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Existence of hypercylinder expanders of the
inverse mean curvature flow

Kin Ming Hui

Abstract. We will give a new proof of the existence of hypercylinder expander of the inverse mean
curvature flow which is a radially symmetric homothetic soliton of the inverse mean curvature flow
inR” xR, n > 2, of the form (r, y(r)) or (r(y), y), where r = |x|, x € R", is the radially symmetric
coordinate and y € R. More precisely, for any A > 11 and y > 0, we will give a new proof of the

p
" ey
existence of a unique even solution r(y) of the equation -9 = Lr0)_ in R which

n—1
()2 T r() Ay ()
satisfies 7(0) = p, r'(0) = 0and r(y) > yr’(y) > 0 for any y € R. We will prove thatlim,_, o (y) =
oo and ay := limy_.eo 1’ () exists with 0 < a; < co. We will also give a new proof of the existence of a

constant y; > 0 such that 7"/ () = 0,7 (y) > 0forany 0 < y < y1,and r’’(y) < 0 for any y > y1.

1 Introduction

Consider a family of immersions F : M" x [0, T) - R"*! of n-dimensional hypersur-
faces in R™*!. We say that M, = F,(M"), F,(x) = F(x, t), moves by the inverse mean
curvature flow if

jF(x,t) S VxeM",0<t<T,
ot H
where H(x,t) >0 and v are the mean curvature and unit interior normal of the
surface F; at the point F(x, t). Recently, there are a lot of study on the inverse mean
curvature flow by Daskalopoulos, Gerhardt, Hui [H], Huisken, Ilmanen, Smoczyk,
Urbas, and others [DH, G, HI1, HI2, HI3, S, U]. Although there are a lot of study on
the inverse mean curvature flow on the compact case, there are not many results for
the noncompact case.

Recall that by [DLW] a n-dimensional submanifold ¥ of R"*! with immersion X :
¥ — R™! and nonvanishing mean curvature H is called a homothetic soliton for the
inverse mean curvature flow if there exists a constant A # 0 such that

(L1) _I:I((};))) =AX(p)* VpeZ,

where X(p)* is the component of X(p) that is normal to the tangent space
Tx(p)(X(2)) at X(p). As proved by Drugan, Lee, and Wheeler in [DLW], (L1) is
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equivalent to
1 1
(1.2) —<Hv,X>:X R —<AgX,X>:X VXeX,

where g is the induced metric of the immersion X : £ — R"*!. If the homothetic
soliton of the inverse mean curvature flow is a radially symmetric solution in R” x
R, n 22, of the form (r, y(r)) or (r(y),y), where r =|x|, x e R", is the radially
symmetric coordinate, y € R, then by (1.2) a direct computation r(y) satisfies the

equation
' (y) n-1 1+7(y)?
(1.3) = - , r(y)>0,
Ler'(y)? r(y) A () =y (9)
or equivalently, y(r) satisfies the equation
n-1 2 (1+y7)°
rr+7'(1+ r) r————— =0,
Ty T My - )

where r'(y) = j—;, r(y) = j—;g and y,(r) = %, Vrr(r) = %, and so on. In the paper
[DLW], Drugan, Lee, and Wheeler stated the existence and asymptotic behavior of
hypercylinder expanders which are homothetic soliton for the inverse mean curvature
flow with A > 1/n. However, there is no proof of the existence result in that paper
except for the case A = ﬁ and the proof of the asymptotic behavior of hypercylinder
expanders there are very sketchy. In this paper, I will give a new proof of the
existence of hypercylinder expanders for the inverse mean curvature flow with A >
—L-. We will also give a new proof of the asymptotic behavior of these hypercylinder
expanders.
More precisely, I will prove the following main results.

Theorem 1.1 For any n>2, A > =, and u > 0, there exists a unique even solution
r(y) € C*(R) of the equation

() -1 1+r(y) )
(1.4) 1+ r(02  r(y) () -y (y) (7)>0, VyeR,

r(0)=u, r'(0)=0,

which satisfies

(1.5) r(y)>yr'(y) VyeR
and

meey (1 1YL
(1.6) r"'(0) = (n 1 A) "
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Theorem 1.2 (cf. Theorem 20 of [DLW])  Letn >2,A > —=, u > 0,andr(y) € C*(R)
be the unique solution of (1.4). Then,

(1.7) (y)>0 Vy>o0,
(1.8) ay = lim r'(y) existsand 0 < a; < oo,
y—ﬂx}
and
(1.9) lim r(y) = oo.
y—>+oo

Moreover, there exists a constant y; > 0 such that

"(y)>0 VO<y<y,
(1.10) "(y) <0 Vy>y,
() =0.

Because (1.4) is invariant under reflection y — —y, by uniqueness of solution of
ODE, the solution of (1.4) is an even function, and Theorem 1.1 is equivalent to the
following theorem.

Theorem 1.3 Foranyn >2, A > ﬁ, and p > 0, there exists a unique solution r(y) €
C*([0, 00)) of the equation

r" n-1 1+1"2

= - , 0, Vy>0,
(111) w2 1 AMr—yr) r(y) > y>

r(0)=p, 1'(0)=0,

which satisfies

(1.12) r(y)>yr'(y) Vy>0

and (1.6).

2 Existence and asymptotic behavior of solution

In this section, we will prove Theorems 1.2 and 1.3. We first start with two lemmas
which follow by standard ODE theory and Picard’s theorem.

Lemma 2.1 Foranyn >2, A #0, and py > 0, there exists a constant y, > 0 such that
the equation

r' n-1 1+1"2

= _ , 0. inlo,
(2.1) 1+ 12 r AM(r—yr') r(y) > in [0, yo)

r(0)=u, 7'(0)=0

https://doi.org/10.4153/50008439521000485 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439521000485

546 K. Ming Hui

has a unique solution r(y) € C*([0, yo)) which satisfies

(2.2) r(y)>yr'(y)  in [0, y0).
Moreover, (1.6) holds.

Lemma 2.2 Foranyn>2,A+0,u>0,M; >0,8 >0, ry,r €R, satisfying

60 érole, |1’1|§M1, 1’0—)/17'128(),
there exists a constant 8, € (0, yo/2) depending on A, 8o, yo, and My such that, for any
¥0/2 < y1 < yo, the equation

r’ n-1 1+

= B 4 0’ i > 6
(2.3) 1+712 r A(T’ _ yr/) r(y) > m [}/1 N+ 1)

r(y) =ro, f’()’l) =n

has a unique solution r(y) € C*([y1, y1 + 81)) which satisfies
(2.4) r(y)>yr'(y) inlyLy+6).

Lemma23 Letn>2,0<)A# - u>0,andy,>0. Supposer(y) e C*([0,y0)) is
the solution of (2.1) which satisfies (2.2). Then, the following holds.

i Ifr> ﬁ, then
(y)>0 V0<y<y,.
(i) If0< A< -, then

r(y) <0 Y0 < y < yo.

Proof By Lemma 2.1, (1.6) holds. We divide the proof into two cases:

Casel: A > ﬁ

By (1.6), 7/ (0) > 0. Hence, there exists a constant § > 0 such that ’(s) > 0 for any
0<s<d.Let(0,a1),d < a; < yo, be the maximal interval such that

r(s)>0 V0<s<a,.

Suppose a; < ¥o. Then, r'(a;) = 0 and hence r”/(a;) < 0. On the other hand, by (2.1),

1 1
"' (a :(n—l—f) >0,
() A r(ay)
and contradiction arises. Hence, a; = y, and (i) follows.
Case2:0< A< -1
By (1.6), 7"(0) < 0. Hence, there exists a constant § > 0 such that ’(s) < 0 for any
0<s<d. Let (0,a1), 6 < a; < o, be the maximal interval such that

r'(s)<0 VO0<s<a.
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Suppose a; < yo. Then, r'(a;) = 0 and hence r"/(a;) > 0. On the other hand, by (2.1),

e :( - l) r(il)

and contradiction arises. Hence, a; = y, and (ii) follows. [ |

Remark 2.4  Note that if 7(y) is the local solution of (2.1) in (0, yo), it is possible

that
lim (r(y) - yr'(y)) =
)
or
lim r'(y) = o0
y=¥o
or
lim r(y) = oo,
=¥

so that the local solution r(y) of (2.1) cannot be continued beyond y, by standard
ODE technique. Hence, in order to proof the global existence of solution of (1.11), we
need the following two lemmas which show that this cannot happen.

Lemma 2.5 Letn>2,1> -, >0, and yo>0.Supposer(y) € C*([0, yo)) is the
solution of (2.1) which satisfies (2.2). Then, there exist a constant §; > 0 such that

(2.5) r(y)—yr'(y) 28 VO<y<y,.

Proof Let w(y) =r(y) - yr'(y), a=mingeyc,nw(y), a2 = ﬁ, and a3 =
%min(al, ay). Then, a; > 0 and a3 > 0. By Lemma 2.3,

(2.6) r(y)>p YO0<y<yp.

Suppose there exists y; € (y0/2, ¥o) such that w(y;) < as. Let (a, b) be the maximal
interval containing y; such that w(y) < as forany y € (a,b). Then, a > yo/2, w(a) =
as, and

#
2A(n-1)

By (2.1), (2.6), (2.7), and a direct computation,

(2.7) w(y) < Va<y<b.

W) s/ (- 25 oy <y
IRV 1 1 n-1
2070 (g (st~ ")) Yo v
Yo
_4AW(}})>0 Va<y<b.
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Hence,
w(y)>w(a)=a; Va<y<b,

and contradiction arises. Hence, no such y, exists, and w(y) > a; for any y € (0, yo).
Thus, (2.5) holds with &; = as. [

Lemma2.6 Letn>2,A> -, u>0,and yo > 0. Suppose r(y) € C*([0, yo)) is the
solution of (2.1) which satisfies (2.2). Then, there exists a constant M, > 0 such that

(2.8) 0<r'(y)<M; YO<y<y,
and
(2.9) p<r(y)<pu+My, YO<y<y,.

Proof By (2.1),(2.2), and Lemma 2.3,

n-1
2.10 < < VO <y < yo.
(210) 1+712 r Y y<ro

Integrating (2.10) over (0, yo ),

(2.11) tan”™' (' (y)) < (n—ﬂl)yo

V0 <y < yp.

By Lemma 2.3 and (2.11), (2.8) holds with

M, = tan((n_l)yo).
#

By (2.8), we get (2.9), and the lemma follows. [

Lemma2.7 Letn>2A>-L, u>0,and yo > 0. Suppose r(y) € C*([0, yo)) is the
solution of (2.1) which satisfies (2.2). Then, either

(2.12) "'(y)>0 VYO<y<yp,

or there exists a constant y; € (0, yo) such that r" (y) = 0 and

{r”(y) >0 YO<y<y,

(213) ,
r'(y) <0 Vy <y<yo.

Proof = We will use a modification of the proof of Lemma 15 of [DLW] to prove this
lemma. By (1.6), #"(0) > 0. Hence, there exists a constant § > 0 such that (s) > 0
forany 0 <'s < 8. Let (0, 1), 8 < y1 < yo, be the maximal interval such that

r'(s)>0 VO<s<y.
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If y1 = ¥y, then (2.12) holds. If y; < v, then r”(y;) = 0. By Lemma 2.3 and (2.1),

() 2" () n—lr,( ) - 2r' ()" ()
L+r'(y)> (1+r'(p)*)?* r(y)? A(r(y) = yr'(»))

D)
21 XG) () ST
D NPRINTD
e g <

Hence, there exists a constant 0 < 8’ < yo — y; such that /(y) <0 for any y; < y <
y1+ 0'. Let (31, z9) be the maximal interval such that

r'(s) <0 Vy <s<z.

If zg < yo, then r"'(zp) = 0 and #"(z¢) > 0. On the other hand, by Lemma 2.3 and

(2.14),
I !
I \=) (20) :—(n—l)r(zo) <0,
1+7'(z9)? r(z0)?
and contradiction arises. Hence, zy = yo and (2.13) follows. [ |

We are now ready to prove Theorem 1.3.

2.1 Proof of Theorem 1.3

By Lemma 2.1, there exists a constant yq > 0 such that (2.1) has a unique solution
r(y) € C*([0, y;)) which satisfies (1.6) and (2.2) in (0, y;). Let (0, o) be the maximal
interval of existence of solution r(y) € C*([0, yo)) of (2.1) which satisfies (2.2) and
(1.6). Suppose yo < oo. By Lemmas 2.2, 2.5, and 2.6, there exists a constant &; € (0, yq)
such that, for any y,/2 < y; < yq, there exists a unique solution r;(y) € C*([y1, y1 +
1)) of (2.3) which satisfies (2.4) with g = 7(y;) and r; = r'(31). Let y; € (yo - %, yo),
and let r1(y) € C2([y1, y1 + &1)) be the unique solution of (2.3) given by Lemma 2.2
which satisfies (2.4) with ry = r(y;) and r; = /(7). We then extend r( y) to a solution
of (1.11) in (0, y; + &) by setting r(y) = r;(y) for any yo < y < y; + 8;. Because y; +
81 > ¥y, this contradicts the maximality of the interval (0, yo). Hence, yo = o0, and
there exists a unique solution r(y) € C?([0, o)) of the equation (1.11) which satisfies
(1.12) and (1.6) and the theorem follows. O

2.2 Proof of Theorem 1.2

We will give a simple proof different from the sketchy proof of this result in [DLW]
here. By (i) of Lemma 2.3, (1.7) holds. By Lemma 2.7, either

(2.15) "'(y)>0 Vy>o0,
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or there exists y; > 0 such that (1.10) holds. Suppose (2.15) holds. Then,
(2.16) ay:= lim r'(y) exists,
y—)OO
and a; > 0. We now divide the proof into two cases.

Case 1: a; = oo.
Then, there exists y, > 0 such that

(2.17) () >\2(n-1)A Vy>y,.

By (1.11) and (2.17),

1/ / 2
) v T (G)” Vy>0
L+r'(y)* " r(y) A
1 1+2(n-1)A
< (n-1- 22" ) 0o v ,
_r(y)(n A )< ren

which contradicts (2.15). Hence, a; # oo.
Case 2: gy < oo.
By (1.12),

(2.18) 0< 270 Yy > 0.
r(y)

Now, by (2.16) and the 'Hosiptal rule,

)
y

! 1. — 00 !
=limr'(y)=a; = lim yr(y): .1my () =1
yoo y=oeo r(y)  limyoer(y)/y
By (1.11), (2.16), (2.18), (2.19), and the I'Hosiptal rule,

(219)  lim

y—oo

lim TG T ()

= ltai oy 1+r(y)?
) 1+ a? 1
=N — — .
; ()
botimy (1 2755)
=—0Q,

which contradicts (2.15). Hence, a; < oo does not hold. Thus, by Cases 1 and 2, (2.15)
cannot hold. Hence, there exists y; > 0 such that (1.10) holds.
By (1.10) and Lemma 2.3, (1.8) holds. By (1.7),

a = ylingo r(y) € (u, 0] exists.
Because by (1.10) (r(y) — yr'(y))' = —yr”(y) > 0 for any y > y,,
(220)  ay:= lim (r(y) = yr' () € (r(n) = yar' (), 00] - exists.
Suppose

(2.21) az € (u, o).
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Then,
(2.22) a; =0.
By (1.8), (2.20), and (2.21),
ay = ylLl‘roloyr'(y) =ay—az€e[0,a,—r(y) +mr'(y)) exists.
Suppose ay > 0. Then, there exists y, > y; such that
yr'(y) 2a4/2 Yy 2y

= () 2r(y)+ % log(y/y2) Vy=zy

= a, =00,
which contradicts (2.21). Hence,
(2.23) as =0.

Letting y — oo in (L11), by (2.22) and (2.23),
1\ 1
lim " (y)=(n-1-=]=>0,
Jlim r(y) (n A) o
which contradicts (1.10). Hence, (2.21) does not hold and a, = oo. Thus, (1.9) holds
and the theorem follows.
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