, electret microphones, radiation dosimeters, etc. [8].

We consider a dielectric composite with static charges concentrated at the interface.
Clearly, a body of such a composite, an electret, exhibits an electric field inside the body
and close to it. Even though one knows in full details the charge interfacial distribution, it
is almost impossible to calculate the resulting electric field due to the complex geometry
of the composite structure. Under the assumption that the composite has a periodic
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structure, we apply the two-scale homogenization technique to prove that the interfacial
charge distribution is equivalent to an “apparent” constant bulk charge. With such a
bulk charge to hand, it is simpler to identify the resulting electric field by solving the
homogenized charge conservation law for a homogeneous material.

We prove that the apparent bulk charge strongly depends not only on the interfacial
charge value but on the geometry of the composite interface inside the representative cell
of periodicity as well. To this end, we introduce a surface tortuosity coefficient and study
its role in the homogenization process. We establish that it is due to high tortuosity that
the apparent bulk charge can be strong even though the interfacial charge is weak.

We discover that besides the length [ which characterizes the size of the representative
cell, there are two more intrinsic lengths [, and [, which depend on the interfacial and
bulk charges. Hence, the homogenization strongly depends on the order relation between
the lengths [, [,, and [;. It may occur that | < [, < I, or | < I, < [, etc. We analyse
some order relations which are of interest in geophysics. We clarify that the lengths
I, and I, characterize the electric field attenuation related to the interfacial and bulk
charges. The role of intrinsic lengths in the homogenization of the Maxwell equations
was highlighted in Amirat and Shelukhin [1]. Note that such a situation, when the
homogenization depends on the values of coefficients, is rather general and arises for
instance in poroelastic media [13].

Space-charge ionic electrets defy the conventional assumption in chemistry that the
bulk matter is electrically neutral and that ionic materials must have an equal number
of cationic and anionic charges [24]. Under the hypothesis of local neutrality of the
composite, we perform the homogenization and prove that such a composite does not
enjoy the electret property.

It is the essence of the homogenization method that the original heterogeneous problem
is replaced approximately by an averaged one. We improve such approximation by
constructing the so-called corrector terms which take into account the local fluctuations
in each periodicity cell. We prove that the corrector terms strongly depend on the interfacial
charge density.

Existence of interfacial charge implies that the normal component of the vector of
electrical induction has a jump across the interface, with this jump being equal to the
surface charge density. In terms of electric potential, such a jump condition is equivalent to
a diffraction condition for the potential which solves a diffusion equation. Mathematically,
we address the homogenization of the diffraction condition. Though such a condition is
a classic one in the theory of elliptic equations, it has never been studied from the
homogenization point of view. Note that the homogenization of elliptic equations with
various boundary conditions (Dirichlet, Neumann, mixed conditions, Robin condition,
Signorini condition, etc. .. ) have been considered in many papers, see for instance [5-7,
9,19] and the references therein. Problems of stationary diffusion in composites with an
interface condition involving a jump of the temperature are considered in Auriault and
Ene, [3], Lipton [12] and Monsurro [16].

It is proved in Amirat and Shelukhin [2] and Shelukhin et al. [23] that interfacial
charges may appear due to ion transport in a fluid dielectric medium. The nature of this
charge is the Maxwell-Wagner polarization which appears due to a difference in dielectric
permittivities between the composite components. Contrary to the static electret interfacial
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charge, such a charge disappears as soon as the flow stops or an external electric field is
removed.

2 Problem formulation

We consider a composite body consisting of two components. For convenience, we call
them solid and fluid components. Let a solid domain € lie in a domain Q, with Q; =
Q\Q, being the fluid domain. In what follows, we use the Gaussian system of units. Let
us consider the charge conservation law

div(¢E) = 4nq, E = —Vu, (2.1)

where E is the electric field, u is the electric potential, ¢ is the dielectric permittivity, and
q(x) is the bulk charge density. Here,

e — ef, XE.Qf,
T e, X € Q.

With ¢,(x) standing for the surface charge density at the boundary I' that separates the
solid and fluid domains, we have the boundary conditions

[u] =0, [eE-n]=4ngq,. (2.2)

Here, n is the unit normal vector to I', pointing from €, to Qy, and the brackets [v] stand
for the jump of a function v(x) across I". More precisely, denoting by v; and v, the values
of v on either side of I', respectively, in the domains Q; and €, we set [v] = vy — v,. We
set the following boundary condition

ulog = 0. (2.3)
A function u is called a strong solution of problem (2.1)—(2.3) if
ue C(Q)NCxQ), i=sf,

u solves equation (2.1) in the domains Qg and €y, and it satisfies conditions (2.2) and (2.3).
The weak formulation of problem (2.1)—(2.3) is the following. We look for a function
u € H}(Q) such that.

/ eVu - Vo —4nqodx — / dngepds =0, Vo e H(Q). (2.4)
Q r

One can easily verify that any strong solution u of problem (2.1)—(2.3) belongs to the
Sobolev space H{(Q) and satisfies equality (2.4).

3 One-dimensional problem

Let us consider a sequence of fluid and solid layers separated by points x; (0 < i< 2N):

O=xg<x1 <X <---<xovy=1L,
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where N is a large integer. The intervals (xy;, X2i+1) and (x2;41, X2i+2) represent the fluid and
the solid parts respectively. With ¢ standing for the porosity (0 < ¢ < 1) and [ = L/N,
we have

Xoigt — X2i = Ql,  Xoipr — Xoip1 = (1 — P)L.

We define

o fe for O0<y<d, [ 1 for 0<y<9,
é(y)_{es for ¢p<y<l, 1f(y)_{0 for p<y<l,

and extend these functions periodically on IR. Let us denote

Sy = ¢ (X Sy =1, (= _!
8(x)—£(l), 1f(x)_1f(l), o= 1.
The electric potential satisfies the boundary value problem posed in Q@ = (0, L):

- gé(x)uxx =4nq(x), x; <x<Xjy1,
[W]], =0, [F®ull, =(-1)4ng,, 1<i<2N-1, (3.1)
u(0) =u(L) =0.

Here, ¢, is a given surface density constant.

Let us pass to dimensionless variables. Assume that the variables with the bar sign are
reference values, then the dimensionless variables, with the prime sign, are

x=Lx, u=uwl, e=%, q=4q4q', 45 =4.4,
Observe that the parameters
ue q
lu = - lo‘ = qfo—a (32)
9o q

have the dimension of length. We discuss their meaning later in Appendix. Thus, the
above problem is characterized by four length scales I, L, I,, and [,. We introduce the
dimensionless parameters

In dimensionless variables, problem (3.1) becomes

/
X' x

W1, =0, aleuu]l, =(-1)4nq;, 1<i<2N-1,

Wloeo=0, Q@ ={x":0<x"<1}.

—are' (Xl = 4narg'(xX),  xp < x' < xiyy,

For simplicity, we omit the prime sign in what follows. One can verify easily that the
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weak formulation of the above problem is the following:

u’ € HY(Q),

2N—1
[ i, ~ dmasao dx +dra. 3 (~1ioln) =0, Vo < HY(@)
) 1

Observe that in our notation the functions ¢°(x) and 19(x) are periodic with period 6.
Simple calculations reveal that

IN—1 ' i X ‘
St = = [ gt [ e =[x
1=1 0 x2

Q

Hence, we arrive at the following weak formulation:

u’ € HY(Q),

S(v)yd 5 1 (33)
are’ (X)uipy — 4ngs15(x)px — dnarqpdx =0, Vo € Hy(Q).
Q
Assuming that ¢ is a small number, we perform an asymptotic analysis, as 6 — 0,
under the hypothesis that
I om [

l
- - R Y 4
p=0 p=o =0 (34)

So,
a; = 517’“1&1, a = 5”1271672.

Here, we study the case m; = my = 1. Other values of m; and m; are addressed when
we consider three-dimensional boundary value problems in the next sections. Assuming
that ¢ € L*(Q) and setting ¢ = u in (3.3), one obtains that u’ satisfies the estimate

/ [u®)? + |ul]? dx < c, (3.5)
o

uniformly in §. Therefore, there is a subsequence of u® (still denoted u°) and a function
u € H}(Q) such that u® converges to u weakly in H}(Q).

To characterize the function u, we use the notion of two-scale convergence introduced
by G. Nguetseng [17]. Let Y denote the unit cell of periodicity, Y = {y : 0 < y < 1}.
A sequence v° of functions in L*(Q) is said to weakly two-scale convergent to a function
v(x,y), v € LX(Q x Y),as § — 0, if

hm/ v’ (x)e dx = // @(x,y) dxdy, Yo € C(Q;Coo(Y)).
Q

Shortly, we write it as v° t v(x,y). We emphasize that for each x € Q, the test function
¢(x,-) is Y -periodic in the variable y and belongs to C*°(Y'). It is a crucial property of the
two-scale convergence that for any sequence of functions v?(x) bounded in L?(Q) there
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is a subsequence (still denoted v°(x)) and a function v(x,y), v € L>(Q x Y), such that

o 2 v(x,y) [17]. We also have the following result [17]. If v is bounded in H'(Q), there

is a subsequence (still denoted v°) and functions v € L*(Q), v' € L*(Q;H},.(Y)) such that

both v° and v two-scale converge weakly to v(x) and vy(x) + v}(x, y), respectively.
According to (3.5), there are functions u(x) € H}(Q) and ul(x,y) € L*(Q; H],(Y)) such

per
that

2s 5 28

uw = u, u, — ux-l-u},.

Setting
X
o(x) = °(x)+ 00" (x.3). 9" €D@). o' € D(Q:C(Y)).

in (3.3) and passing to the limit, as 6 — 0, we conclude that
[ {@s00) [0+ w5, 0] =m0} (02061 + o} x.3) sy
Y
— /Q /Y 4narg ¢°(x) dxdy = 0. (3.6)

Choosing ¢° =0, ¢'(x,y) = p(x)0(y), p € D(Q), and 0 € C=(Y), we obtain

per

/ 0,() {@ey) [us(x) + ) (x.y)] — dngo1; (1)} dy = 0.
Y

We look for u! in the form

u'(x,y) = ux(x)w' (y) — 4ngow’(y)- (3.7)

The functions w! and w® can be identified from the following cell problems:

w' € H),(Y),
d (3.3)
Sl o]y =o [ wiy=o
dy ! Y
and
w’ € Hp, (Y),
d (3.9)
o5 @)+ 1,0) =0 [ way=o,
dy Y
Next, choosing ¢! = 0 in (3.6), we obtain
[ ot o)+ s )] 920 — s x) ddy =
eJy
Using (3.7)-(3.9) we obtain the macro-equation
—a16"uy = 4ndrg in Q,  u(0) =u(l) =0, (3.10)
with
1
e = e(y)(1 + w}l,) = constant = (3.11)

¢/ep+ (1 —)/es
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As an example, we consider the following data
1
gf = &5 =&, =5 q=0.

In this case, the solution u® of (3.3) is given by the formulas

4ng, 4nq,
- (x —x2i), X231 <X < X2ig1, - , X2 <X < X2it1,
P 2¢ P 2¢
uw = u =
4nq, 4ng,
(x = x2i42),  X2ip1 < X < X2i32, —,  X2ip1 <X < X2i42.
2¢ 2¢
One can verify easily that
5 5 s 4nq,0
max u°(x) = u’(x2) =0, min u(x) = — iy
0<x<l 0<x<1 2¢

It follows that u® — O strongly in L*(Q) and weakly in H}(Q). However, the convergence
of u® does not occur in H{ () strongly since

R 4n2q2
/Q|ui\2dx= > z,

Observe that equation (3.10) does not depend on the surface charge density ¢,. However,
¢, can manifest itself through a corrector.

To derive a corrector for the function u’ we argue by the formal expansion series
approach [4,21] and look for u’(x) in the form

wix) =Y okuf(x.y), (3.12)
k=0

where y = x/ and the functions u(x, y) are 1-periodic in the variable y. It is assumed
that u® = u is defined by (3.10), (3.11), and the function u'(x, y) is defined by (3.7)—(3.9).
Given a function u¥(x, y), we introduce the derivative operator

Duf(x,y) = uk(x, ) + 07k (x, ).

Clearly,
d i X\ _ ok
L (X,g) = Du(x, y)|y=x/s-
Writing
F¥(x,y) = are(y)Dul(x, y),
we find that
>0 (FAx,y) = @e(y)Dut(x,y)) = 0. (3.13)
k=0
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In terms of expansion series, one can write equation (3.3) as

> 5 DF¥(x,y) + 4nq(x)a; — 4nqe(y)D1;(y) =0, (3.14)
k=0

where y = x/d. We write (3.13) in the form >° k(- - ) = 0, with the functions (- - - )¢(x, )
not depending on J, and arrive at the equalities (--- ), = 0 for any k. Setting k = 0 and
k =1, we find that

FO(x,y) = ae(y) (ux(x) (14 wy(y)) — 4ngow)(y))
Fl(x,y) = are(y) (ux(x)w' (v) +15(x, y)) -
In finding the functions u*(x, ), k = 2,3,..., we assume that equality (3.14) holds for any x

and y. Writing this equality in the form )2, Ok(- - ) = 0, with the functions (- - - (X, y)
not depending on J, we arrive at the equalities (--- ), = 0 for any k = —1,0,1,.... Setting

k = —1 and k = 0 and using the representation formulas for F and F!, we find that
0 1 0 d
3 {aie(y) (ux(x) (1 +wy(y)) — 4mgowy(y)) } = & (4mgo17(y)) (3.15)
0
e (x)are(y) (1+wy(y)) + 3y {@e(y) (wawi(p) + u3(x, ) } = —4nang. (3.16)

We look for u?(x, y) by the method of separation of variables, assuming that there is a
function w?(y) such that u?(x, y) = ux(x) w?(p). Inserting this representation formula into
(3.16) and taking (3.10), (3.11) into account, we obtain that w?(y) should be a 1-periodic
solution of the equation

d d
@{m»wa+@y%ﬂ}=0 (3.17)

. . . . o 1
Clearly, this equation has a unique solution w? € HI}er(Y) satisfying fo w2dy = 0. We
easily deduce from (3.17) that

y
W= [ wiod yer. (3.18)
0
Let us now introduce the function
c,0 — € f 1)
U (x) = u (x,(s) +oul (%), (3.19)

where
u(x,y) = u(x) + 6 (u(x)w' (y) — 4ngow°(y)) + S un(x)W*(y), x €2,y €Y, (320
and ug(x) is defined as a solution of the problem

d dud 5
= (F5E) =0 0= o, ) = . (321)
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with
ho = — (ux(0)w'(0) — 4mg,w°(0)),  hi = — (ux(LHw'(1) — dmg,w°(1)). (3.22)

The function uf(x) is a boundary layer of the first-order. One can verify that

5 1 A |
) o) | g = (= o) /O et
Q

We establish the following result.

Theorem 1 Let u® and u be the solutions of problem (3.3) and problem (3.10), (3.11), re-
spectively. Then, u’ converges to u in H'(Q) weak. Moreover, if ¢ € H'(Q), the function u®’
given by (3.19)—(3.22) is a second-order corrector satisfying

[ = 4| 1) < €82, (3.23)
where ¢ is a constant independent of 9.

Proof The weak convergence of u® towards u results from the notion of two-scale
convergence. Let us prove (3.23). A straightforward calculation gives

o

d . dud 1 0
- (Zzls"(x) ;‘x ) =5 {ay [are(y) (ux(x) (1+ wh(y) — 4nqaw8(y>)}} -
- uxx(x) alg(y) (1 + W}l(y)) |y:%

— the(x) {aay [a16(y) (wi(y) + w3 (v))] } =3

-0 uxxx(x) 6_118()/) (Wl(y) + W}Z(Y)) |y=§

_ 5 % (Zuum(x)?» (%) w? (g))

i

Il
93

A, (3.24)
1

i

where the equality holds in the distributional sense. According to (3.15) we have

= o (),

and according to (3.16) and (3.18) we have
Ay + Az = 4narq, As=0.

We also have, using (3.10),

b= (05000 G) ().
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It follows that

d [ 5  du® d x _
T (“18 )" ) =~ (4mac1y (5)) + 4mazg
d a X X
2 2 2 Vw2 (2
T o (4"811"*(X)8<5)W (5))
— u®? solves the variational equation

/ a1 ()00 (X)u(x) dx = —0? / (4ni‘,qu(x)g (g) w? (;)) 0x(x) dx, (3.25)

Q Q

Then, the difference v° = u°

Vo € H}(Q). We have
02(0) = =322 (0)w?(0), v°(1) = —%uZ (1)w?(1).

Since
b’ (1) — v°(0)] < €32, (3.26)

introducing the function
05(x) = x (°(1) = v°(0) +v°(0),

we insert the function @y = v° — vy € H(Q) into (3.25) to obtain

/ala‘s(x)|vf2|2dx =5 /4n%qx(x)8 (%) w? (g) [02(x) — vi(x)] dx

Q Q
~|—/?118‘5(x)v§vgx dx.
Q
Using the Cauchy-Schwarz inequality and (3.26) we obtain (3.23). O

Remark 1 If g belongs only to L*(Q) one can easily show that

W (x) — u(x) — ou! (x, g) _ 5u;2(x)HH < o,

where ¢ is a constant independent of J.

Remark 2 In electret theory, it is the limit function E = lims_o E°, E° = —0u® /0x, which
is of interest. Though the macro-equation (3.10) does not depend on the surface charge, this

charge, by Theorem 1, should be taken into account as far as the electric field is concerned.
Indeed,

W0 —u) = ou' (v 5) = oo =00 —utx) — ot (x5) o)
d
ax

L2(@)
X

(u(x) + oul (x, 5) + 5u2(x))

+ ’ E%(x) +

L2(Q)
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Hence,

el <
dx 5 <o,

’E‘S(x) — i (—u(x) —ou! (x, x) — 5u2(x))

L(Q)

where ¢ is a constant independent of 9.

4 Setting of the multi-dimensional problem

We return to the multi-dimensional problem (2.4) with periodic data &(x) and g,(x) given
in the representative cell

O<x; <!, i=12,...n,

q,(x) being a function defined on the solid-fluid interfaces. We assume that n = 2 or
n = 3. Let L stand for a characteristic size of the domain Q. We rewrite problem (2.4) in
dimensionless variables

u _ & ’ q r e
—> & =, q = - q(; - = -
u e q ds

Recall that [/L = 6 and the parameters [, and [, defined in (3.2) have the dimension
length. We assume that these lengths can be compared with [ by hypothesis (3.4). Under
these assumptions, the function /(x’), defined in the domain Q" = 1 Q, belongs to H}(2')
and solves the variational equation

/ Slma V' -V — 4nd™ Layg @ dx' = / Angpeds', Yo < H)(Q).  (41)
! F/()

Let us describe the fluid and solid domains in more details. We denote by Y the unit
cube of R, Y = {y = (y1,...,¥n) : 0 < y; < 1}. We assume that Y is decomposed as

Y=Y, UuY,UI', TI''=0Y,NndYy,

where Y; (the solid part) and Yy (the fluid part) are open subsets of Y and I'’ is a smooth
interface separating Y and Yy. We assume that |Y,| > 0 and |Yy| > 0. Given k € Z", we
define

YE={yeR":y—keVY}.
Similarly, we define
r'Y=r’'+k Y=Y +k (i=s1).

As for the domain Q, we assume, for simplicity, that its dimensionless replica Q' is the
unit cube of IR”,

Q' ={xeR":0<x; <1},
and 0 = 1/N, N — oc.
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We define

OY ={y=(1.... ) : 0 < y; <3},
and similarly, we define 6Y;, §Yy, 6k, 5Yf", and 6T '%. Let us write

K'={keZ":0YfnQ' #@}, Ir°=an||]or*
keK?

Finally, we set

Q=a'n| |Jovk], @°=0a"\Qp"
kekK?

We introduce the notation

Slé(x/) — 8/ <)g> , qéé(xl) — q; (>;/> )

Let u’® € H}(Q') be a solution of the problem
/ S1Ma e (X)W -V — d4nd™  ayg' @ dx' = 4n(d;1s, 42 @), (4.2)

Vo € H}(Q'), where
(0047 @) = / 45 ()} ds.
r

We are interested in the asymptotic behaviour of the solution u” of (4.2), as 6 — 0. In
what follows, we omit the prime index.

5 Reformulation of the multi-dimensional problem

In order to study the asymptotic behaviour of the solution u’ of (4.2), as & — 0, we

reformulate the surface integral term [ q2(x)p(x) ds.
Iro
First, we assume that ¢, is a given function defined on 0Y, N 0Y; such that

45 € L*(QY, N 3Yy).

We extend ¢, by periodicity to Uiz (a YFn an") where dY denotes the boundary of

YX, i=s,f. Then, we write

42(x) = g, (g) xer?.
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S

a b c

FiGure 1. Cell solid domain: a - ball, b - Sy domain with » = 0.5, ¢ - Sy domain (only sphere
centres).

We also introduce the notation

~ . (
Jo = / |qa(Y)‘ dSy, i (y) = q(}y)a
aY,mEﬁYf 7
Y, Y
Se = 0¥y N GYf\_l / ir(y)dsy,, 1= |65|;|6f|’
S

oY;No Yf

and 7 is the surface tortuosity coefficient.

Condition S. We assume that Y, satisfies the following restriction. There is a periodic
function v(y) defined in the domain Yy such that it solves the boundary-value problem

Ay =15, in Y, /vdy =0,
¥, (5.1)

Vv-n=i, on0Yj,

where n denotes the unit outward normal vector to 0Y;.

Let us give some examples of the solid domain obeying condition S. Clearly, problem
(5.1) has a unique solution v € H'(Y;) when the solid domain satisfies the following
Si-condition:

Y, CY.

An example is given in Figure 1(a). Next we consider the solid domain as in Figure 1(b).
Here, Y, consists of eight components related to cell vertices and all the components are
identical up to rotation; each component can be represented as an intersection BNY,
where B is a domain centred at the vertex and which has n planes of symmetry y; = const.
We call such a domain the Sg-domain. The most simple case is that B is a ball of a
radius r such that 0 <r <rp, rp, = v/2/2. Observe that the pore space loses connectivity
ifr=r, [22].

To prove solvability of the boundary value problem (5.1) in the case Ss, one can argue
as shown in Figure 2. The solid domain consists of the domains 1-4. (For simplicity
of presentation, these domains do not intersect with each other). First, we solve the
problem for the domain B that consists of the domains 1, 2/, 3/, and 4’. Then, we define
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FiGURE 2. The solid domain Y of type S» with symmetrical vortex components.

v(¥)|k = v(¥)|rr, k + 1. In the case S, the porosity can be calculated by the formula ( [20])

w0=1- 55 G056 TG

The Ss-solid domain retains essential features of many granular porous systems: (1) the
pore spaces and grains form interconnecting channels, (2) the grains are of comparable
size, and (3) the grains are joined at contacts that extend over a finite area.

To permit higher tortuosity, one can consider the So- domain which is the Sg- domain
with one more solid ball in the centre of the cube (Figure 1(c)). The balls are of the same
radius r, 0 < r < rp, 1, = 3/4/32. Observe that the fluid component becomes isolated
provided r = r,. When r = v/3/4 the centre sphere touches the vertex spheres.

In what follows, we set v = 0 in Y; and then extend this new function periodically on
RR". In what follows, we keep the same notation v for the extended function.

Lemma 1 Let the solid domain Y satisfy condition S. Then, for any ¢ € H}(R), we have

TSy

(0rs.q0 @) =T, / 1(y) (7<p + V- Vyv(y))
Q

ol (5.2)

Proof Defining v°(x) = v(x/d), we have, for any multi-index j,

1 TSy
Avé(x)‘gjk = ?Ayu(y)‘}:x/(; = Frk

where we have set Q5 =Y.
First, we consider the case S;. Given ¢ € H} () we have

/fsa(p dx = 6* / eV dx = &2 /div (pV1°) — Vo - Vv° dx
a

oM Q5
=52 / qo(Vvé -n) dsx—éz/V(/er‘sdx
0 %,
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Yoo 1
7 8 9
/

0 1 2 3

FIGURE 3. An example of periodical structure satisfying Condition S in R?. The solid phase is
inside the circles.

=5 [ 0 () V) |,_yysdsi =3 [ To- Tyoly] g

00 %
=5 / Plg ds; — 0 /pr Vo), 5 dx.
003, Q)

By summing over k we arrive at (5.2).
Let us consider the case Sg. Arguing like in the case S;, we write

/rs(,q) dx = &2 / eAv® dx = 52/div (q)V05) — Vo - Vo°dx

Q4 (o) (o]
e / o (Vo® ) clsx—52/V</"VU5">C+‘52 / ¢ (V0© - n) dsy.
0Q3,M0QY, @, 202 Moy
We claim that
> @ (Vv° -n) ds, =0. (53)
k N

To give an idea of the proof, we consider Figure 3 which illustrates the case R? and
0 = 1/3. In this case, the total number of dcells is equal to 9 and the cells are numbered
as shown in Figure 3. Let y;; stand for the boundary between the cell i and the cell j, with
n pointing from the cell i to the cell j. Let y}; be the solid part of y;;. Since ¢ € HL(Q), we
have

/ @ (Vo° - n) ds, + / @ (V0° - n) ds,
0Q2,NOYY 0Q2N0Y;

:/¢Wﬂ©%+(/¢wﬁ®m

12U 7317335

Jotwenins | oo

) S "MS 10y S
Y14 723735
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Here, we used the fact that f f Now it is clear that the claim (5.3) is true and
(5.2) follows. The case Sy can be treated similarly. O

By Lemma 1, problem (4.2) becomes

/ 5]_"“6'1185(>C)Vu‘S -V — 4715'”2_]('12(1@ dx
Q

~ TSy
= 4nJ, / L0) (S0 +Ve-vaw)| v veeH@). (54)
Q y=x/0

We assume that ¢ € L*(Q). Then, problem (5.4) has a unique solution u’ € H{(Q).
Depending on m; and m,, we study different cases.

6 Both the bulk charge and the surface charge are strong

Let us consider the case when
Iy ~1 and [, ~ —=, ie. m =2 and my=0.

Under such assumptions problem (5.4) becomes

/ a165(x)Vul - Vo — 4narqe dx
Q

= 4Tl',.70—/ 15(y) (‘ESJ(,D + oV - Vyv(y)) ’ i dx, Vo€ HLQ). (6.1)
Q y=x

Problem (6.1) has a unique solution satisfying the estimate
/ |u5|2 + |Vu5|2dx <ec,
Q

uniformly in §. Clearly there is a subsequence, still denoted by u’, and there are functions

u(x) € Hy(Q) and u'(x,y) € L*(Q; H),.(Y)) such that

u’ = u,  Viu'(x) d Vu(x)-l—Vyul(x,y).
Taking in (6.1)
X
o(x) = ¢°(x)+ 30" (x.5). 9" €D@). o' € D(Q:C(Y)).

and passing to the limit, as 6 — 0, we obtain

//als(y) (Vu+Vyu') - (Vo + V,0') — dnarge® = 4nja//rsals(y)(p0 dxdy. (6.2)
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Choosing ¢° =0, ¢!(x,y) = p(x)0(y), p € D(R), and 0 € CZ(Y), we obtain

per

/8()’) (Vu+V,u')-Vv,0dy =0, ae. in Q.
Y

We look for u! in the form

W) = W) (), wE e HLL (Y ), (63)
axk p
and find that the function w*(y) (k = 1,...,n) solves the micro-equation
0 owk
— 0; =0 inY. 6.4
o (o (8 5)) =0 in (64)

Clearly, problem (6.4) has a unique solution wk € H! (Y) satisfying the condition

per
[y wkdy =0.
Taking @' = 0 in (6.2) we find that

//als(y) (Vu(x) + Vyul) -V — dnarqe® — 4nd, s, 14(y)° dxdy = 0.
QY

Next, using (6.3), we obtain that the function u solves the macro-equation

_0 als?.a—” —4nayq = dnd,tse(1 — P),  in Q, ulog =0, (6.5)
0x; T 0x;
where
" owk
¢= [ 1;(»)dy, &= [ ey)| 0w+ o dy, (6.6)
Y Y

with ¢ being the porosity.
Let u be a boundary layer function of first order defined as a solution to the Dirichlet
problem

div (e5(x)Vid) =0 in Q, ul(x) = —u' (x, g) on 9. (6.7)

We have the following result.

Theorem 2 Let u® and u be the unique solutions of problem (6.1) and problem (6.5), (6.6),
respectively. Then u® converges to u in H'(Q) weakly. Moreover, if u € W>>(Q), we have

Hué(x) — ulx) — oul (x, g) _ 5ug(x)HH](Q) < ¢f, (6.8)

where u'(x,y) is defined by (6.3), (6.4), ug(x) is defined by (6.7), and c is a constant inde-
pendent of 0.

https://doi.org/10.1017/50956792516000255 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792516000255

278 Y. Amirat and V. V. Shelukhin

Proof The weak convergence of u’ towards u results from the notion of two-scale
convergence. Let us prove (6.12). Given the functions u(x) and u'(x,y), we define the
function u?(x, y) as a solution to the problem

—divy (are(y) (Vsu+ Vyu')) — divy (a1e(y) (Viu' + Vyu?)) = dnaog + 4n,ts,14(p),
(6.9)
assuming that u?(x,y) is Y-periodic with respect to y and satisfies the condition
[y u*(x,y)dy =0.
Arguing like in Bensoussan et al. [4] and Moskow and Vogelius [15], one can verify

that
2 kj ou T 00
u(x,y) = w(y) z——=—(x) — 4nJow(y),
0x,0x;
where wh/ ¢ HI}W(Y) is a periodic solution to the problem
. kj owk 0 K
~div, (20) V1) =) (0 + 2 | + 2= (0 )
Vi Vi

owk .
_ / S(y) <5kj + TW ) dy, / wk/ dy =0,
Y Yj Y

and w%(y) € H),.(Y) is a periodic solution to the problem

~div, (o) V) = el = )= L [ widy =o.

We introduce the function

X

U (x) = u (x, 5

) + 5ug(x),

where
u(x,y) = u(x) + 5u1(x,y) + 52u2(x, y), x€Q,yeY.

Taking into account the definition of the functions u'(x,y) and u?(x,y), we easily verify
that

—div (ares(x) Vu?) =r°,
with
r(x) = 4ndpq + 4nd,ts, 10 — & (divy {@e(y) [Viu' (x, ) + Vit (x, )] }) ‘ N
y=s

— 5 {div, [are(y) Va(x,y)] } ‘yii — 5% {divy [a1e(y) V.(x, )] } ‘y:g
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We deduce that

—div [@re5(x)V(u + du' + u)| = 4ndrg(x) + 4nJ,ts,19(x)
— & {divy [@e(y) V' (x, )] } ]y

_x

+ odiv (alsé(x)vyzf‘ )
=3

— o {divy (a16()V,u?) } ‘ . (6.10)

p=2X

J

Given a function ¢ € H}(Q), we obtain from (6.10) that
/ ares(x)V(u + ou' +0ud) - Vo dx = / (4ndrq + 4nJ,7s,12) @ dx
Q Q

— (3/ o [divy (are(y)Viu')] ‘ dx
Q

=X
0

— 5/ Vo (a16(y)V,u?) ‘ dx
Q Y=3s
~ 5/ o [div. (@e() V)] | dx.
Q y=3%
Setting v° = u® — (u+ Su' + 5u?), we have that v° € H}(Q) and

/ a1e5(x)Vo® - Vo dx = / 34 19V - Vyv(y)|y:% dx
Q Q

+5/ ¢ [divy (a1e(n) V)] |,_ dx

Q

+5/ Vo (013()’)Vy”2) |}:g dx

+o / o [div, (@) V,10)] |,_ dx. 6.11)
Q

In what follows we denote by ¢ a generic constant that does not depend on ¢. Using
the Poincaré inequality ||¢|2 < ¢||[Vo|l2, ¢ € H{(R), and the regularity of u' and u?, we
deduce from (6.11) that

1
3
/85()C)Vv‘3 -Vodx <cd (/ |V(p2dx> .
Q Q

Hence, the inequality (6.8) follows. O
Corollary 1 Let the assumptions be as in Theorem 2. We have

< Vo, (6.12)

HHI(Q) h

Hué(x) — u(x) — ou' (x, g)

where ¢ is a constant independent of §.
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Proof The estimate in H'(Q) of the boundary layer ”1;’ defined by (6.7), is a classical
result, see refs. [11] and [18] for instance. It is proven that ||ub||H1 < ¢/V/9. The latter
estimate, together with (6.8), gives estimate (6.12). O

Remark 3 As far as the electric field is concerned, it follows from Corollary 1 that

< Vo,

HE‘S(X) +V (M(x) + ou' (x, f))‘ 12(Q)

0

where ¢ denotes a constant independent of 6. Thus, to find an approximate electric field, it
suffices to solve the micro-problems (6.4) and equation (6.5) with constant coefficients.

Remark 4 Since |ju' (x, 3)”1}(9 < ¢, and HuﬁHLz(Q < ¢, see refs. [11] and [18] for
instance, we deduce from (6.8) the following estimate

[Ju? — “HLZ(Q) < o,

where ¢ denotes a constant independent of 9.

7 The surface charge with different strength

In what follows, we do not consider all the possible values of the powers m; and m,
paying attention only to the most interesting cases. First, we assume that the surface
charge is weak in the sense that

l
ga

Under such assumptions problem (5.4) becomes

I, ~8l and [, ~ ie. m=3 and mp = —1.

/ 165 (x)Vu' - Vo — dnarqe dx
Q

= 0%4nJ, /Q 1,(y) (809 + 0V - V,0(y)) ‘H/é dx, Vo € Hy(Q).

By the above arguments, we find that the weak limit u of u° satisfies the macro-equation

0 Ou .
_ax< f’]a )—4na2q=0 in Q, ulog =0,

where the constant matrix e, ; 1s defined by (6.4) and (6. 6)

Next, we consider the case when the surface charge is weak but the surface tortuosity
coefficient is great:

Iy ~ol, I,~—=, T~~=, ie. mp=3 m=-1, 1=

| Al

Clearly, the weak limit u of u® satisfies the macro-equation

— o alefi ou —4ndyq = 4nJ,Ts,(1 — )  in Q, ulsq =0,
ox; 1 0x;
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Now, we consider the case when the bulk charge is weak and the surface charge is
strong in the following sense:

l

~s and luwi ie. m =2 and mp = 1.

lO‘ 527

Then, the macro-equation becomes

0 » Ou ~ .
—— |ah=—=1)= 1— Q =0.
o, (alsu axj) 41J ;754 ( ¢) InQ, ulpg=0

8 Neutral dielectric composites

Let us consider a composite material with a periodic structure under the assumption that
both the interfacial charge density and the bulk charge density are periodic functions and
the total electric charge of the periodicity cell is equal to zero. In dimensional variables,
it implies that

X

5L>, C]OGLz(Y)s

4=4"(x) = qo (
and
/ q° (x)dx + / @ (x)ds, =0, VkeK°.
SY* srk
In dimensionless variables, this condition becomes

A
Jawar+2 [ aoas, o
r

Y

or equivalently,

Jo7sq| Y|
/qO(Y)dy + g, 0,
Y

where t = 70", m3 = 0. Let us pass to the limit, as 6 — 0, in equation (5.4) which is
equivalent to

/ 52—;111+in3‘—1185(x)vu5 A VQD _ 4n5'”2+'”3('12q6q)dx
Q

= 47‘(.70/ L(y) (Es00 + 6™V - V() ‘ p dx, VYo € HY(Q). (8.1)
Q y=x

Equation (8.1) holds for arbitrary 6 provided m, + m3 = 0. Assuming that m; +my = 2
and acting like in the case of equation (6.5), we derive that u® converges weakly in H'(Q)
to u and

o (_ , 0u .
aixi <a18ijaxj> =0 m Q, u|a_Q =0.

Hence, u = 0 and the neutral composite does not have the electret effect.
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9 Conclusions

The above analysis shows that the macro-equation strongly depends on the surface charge
value ¢,. Such a charge manifests itself through an additional constant bulk charge. As
for the homogenized anisotropic dielectric permittivity matrix, it does not depend on the
surface charge and its value is defined by the geometry of the solid-fluid interface. By the
corrector technique, an algorithm is proposed for construction of an effective electric field;
such an algorithm is based on solving cell micro-equations and a macro-equation with
constant coefficients. One more conclusion is that the neutral composites do not have the
electrets property.
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Appendix A

Let us discuss the meaning of the length [, = @g/q,. To this end, we consider an electric
field in a homogeneous dielectric medium around a charged sphere of dimensional radius
L with a given constant surface charge density. In dimensionless variables, the potential
depends on the radial variable only and solves the boundary-value problem

Ou L,
>1: Au= —a1e— =4 ——
r u=20, alfar . Tds, A1 I
One can verify that the dimensionless electric field E(r) = —0u/0r is given by the formula
1 4nq,
E=—" .
r2 el /L

Thus, I, is a distance of attenuation of the electric field in the sense that

4ng, [1,\ "
E|r=ll,/L = e ’ Z .

As for the length [;, it works only in the presence of the bulk charge q. As above, we
consider an electric field in a homogeneous dielectric medium around a charged sphere
but in the presence of a bulk charge which decreases according to the law g = qo/r>. In
this case, the electric field is given by the formula

_ 4nqo 1 (r - 1) 1 4ng,

E= e\ = ) Te gL

Clearly, I, characterizes the rate of attenuation of the electric field associated with the
bulk charge distribution.
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