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FORWARD SENSITIVITY ANALYSIS FOR
CONTRACTING STOCHASTIC SYSTEMS
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Abstract

In this paper we investigate gradient estimation for a class of contracting stochastic
systems on a continuous state space. We find conditions on the one-step transitions,
namely differentiability and contraction in a Wasserstein distance, that guarantee
differentiability of stationary costs. Then we show how to estimate the derivatives,
deriving an estimator that can be seen as a generalization of the forward sensitivity analysis
method used in deterministic systems. We apply the results to examples, including a
neural network model.
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1. Introduction

Stationary gradient estimation starts with a Markov kernel P that depends on a parameter 6.
Given a cost function e defined on the states of the Markov chain, and assuming ergodicity of
the process, the problem is to estimate the derivative of the average cost, at stationarity, with
respect to the parameter 6. That is, setting 77y to the stationary measure of Py, the problem is
to estimate 3

20 i e(x)dmg(x).
In this paper we investigate an approach to this problem based on forward sensitivity analysis,
an algorithm used for estimating sensitivities in deterministic systems. We review this now to
show the main idea.

Consider a continuous state space X C R"X and a parameter space ® C R"®, Let f: X x
® — X be such that f(-, 0) is a contraction mapping on X for all values of 6. Then f has a
unique fixed point x*(#) for each 6 € ®. With further conditions on the differentiability of f,
it holds that x* is differentiable in ®. The problem is to estimate

o)) (L1)

Let M = L(R"®, R"X), the space of linear maps from R"® to R"X. Define the map T: X x
Mx0® — X x Mby

af of
T((x,m),0) = (f(x, 0), 2~ (x, O)m + =5 (x, 9)).

Received 31 October 2016; revision received 15 November 2017.
* Current address: Computational Science Initiative, Brookhaven National Laboratory, P.O. Box 5000,
Upton, NY 11973, USA. Email address: tflynn@bnl.gov

102

https://doi.org/10.1017/apr.2018.6 Published online by Cambridge University Press


http://www.appliedprobability.org
mailto:tflynn@bnl.gov?subject=Adv. Appl. Prob.%20paper%2016444
https://doi.org/10.1017/apr.2018.6

Forward sensitivity analysis 103

Using assumptions on the derivatives and contraction properties of f, one can show that 7'(-, 6)
is also a contraction, for a suitable metric on X x M. Denoting by (x*, m*) the fixed point of T
at 6, it can be proven that the derivative of the fixed-point cost is

d 0
S5 leox)O) = i(x*)m*.
Based on this, to approximately compute (1.1) we can iterate T to obtain a pair (x, m) near
(x*, m*), and then prepare the gradient estimate by computing (de/dx)(x)m. For more
background on forward sensitivity analysis, we refer the reader to [6, Chapter 15].
In this paper we consider the method in the probabilistic setting. Let Py take the form

(Poe)(x) =/;e(f(x,§,9))dv(€)

for a probability space (E, X, v) and a function f: X x E x ® — X. We find that if certain
contraction and differentiability conditions are satisfied, then

9 3
2 e(x)dng(x):/ i(x)mdyg(x,m), (1.2)

9 Jx XxM

where yy is the stationary measure on X x M of the recursion

Xn+1 = O, Entyr, 0), Mp4+1 = %(-xnvén‘l'l? O)my + %(xn,5n+l, 9), (1.3)
where the &, form an independent and identically distributed sequence of v-distributed random
variables. There are several challenges associated with this. The first is to extend the contraction
framework to include probabilistically interesting systems. The contraction framework should
enable us to show convergence of the forward sensitivity process (1.3) as well as the underlying
process. The second challenge is to show correctness of the procedure.

A simple case of our main result can be stated as follows. In the statement of this theorem
and throughout the paper, a function is said to be C' if it is continuously differentiable, and the
function is C? if it is twice continuously differentiable. For a function / defined on a set X and
taking values in a normed space, [|/|lco = sup,cy 2 (x)]l.

Theorem 1.1. Let the function f and the probability space (E, X, v) be such that
() [z lIf(x, & 0)|>dv(€) < oo forall (x,6) € X x ©;
(i) (x,0) — f(x,&,0)isaC? function for each & € E;

(iii) for 0 < i+ j <2, the functions Lyi gi(x,0) = [5]|(0"F f/3x7367)(x, &, 0)|1> dv(§)
are continuous and bounded on X x ©, and, in particular, SUP(x.g) Lx(x,0) < 1.

Then the forward sensitivity process (1.3) converges weakly to a stationary measure vy, and
(1.2) holds for those e: X — R that are C? with ||9e/x |oo + [18%€/3x? |00 < 00.

The full version, stated below in Theorem 1.2, relaxes the assumptions. In the general
version the various bounds are assumed to hold with respect to a Finsler structure.
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1.1. Overview of the main results

First, the contraction framework is introduced. Second, criteria for differentiability of the
stationary costs are presented. The third component is a set of conditions on the function f
that allows us apply the abstract result on stationary differentiability, establish convergence of
the sensitivity process (x,, m;), and allow us to show that (1.2) holds. Finally, we consider an
application to neural networks.

1.1.1. Contraction framework. Given a matrix-valued function A(x) and a norm || - || on R"X,
we consider the following ergodicity condition:
af . 14 1/p
Sup(/ A(f(x, 8) 7= (x, §)A(x)~ dV(é)) <1 (1.4)
xex\Jg dx

The object inside the norm is the composition of the linear maps A(f (x, &)), (9f/9x)(x, &),
and A(x)~'. The norm in this inequality is that induced by | - || on the space of linear
maps L(R"¥, R"¥). Formally, the map (x, u) — ||A(x)u|l defines a Finsler structure on the
space X, which induces a metric d4 on X. This is extended to a metric on probability measures
using the Wasserstein distance dp 4. Condition (1.4) implies that the Markov kernel P is a
contraction mapping for this distance. This is developed in Section 2. In Section 2.1 we consider
interconnections of contracting systems, obtaining sufficient conditions for both feedback and
hierarchical combinations of contracting systems to again be contracting. This is useful to
analyze the forward sensitivity process, as it exhibits a hierarchical structure.

1.1.2. Stationary differentiability. In Section 3 we provide abstract conditions for stationary
differentiability, using a variant of the proof technique of [9]. The equation

d
[ =1Py +7‘[93—6P9 (1.5)

is shown to have a unique solution in the variable /, and this / is shown to evaluate the
stationary derivatives, meaning /(e) = (9/06) f x €(x) dmg(x). While similar formulas have
been recovered by other authors (see [9]-[13]), we rederive this using assumptions that are
relevant for the smooth systems we are interested in.

1.1.3. Gradient estimation. To study the forward sensitivity process, we define an appropriate
metric on the space X x M and prove a pointwise contraction inequality for the joint system
(1.3) in this distance. This is used together with a Lyapunov function for the joint system to
establish ergodicity of the sensitivity process. This is carried out in Section 5. We then establish
that the functional e +— fXXM(ae/ax)(x)m dyp (x, m) verifies (1.5). We conclude that (1.2)
holds for the class of cost functions.

Before formally stating the assumptions and main results, we introduce some notation and
conventions. For a function f: X — R", where X € R™, we denote by (df/dx)(xo) the
derivative of f with respect to x at the point xp, and for a vector u € R™, we denote by
(0f /9x)(x0)u the R"-valued result of applying this linear map to the vector u. The second
derivative of f with respect to x is 82 f /dx2, and (8% f /8x?)(x0)[u, v] refers to the R”-valued
result of applying this bilinear map to the arguments u, v. Given norms || - ||x and || - ||y
on the space R™ and R”, recall that the norm of a linear map E: R* — R™ is ||[E| =
supyyx=1 | Eully. Forabilinear map F defined on R" x R™ and taking values in a third space
with norm || - ||z, the norm is | F|| = SUP|yfly =[lv]ly =1 || Flu, v]||z. Given two linear maps E
and F, their direct sum is the linear map (E @ F)(u, v) = (Eu, Fv). Forreference, Appendix A
contains a summary of notations and definitions of spaces used throughout the paper.
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Assumption 1.1. The set X is a closed, convex subset of R"X, and R"X carries a norm || - || x.
The function A: X — L(R"™,R"™) is continuous, such that each A(x) is invertible, and
sup, ey [A(X) M x < .

We will require differentiability and integrability of f.

Assumption 1.2. For an open set ® C R"9, the function f: X x E x ® — X satisfies
() & — da(x, f(x,&,6))? is v-integrable for all (x,0) € X x ©O;
(i) (x,0) — f(x,&,0) is twice continuously differentiable (Cz)for each & € E.

We also require some bounds on P as a function of 6, formulated with the help of a function
B(x) taking values in the invertible ng x ne matrices.

Assumption 1.3. Assume that R"® has a norm | - ||l@. The function B: X — L(R"® K R"®)
takes values in the invertible linear maps, and x — || B(x)||@ is a ds-Lipschitz function.

For an example when Assumption 1.3 is satisfied, consider the following. Let g: X — Rxg
be a function that is Lipschitz continuous with respect to the underlying norm || - || x on X. Then
use A(x) = exp(g(x))I,y and B(x) = exp(g(x))I,, where I, is the n x n identity matrix.
Of course, the assumption always holds when B(x) = I,,.

The next assumptions relate to the contraction property of P and the differentiability prop-
erties of Pge. Before continuing, we define several norms derived from A and B. At each

x € X, the matrix A(x) defines a norm || - [|ox) on R"X by |lu[lax) = I|A(x)u] and B(x)
defines a norm on R"® by |[v]lpx) = [IB(x)v|. These extend to norms on the various
linear spaces. For example, if / € L(R"X,R) then ||/[|ax) = lIA(x)~'||. For a bilinear

map Q € L(R"X, R™x; R), we can write | Qllaw).ax) = IIQ(AX) ™! @ A(x)~)|. Further
extend this to functions from X into the linear spaces by taking supremums, for example, if
h: X — L(R" R) then ||k]lp = sup, |h(x)| ). For the case of a real-valued h: X — R,
let ||h]l4 = sup, |h(x)|/(1 + da(x, x0)), where xp is an arbitrary basepoint in X.

We introduce the space of cost functions &2

oh 32h
82:{h:X—>R|hisc2and||h||A+H— +—= <oo}.
0x | 4 0x AA
On &2 we put the norm
oh 8%h
hllg2 = |lh — —1 .
lAllg2 = |l ||A+Hax A+‘8x2 »

We consider bounds on the derivatives of f formulated using the following functions:

af 2 1/2
Lx(x,0) = </ﬁ A(f(%éﬂ))a(x»&9)A(X)_1 dV(%')) ,
N af 2 1/2
Le(x,0) = </ﬁ A(f(&fﬁ))@(%&9)3()6)_1 dV(ri?)) ,
82
Lx2(x,0) :f~ A(f(xwﬁ,@))%(%$,9)(A(x)_l &A™ | dv®),
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*f -1 -1
A(f(x, &, 9))@(% §,0)(B(x)"" ®B(x)")

0% f -1 1
Af(x,§,0)) 7 (x, 8, 0)(AX) " @ B(x) )

dv(é),

Loz (x,0) :f

Lxe(x,0) =/

=

dv(§).

Assumption 1.4. The functions Ly o satisfy the following:
(i) they are continuous on X x ©;
(ii) thereisa Kx € [0, 1) such that sup, gyexxe Lx(x,0) < Kx;
(iii) for O < i+ j <2, there are Kyi gj such that sup, gyexxe Lxi 0i(x,0) < Kxi gi-
Using these assumptions and definitions, we can now state the main result.

Theorem 1.2. Let Assumptions 1.1-1.4 be satisfied. Let 0 be an arbitrary point of ©. Then
the forward sensitivity process (1.3) possesses a unique stationary measure yy and, for any
e € &2, (1.2) is valid. Furthermore, if the variables (x1, m1) satisfy the integrability condition
El[d4(xg, x1) 4+ [|A(x1)m1]|]] < oo for an arbitrary basepoint xq, then E[(de/dx)(xp)my,] —
(8/36) [y e(x) dmg (x) as n — oo.

1.1.4. Neural network application. In Section 6 two examples are considered. The first involves
neural networks. In neural networks, a central problem is to compute derivatives of cost
functionals with respect to network parameters (weights on the connections between nodes).
We are concerned with long-term average cost problems, a type of problem that is relevant
when a network has cycles. The back-propagation algorithm for calculating derivatives [16],
originally formulated for a continuous state-space model with a finite-horizon objective, is also
valid for calculating gradients in long-term average cost problems under contraction assump-
tions [15]. Our contribution addresses the long-term average cost problem for continuous
stochastic networks.

The example system consists of a network with weights on connections between units.
Ateach step every node updates its value based on the values of its neighbors, but only a random
subset of possible connections are activated, leading to a stochastic process. We find contraction
conditions based on a sparsity coefficient, and verify that stochastic forward sensitivity analysis
can be used to calculate the derivative of stationary costs. We present a second example to
illustrate using a nontrivial metric on the underlying system. We finish with a discussion in
Section 7.

2. Contraction framework

We describe a class of metrics on Euclidean space that form the basis for the subsequent
discussion of contraction. These metrics are defined by minimizing a length functional, and
form a subclass of the Finsler metrics. Then we present ergodicity conditions which rely on
pointwise contraction estimates involving such metrics.

Let X be a closed convex subset of the Euclidean space R" and let [x ~» y] be the set of
piecewise C I curves from x to y. Given a norm || - || on R” and a function x > A(x) taking
values in the invertible n x n matrices, we can define a metric on X as follows.

Proposition 2.1. Let || - || be a norm on R" and let x — A(x) be a continuous function that ass-
ignsto eachx € X aninvertible linear map A(x) onR", in such a way that sup,.. y || A7 <
oo. Forapiecewise C' curvey : [ys, vel — X, define L(y) = f;:g NA(y )y’ (t)|| dt. Thenthe

https://doi.org/10.1017/apr.2018.6 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.6

Forward sensitivity analysis 107

Sunction da(x,y) = inf,c(x~y) L(y) defines a metric on X compatible with the Euclidean
topology, and (X, dn) is complete.

Proof. See Appendix A. g

For instance, taking A = I,, werecoverthenormdy (x, y) = [|[x—y||. Using A(x) = V(x)I,
for a real-valued function V means a cost V(x) is assigned for going through each point x.
Using a general matrix allows the cost for traveling through each point x to also depend on the
direction of the path at the point. For a function e: X — R, we let ||e||Lipca) be the Lipschitz
constant of a function e: X — R with respect to the metric d4. When the metric d4 is clear
we will just write ||e]|Lip.

The collection of Borel probability measures on X is denoted #(X). We denote by 1(e)
the expectation of e under p. That is, u(e) = fx e(x)du(x). For a number k, we let R>y
be the set {x € R | x > k}. For a probability measure 1 and p > 1, we write |V ||1r(u) =
(fX IV ()|IP du(x))/?. Given a function V: X — R0, the space &), v (X) is defined to be
all Borel measures ¢ on X which can integrate V?:

Ppv(X) = {,u, e P(X) ‘ / V)P du(x) < oo}
X

Given a Markov kernel P, we denote the image of measure p under P by puP. That is,
(uP)(A) = fX P(x,A)du(x). For V: X — Ry, let |le|ly = sup,cx le(x)]/V (x). We say
that V: X — Ry is a p-Lyapunov function for P if V has compact sublevel sets and there
exist numbers 8 € [0, 1), K > 0 so that (PVp(x))l/p < BV(x) + K for all x. A measure
u € P(X x X)isacoupling of uy and o if u(A x X) = u1(A) and u(X x A) = uo(A) for
each measurable set A. We define I" (i1, 12) to be the set of all couplings of 11 and 5.

Let the Markov kernel P have an explicit representation as

(Pe)(X)=/He(f(x,§))dV(S) 2.1

for a measurable function f: X x E — X and a probability space (E, X, v). In this section we
present two separate conditions for the ergodicity of a Markov kernel given in the form (2.1). The
first, Proposition 2.3, is weaker and is used to show convergence of the forward sensitivity system
(consisting of the variables x,,, m,,). Proposition 2.4 relies on a stronger set of assumptions and
is used to establish differentiability of the stationary costs. Both results utilize the following
pointwise estimate of Proposition 2.2.

In this proposition, and throughout the paper, we consider a differentiable function defined
on a closed subset X of Euclidean space. In case X is a strict subset of the space, we assume f
is the restriction of a function f that is defined and differentiable on an open set U containing X .
In this way, there is no ambiguity in defining the derivative of f at each point of X.

Proposition 2.2. Let P be of the form (2.1), where
G x+— f(x,&)is leoreaché € B,
(i) Sup,cx SUPyern: =1z 1ACS (X, E)@Bf /0x)(x, ) A @ul|P dv@EN/P < « for

some o > 0.

Then, for any x1, xa € X, we have

1/p
(ﬁ da(f(x1,8), f(x2,8))? dV($)> < ada(xy, x2). (2.2)
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Proof. Let x1 # x> be points of X, lete > 0, and let y: [0, T] — X be a piecewise c!
path from x; to x; such that L(y) < da(x1, x2) +&. We further assume that y is parameterized
by arc length. For our definition of length, this means ||A(y (¢))y’(¢)|| = 1 for all ¢ and that
T = L(y). Since t — f(y(t), &) defines a curve from f(x1, &) to f(x2, &), we have

1/p
( / dA(f (x1. 6). f (e, E))7 dv(é))

(LU e orofa) am)”

A(f(y(t),f;‘))a—(x,é)y/(t)
T P 1/p
SL()/)(pl)/p(// dtdv(§)> .
gJo

X
In the first step the definition of length was applied. Then Jensen’s inequality was used together
with the fact that L(y) = T. Next, note the integrand in the final expectation is of the form
(t, &) — g(t, &), where g is nonnegative, continuous in ¢ for each £, and measurable in & for
each t. Then we may interchange the integrals, yielding

a
A(f(y (@), E))%(x, £y’

1/p
( / s (f (e, £), f (2. €))7 dv(é))

T p 1/p
— L(y)P-DIp </ / du@)dr) .
0 o)

Using the identity A(y )" YAy ()Y’ (t) = y/(t), and the assumption on df /dx, we obtain

0
A (1), s»é(x, £ (1)

1/p

1/p T
([ dA<f<x1,s),f(xz,s»f'dv(s)) sL(y)“’—”/f’(fo aPnA(y(r))y’(t)updr)

Then since y is parameterized by arc length,

1/p
( f da(f(x1,&), f(x2, €))7 dv(s)) = L(y)P VPaL ()P < ada(x1, x2) + ac.

As ¢ > 0 was arbitrary, the result follows. O

Ifatuple {(E, 2, v), f, (|||, A)} satisfies the conditions of Proposition 2.2 for some o < 1,
we say that a pointwise p-contraction inequality holds for the process.

Combining this with the assumption that the system carries a Lyapunov function yields the
following ergodicity result.

Proposition 2.3. Let the assumptions of Proposition 2.2 holdfor p > 1 and o < 1, and assume
there is a p-Lyapunov function V for P. Then P has a unique invariant measure w € P, v (X)
and, for any u € Pp vy, SUD e/l ip+llelly <1 |[uP"(e) —m(e)] > 0 asn — oo. In particular,
wP”" converges weakly to .

Proof. The existence of a unique invariant measure 7 is an immediate result of Corollary 4.23
and Theorem 4.25 of [7]. To show that 7 € £, v, we reason as follows. If V is a p-Lyapunov
function then V7 is a 1-Lyapunov function (for possibly different values of the constants §
and K). Then apply Proposition 4.24 of [7].
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We turn to convergence of the expectations u P" (e) asn — oo. Lete have |le|lLip + [lellv <
0o. Using (2.2), we see that || Pe||Ljp < o|le||Lip and by iterating the inequality, we have

|P"e(x) — P"e(y)| < o"[lellLipda(x, y). 2.3)
By iterating the Lyapunov inequality, we obtain
|P"e(x) — P"e(y)] < llelly B"[V(x) + VNI + llellvK', 2.4
where K’ = 2K /(1 — B). Combining (2.3) and (2.4), for any coupling y of u and 7,

lwP"(e) —m(e)] < (||6||Lip+||€||v)/x Xmin{a"dA(x,y),/3”[V(X)+V(y)]+K’}dV(x,y)-

It remains to show that the right-hand side of this inequality tends to O as n — oo. Letting
fu(x,y) = min{a"da(x, y), B"[V(x) + V(y)] + K}, it is clear the pointwise convergence
of f, to 0 holds. Since also | f,,| < V(x) + V(y) + K’, the latter function being y -integrable,
the result follows by the dominated convergence theorem. |

Let xo be an arbitrary basepoint in X. The next result strengthens the conclusion in the
V(x) = 1+ da(xo, x) case, and concerns contraction in the Wasserstein space &, 4. This is
the set of all measures that can integrate x — d4 (xg, x)?, together with the metric

1/p
dp,a(u,v) = inf (/ dA(x,y)de/(x,y)> .
yel(w)\Jxxx

The space &p 4 is complete if (X, d4) is complete. Furthermore, the Kantorovich duality
formula holds for p = 1:

sup |ui(e) — pa(e)l =di alpr, n2). (2.5)
llellLip=<1
See [22] for more background.
Proposition 2.4. Let the assumptions of Proposition 2.2 hold for some p > 1 and a < 1.
Let V(x) = 1 4 da(x, x9) be a p-Lyapunov function for the kernel P. Then P determines

a contraction mapping on the Wasserstein space Pp a(X) and possesses a unique invariant
measure ¥ € Pp . Furthermore, if u € Py v,

sup |uP"(e) —m(e)| <" sup |u(e) —m(e)l. (2.6)

llellLip=<1 llellLip=<1

Proof. Lety beany couplinginI"(1, (2). For any points x, y of X, we can form a coupling
of 8, P and 8, P using common random numbers. Formally, this is the measure C(x, y) which
arises as the pushforward of v under the map & — (f(x, &), f(y, £)). Then C is a well-defined
Markov kernel on X x X, and according to Proposition 2.2,

1/p
(/ dA(X’,y’)”d(rs(x,y)C)(x/,y’)) <ada(x,y).
XxX
Then

1/p
dpa(u1 P, u2P) < </ dA(x,)’)"d(VC)(x,,V)>
X

X x

1/p
< a(/ da(x. )" dy (x, y)) .
XxX
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Since y was arbitrary, it follows that P is a contraction. Since &, 4 is complete, P has a unique
stationary measure 7 in & 4. Inequality (2.6) results by combining the contraction property
with the duality formula (2.5). O

Conditions similar to those used in Proposition 2.2 have been mentioned in other works.
Steinsaltz [19] considered the case of a scalar potential A(x) = V (x)I. The metric viewpoint
for the scalar potential can be found in [8] and [20]. The results of [1] may be helpful to find
scalar weight functions. The contraction conditions were also motivated by work on contraction
analysis for deterministic systems [5], [12].

Aside from generality, there is a reason related to gradient estimation for considering matrix-
valued functions A. Even if the underlying system has the unweighted average contraction
property, meaning inequality (ii) of Proposition 2.2 holds with the function A(x) = I, this does
not extend to the joint system (1.3). This is due to the factor m in the auxiliary system of (1.3),
which makes the Jacobian 07 /dz large at points (x, m), where ||m|| is large. One approach is
to look beyond the scalar potentials to metrics that weigh the x and m directions differently.
We will see in Section 5 that, for the case of unweighted contraction, a suitable metric involves
amatrix H(x, m)(uy, uy) = (1 + h(x, m))uy, u,,) for a scalar function i (x, m).

2.1. Interconnections of contractions

In this section we provide conditions for the interconnection of two contracting systems
to again be contracting. It is relevant to gradient estimation since the system (1.3) has a
hierarchical form, the underlying system x feeding into the system m. Interconnection theorems
for contracting systems hold in other dynamical settings as well; results for deterministic
continuous-time systems can be found in [17] and [18].

Let X C R", Y € R™ be closed, convex sets, and let Z = X x Y. For instance, when these
results are applied later to the forward sensitivity process, the space Y will be L(R"X, R"®). Let
(B, X, v) be a probability space and let R be the Markov kernel that corresponds to following
stochastic recursion on Z:

Xn+1 = S Gn, Y, En+l)a Yn+1 = g(xXn, Y, §11+l)’

where the &, are independent v-distributed random variables. For measurable ¢: Z — R,

we have (R$)(x,y) = [g (T (x,y,£))dv(§), where T(x,y, &) = (f(x,y,£),8(x,y,8)).
We find conditions on f and g that guarantee the joint system is contracting.

Assumption 2.1. Regarding the functions f, g and the probability space (E, X, v),
() the maps (x,y) — f(x,y,&) and (x,y) — g(x,y, &) are C! foreach & € E;

(i) there are pairs (|| - lIx, F), (I - Iy, G), such that || - ||x, || - |y are norms on R", R™,
respectively, F: X x Y — R " and G: X x Y — R™™ gre continuous with values
in the invertible matrices, and sup(, \yexxy |IF (x, W x +I1Gx, Yy < oo;

(iii) there are a1 and o, both in [0, 1), such that

af P 1/p
F(T(z, E))a—x(z, EF ' (Du dV(é)> <ay,

X

sup sup (/
zeZueR": ||ullx=1 2

P I/p
sup sup </ dV(E)) <.
zeZ ueR™: |ully=1 ) Y

ag 1
G(T(Z,S))E(Z,E)G (2)u
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We are concerned with pointwise contraction as in Proposition 2.2. With further integrability
assumptions, convergence to a unique stationary measure can be obtained with the results of
the previous section.

Proposition 2.5. Let Assumption 2.1 hold. Let K1, K>, and p > 1 be such that
(i) SUp.cz Uy, 1y—1 (5 I F(T @ £)@f /39) (@ £)G () uyll} dv(EN'P < Ky;
(ii) sup,cz supp,, 1 —1 Sz |G (T (2, £)(0g/0x)(z, E)F () ux |l dvENY? < Ko,
(i) K1 Ky < (1 —ap)(1 —ap).

Choose n1, n2 so that 1Ko < n1(1 — ay) and m Ky < n2(1 — o). Then a pointwise p-
contraction inequality holds for the system {(E, X, v), T, (|| - |z, H)} on Z, where

H(2)(uy, uy) = (F(Qux, Guy),  (ux, uy)llz = nillucllx +m2lluylly. 2.7

Proof. We will apply Proposition 2.2. We need to find an o < 1 so that

b4 1/p
dv(é)) <a.
z

T »
H(T(Z,E))E(Zf)H(Z) u

sup sup </
2€Z ueR"xR™: |u|lz=1 )

Letz € Z and let u = (uy, uy) be any vector with 0y |lux||x + n2lluy|ly = 1. Then
aT »
H(T(z,E))E(z,E)H(Z) u

14 1/p
( )
Z Z
of

a
= <ﬁ |:771 F(T(Z’ g))a(za S)F(Z)_lux + F(T(Z, E))%(Z, E)G(Z)_ll/{y

d a9
G(T(z, s>)§<x, EYF(2) 'uy + G(T'(z, s>>£<x, £)G(2) u,

X

14 1/p
+m :| dV(é))
Y

< mailluxllx + mKilluylly + n2Kalluxllx + moalluylly

< max{al + @Kz, o) + ﬂKl}.
n n2

Finally, note that satisfiability of the condition max{«| + (n2/n1) K2, o2 + (n1/m) K2} < 1 is
equivalent to the condition K1 K7 < (1 — a1)(1 — a2). O

The above can be specialized to hierarchical interconnections.

Corollary 2.1. Let Assumption 2.1 hold. Say that f does notdependonY (3f /0y = 0). Let K

be such that
sup sup (/
2€Z |luxllx=1\J &

Choose n1, n2 so that ) K < n1(1 — ay). Then a pointwise p-contraction property holds for
the system {(8, Z,v), T, (|| - ||z, H)} on Z using the H and || - ||z of (2.7).

dg . P 1/p
G(T(z, f;‘))a(z, E)F(2)” uy dV(§)> <K. (2.8)
Y

Condition (2.8) in Corollary 2.1 can be relaxed using a kind of Lyapunov function for the
interconnection of the two systems, while requiring a stronger form of contraction on the input
system.
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Proposition 2.6. Let Assumption 2.1 hold, with p > 2q for some q > 1. Let K and the
continuous function h: Z — Rxq be such that, forall z € Z,

(@) supp, 1 —1 (i 1G (T (2, £))(3g/0x)(z, )F " (@ur % dv(EN V4 < h(z);

(i) ([ h(T(z, €))7 dv(E)/P < h(z) + K.
Then there are some 11, N2 so that a pointwise q-contraction inequality holds for the system
{(E, 2,0, T, (l-llz, H)} on Z, where

H (@) (ux, uy) = (1 + mh(2) F(Qux, G(uy), [ (ux, uy)llz = lluxlx +n2lluylly.

Proof. Let a1, ap be contraction coefficients for f, g, respectively. Let Fi(z) = [1 +
n3h(z)]F (2), using an n3 > 0 such that o1 (1 + n3K) < 1. We aim to apply Corollary 2.1 to
the pair of systems f and g, using a metric defined by the pairs (|| - || x, 1) and (|| - [ly, G), in
order to find g-contraction of the joint system. Letting |ju, || x = 1, then,

q 1/q
(f dV(E))
z X

_ ([ 1 EmhTG8) of 1
_</~ Ttmhe [ TEENFEHF@ ux

o

af 1
F1(T(Z,$))£(x,E)F1(Z) Ux

q 1/q
dv(é)) .
X

Applying Holder’s inequality, and the assumption on df /dx, yields

af q 1/q
(/ Fi(T(z,8) 7= (x. §) Fi @) us dv(E))
o) X X

! 1+ h(T 24 4 Ve
[ —
<7 n3h(z)( 773(/E (T(z,8) V(E)> )061

- 1+ n3(h(z) + K)
14+ n3h(2)
<ai(1+n3)K.

It remains to show that (2.8) holds. Let |uy||x = 1. Then

q 1/q
(/H dv(é))
B Y

0
G(T(z. s»%m £)F(x) " uy

)
G(T(z, s»ﬁm E)F1(2) " uy

1
T 1+ 3k (/:

h(z)
“ 14+ n3h(2)
1

<—.
n3

q 1/q
dv(E))
Y

Let 11, 72 be chosen so that 72(1/13) < n1(1 — a1(1 4+ n3)K). Then, by Corollary 2.1,
the tuple {(E, X, v), T, (]| - ||z, H)} determines a g-contracting system, where |[(«, v)|z =
mllull + n2llvll and H (z) (uy, uy) = (1 + n3h(2)) F(2)ux, G(z)uy). One can take n; = 1 in
these requirements, by choosing 1, small enough that n2(1/13) < (1 — a1 (1 + n3)K). O
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3. Stationary differentiability

Differentiability of stationary costs is established using properties of the Markov kernel P.
In the next section, the assumptions are verified based on properties of the derivatives of the
system.

Formally differentiating the equation 7y = 79 Py in 0 suggests the stationary derivative 7’
solves the equation / = [ Py + 7g P, in the variable /. By defining P’ properly, as the linear map
e > (0/06) Pye on the space of cost functions, and considering this equation as being between
functionals defined on the cost functions, we can show that it has a unique solution /*, which is
such that [*(e) = (3/00) f x €(x) dmg (x). The line of argument used in this section is a variant
of Theorem 2 of [9], adapted to the specific ergodicity and state space conditions that we work
with. In that work, a class of functions with a norm |le|| = sup, |e(x)|/V (x) was considered,
while the norm we will use also involves the derivatives of e. In Heidergott and Hordijk [9], an
important role is played by the deviation operator Dy (see Section 3 of that work) in that, in
their setting, Dg maps & back into itself. Dealing directly with the deviation operator in our
case requires care since the space of functions will have more subtle topological properties due
to the terms involving derivatives. We leave a possible unification of these two approaches to
future work.

We introduce the assumptions on P and the cost functions &.

Assumption 3.1. Denote by X a Polish space, & a vector space of real-valued functions on X
with norm || - ||g, and P a space of probability measures on X. For any u € P, it is required
that Sup”eugfl |M(€)| < Q.

Denote by [Ty the Markov kernel Iy (x, A) = mg(A). The parameter space is an open set
® C R" and we fix a 6y € ©. The space R"® has a norm | - ||g. We show that the map
sending a cost function e to its stationary derivative at the fixed parameter 6y is an element of
the set &£ of linear maps from & to L(R"®, R) that vanish on the constant functions and are
bounded with respect to the norm [|/[|.£ = supy,, < l/(e)lle:

L={leLE& LR R)|le<o0, (1) =0}

where 1 refers to the constant function x — 1. Note that /£ is a complete space.
To discuss stationary differentiability, we introduce the operator (9/96) Pg,. If e € & then
(0/06) Pgye is the function from X into L(R", R) defined by

0 P, _ 0 P,
(5 906)()6)— 8—9< 90€(x))~

Assumption 3.2. For any 6 € © the following hold:
(1) ifu € P then uPy € P and Py has a stationary measure mwg in P;
(ii) ife € € then Pye € &, || Pylle < 00, and y_ioy ||P0"0 — g, lle < Kg, for some Kg, > 0;

(iii) for e € & and x € X, the function 0 +— Pye(x) is differentiable at ||7g,(9/00) Py, |l £ <
oo and 6y,

@v) (1/11Alle)liay [ Pog+ao — Poy — (3/30) Poy(AO)Ille — O as [|Aflle — O;
V) (/1 A81le)I(Tay+a6 — 7o) [Pog+ae — Pollle — O as [|Aflle — 0.
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In part (iv), the functional g, [ Pgy+ae — Pgy — (0/90) Py, (AB)] maps a function e € & to
the number g, Py4ag (€) — g, Po, () — 114, ((3/00) Poye(AD)).
The main theorem on stationary differentiability now follows.

Theorem 3.1. Under Assumptions 3.1 and 3.2, if e € & then mg(e) is differentiable at 6 and
(8/819)fX e(x) dmg,(x) = [*(e), where I* € L satisfies I* = I* Pg, + 14,(3/36) Pg,.

Proof. First,define T : £ — L as T(l) := 1Py, +mg,(9/90) Pg,. The fact that 774,(3/36) Py,
isin £ was one of our assumptions along with || Py||¢ < oo, which implies that T is well defined.
Let [* be the functional [* = Z?io (77, (3/ 89)P@0)P9io. This is in &£ since the space is Banach
and, by Assumption 3.2(ii),

oy Py, ) P
9089 0o | £oy

To see that [* is a fixed point of T, note that

o0

2

i=0

0]

0 .
=> (ﬂgoﬁpgo)(PéO — Mg,)

L =0

K.

0
=< n@oﬁpeo
L

L

[e.e]

ad : d
T(l*) — Z(]‘[@Oa—epgo)Péo + ﬂgoﬁpgo =[*.

i=1
To show that [* is the unique fixed point, let / be any other fixed point of 7. Then
11 =lle = 1T"D) = T"U) e = 10 = I)(Py — Holle < 11— 1¥llell Py — Mgy lle-

Using Assumption 3.2(ii) again, the right-hand side of this inequality goes to 0 as n — o0,
hence, T possesses a unique fixed point /* in L.

Define c¢(A0) as the functional c(A8)(e) = mg,+a0(e) — g, (€) — I*(e)(AH). Assump-
tion 3.1 and the definition of £ guarantee that c(A6) € L(&,R). It suffices to show that
(1/)1A8]le)]lc(AB)|le — 0as AO — 0. Using the fact that T'(*) = [*, we have

0
c(A0) = g, |:P90+A9 — Py, — B_QPOO(AQ):| + (Tog+20 — o) [Pag+a6 — Poy] + c(AO) Py,.

Iterating this, and noting that each summand is a functional vanishing on the constant functions,
we obtain, for any k > 0,

k—1

P .
c(AB) = g, <P90+Ae — Py — £P90(A9)> gu’;o — Ty,
k—1
+ (ay a0 — 70)) [ Pag a0 — Pag] D (Phy — Tgy) + c(A0) (P — Tlg,).
i=0

Taking norms and letting k — oo, we see that

lc(AB)lle =

0
Y <P90+A9 — Py, — @PQO(A9)>

+ | (rog+-a0 — o) [ Pog+a6 — Poyllle Koy-

Ko,
€
Finally, use parts (iv) and (v) of Assumption 3.2. O
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4. State space conditions

Let Py be the transition kernel of the Markov chain

Xnt1 = f(Xn, Eng1,0) 4.1

with a v-distributed random input &,,. In this section we show how Assumptions 1.1-1.4 imply
Assumptions 3.1 and 3.2, thereby establishing differentiability of the stationary costs for those
cost functions e € &2.

Theorem 4.1. Let Assumptions 1.1-1.4 be satisfied. Then Assumptions 3.1 and 3.2 are verified
forthe space P> 4 (X) of probability measures and the space of cost functions & 2, atany @ € O.
Hence, g, (e) is differentiable for any 6y € ® and e € &2,

To show this, several preliminary results will be used. The first is concerned with how Py
varies with 6. Recall that xo denotes an arbitrary basepoint.

Proposition 4.1. Let Py be the transition kernel of the recursion (4.1), where
(1) the map & — da(xg, f(x,&,0))P is v-integrable for each (x,0) € X x ©;
(i) the function (x,0) — f(x,&,80)is C! for each & € E;
(>iii) and

f

9 p 1/p
A(f(x,é,ena—e(x,s,e)B(x)—lua dV(E)> <K.

sup sup </
(x,0)eXx0 [lugll=1 \JE

Fix a 6y € ©. Then, for all A9 sufficiently small and all @ € Pp a(X), the inequality
dp, a(Pay, tPoyrng) < KIIBAO| Lr () holds.

Proof. Let A9 besosmallthatfy+1rA6 € ®fort € [0, 1]. If (x, &) is distributed according
to i x v then the law of (f(x, &, 6p), f(x, &, 6o + A)) is a coupling of w Pg, and p Py ag.
Lety: [0,1] > R"™ be y(t) = 6y + tA6. Thent — f(x, &, y(¢)) determines a curve from
f(x,&,6p) to f(x,&, 6y + A6), and reasoning as in Proposition 2.2,

1/p
</X[HdA(f(x,§,90),f(x,E,é‘o+A9))”dV(E)dM(X))

(1L

1 d
s(/ // A(f(méw(f)))%(x,s,V(t))AO
0 XJE

1 1/p
< </ / KpllB(x)A0||1’du(x)dt>
o Jx

= K||BAO| Lr(u)- O

af P 1/p
A(f(x,é,J/(t))ﬁ(x,é,y(t))MH dt) dV(s)dM(X)>

P 1/p
dv(§) du(x) dt>

The continuity assumptions on the L xi o; ensure that integration and differentiation can be
exchanged. In the discussion of differentiability, it will be useful to introduce the following
concept. A function f: X x & — R" is said to be L' (v)-continuous when

(i) x — f(x, &) is continuous for each & € E;
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(i) &€ — f(x, &) is measurable for each x € X;
(i) x — [z [If(x, §)[ dv(&) is continuous.
The following two properties are not difficult to show.
@) If f, g are L'(v)-continuous functions then so are af 4+ Bg for any numbers o, 8.

(i) A monotonicity property holds: if f is a function satisfying the first two requirements
of L' (v)-continuity and if || f (x, )| < |lg(x, &)| for an L'(v)-continuous function g,
then f is L' (v)-continuous.

Using this notion we state a condition for interchanging derivatives and integrals, which is
a generalized form of a result from [14], that considers a scalar parameter.

Theorem 4.2. (See [14, Theorem 3.13].) Let (E, X, v) be a probability space and W C R"

—

be an open set. Let h: W x & — R™ be a function such that
(1) & — h(w, &) is integrable for each w € W;
(i) w +— h(w, &) is continuously differentiable for each & € E;
(iti) dh/dw is L' (v)-continuous.
Then (3/0w) [z h(w, &) dv(§) = [g(Oh/dw)(w, &) dv(§) forallw € W.

This criteria has the useful property that once it is established for f, it is easily extended to
the function e o f. This is shown in the next proposition.

Proposition 4.2. Let Assumptions 1.1-1.4 hold. If e € &% and i + j < 2 then, for any
(x,0) e X x O,

i+j

d
/He(f(x,é‘,@))dV(S)=[HWe(f(x,$,9))dv(§)-

8i+j
9xi00J

Proof. Consider the derivative 9/0x. To apply Theorem 4.2, we show that the map x —
fE [(@e/dx)(f(x,&,0))(af/dx)(x, &, 0)| dv(§) is continuous. Noting that

de 0 0 _
% resonLien U x.6,0)A0)!
dax dax dax
the result follows by assumption on df /dx and the monotonicity property of L' (v)-continuity.
Next, consider 32/96%. We have

0
< —8e A(f(x.£.0)) A,
X

A

52 92e af nk 2
Hwe(f(x,g,e))H < H@ | Ao emGa s 0w s
d 9
" Ha_g A 8.0 L (8, 0B @ B | 1B
x| 80

The L!(v)-continuity of the left-hand side follows by the L' (v)-continuity of the right-hand
side together with the monotonicity property. Similar reasoning yields the other cases. |

Using this result, we can obtain the contraction property of P with respect to the class &2,
and obtain some bounds on the second-order derivatives of Pye.
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Proposition 4.3. Let Assumptions 1.2—1.4 be in effect. Fore € €% and 6 € ©,
@ [13%/9x*) Poella,a < Kx21/(3e/3:) |14 + K5 11(9%e/x7) Il a,a;
(i) 119%/86%) Poellp,p < Ke2llde/dxlla + KGl10%€/0x]1a,a;
(iii) (8%/9x36) Poella,p < Kx.ollde/dx]a + KxKolld*e/dx] a,4.
Furthermore, for each 0 there is an Ly > 0 such that || Ppe|lg2 < Lolle|lg2 forall e € &2.
Proof. We prove (ii); (i) and (iii) are established similarly. We have
2
Sz P B @ BT () =Ty + T,

where T7 and 7> are defined as

2
1= [ 3 e 0 T 0B © BT dwee)

0“e
Tz=/E@mx,s,e»(%u,s,e)B—lmea%(x,s,e)B”(x)) dv(é).

Using the identity A(f(x,&,0)) " A(f(x, &, 0))(32f/00%)(x,£,0) = (32f/30%)(x, £,0),
we obtain

1711l <

Ko, 4.2)
A

while for 7,, we use the fact that

_ of af
A(f(x, £.0) T A (x. &, 9)) ( 6,0) = —e(x,E,O)
to obtain
9% 9 2 2
1Tl < ‘ — ( A(f(x s»—f(x §)B~ (x) dV(E)> <|ls=| K
ox A A 0x A A
Combining this last inequality with (4.2) leads to
Hazp() <| 2 +82 K3
pe(x | Bt 02 Q-
99° B(x), B(x) dx | 4 ax* | 4.4
To show the boundedness with respect to || - || g2, note that, forany e € & 2,

de
[(Poe)(x)| < le(xo)| + ' p

/ da(x0, ) d(3x Po)(y)
AJX

1,

de
< le(xo)| + ' 3
XA

where Cy is the number Cy = f x da(x0, y) d(8x, Po)(y). This follows, since, for the Lipschitz
function i (x) = d(xo, x), |(Ph)(x)| < [Ph(x0)|+|(Ph)(x0)—(Ph)(x)| < Cog+Kxda(xo, x).
Also, for any x € X, |e(x0)|/(1 4+ da(x0, x)) < |e(x0)|/(1 + da(x0, x0)) < |le]la- Therefore,
[ Poella < llella + max{Cp, Kx}[|0e/0x] 4. U
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The following quadratic bound involving the metric d4 will be used as well.

Proposition 4.4. Let h: X — R" be differentiable, such that ||(dh/3x)(x)A(x)'|| < B(x),
where B: X — R is Lipschitz for the metric ds. Then the following inequalities hold:

() [1h(x) — h(Wl < Bx)da(x, ¥) + 51 BllLipda(x, y)%;
(ii) for any i, po € P2, 4(X),

H f h(x)dpr (x) — f h(y)dme
X X
< 1Bl z2¢uyd2.4 (11, 12) + SIBllLipda, a (1, 112)*.
Proof. See Appendix A. (]

With these tools in hand we can proceed to the proof of Theorem 4.1.

Proof of Theorem 4.1. In order to apply Theorem 3.1, we establish the requirements of
Assumptions 3.1 and 3.2. Assumption 3.1 requires that, for any p in $#» 4(X), the bound
SUPj), <1 [11(e)] < 00 holds. Note that |e(xo)| = le(x0)|/(1 + da(x0, X0)) < lle]l 4. Then

0
lu(e)] < / |:|€(xo)| + H —88
X X

The integrability part of Assumption 1.2 and the contraction part of Assumption 1.4 allow us
to apply Proposition 2.4. Hence, Py is a contraction on the space > 4(X) with contraction
coefficient K x, and has a unique invariant measure 7y for each & € ®. Then Assumption 3.2(i)
holds. Proposition 4.3 affirms that Pye € &% if e € &2, and Py is bounded for the norm || - || g2
We now establish || Py — ITg|| g2 < pg K’ for some constant py. We consider each of the terms
in the norm || - ||g2 . First, fore € 62,

dA(XO,x)] du(x) < maX{l,/ da(x, xo) dl/«(x)}||e||52~
A X

1Pg(e) — Mg(e)lla < K max{Cy, 1}. (4.3)

A

e
ox
To see this, observe that

|(Pg'(e) — Mg (e)) (x)| = | Py (e)(x) — Py (e)(x0) + Py'(e)(x0) — 7o (e)]

< K 22| date.xo) + K| oo | Co
A 0x | 4
< K% | = max{Cy, 1}(1 +da(x, x0)),
A
where Cg = [ da(xo, y) dmg(y). Next,
0
—(Py(e) — I <Ky¥l—| - 4.4
Hax(e(e) 9(6))A_ X ax ), 4.4)

This inequality follows from Proposition 4.2 and Assumption 1.4. Finally, by recursive appli-
cation of Proposition 4.3(i),
3%e

dx2

de
0x

1
< Ky K%' o

AA 1 - Kx

32
H W(PéZ (e) — Ip(e)) 4.5)

A AA
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Adding (4.3)—(4.5), we obtain

1P2(e) — To(@)ller < K2 (max(Co, 1)+ 1+ Kyo——— )| 2 o 8%
e) — e max{Cp, — -
0 0 g2 = Ay 0 X2 Kx(1— Kx) 9x 4 X 9x2 A
1 de 9%e
<K% Co. N +1+Kpp— [ II= oe
< x(maX{ o, 1} +1+ Xsz(l—KX))(‘ ox |, ‘axz A,A)

< K¥ypsllelg2,

where pg = max{Cyp, 1} + 1+ Kx2(1/Kx(1 — Kx)). In the second inequality, we have used
the fact that Kx < 1. Thus, Assumption 3.2(ii) is satisfied.

Proposition 4.2 affirms that 0 — Pye(x) is differentiable fore € & Zandx € X. Proceeding
as in the proof there, we see that ||(9/00)Pgye(x)|| < |de/0x||aKel||B(x)||. Therefore,
770, (8/00) Py, ll.e < Ko llBll 11 (,,)> Which confirms Assumption 3.2(ii).

Proposition 4.3(ii) means that, for any ¢ € €% and 6 € O, [(3%/86°) Pge(x) | B(x). B(x) <
killellg2, where k1 = max{K é, Kg2}. Using the second-order version of Taylor’s theorem,
this implies that for all A@ sufficiently small, for all e € €2, and x € X, we have

0 1
Pgy+-nge(x) — Pyye(x) — ﬁPQOE(X)(AQ) < 5k1||e||82||B(X)A9||2- (4.6)

Integrating (4.6) and dividing by || Af|| leads to

0
Neo[P90+Ae — Py, — @PGO(AB)]

1 1
— < —ki||B|I? Ab
”Aell‘ " =3 1” ||L2(J'[90)|| ”

and the right-hand side goes to 0 as [|Af| — 0. Only Assumption 3.2(v) remains. By the
fundamental theorem of calculus,

L rj 9
(Pgy+n6 — Pay)e(x) = /O ﬁ é(f(x, £,0 +m9))£(x, £,0 + AABO)AO dv(£) dr.

Differentiating the above with respect to x and using Assumption 1.4(iii) yields

0l
”a((PGOJrAQ — Pay)e())A) | < llellg2ka | AO] [ B(X)I,

where k» = max{Kx 0, KxKe}. Applying Proposition 4.4, we have
I (7wog+n6 — 70) (Pog+a6 — Pog)ell
< kol A0 llellg2 [ BIl 12 gy 2,4 (T 20+ o) + 3 1B lILipda, 4 (a4 a6, 7700)].
For the terms d»_ 4, first apply the contraction property of P and Proposition 4.1:
dr, A(To+n0, T0) < do A(To+00 Potno, o Pot+ne) + do, a(To Poyng, 7o Po)
< Kxds a(mwg+n0, 79) + Kol BAO| 12(z,)-

Rearranging terms yields d> 4 (mo+a0, m9) < (1/(1 — Kx))Kel|BAO||;2 )- Hence,

(9

| (Tog+a0 — 76) (Pog+n6 — Pay)ll.z

1 1 1 2
Kol A8 + = B|lLip| ——— Ko AO ,
e ollAG] + 2|| ”Llp( X oll ||> }

2
szanLz(ﬂ%ﬂmen[l_ . e

and Assumption 3.2(v) is verified. O
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5. Gradient estimation

The goal of this section is to prove Theorem 1.2. The standing assumptions are Assump-
tions 1.1-1.4. We let Z = X x M and denote elements of this space by z = (x, m).
Denote by Rg the Markov kernel corresponding to the recursion (1.3). In Proposition 5.1
and Corollary 5.1, we establish convergence of the forward sensitivity system in the sense of
Proposition 2.3. It involves finding an appropriate Lyapunov function V and metric dy on
X x M. In Proposition 5.2, we show that (x, m) +— (de/dx)(x)m is an integrable function
for yp, thereby establishing that the right-hand side of (1.2) is finite. Finally, we want to show
that the functional / defined by

0
I(e) = / = om dys (. m) 5.1)
XxM 0X

is bounded for the norm || - || ¢ and satisfies the derivative equation of Theorem 3.1.
Define g and T to be the functions

d d
gl(x,m),§,0) = —af (x,§,0)m + 2 (x,§,0),
X 006

T((x,m),§,0) =(f(x,§,0),8((x,m),§,0)).

As 6 is fixed in this section, we simplify notation and denote the values of g by g(z, £). We use
Uy, ug, and u,, to denote vectors in R"X, R"® and L(R"®, R"X), respectively.

Proposition 5.1. Define h: Z — Rxsg as h(z) = ni||Ax)m]| + n21|B(x)|l + n3da(xo, x).
Then there are 01, n2, N3, N4, ns so that {(E, X, v), T, (|| - llz, H)} satisfies a 1-contraction
inequality, where

H (@) (ux, um) = (1 +nah(2) AX)uyx, AX)um), s wn)llz = Nl + s llum -

Proof. We will apply Proposition 2.6 to the map T(z,&) = (f(x,&,0), g((x,m), &)) in
order to find contraction in the metric dy. The norm || - || 57 is the usual norm on M induced by
Il - llx and || - ||@. For Assumption 2.1(iii), we have

sup f
luml=1JE

= sup/ sup
lumll=1JE Jluxl=1

< Kx

a
A(f(x,%',9))%(&5)14(36)_1% dv(§)

af .
A(f(x,E,é’))a(x,&@)A(X) Uity | dv(§)

and, directly by assumption,

sup (/
lusl=1\J&

We now establish Proposition 2.6(i). The function (dg/dx)(z, £) is a linear map from R"X
to L(R"®, R"X), and we identify this with a bilinear map from R"¥ x R"® to R"X. Specifically,

f

P 2 1/2
A(f(x,‘&9))5()6,5,9)14(96)_1“;( dv(é)) < Kx.

9 9? 92
%(Z’ S)[u)ﬁ u@] = a_x‘z(xv g’ 9)[“)67 m 149] + ﬁ(xa S’ 9)[“)6’ u9]7
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and A(f(x,£&,0))(0g/0x)(z, S)A(x)_1 is the linear map from R"X to L(R"®, R"X), where

2
A0, 6,00 25 (@ AW e, ] = A 500 T L (.6, DA e, mug)
2
FAG 80 geu,s,e)m(x)—lux,ue].

For the first term, we have, using the assumption on 82 f /9x? from Assumption 1.4 and the
identity m ug = A(x) "' A(x)m uy,

> f

A(f(x,§, )57 (x, & 0)AKX) Y, mugl| dv(&) < Ky2| Ax)m|.

sup/ sup
luxll=1JE Jlugll=1

For the second, use the identity ug = B(x)~! B(x)ug and our assumption on 92 f/9x90,

2
A(fx.8.0) = f g (& A ur, ugl | dv(€) < Kx 0| BO)II.

supf sup
luxl=1E [lugll=1

Combining these two inequalities, while assuming Kx> < 1y and Kx ¢ < n2,

sup
llux =1

A(f(x £, 6’)) (z E)AX) ue| dv(&) < K2l A@m| + Kx ol Bl < h(2).

Next, we confirm Proposition 2.6(ii) by showing the Lyapunov property of the function h.
We consider the three terms of the function, starting with || A(x)m]||:
2 1/2
dv(§ ))

172
(/H IIA(f(x,E,Q))g(z,é)llzdv($)> S(ﬁ
2 1/2
o dv(%))

(/ A, ,0) 05, £,0)
< Kxl| AGm] + K@uB(x)n.

0
A(f(x,§, 9))%(& §,60)m

Next, we consider || B(x)||. Fix a basepoint xo and set By = (5 | B(f (x0. &, 0))[|* dv(&))!/2.
Then

1/2

1/2
(/ IB(f(x,&, 9>)||2dv(s)) < By+ ||B||Lip(ﬁ da(f(x0,&,0), f(x,&, e))zdv(s))
< Bo + || BllLip Kxda(x0, X).

The first inequality uses Assumption 1.3 and the second uses the pointwise contraction property
of f which comes from Proposition 2.2. For the term d4(xg, x), we have, setting Dy =

(fgda(xo, f(x0. &, 0))>dv(E)/2,

1/2

1/2
(/"df«xo, f(x,é,enzdv(s)) sDw(ﬁ dA<f(xo,§,e>,f(x,é,e))zdv@))

< Do + Kxda(xo, x).
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Combining these, we obtain

1/2
( f TG, s>>2dv<s>)

= mKxl|AG)m| +n1 Kol B + (2l BllLipKx + 13 Kx)da(xo0, x) + K,

where K4 = n2Bo + n3Do. Based on this inequality, it is evident that 71, 72, n3 can be
chosen so that the Lyapunov condition on £ is satisfied. Specifically, we take Ky2> < 1y,
max{Kx e, n1Ke} < m,and n2|| BllLipKx < n3(1 — Kx). O

We can use 4 to obtain a Lyapunov function, yielding ergodicity of the sensitivity process.

Corollary 5.1. Letthe ny, n2, n3 of Proposition 5.1 be chosen so that they are all positive. Let V
be the function V (z) = ni|A(x)m| + n2l| B(x)|| + n3da(xo, x) + 1. Then the kernel Ry has a
unique invariant measure yp € P, v(Z), and, foru € P1,v(Z), SUD)ig oty Hlglly <1 LRy (8)—
v9(g)| > 0asn — oo.

Proof. We apply Proposition 2.3, using the metric dy defined in Proposition 5.1. In
Proposition 5.1 we established the pointwise contraction inequality needed for Proposition 2.3.
For some B € [0, 1), the inequality fE V(T(z,§,0))dv(§) < BV(z) + (K4 + 1) holds at
z € Z, as we have already shown in the proof of Proposition 5.1. It remains to show that V has
compact sublevel sets. Note that if V(x,m) < r then da(xp,x) < r/n3 and |m| < rK/ni,
where K is such that sup, .y lA@)~!|| < K. Thus, V1[0, r] is contained in the compact set
{(x,m) € Z | da(xo,x) <r/nzand ||m| <rK/m} U

To ensure that the function (x,m) — (de/dx)(x)m is integrable for the measure yp, it
suffices that it is Lipschitz for the metric dy, and bounded for Lyapunov function V.

Proposition 5.2. For any e € &2, the map (x, m) (0e/dx)(x)m is a Lipschitz function in
the metric dy of Proposition 5.1, and is also bounded for the norm || - ||v.

Proof. Let the n; be as in Proposition 5.1. Let g(x, m) = (de/dx)(x)m. We have

1
lgCx, m)| < [AG)m| < llellg2[|AC)m]| < allellng(x,m);
A

hence, |[gllv < (1/n1)llellgz. Next, we show that || g|lLijp < oo for the metric dy. This is
equivalent to showing ||0g/0x|lg < oo. Let (uy, un) be a vector in R™X x L(R"®, R"x),
Then H(z) ' (uy, um) is H@) ™ e, um) = ((1/(1+nah(@))A™ ()uy, A(x)"'uy) and
(0g/02)(z) is the linear map from R"X¥ x L(R"®, R"X) to L(R"®, R), where

2
ax?
Fix (ux, upm) with |lux|l + nsllum|l = 1. Then

2 2 -1
(0%/x7) (LA Wur, mug] | De oy

ag de
a—(z)[ux, upmllugl = )y, mugl + — (x)[umugl.
Z 0x

H 3—g(z)H(z>—1<ux, Um)
Z

llug =1 1+ nah(z) ax
92e/3x%]a allux lIAC)m | lugll | de
< sup T b I
llug lI=1 + n4h(z) x| 4
9%e/x%1a allux IIAC)m| | de
< + =1 Numll.
1+ nah(2) ox || 4
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To continue, note by definition of 4 that || A(x)m| /(1 4+ nah(z)) < 1/n1n4. Then

ag 1 92%e ns || de
—@QH@) " (Ux,um)|| < |7 Nuxll——+ — == Numll
9z Rl PO mna - N5 0x |4
{ 3%e 1 1]ae }
<max{|-— — — =
x|l g ammna ms | 0x |4
1 1
< llell g2 max s — -
mn4 ns
Therefore, a Lipschitz constant for the function g is |le||g2 max{1/n1n4, 1/n5}. ]

We now continue to the proof of Theorem 1.2.

Proof of Theorem 1.2. By Corollary 5.1, the forward sensitivity process converges to a
unique stationary measure yp in &1,y (Z). Let g be the function g(x,m) = (de/dx)(x)m.
By Proposition 5.2, we see that ||gllLip + llglly < 0o, which means, in particular, that the
integral on the right-hand side of (5.1) is well defined.

We show that the functional / of (5.1) is bounded for the norm || - || 2. We have ||I(e)] <
llell g2 fz |A(x)m| dyp(z), with the latter integral being finite since yp € &1 v(Z). Then
Il < oo. It remains to show that 7'(I) = [. By the identity yp = y» Ry,

de
l(e)=/ B—(x)md)/e(x,m)
XxM 0X
G 0 0
=/ (/ 8—e(f(x,§,9))<—f(x,§,9)m+—f(X,E,Q))dV(S)>dV9(x,m)- (5.2)
xxm \Jg 0x 0x a9

Recall that the definition of T is T (I)e = [ Pye + mp(9/360) Pye. With our definition of /, and
applying Proposition 4.2, these two terms are

d
[Py(e) = / a—(Pee)(X)m dyg(x, m)
XxM 0X

d d
=/ (/ a—e(ﬂx,s,9))—f(x,s,9>dv<s)>mdye(x,m) (53)
xxm \Jg 0x dx
and
0 0 0
”%P96=/X</a é(f(x,s,9)>£(x,s,9>dv(é)) dtg (x). (5.4)
Add (5.3) to (5.4) and compare with (5.2) to see T'(I) = 1. O

To finish this section, we discuss how this estimator can be implemented. One option is to
iterate the joint recursion (1.3) for a large number of steps, to obtain a sample (x,, m,), and
then prepare the estimate by forming the product A,, = (de/dx)(x,)m,. This requires the
ability to compute the derivatives of e and f. According to Theorem 1.2, the estimate A, has
the property that E[A,] — (8/89)fX e(x)dmg(x) as M — oo. To control the variance of the
estimate, one can form the running averages A, = (1/n) Z?:l A;. The results of [11] can be
used in certain cases to quantify how the variance of the A, decreases with time.
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6. Examples

Example 6.1. We consider a stochastic neural network where at each time only a subset of
the edges in the network are activated. There are N nodes so that the state space X is [0, 1]V.

The random input is a binary vector in & = {0, I}V*¥. Let o be the sigmoid function
o(x) = (1 +exp(—x))~'. The function f: X x & x ® — X is

fi(-x? év 9) = U(Mi(xv é? 9))3

where u; (x,&,60) = ZZ:] &i ki kxk. The b; are biases and considered fixed. A vector & € E
indicates which edges are active at each time step; the edge (i, j) from j to i is only used
if & ; = 1. The probability measure on E is defined by v(§) = ]_[(l.’j)eE pl (1 — p)fii.
Under this law, in the extreme p = 1, we have &; ; = 0 for all i, j with probability 1. The
parameter space ® is the N x N matrix RV >V which are the weights 6;,j between each unit.
We set A(x) = T and || - [lx = || - lleo; hence, da(x,y) = [|x — y]loo. We set B(x) = 1.
We need to find conditions so that Assumptions 1.1-1.4 hold. After setting ® to be an arbitrary
open ball, the only nontrivial part is the contraction criteria, Assumption 1.4(ii). Observe that
@fi/0xj)(x,&,0) =o' (u;(x,§,0))&: ;0; ;. With the norm || - || on X and as |0 (u)| < %,

af
Ha()ﬁ S’ 9)

1
< 7110lloo supéi ;.
o0 2¥)

Note that (fg(sup; ; & ,)* dv(EN'/? = (1 —v(E = 0)'/? = (1 — plEH1/2, 50 a sufficient
condition for contraction in d> is ||w|leo(1 — p'EN /2 < 4. The matrix norm induced by || - lleo
is the maximum absolute row sum; then the condition is that the sum of magnitudes of incoming
weights at each node must be bounded in this way.

The requirements for applying forward sensitivity analysis are met. For completeness we
derive the exact form of the sensitivity system. The space M consists of the linear maps from
RV>N o RN and (3f; /36 k) (x, &, 0) = & jo’ (ui(x, &, 0))&; xxx. We use subscripts to denote
time, and v(k) means the kth component of vector v. Then

Y1) = 0 (U(xXn, Ent1, 0) (D)),
mut1(0, (, k)

=o' (U(xn, En1, 9)(i))[3i,j$n+1 (i, k)xp (k) + ZEnH (i, q)00, g)mn(q, (J, k))}-

q=1

Attime n + 1, node i has to pull from each node ¢ that connects to it the data m,(¢q, (j, k)) and
the state variable x,(g).

Example 6.2. Let E = R2 and let v be the law of two independent random variables &1, &,
such that E[exp(6]£1]) + |&2]%] < oo. Let f: R? x & x ® — R? be the function

f(x,8,0) = (fi(x1,§,0), fa(x1, x2,§,0)), 6.1)

where f1(x1,£,0) = 3x1 +60 + &1 and fr(x1,x2,£,0) = x1x2 +e£n. Let gy, g be the
real-valued functions g1 (x) = exp(2|x1])(1+|x2]) and g2(x) = exp(2|x1]). The metric d4 will
be defined using the pair (|| - ||, A), where || (i, v)|| = p1lu|+ p2|v| and A(x) = g1(x) D g2(x),
with pi, p» determined below. The parameter 6 is a number and B is B(x) = g1(x). We seek
conditions on ¢ and 6 that guarantee contraction and the applicability of stochastic forward
sensitivity analysis.
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Proposition 6.1. Let the following hold:
(1) the parameter space is ® = (—% log2, 1 log2);
(i) & < Land (1+ ([ 161> dv(E)/?)([g exp2el1)? dv(E)'/? < 214
(iii) the coefficients p1, p» are any positive numbers such that 1 + p>/p; < 21/4,
For 6 € O, the stochastic forward sensitivity method is applicable for the system (6.1).
Proof. See Appendix A for a sketch of the calculations involved. ]
Based on the definition of &2, the cost functions are those e: R?> — R satisfying

2

de
—(x)
Xi

g,-(x)_1<oo and sup
X

sup

gi_l(x)gj_l(x) <oo forl<i, j<2.
X

( )
X
Bxiaxj

Note that since g; > 1, the functions in & include those with sup, |[(de/dx)(x)|| < oo and
sup, 1(3%¢/8x2)(x)|| < oo. The joint process takes the following form. We denote the kth
component of a vector v by v(k), and use a subscript to denote time. Thus,

Xnp1 (D) = 23, (1) + 0 + e&up1 (1), xp41(2) = 330 (DX (2) + 8,11 (2),
Map1(D) = Sma(D) + 1, mpg1(2) = 332 Qma (1) + 32, (Hmy (2).

7. Discussion

Our approach to establishing differentiability can be compared with works on measure-
valued differentiation, such as [9] and [10]. The ergodicity framework in those works is based
on normed ergodicity [1], while ours is also based on a norm but involves the derivatives of
the cost functions as well. The approach to establishing differentiability is based on setting up
a certain equation between linear functionals, showing that any solution to that equation must
evaluate the stationary derivative, and showing that the equation indeed has a solution. In this
sense, it is similar to [21], which works with the class of bounded measurable cost functions,
and in a different ergodicity framework. Pflug [13] also used contraction in the Wasserstein
distance in an ergodicity framework for stationary gradient estimation. This work was motivated
by derivative estimation and optimization in neural networks. The back-propagation procedure
is based on adjoint sensitivity analysis, as opposed to the forward sensitivity analysis studied
here. Adjoint sensitivity analysis is often preferred as the auxiliary system in this case evolves
in a space which has dimension nx as opposed to ny X ny. In [3] and [4], the author analyzed
joint gradient estimation/optimization schemes based on adjoint sensitivity analysis. It may
be that the methods of this paper can be extended to adjoint sensitivity analysis. A counter
example to this possibility would also be very interesting.

Another interesting extension may be to apply recursively the construction to obtain estima-
tors for higher derivatives. Calculating (8%/ 862)1&19 [e(x)] should be equivalent to computing
(3/906)E,,[g(x)] for the ‘cost function’ g(x) = (de/dx)(x)m.

Appendix A.

We adopt the following notation. Denote ® the space of parameters, nx the dimensionality
of state space for the underlying system, ng the dimensionality of parameter space, L(R", R"™)
the space of linear maps from R” to R™, M the space L(R"®, R"X), and let ||V 1r) be
shorthand for ( f x V)P dp)'/P. Further denote P (X) as the Borel probability measures
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on X, #p v(X) the measures in & (X) that such that ||V ||Lr) < 00, da the metric induced
by a Finsler structure, $, 4(X) the measures such that fx da(x, x0)? du(x) < oo, dpa
the Wasserstein distance on the space &5 4, || - |lLip the Lipschitz constant for a function
between metric spaces, and (E @ F)(u, v) = (Eu, Fv) the direct sum of linear maps; (E @
F)(u,v) = (Eu, Fv). Finally, denote || - ||4,4 as the norm for a bilinear map: ||m|s,4 =
Supju—joi—1 1AL VIl I - g2 the norm llellg> = llella +l19e/x1l4 +113%€/x7]1 4,4, and I,
the identity matrix on R”.

Proof of Proposition 2.1. The metric axioms follow the approach of [2, Chapter 2]. We show
the completeness. The condition on A(x)~!' means that for some k, the inequality

lx — yll < kda(x,y) (A.1)
holds for all x, y € X. The continuity of A means that ||A| is bounded on compact subsets
of X. Combining this with (A.1), it follows that d4 and the metric determined on | - || are

strongly equivalent on compact subsets of X. Using (A.1), one can show that any d4-Cauchy
sequence is contained in a compact subset of X. By the strong equivalence, d4 is complete on
this subset. (|

Proof of Proposition 4.4. We will make use of the following: whenever y: [0, T] — X is
a curve from x to y thatis

e parameterized by arc length, and
e such that L(y) < da(x, y) + ¢, then

(da(x, ) +¢)?
—

To see this, note that for any curve parameterized by arc length, da(y (¢), x) < t. Integrating
both sides of this inequality and using the first assumption yields the result.

We now proceed to the proof of (i). Let 2: X — R” be a function satisfying the assumptions
of the proposition. Given ¢ > 0, let y: [0, T] — X be a piecewise C! curve from x to y
with L(y) < da(x, y) + €. Assume that y is parameterized by arc length. By the identity
Y () = A(y (1)) "' A(y 1))y’ (¢), and the assumption on £,

T
/ da(y (1), x)dt < A2)
0

T\ ah
Ih(x) — Rl 5/ ™ (y(®)y' )| dr
0 X

_[T3
0

h
SEOAGO) A0 0
T
- / By (1)) dr.
0

Noting that B is Lipschitz, and invoking (A.2),

dr

T
[h(x) —h(WI = /0 (B(x) + [ BllLipda(y (1), x)) dt

T T
sBm/O 1dt+||B||Lip/0 da(y (1), x) dt

dalx, y)? g2
% +da(x, y)e + E]

Since ¢ was arbitrary, we have ||h(x) — h(y)| < B(x)da(x, y) + %||B||LipdA(x, y)2.

< B)lda(x,y) + el + ”B”Lip[
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For (ii), let ¥ be any coupling of w1 with p; such that (fXXX da(x, )2 dy(x, yn'/? <
dy, A(j41, u2) + €. Then

H / 7o) dias (x) — / h(y)dm(y)”
X X
5/ 1h() — k() dy (x. y)
XxX

1
5/ B(x)dA<x,y>dy(x,y>+Eanup/
XxX

X x

da(x, y)*dy(x,y)
X

< Bl 2,y (2,41, 12) + &) + 1 BllLip(da, a (i1, p2) + €)%
Since ¢ > 0 was arbitrary, the proof is complete. (|

Proof of Proposition 6.1. We verify Assumptions 1.1-1.4. For Assumption 1.1, the conti-
nuity is obvious. As A has a diagonal structure, IACG) ™! = max{gi(x)~", g2(x)~'}, soitis
clear that |A(x)~!| < 1 for all x.

For Assumption 1.2, the differentiability is evident. For the integrability, using the basepoint
(0, 0), it suffices that ([ da(0, f(x,&,6))?dv(£))!/? < coforany (x,6) € X x ®. Consider
the curve t — ¢ f(x,&,0) fort € [0, 1] from O to f(x,&,0). Then ds(0, f(x,§,60)) <
fol At f(x,&,0)) f(x,&,0)| dt. Next, by the definition of || - ||,

[AG f(x,§,0))f(x,§ 0)
=pilgi f(x,§,0) f1(x,§,0)| + p2lg2(t f(x,§,0)) f2(x, &, 0)].
For the first term on the right-hand side of this equation, we have
lg1(r f(x,§,0)) f1(x, &, 0)]
=exp(2]t3x1 + 10 + te&|) (1 + |t 3x1x2 + teda|) | 1x1 + 6 + ety |
< exp(|x1]) exp(2|0]) expel&1 ) (1 + 5 |xillx2| + el&2) (5 1x1] + 10] + el&1])
< exp2xt| + [x1]lx2]) exp(210]) exp(3el&1 (1 + ]&2]).
In the last inequality, we used the fact that 6 < % Likewise, for the second term,
820t/ (x.6.0)) f2(x, §, 0)| = exp(2|r 321 + 10 +1e81[)| 3x102 + 2
< exp(|x1| + [x1x2]) exp(2]0]) exp(2¢]&1|)e|E2].
Combining these, we obtain a bound for d4 (0, f(x, &, 0)):
da(0, f(x,§,0)) < prexp(2lxi| + |x1x2]) exp(2]0]) exp(Bel&1 ) (1 + €l82])
+ p2exp(lxi| + [x1x2]) exp(2|0]) exp(2¢(§1))e|é2 |
< (p1 + p2) exp2lx1| + |x1x2]) exp(2|0]) exp(3el&1D (1 + £]820).  (A.3)

Let O = ([ 161> dv(£))!/? and set R = ([ exp(2¢[£1])? dv(€))!/2. Squaring and integrating
(A.3) yields

1/2
( / da(0, f(x. &, 9>>2dv(s))

1/2
< (p1 + p2) exp2|x1| + |x1x2|)€XP(2|9|)</ﬁ exp(3el€1])? dv(é;‘)) (I+¢0),

which is finite by the assumption that exp(6|£]) is integrable and that ¢ < 1.
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For Assumption 1.3, the invertibility of B(x) follows since g; > 1. Next, we show that
| B(x)|l is Lipschitz for d4. Since |le||Lip = [|0e/0x || 4 when e is differentiable, the Lipschitz
continuity of g can be shown as follows. Let x = (x, x2) be a point of differentiability for
(Ix1l, [x2]), and let py|u| + pa2|v] = 1. Then

8ix%x)A(x)*l(u, v)

0
= ‘%(x)(gl(xﬂ
X

0 0
= ‘ﬁ(x)gl(x)—lu + ﬁ(x)gz(x)—lv

1 |0g1
<max{— 8_( x)g1(x)! (x)g2(x)7"
X

P1

‘381

j

where |(3g1/90x1)(x)g1 (x)"Y <2 and |(8g1/8x2)(x)g2(x)_1| < 1. By an argument using a
mollification of | - |, this is extended to all points of X. Therefore, | gllLip < max{2/p1, 1/p2}.
We turn to the functions Ly g,, starting with Lx. Note the inequalities

g1(f(x,£,0) i( E,0)| g1

< %exp(zwn exp(2e(&1]) exp(|x1 1) (1 + 1x1] + el&2]) exp(—2]x1]), (A4)
o)
@ (f(x,£,0) ﬁ(x £,0)] g1(x)"!
< %eXP(ZIGI)eXP(%Iéll)CXP(lel)GXP(—Zlel), (A.5)

@ (f(x,£,0)) ﬁ(x £,0)| g2(x)7!

< %exp(2|9|> exp(2¢|x1]) exp(lx1 )| x1 ] exp(—=2]x1 ). (A.6)
Next, note that

0
HA(f(x, £, 9))%@ £,0)A(x)™!

'fl

(x,€,0)

ﬁ(x £,0)

< maX{gl(f(x,E,H)) g1(x)”!

§107 . g2 503 f2 60

p—g 2(f(x, £,0)) g(x)” 1}

Combining this with the three inequalities (A.4)—(A.6), we obtain

A(f(x,§,0)) f(x £,0)A()™!

IA

1 1 2
5 exp(2|61) eXP(ZEI&I)eXp(lxll)Hl@lX{l + §|xl| +¢elé| + % lel} exp(—2|x1])

IA

1
5 eXp(210]) exp(2e[1 ) exp(lx: I)[1 + x1] + ¢l&2| + %} exp(=2[x1]).

Squaring and integrating the right-hand side of the last inequality, and using the independence
of the &1 and &, variables yields

1 2
Lx(x,0) < 3 exp(2|6)) R eXP(|X1|)<1 +eQ+ % + |x1|) exp(—2|x1]).
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This is a continuous function of (x, 8), so the continuity of Ly holds. We now show the
contraction property. Using the inequality a + x < a exp(x/a), we obtain

< (1 P2\ 1 )"
< +eQ+ —= )zexplO)Rexp| |1+ (1 4+eQ + — |x1] ) exp(—2|x1]).
p1)2 P1

Based on this, the contraction property holds if €, 6, p;, and p, are such that (1 + ¢Q +
p2/Pp1) exp(2|6]) R < 2 and one can verify that assumptions (i)—(iii) mean that this indeed is
the case. Now consider Lg. Let ||-|l@ = |-|. Then ||A(f (x, &, 0))(3f/30)(x, &, 0)B(x)"!| =
g1(f(x,&, 9))g1(x)_1. Using a similar analysis as above,

g1(f (x,§.0)g1(x) ™" < exp(216]) expelé1]) exp(lx)) (1 + lx1] + elé2l) exp(=2x1]).
Squaring and integrating the right-hand side of this equation yields
Lo(x,0) < exp(2l0])Rexp(|x1))(1 + 5x1] + £Q) exp(—2|x1])

1
= +8Q)6Xp(2|9|)ReXP([1 + 20+:0) 2]IXlI) = (I +eQ)exp(2I6DR.

From the first inequality, we can see that Lg is continuous. From the last, we can see that Lg
is bounded on the set X x ®. It remains to verify conditions on the higher derivatives. The
higher derivatives vanish except for 3 f /dx2. This is defined as follows:

3% fr

axiax]'

ifk=2andi # j,
otherwise.

1
_]2
(.X,%_,e)— {0

Fori = 1,2, we have A(x) le; = g '(x)ej, and by the basic properties of bilinear maps

2 2
A(f(x, €,0)- f(z)(A(X)_ ei, Ax)lej) = A(f(x, &, 0>)g;1<x)g;1(x) f

(X€9)

Note that (82f/8x,~8xj)(x,§,9) =0ifi = j. Wheni # j, we have (82f/8xi8xj)(x £,0)=

(0, 3) and A(f (x, £))g7 ' ()83 ()0, 3) = (0, g2(f (x, £))g; ' 85" (x)). Then, for any i, j,
52

‘A(f(x g, 9)) f(x £,0)(Ax) e, A) " tej)

Note that |g; (x)| < 1, and the norms |- || and | - || x satisfy || - 1 < max{1/p1, 1/p2}ll - Ilx

With this, we obtain

< p2ga(f(x, & 0)g1(x)  ga(x)™".

HA(f(x £.6)) f L EOAM T @ AD ™

IA

1 1))\?
<max{— —}) 282 (f(x, &, 0))g2(x)”!
P P2

:max{”§ }gz(f(x §.0)g20)™!
py P2

1
1
_ max{p—j, —} exp(216] + 61 ).
Py P2

Integrating yields Lx2(x,6) < max{pz/p%,l/pz} exp(2|9|)fE exp(2¢|&1]) dv(§), which is
bounded and continuous on X x ©. O
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