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Abstract. In this paper we investigate the ideal structure of the C*-algebra of a locally
injective surjection introduced by the second-named author. Our main result is that a
simple quotient of the C*-algebra of a locally injective surjection on a compact metric
space of finite covering dimension is either a full matrix algebra, a crossed product of a
minimal homeomorphism of a compact metric space of finite covering dimension, or it is
purely infinite and hence covered by the classification result of Kirchberg and Phillips. It
follows in particular that if the C*-algebra of a locally injective surjection on a compact
metric space of finite covering dimension is simple, then it is automatically purely infinite,
unless the map in question is a homeomorphism. A corollary of this result is that if the
C*-algebra of a one-sided subshift is simple, then it is also purely infinite.

1. Introduction

The classical connection between dynamical systems and C*-algebras is the crossed
product construction, which associates a C*-algebra to a homeomorphism of a compact
metric space. This construction has been generalized stepwise by Renault [Re],
Deaconu [Del] and Anantharaman-Delaroche [An] to local homeomorphisms and recently
also to locally injective surjections by the second-named author in [Th1l]. The main
motivation for the last generalization was the wish to include the Matsumoto-type C*-
algebra of a subshift, which was introduced by the first-named author in [Ca].

In this paper we continue the investigation of the structure of the C*-algebra of a locally
injective surjection which was begun in [Th1]. The main goal here is to give necessary and
sufficient conditions for the algebras, or at least any simple quotient of them, to be purely
infinite, a property they are known to have in many cases. Recall that a simple C*-algebra
is said to be purely infinite when all its non-zero hereditary C*-subalgebras contain an
infinite projection. Our main result is that a simple quotient of the C*-algebra arising from
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a locally injective surjection on a compact metric space of finite covering dimension, as

in [Thl, §4], is one of the following kinds:

(1) a full matrix algebra M,,(C) for some n € N; or

(2) the crossed product C(K) xsZ corresponding to a minimal homeomorphism f of a
compact metric space K of finite covering dimension; or

(3) aunital purely infinite simple C*-algebra.

In particular, when the algebra itself is simple, it must be one of the three types, and in

fact purely infinite unless the underlying map is a homeomorphism. Hence the problem

of finding necessary and sufficient conditions for the C*-algebra of a locally injective

surjection on a compact metric space of finite covering dimension to be both simple and

purely infinite has a strikingly straightforward solution: if the algebra is simple (and [Th1]

gives necessary and sufficient conditions for this to happen), then it is automatically purely

infinite unless the map in question is a homeomorphism. A corollary of this result is that

if the C*-algebra of a one-sided subshift is simple, then it is also purely infinite.

On the way to the proof of the main result we study the ideal structure. We first find the
gauge-invariant ideals, obtaining an insight which, combined with the methods and results
of Katsura [Ka], leads to a list of the primitive ideals. We then identify the maximal ideals
among the primitive ones and obtain in this way a description of the simple quotients,
which we use to obtain the conclusions described above. A fundamental tool all the way
is the canonical locally homeomorphic extension discovered in [Th2], which allows us
to replace the given locally injective map with a local homeomorphism. This means,
however, that much of the structure we investigate gets described in terms of the canonical
locally homeomorphic extension, and this is unfortunate since it may not be easy to obtain
a satisfactory understanding of it for a given locally injective surjection. Still, it allows us
to obtain qualitative conclusions of the type mentioned above.

Besides the C*-algebras of subshifts our results also of course cover the C*-algebras
associated to a local homeomorphism by the construction of Renault, Deaconu and
Anantharaman-Delaroche, provided the map is surjective and the space is of finite covering
dimension. This means that the results have bearing on many classes of C*-algebras
which have been associated to various structures, for example the A-graph systems of
Matsumoto [Ma] and the continuous graphs of Deaconu [De2].

2. The C*-algebra of a locally injective surjection
Let X be a compact metric space and ¢ : X — X a locally injective surjection. Set
Fo={(x,k,y)eXxZxX:In,meN,k=n—m, ¢"(x)=¢"(»}.
This is a groupoid with the set of composable pairs being
I& ={((x, k. y), ', K, y) €Ty x Ty iy =x'}.
The multiplication and inversion are given by
@k MOK Y)Y =@ k+ Ky and (k)T = (0, k).

Note that the unit space of I', can be identified with X via the map x — (x, 0, x). To
turn 'y, into a locally compact topological groupoid, fix k € Z. For each n € N such
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thatn + k > 0, set
Tk, n) ={(x,[,y) e X x Zx X : 1=k, ¢"T"(x) = 9" ()}

This is a closed subset of the topological product X x Z x X and hence a locally compact
Hausdorff space in the relative topology. Since ¢ is locally injective, I, (k, n) is an open
subset of I'y (k, n + 1) and hence the union
Ty = | Tylk, n)

n>—k

is a locally compact Hausdorff space in the inductive limit topology. The disjoint union
Iy = Iyl

keZ
is then a locally compact Hausdorff space in the topology, where each I'y, (k) is an open and
closed set. In fact, as is easily verified, I, is a locally compact groupoid in the sense of [Re]
and a semi-étale groupoid in the sense of [Th1]. The paper [Th1] contains a construction
of a C*-algebra from any semi-étale groupoid, but here we give only a description of the
construction for I'y.

Consider the space B.(I'y) of compactly supported bounded functions on I'y,. They

form a x-algebra with respect to the convolution-like product

e ko)=Y flx,n G m,y)

z,n+m=k
and the involution
[rGe ko y)y=f(y, —k, x).
To turn it into a C*-algebra, let x € X and consider the Hilbert space H, of square

summable functions on {(x’, k, y') € 'y, : y’ = x} which carries a representation 7, of the
x-algebra B.(I'y) defined such that

@ (NHVE k)= D f&n DY m, x) @1
z,n+m=k
when ¢/ € H,. One can then define a C*-algebra B;*(I'y,) as the completion of B.(T"y) with
respect to the norm

£l = sup [l (Ol
xeX

The space C.(I'y) of continuous and compactly supported functions on I'y, generates a *-
subalgebra alg*T", of B/ (I',) which, completed with respect to the above norm, becomes
the C*-algebra C(I'y), which is our object of study. When ¢ is open, and hence a local
homeomorphism, C(I'y) is a x-subalgebra of B.(T'y), so alg*T", = C.(I'y) and C}(T,)
is then the completion of C.(I'y). In this case C;(I'y) is the algebra studied by Renault
in [Re], by Deaconu in [Del], and by Anantharaman-Delaroche in [An].

The algebra C;(T',) contains several canonical C*-subalgebras which we will need in
our study of its structure. One is the C*-algebra of the open subgroupoid

R, =T,(0),

which is a semi-étale groupoid (equivalence relation, in fact) in itself. The corresponding
C*-algebra C)(R,) is the C*-subalgebra of C}(I'y) generated by the continuous and
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compactly supported functions on R,. Equally important are two canonical abelian
C*-subalgebras, Dr, and Dg,. They arise from the fact that the C*-algebra B(X) of
bounded functions on X sits canonically inside B(I"y), see [Thl, p. 765], and are then
defined as

Dr, = C;(I'y) N B(X)

and
Dg, = C}'(Ry) N B(X),

respectively. There are faithful conditional expectations Pr,, : C;(I'y) — Dr, and Pg, :
C}(Ry) — Dg,, obtained as extensions of the restriction map alg'T'y, — B(X) to C¥(T'y)
and C}(R,), respectively. When ¢ is open and hence a local homeomorphism, the two
algebras Dr Y and Dpg , are identical and equal to C(X), but in general the inclusion
Dg, € Dr, is strict.
Our approach to the study of C;(I'y) hinges on a construction introduced in [Th2] of
a compact Hausdorff space Y and a local homeomorphic surjection ¢ : ¥ — Y such that
(X, p) is a factor of (Y, ¢) and
Cl(Ty) = CH(Ty). 2.2)
Everything we can say about ideals and simple quotients of C;(I'y) will have a bearing
on C}(I'y,), but while the isomorphism (2.2) is equivariant with respect to the canonical
gauge actions (see §4), it will not in general take C;(R,) onto C}(Rgs). This is one
reason why we will work with C;(I',), whenever possible, instead of using (2.2) as a
valid excuse for working with local homeomorphisms only. Another is that it is generally
not so easy to get a workable description of (Y, ¢). As in [Th2] we will refer to (Y, ¢)
as the canonical locally homeomorphic extension of (X, ¢). The space Y is the Gelfand

spectrum of Dr,, so when ¢ is already a local homeomorphism itself, the extension is
redundant and (Y, ¢) = (X, ¢).

3. Idealsin C}(Ry)
Recall from [Th1] that there is a semi-étale equivalence relation

R@") ={(x,y) e X x X :¢"(x)=¢"(»)}

for each n € N. They will be considered as open subequivalence relations of R, via the
embedding (x, y) = (x, 0, y) € I'x,(0). In this way we get embeddings C;(R(¢")) C
C;‘(R(go"“)) C C}(Ry) by [Thl, Lemma 2.10], and then

Cr(Ry) = Cr(R(p). 3.1

cf. [Thl, (4.2)]. This inductive limit decomposition of C;(R,) defines in a natural way a
similar inductive limit decomposition of Dg,,. Set

Dg(yny = CF(R(¢")) N B(X).
Then we obtain the following lemma.
LEMMA 3.1. We have that Dg, = m.
Proof. Since C}(R(¢")) € C}(Ry), it follows that
Dy = CH(R(¢") N B(X) € C}(Ry) N B(X) = D,
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Hence

o0
U Drn S Dr,- (3.2)
n=1
Let x € Dg, and let € > 0. It follows from (3.1) that there is an n € N and an element
y € alg* R(¢™) such that

llx — Pr, (0]l <e.

On alg*R,, the conditional expectation Pg, is just the map which restricts functions to X,
and the same is true for the conditional expectation Pg(,n) on alg*R(¢"), where Pgyn)
is the conditional expectation of [Th1l, Lemma 2.8] obtained by considering R(¢") as a
semi-étale groupoid in itself. Hence Ppg Y (y) = Pryn)(y) € DR(yny. It follows that we
have equality in (3.2). o

In the following, by an ideal of a C*-algebra we will always mean a closed and two-
sided ideal. The next lemma is well-known and crucial for the following.

LEMMA 3.2. LetY be a compact Hausdorff space, M,, the C*-algebra of n-by-n matrices
for some natural number n € N and p a projection in C(Y, M,). Set A= pC(Y, M,)p
and let C 4 be the centre of A.

For every ideal I in A, there is an approximate unit for I in I N C 4.

LEMMA 3.3. Let I, J € C}(Ry) be two ideals. Then
INDR, CJNDg,=1<J.

Proof. If I N Dg, € J N Dg,, it follows that I N Dgny € J N Dg(yny for all n. Note
that the centre of C;'(R(¢")) is contained in Dgyn) since Dg(yn) is maximal abelian in
C}(R(¢™)) by [Thl, Lemma 2.19]. By using [Thl, Corollary 3.3], it follows therefore
from Lemma 3.2 that there is a sequence {x,} in I N Dg(yny such that lim,_ o x,a =a
for all a e I N C}(R(¢")). Since x, € J N Dg(yny, this implies that I N CF(R(¢™)) C
J N C}(R(¢™)) for all n. Combining with (3.1), we find that

I=J1rnc:Rem el JIncCrRrem) =J. =

Recall from [Th1] that an ideal J in D, is said to be Ry-invariant when n*Jn C J for
all n € alg*R,, supported in a bisection of R,,. For every Ry-invariant ideal J in Dg,, set

={a € C/(Ry): Pg,(a*a) € J}.

THEOREM 3.4. The map J — Tisa bijection between the Ry-invariant ideals in DR,
and the ideals in C;(Ry). The inverse is given by the map I +— I N Dg,.

Proof. Tt follows from [Th1l, Lemma 2.13] that Jn Dg,=J for any R, -1nvar1ant ideal
in D R, It suffices therefore to show that every ideal in C;'(R,) is of the form 7 for some
Ry-invariant ideal J in Dg,. Let I be an ideal in C*(Rw) Set J=1IN Dg,, which
is clearly an Ry-invariant ideal in Dg,. Smce ]ﬂDR =J =1NDg, by [Thl,
Lemma 2.13], we conclude from Lemma 3 3that J = 1. O

A subset L C Y is said to be ¢-saturated when ¢ ¥ (¢* (L)) = L for all k € N.
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COROLLARY 3.5. (Cf. [Re, Proposition 11.4.6]) The map
L I ={aeC}(Ry): Pry(a*a)(x) =0forall x € L}

is a bijection from the non-empty closed ¢-saturated subsets L of Y onto the set of proper
ideals in C}(Rgp).

Proof. Since ¢ is a local homeomorphism, we have that Dg, = C(Y), so the corollary
follows from Theorem 3.4 by use of the well-known bijection between ideals in C(Y) and
closed subsets of Y. The only thing to show is that an open subset U of Y is ¢-saturated
if and only if the ideal Co(U) of C(Y) is Ry-invariant, which is straightforward, cf. [Th1,
Proof of Corollary 2.18]. O

The next issue will be to determine which closed ¢-saturated subsets of Y correspond
to primitive ideals. For a point x € Y, we define the ¢-saturation of x to be the set

Hx) = Jlyer:¢"()=¢"(x).

n=1

The closure H (x) of H (x) will be referred to as the closed ¢-saturation of x. Observe that
both H(x) and H (x) are ¢-saturated.

PROPOSITION 3.6. Let L C Y be a non-empty closed ¢-saturated subset. The ideal 11 is
primitive if and only if L is the closed ¢-saturation of a pointin'Y.

Proof. Since Cj(Ry) is separable, an ideal is primitive if and only if it is prime, see [Pe,
Propositions 3.13.10 and 4.3.6]. We show that I; is prime if and only if L = H(x) for
some x €Y.

Assume first that L = m and consider two ideals, /1 and I», in C}(Rg) such that
L1, C Im. By Corollary 3.5, there are closed ¢-saturated subsets, L1 and L», in Y such
that /; = IL/., j =1, 2. Tt follows from Corollary 3.5 that m C Li U L,. At least one
of the L;’s must contain x, say x € Li. Since L is ¢-saturated and closed, it follows that
‘H(x) € L;, and hence that I; € IW' Thus IW is prime.

Assume next that 7, is prime. Let {Uy}72 , be a base for the topology of L consisting of
non-empty sets. We will construct sequences { By }72 , of compact sets in L with non-empty
interiors relative to L and non-negative integers {ny};2, such that:

(1) Bp C Byg—ifork>1;and

(2)  @"K(By) S ¢" (Uy) for k > 0.

We start the induction by letting By be any compact subset with non-empty interior
contained in Uy and ng = 0. Assume then that By, By, B, ..., By, and ng, ny, ..., ny
have been constructed. Choose a non-empty open subset V1 € By,. Note that both

AU ¢™@ Vi)
l

and

AU ¢™@ a1
l

are closed ¢-saturated subsets of L, and hence of Y, and neither of them is all of L. It
follows from Corollary 3.5 and the primeness of /;, that L is not contained in their union,

https://doi.org/10.1017/50143385711000216 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000216

1232 T. M. Carlsen and K. Thomsen

which in turn implies that

@I (" (Viyy1)) N @~ (@™ mH (Upyy )

is non-empty for some 7,41 € N. There is therefore a point z € V41 such that ¢"n+1(z) €
@"m+1(Up+1), and therefore also a compact non-empty neighbourhood By, +1 € Vi41 of 2
such that ¢"m+1 (By41) € ¢ (Up+1). This completes the induction. Let x € (), By.
By construction, every Uy contains an element from H (x). It follows that Hx)=L. O

4. Onthe ideals of C}(T'y)
The C*-algebra C;(I'y,) carries a canonical circle action 8, called the gauge action, defined
such that

Bl (x, k, y) =2 fx, k. y)
when f € C.(I'y) and A € T, cf. [Thl]. As the next step we describe in this section the
gauge-invariant ideals in C;'(I'y).
Consider first the function m : X — N, defined such that
m(x) =#{y € X : p(y) = p(x)}. 4.1)
As shown in [Thl], m € Dg(,) € DR«:' Define a function V,, : I'y — C such that
1
m(x)~2, whenk=1andy=¢(x),
V(p (.X, ka y) = {

0, otherwise.
Then V,, is the product V,, = m’% Ir,(1,0) in C;(T'y), and in fact an isometry which induces
an endomorphism ¢ of C;*(Ry), viz.
@(a) =Vya V; .
Together with C}(R,), the isometry V,, generates C;'(I'y,), which in this way becomes a

crossed product C}(R,) xg N in the sense of Stacey, cf. [St, Thl], in particular [Thl,
Theorem 4.6].

4.1. Gauge-invariant ideals. Let Cr*(F(p)T denote the fixed point algebra of the gauge
action.

LEMMA 4.1. For each k € N, we have that V(Z‘kC;‘(RW)V(f is a C*-subalgebra of
C}(Ty)T and that

VECHR)VE v CH (R V. 4.2)
We also have that
0.¢]
Crry)" =] Vet CrR) VL. (4.3)
k=0

Proof. Since V;f V;k € Cf(Ry), it is easy to check that V(Z‘kC;“(R@V(Zf is a *x-algebra. To
see that V;kC;"(Rw)Vq’f is closed, let {a,} be a sequence in C}(R,) such that {V;kan ngf}
converges in C;(I'y), say lim,, oo V;kan VJf = b. It follows that

k k k k
wvivta,viveh

https://doi.org/10.1017/50143385711000216 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000216

The structure of the C*-algebra of a locally injective surjection 1233

is Cauchy in C}(R,) and hence convergent, say to a € C;(R,). But then

b= lim V*a,vl = lim v*vEveta, viviEivE = vitavk,

n—o0 4 n—o0 ¢

It follows that
k k
V; Cr (R(,,)Vw
is closed and hence a C*-subalgebra. The inclusion (4.2) follows from the observation that
VK =V3VEH and V,CF(R,) V) C CF(Ry).

It is straightforward to check that S, (V) = AV, and that C;'(R,) € C;‘(F(p)T. The
inclusion 2 in (4.3) follows from this. To obtain the other, let x € C;*(T" (p)T and let € > 0.
It follows from [Th1, Theorem 4.6] and [BoKR, Lemma 1.1] that there are an n € N and
an element

yeSpan | V)ICrHR,)V]

i,j<n
such that ||x — y|| <e. Then ||x — fT B (y) dA| < € and since
f Br(y) dr € VE"CHRy)V,
T

we see that (4.3) holds. O

LEMMA 4.2. Let I be a gauge-invariant ideal in C}(T'y). It follows that
I= {a €CH(Ty): / Bi(a*a)dreIn C;"(F(p)T}.
T

Proof. Set B = C;(I'y)/I. Since I is gauge-invariant, there is an action ﬁ of T on B such
thatg o 8 = B o g, where g : C}(I'y) — B is the quotient map. Thus, if

ye {a €C(Ty): / Bi(a*a)dreIn c;"(rq,)T},
T

we find that

/T/%(q(y*y))dk=q(/T BrL(y*y) dx):o.

Since fT /§A(-) dX is faithful, we conclude that g(y) =0, i.e. y € I. This establishes the
non-trivial part of the asserted identity. g

LEMMA 4.3. Let I, I be gauge-invariant ideals in C}(T'y). Then
INDg, CI'NDg,=1<1'.

Proof. Assume that I N DR«z cl'n DRw' It follows from Lemma 3.3 that I N C*(R,) €
I’ N C}(Ry). Thus

INVECHR)VE = VI N CrRy))VE
S VAU NCHR)VE =T 0 VECHRY VS

for all k € N. Hence Lemma 4.1 implies that I N C}(I'y)T € I' N C}(Ty)T. It follows
then from Lemma 4.2 that 7 C [’. O
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PROPOSITION 4.4. The map J — .T, where
J={aeCiTy): Pr,(@*a) e J},

is a bijection from the T p-invariant ideals of Dr, onto the gauge-invariant ideals of
Cr(Ty). Its inverse is the map I — I N Dr,.

Proof. Since Pr o © B=Pr o the ideal J is gauge-invariant. It follows from [Thl,
Lemma 2.13] that J N Dr,=J,so it suffices to show that

INDr, =1 (4.4)

when [ is a gauge-invariant ideal in C;‘(F(p). It follows from [Thl, Lemma 2.13]
that I N Dr(p N Drw =IN Dr‘p. Since DRw - Drw, this implies that / ﬂDrw ﬂDRW =
I N Dg,,. Then (4.4) follows from Lemma 4.3. O

To simplify the notation, set D = Dr s =C (Y). Every ideal I in C}(T'y) determines a
closed subset p(I) of Y defined such that

ol)y={yeY: f(y)=0forall f elnN D} 4.5)
We say that a subset F' C Y is totally ¢-invariant when ¢~ (F) = F.

LEMMA 4.5. The subset p(I) is totally ¢-invariant for every ideal I in C}(T'y).

Proof. 1t suffices to show that Y\ p(I) is totally ¢-invariant, which is what we will do.
Assume first that x € Y\p(Z). Then there is an f € I N D such that f(x) # 0. Choose
an open bisection W C I'y such that (x, 1, ¢(x)) € W. Choose then 1 € C.(I'y) such
that n((x, 1, ¢(x))) =1 and suppn C W. 1t is not difficult to check that n*fne D
and that n* fn(¢(x)) = f(x) #0, and since n* fn € I, it follows that ¢ (x) € Y\p(I).
Assume then that ¢(x) € Y\p(I). Then there is a g € I N D such that g(¢(x)) #O0.
Choose an open bisection W C I'y such that (x, 1, ¢(x)) € W and n € C.(I'y) such that

n((x, 1, ¢(x))) =1 and supp n € W. Then ngn* € D and ngn*(¢(x)) = g(x) #0, and
since ngn* € I, this shows that x € Y\ p(I), proving that ¢~ (o (1)) = p(I). O

Thus every ideal in C;(I'y) gives rise to a closed totally ¢-invariant subset of Y. To
go in the other direction, let F' be a closed totally ¢-invariant subset of Y. Then Y\F
is open and totally ¢-invariant, so the reduction I'y|y\r is an étale groupoid in its own
right, cf. [An]. In fact, ¢ restricts to local homeomorphic surjections ¢ : Y\ F — Y\ F and
¢:F — F,and

Folr\r = Loy
Note that C}(I'gly\r) = C/(I'g|y,,) is an ideal in C}(I'y) because Y\F is totally
¢-invariant. (Since Y\ F might not be compact, I'g|,, . is not necessarily covered by the

construction given in this paper, but since ¢ is a local homeomorphism, Iy, . is covered
by [An, Re].)

PROPOSITION 4.6. (Cf. [Re, Proposition I1.4.5]) Let F be a non-empty, closed and totally
¢-invariant subset of Y. There is then a surjective x-homomorphism wr : C}(T'g) —
C}(Tg|z) which extends the restriction map C.(I'¢) — Cc(I'g|;) and has the property
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thatker wp = C}(Lg|y ), Le.

04>C,*(1"¢|Y\F)—>Cf(l“¢)gcr*(rdﬂp) >0

is exact. Furthermore,
pkermp)=F. 4.6)

Proof. Let 7tp : Cc(I'y) — Co(I'y) denote the restriction map which is surjective by
Tietze’s theorem. By using that F is totally ¢-invariant, it follows straightforwardly that
7T F is a x-homomorphism. Since 7, o 1 = 7, when x € F, it follows that 77 extends by
continuity to a *-homomorphism 7 : C;(I'y) — C)(I'g|-), Which is surjective because
7t is. To complete the proof, observe that

kermp N D =Co(Y\F)= C;k(rtb\y\F) nD.

The first identity shows that (4.6) holds, and since ker 7 and C;(I'g|y, ) are both gauge-
invariant ideals, the second shows that they are identical by Lemma 4.3. O

By combining Proposition 4.4, Lemma 4.5 and Proposition 4.6, we obtain the following.

THEOREM 4.7. The map p is a bijection from the gauge-invariant ideals in C)(I'y) onto
the set of closed totally ¢-invariant subsets of Y. The inverse is the map which sends a
closed totally ¢-invariant subset F C Y to the ideal

ker 7y = {a € C;(I'y) : Pr,(a*a)(x) =0 forall x € F}.
We remark that since the isomorphism (2.2) is equivariant with respect to the gauge

actions, Theorem 4.7 also gives a description of the gauge-invariant ideals in C}(I'y) as a
complement to that of Proposition 4.4.

4.2.  The primitive ideals. 'We are now in a position to obtain a complete description of
the primitive ideals of C;(I'y). Much of what we do is merely a translation of Katsura’s
description of the primitive ideals in the more general C*-algebras considered by him
in [Ka]. Recall that because we only deal with separable C*-algebras, the primitive ideals
are the same as the prime ideals, cf. [Pe, Propositions 3.13.10 and 4.3.6].

LEMMA 4.8. Let I be an ideal in C;(I'y) and let F be a closed totally ¢-invariant subset
of Y.If p(I) C F, thenkernp C I.

Proof. Since p(I) C F, it follows from the Stone—Weierstrass theorem that Co(Y\ F) C
INC(Y). Let {i,} be an approximate unit in Co(Y\ F). It follows from Proposition 4.6
that {i,,} is also an approximate unit in ker 7. Since {i,,} C I, it follows thatker rr C 1. O

We say that a closed totally ¢-invariant subset F' of Y is prime when it has the property
that if 7 and F; also are closed and totally ¢-invariant subsets of ¥ and F C Fj U F;, then
either F C Fior F C F,.

Let

M = {F C Y : F is non-empty, closed, totally ¢-invariant and prime}.

Forx €Y, let
Orb(x) ={yeY:Im,ne N:¢"(x) =¢"(y)}.

We call Orb(x) the total ¢-orbit of x.
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PROPOSITION 4.9. (Cf. [Ka, Propositions 4.13 and 4.4])

M ={Orb(x):x € Y}.
Proof. It is clear that Orb(x) € M for every x € Y. Assume that F € M and let {Uy}72
be a basis for F. We will by induction show that we can choose compact sets {Cy}2 ) and
{CLI72 in F, all with non-empty interiors relative to F, and positive integers (n4), and
(n})R2, such that Cx € Uy and C;, € ¢™1(Cr_1) N (/5"2*1 (C}_y) for k > 1. For this set,
Co=Cy=F. Assumethenthatm > landthat Cy, ..., Cp,Cj, ..., Cp 00, .., Ny
and ny, ..., n), _, satisfying the conditions above have been chosen. Choose non-empty
open subsets V,, € Cy, and V,, € C,,. We then have that

o0 o
U 7@ V) and | J ¢7'G* (Vo)
1,k=0 1,k=0
are non-empty, open and totally ¢-invariant subsets of F', and thus that

F\J 7@ W) and F\ |J 7@ ;) 47

1,k=0 1,k=0
are closed totally ¢-invariant subsets of Y. Since F is prime and is not contained in either
of the sets from (4.7), it follows that F is not contained in

(F\ U ¢—’<¢k(vm>>> y (F\ U ¢>—1(¢"(v,,;)>),

1,k=0 1.k=0

( U ¢—l<¢k(vm>)> N ( U ¢—’<¢k<v,;>>) #0.

1,k=0 1,k=0

whence

It follows that there are positive integers n,, and n), such that ¢"= (V,,) N qb”;n (V,,) is non-
empty. Thus we can choose a compact subset Cy,, 11 € U,,+1 With non-empty interior and
a compact set C, .| € ¢"" (V) N @' (V)) S¢"(Cp) N @' (Cr,), also with non-empty
interior, which is what is required for the induction step.

It is easy to check that
CoNg™"0(CHN--- N0 (Cy,y), k=0,1,...

is a decreasing sequence of non-empty compact sets. It follows that there is

o0
xe() ¢~ (Chy ) N C-

k=0
We have for every k € N that ¢"0™"+"k(x) € Cy, | € ¢™ (Cx) S ¢™ (Uy), and it follows
that Orb(x) is dense in F, and thus that F' = Orb(x). O

PROPOSITION 4.10. (Cf. [Ka, Proposition 9.3]) Assume that I is a prime ideal in C}(T'y).
It follows that p(I) € M.

Proof. It follows from Lemma 4.5 that p(/) is closed and totally ¢-invariant. To show
that p(7) is also prime, assume that F7 and F, are closed totally ¢-invariant subsets such
that p(/) € F; U F,. It then from Lemma 4.8 that ker(wrur,) S 1. Since ker mp, N
ker g, N D = Co(Y\F1) N Co(Y\F2) = Co(Y\(F1 U F2)) =ker mp,ur, N D, follows it
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follows from Lemma 4.3 that ker 7w, Nker 7, = ker wg,yF,. Therefore ker(mwp) C I or
ker(mp,) C I since [ is prime. Hence p(I) C Fy or p(I) C F>, thanks to (4.6). O

We say that a point x € Y is ¢-periodic if ¢" (x) = x for some n > 0. Let Per denote the
set of ¢-periodic points x € ¥ which are isolated in Orb(x), and let

Mper = {Orb(x) : x € Per}

and

MAper = M\MPer-

Let F C Y be a closed totally ¢-invariant subset. We say that ¢| is fopologically free if
the set of ¢-periodic points in F has empty interior in F.

PROPOSITION 4.11. (Cf. [Ka, Proposition 11.3]) Let F € M. Then ¢|F is topologically
free if and only if F € M aper.

Proof. We will show that ¢ | is not topologically free if and only if F € Mpe;. If x € Per
and F = Orb(x), then ¢|F is not topologically free because x is periodic and isolated in
Orb(x) and thus in F.

Assume then that ¢|r is not topologically free. There is then a non-empty open
subset U C F such that every element of U is ¢-periodic. Choose x € F such that
F =O0rb(x). Then U NOrb(x)#®@. Let y e U NOrb(x). Then y is ¢-periodic and
Orb(y) = Orb(x) = F, so if we can show that y is isolated in Orb(y), then we have that
F € Mpg;. Since y is ¢-periodic, there is an n > 1 such that ¢ (y) = y. We claim that

UC{y, ¢®),...,¢" (y)}. It will then follow that y is isolated in F and thus in Orb(y).
Assume that U\{y, ¢(¥), ..., "' (y)} is non-empty. Since it is also open, it follows
that Orb(y) N U\{y, ¢(y), ..., "~ (y)} is non-empty. Let

z€0b(y) N U\, (), ..., ¢" ().

Since z € U, there is an m > 1 such that ¢ (z) =z, and since z € Orb(y), there are
k, I € N such that ¢*(z) = ¢'(y). But then

z=¢" @ ="M ey, o, ..., " )
and we have a contradiction. It follows that U C {y, ¢(y), ..., ¢" ' (y)}. O

In particular, it follows from Proposition 4.11 that the elements of M ape, are infinite
sets.

PROPOSITION 4.12. (Cf. [Ka, Proposition 11.5]) Let F € Maper. Then ker g is the
unique ideal I in C}(I'y) with p(I) = F.

Proof. We have already seen in Proposition 4.6 that p(ker ) = F. Assume that [ is
an ideal in C)(I'y) with p(I) = F. It follows then from Lemma 4.8 that ker 7p C I.
Thus it sufficies to show that wr(I) ={0}. Note that 7z (/) is an ideal in C}(T'g,)
with p(wr(I)) = F. It follows that 7x (/) N C(F) ={0}. To conclude from this that
mr(I) = {0}, we will show that the points of F' whose isotropy group in I'y|, is trivial
are dense in F. It will then follow from [Thl, Lemma 2.15] that =z (/) = {0} because
mrp(I) N C(F)={0}. That the points of F* with trivial isotropy in I'g|,. are dense in F
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is established as follows: the points in F with non-trivial isotropy in I'yr are the pre-
periodic points in F. Let Per, F' denote the set of points in F with minimal period n
under ¢, and note that Per, F is closed and has empty interior since ¢|r is topologically
free by Proposition 4.11. It follows that F\¢ ¥ (Per, F) is open and dense in F for all k
and n. By the Baire category theorem, it follows that

F\(U b~ k(Per,,F)) F\d)’k (Per,, F)

k.n
is dense in F', proving the claim. |

LEMMA 4.13. Let F € Maper. Then ker nip is a primitive ideal.

Proof. Let F = Orb(x). To show that ker  is primitive, it suffices to show that it is prime,
cf. [Pe, Proposition 4.3.6]. Equivalently, it suffices to show that C;'(I'¢|) is a prime C*-
algebra. Consider therefore two ideals I; € C)(I'g|), j = 1, 2 such that I; I = {0}. Then

{yveF:f(y)=0forall fe[1  NC(F)}U{yeF: f(y)=0forall feLb,NC(F)}=
In particular, x must be in {y € F': f(y) =0forall f € I; N C(F)}, either for j =1 or
Jj = 2. It follows then from Lemma 4.5, applied to ¢|F, that
={yeF:f(y)=0forall fel;NC(F)}.

Hence I; = {0} by Proposition 4.12 applied to ¢|r. This shows that C}¥(T'g|,.) is a prime
C*-algebra. a

Let F € Mpe;. Choose x € Per such that Orb(x) = F, and let n be the minimal period
of x. Then x is isolated in F'. It follows that the characteristic functions 1(y,0,x) and 1(x »,x)

belong to C;(Ig|). Let py =1(x,0x) and uy = 1(x p,x). Forw e T, let Px,w denote the
ideal in C}f(I'y|) generated by uy — wp,.

LEMMA 4.14. Suppose that x, y € Per and that Orb(x) = Orb(y), and let w € T. Then
Px,w = 'y,w'

Proof. By symmetry, it is enough to show that Py,w c Px,w. Since y is isolated in Orb(y),
it is isolated in Orb(y) = Orb(x). Thus y must belong to Orb(x). This means that there
are k, [ € N such that ¢*(x) = ¢/(y). Since y is ¢-periodic, it follows that there is an
i € N suchthaty = qbi (x). Let F = Orb(y) = Orb(x). Since x and y are isolated in F', we
have that 1 ; ) € CJ(Ty|). Letv =1y, y. Itis easy to check that v* pxv = py and that
Vurv =uy. Thus u, — wpy, = v*(uy — wpy)v € Px w and it follows that P} w < Px w-

Let F € Mpe; and let w € T. It follows from Lemma 4.14 that the ideal Px,w does not
depend of the particular choice of x € F N Per, as long as Orb(x) = F. We will therefore
simply write Pf ,, for Py ,,. We then define Pr ,, to be the ideal 71;1 (Prw) in CF(Ty).
PROPOSITION 4.15. (Cf. [Ka, Proposition 11.13]) Let F' € Mpe;. Then

w = Pr oy,
is a bijection between T and the set of primitive ideals P in C;(Ig) with p(P) =
Proof. The map P — mp(P) gives a bijection between the primitive ideals in C}(I'y)

with ker rr € P and the primitive ideals in C *(F¢| ), see [Pe, Theorem 4.1.11(ii)]. The
inverse of this bijection is the map Q > w5 (Q) If P is a primitive ideal in C;(I'y)
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with p(P) = F, it follows from Lemma 4.8 that ker 7z C P. In addition, p(7r(P)) = F.
If, on the other hand, Q is a primitive ideal in C;(I'¢)) with p(Q) = F, then rr;l(Q)
is a primitive ideal in C}(I'¢) and p(ngl(Q)) = F. Thus P — mp(P) gives a bijection
between the primitive ideals in C;(I's) with p(P) = F, and the primitive ideals Q in
C}(Tgyp) with p(Q) = F.

Choose x € Per such that Orb(x) = F. Let (py) be the ideal in C;(I'¢|,) generated
by p.. Observe that Pp,w C (py) for all w € T since py(uy — wpyx) = uxy — wpy. The
map Q— QN {(px) gives a bijection between the primitive ideals in C;(I'y,) with
(px) € Q and the primitive ideals in (py), cf. [Pe, Theorem 4.1.11(ii)]. We claim that
(px) € Q if and only if p(Q)=F. To see this, let Q be an ideal in C}(T'y,). If
Px € O, then x ¢ p(Q) and p(Q) # F. If, on the other hand, p(Q) # F, then x ¢ p(Q)
because p(Q) is closed and totally ¢-invariant, and Orb(x) = F. It follows that there
is an f € QN C(F) such that f(x) # 0, whence p, € Q. This proves the claim and it
follows that Q — Q N (p,) gives a bijection between the primitive ideals in C}(I'g|,)
with p(Q) = F and the primitive ideals in (py).

The C*-algebra (p,) is Morita equivalent to p, C}(I'g| ) px viathe p,C) (L)) px-(Px)
imprimitivity bimodule p,C}(I'y,-), and therefore T +— p, T p, gives a bijection between
the primitive ideals T in (p,) and the primitive ideals in p,C)(I'yr)px, cf. [RW,
Proposition 3.24, Corollary 3.33]. Now note that

(X', n',y) €Ty, X =y =x}={(x,kn, x) : k € Z},

where 7 is the smallest positive integer such that ¢" (x) = x. It follows that p, C}(I'¢|r) px
is isomorphic to C(T) under an isomorphism taking the canonical unitary generator of
C(T) to uy. In this way we conclude that the primitive ideals of p,C;(I'¢|r) px are in
one-to-one correspondence with T under the map

T 5w > peCFHTyr)(x — wpx)CF (Tyir) px = px Prouwpsx.
This completes the proof. O
By combining Propositions 4.10, 4.12 and 4.15, we get the following theorem.

THEOREM 4.16. The set of primitive ideals in C}(I'y) is the disjoint union of
{kermr : F € Maper} and {Pry : F € Mper, w € T}

4.3. The maximal ideals. The next step is to identify the maximal ideals among the
primitive ones.

LEMMA 4.17. Assume that not all points of Y are pre-periodic and that C;(I'y) contains
a non-trivial ideal. It follows that there is a non-trivial gauge-invariant ideal J in C}(I'g)

such that J N C(Y) # {0}.

Proof. Let I be a non-trivial ideal in C;(I'y). Assume first that / N C(Y) = {0}. Since
we assume that not all points of Y are pre-periodic, we can apply [Th1l, Lemma 2.16] to
conclude that Jo = Pr, (/) is a non-trivial I's-invariant ideal in C(Y). Then

J={aeCiTy): Pr¢(a*a) e Jo}
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is a non-trivial gauge-invariant ideal by Theorem 4.4, and J N C(Y) = Jy # {0}. Note that
J contains [ in this case. If I N C(Y) # {0}, we set

J={aeCi(Ty): Pr,(a*a) e INC(Y)},

which is a non-trivial ideal in C}(I'y) such that JNC(XY)=INC() by [Thl,
Lemma 2.13]. Since J is gauge-invariant, this completes the proof. O

LEMMA 4.18. Let F C Y be a minimal closed non-empty totally ¢-invariant subset. Then
either:

(1) F € Maper and ker g is a maximal ideal; or

2) F =0rb(x) ={¢"(x) :n € N}, where x € Per.

Proof. 1t follows from the minimality of F' that Orb(x) = F for all x € F. We will show
that (1) holds when F does not contain an element of Per, and that (2) holds when it does.

Assume first that F* does not contain any elements of Per. Then F € Maper. If there
is a proper ideal I in C}(I'y) such that ker wr C I, then wp (/) is a non-trivial ideal in
C}(T'g|), and then it follows from Lemma 4.17 that there is a non-trivial gauge-invariant
ideal J in C}(I'y|). By Theorem 4.7, p(ngl(J )) is then a non-trivial closed totally ¢-
invariant subset of F', contradicting the minimality of F. Thus (1) holds when F does not
contain an element from Per.

Assume instead that there is an x € F N Per. Then x is isolated in Orb(x), and thus in F.
It follows that F' = Orb(x) because if y € F'\Orb(x), we would have that x ¢ Orb(y) = F,
which is absurd. Since F is compact, Orb(x) must be finite. Since ¢ is surjective, we
must then have that Orb(x) = {¢" (x) : n € N}. Thus (2) holds if F contains an element
from Per. O

LEMMA 4.19. Let I be a maximal ideal in C}(T'y). Then either I =Xker wp for some

minimal closed totally ¢-invariant subset F € Maper, or 1 = Pogb(x),w for some w e T
and some x € Per such that Orb(x) = {¢" (x) : n € N} € Mpy,.

Proof. Since I is also primitive, we know from Theorem 4.16 that I = ker 7y for some
F € Maper or I = Py, for some F € Mper and some w € T. In the first case it follows
that F must be a minimal closed totally ¢-invariant subset since / is a maximal ideal.
Assume then that I = Pr,, for some F' € Mpe and some w € T. In the notation from
the proof of Proposition 4.15, observe that PF’w C (py) since py(Uy — Wpy) = Uy — WPy
Note that PF’w # (px) because the latter of these ideals is gauge-invariant and the first
is not. By the maximality of /, this implies that (p,) = C;'(I'|). On the other hand,
Orb(x) is an open totally ¢-invariant subset of F and p, € C} (F¢|Orb(x))’ so we see that

(px) = C} (L)) = CF(Tplog)- This implies that

Co(Orb(x)) = C(F) N €} (T i) = C(F),
and hence that F' = Orb(x). Compactness of F implies that Orb(x) is finite and surjectivity
of ¢ that Orb(x) = {¢" (x) : n € N}. |

THEOREM 4.20. The set of maximal ideals in C;(I'y) consist of the primitive ideals of
the form ker wr for some infinite minimal closed totally ¢-invariant subset F C Y, and the
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primitive ideals P, for some w € T, where F' = Orb(x) = {¢" (x) : n € N} € Mpe; for
a ¢-periodic point x € Y.

Proof. This follows from the last two lemmas, after the observation that a primitive ideal
Ppry, of the form described in the statement is maximal. O

COROLLARY 4.21. Let A be a simple quotient of C;(I'y). Assume A is not finite

dimensional. It follows that there is an infinite minimal closed totally ¢-invariant subset F
of Y such that A >~ C}(Lg|,).

To make more detailed conclusions about the simple quotients, we need to restrict to
the case where Y is of finite covering dimension so that the result of [Th3] applies. For
this reason, we prove first that finite dimensionality of Y follows from finite dimensionality
of X.

5. On the dimension of Y
Let Dim X and Dim Y denote the covering dimensions of X and Y, respectively. The
purpose of this section is to establish the following proposition.

PROPOSITION 5.1. We have that Dim Y < Dim X.

Proof. By definition, Y is the Gelfand spectrum of Dr,,. Since the conditional expectation
Pr,: CiTy) — Dr, is invariant under the gauge action, in the sense that Pr, o By = Pr,
for all A, it follows that
Dr, = Pr,(C;(Ty)").
To make use of this description of Dr,, we need a refined version of (4.3). Note first
that it follows from [Th1, (4.4), (4.5)] that V(pCj‘(R((pl))V* - C;“(R(fpl+1)) forall/ € N.
Consequently,
Vi Cr RV = VIV, Cr RV VST S v R R v

for all k, [ € N. It follows therefore from (3.1) and (4.3) that there are sequences {k,} and
{l,} in N such that [, > k,,, as follows:

Vol CHR@GM)VEr Vit CHR (1) Vg 5.1

and

Crr)" = Vit crR@h )V (5.2)

for example we can use k, = n and [, = 2n.
Let D, denote the C*-subalgebra of Dr, generated by
Pr, (Vi CH(R(¢) V)
and let Y, be the character space of D,. Note that C(X) € D, since V(f” gV(;‘k" €
C;‘(R(gol")) and g = Prw(V;k" V(p"gV;k" V(/If”) when g € C(X). There is therefore a
continuous surjection
T, Y, —> X,

defined such that g(m,(y)) = y(g), g € C(X). We claim that #nn_l(x) < oo forall x € X.
To show this, note that by definition D, is generated as a C*-algebra by functions
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of the form
kn—1 ) . ) .
x> P,V v = Y fe ) [ m@l @) im@ @) (5.3)
2,7/ €@~k (x) Jj=0

for some f € C;‘(R(gal")). In fact, since alg*R((pl") is dense in Cj‘(R((pl")), already
functions of the form (5.3) with

f=fixfax-xfn, (5.4)

for some f; € C(R((pl")), i=1,2,..., N, will generate D,,.

Fix x € X and consider an element y € 7, L(x). Since D,, consists of bounded functions
on X, every x’ € X defines a character ¢, of D, by evaluation, viz. t,/(h) = h(x’), and
{t,s : x’ € X} is dense in Y, because the implication

heD,, h(x')=0forallx’eX=h=0

holds. In particular, there is a sequence {x;} in X such that lim;_, o ty, =y in ¥,,. Recall
now from [Thl, Lemma 3.6] that there are an open neighbourhood U of x and open sets
Vi,j=1,2,...,d, whered =#go’k" (x), in X such that:

) e MO SViULU-- UV

(2) ViNnV;=0,i#j;and

(3)  ¢* is injective on V] for each j.

Since lim;_, oo Xx; = x in X, we can assume that x; € U for all /. For each [, set

F={je(l,2,....;d}:o " (x) N V; #0).

Note that there is a subset F C {1, 2,...,d} such that F; = F for infinitely many /.
Passing to a subsequence, we can therefore assume that F; = F for all /. For each
k € F, we define a continuous map Ax : ¢** (V) — Vi such that ¢* o A4 (z) =z. Set

T = max,ey #¢'(z). Foreach j € {1,2,..., T}, set
Aj={zeX H#p (9@ = j}=m~'()).
For each / and each k e F, there is a unique tuple (jo(k), ji(k), ..., jk,—1(k)) €

{1, 2, ..., T} such that
@ () N Vi N Aoy N~ (Ajya) N 2 (Ajpa) N N (A 1) #0.

Since there are only finitely many choices, we may, by passing to a subsequence again,

assume that the same tuples, (jo(k), j1(k), ..., jk,—1(k)), k € F, work for all /. Then
ky—1
N _1
Ly (Pr, (V7 fVEDY) = 7 fOua). ) [ 072 ®))™2 (5.9
kk'eF i=0

forall f € C;k(R(gol")) and all /.

There is an open neighbourhood U’ of ¢/ % (x) and open sets V]f forj=1,2,...,d,
where d’ = #¢p ! (¢! *(x)), in X such that:
(1) ¢™"@U)CSV/UVU-- UV},
@) V/NV]=0,i+j;and

(3') ¢l is injective on 7]/ for each j.
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Since lim;_, o gol"_k" (x) = (pl”_k" (x), we can assume that q)l"_k" (x;) e U’ for all . By
an argument identical to that used to find F above, we can now find a subset F’' C
{1,2,...,d'} such that

F'={j:o (") nV]#0)

foralll. Fori € F’, we define a continuous map /1,; : (pl” (Vi’) — Vl’ such that u; o (pl" (2) =
zwhenz e V/. Set

pi = puj o gl
on @~ n=kn) (ln (Vi’)). Assuming that f has the form (5.4), we now find that
S e (xr), A (xn)) = > S (xn), iy () S iy (1) iy (x1)) - - -
0150250y iN—1 EF’
SN iy () A (X)) (5.6)
for all k, k' € F. By combining (5.6) with (5.5), we find, by letting / tend to infinity, that
kn—1
1, _1
YPr, (Vo fViy = Y Hee ) [ it 2572,
kKeF i=0
where
Hy o (x) = > F1Ow(x), iy () fa(piy (%), piy (X)) - - -
l’],iz,..A,iN,]EF/

I (iy_y (), Agr(x)).

Since this expression only depends on F, F’ and the tuples
(o(k), ji(k), ..., jo,—1(k)), kE€EF,

it follows that the number of possible values of an element from 7, L(x) on the generators
of the form (5.3) does not exceed 2424 Tn proving that #m,” I(x) < 00 as claimed.

We can then apply [En, Theorem 4.3.6, p. 281] to conclude that Dim Y,, < Dim X. Note
that D,, € Dy41 and Dr, = U, Dx by (5.1) and (5.2). Hence Y is the projective limit of
the sequence Y7 <— Y2 <— Y3 <— - - -. Since Dim Y¥,, < Dim X for all n, we conclude now
from [En, Theorem 1.13.4] that Dim Y < Dim X. O

6. The simple quotients

Following [DS], we say that ¢ is strongly transitive when for any non-empty open subset
U C Y thereisann € N such that Y = U?:o &7 (U). By [DS, Proposition 4.3], C}(I'y) is
simple if and only if Y is infinite and ¢ is strongly transitive.

LEMMA 6.1. Assume that ¢ is strongly transitive but not injective. It follows that
1
lim — log( inf #¢~* 0.
k—oo k g(xeY ¢ (x)) g

Proof. Note that U = {x € Y : #¢~!(x) > 2} is open and not empty since ¢ is a local
homeomorphism and not injective. It follows that there is an m € N such that

m—1
Uesao=r ©.1)
j=0
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because ¢ is strongly transitive. We claim that
inf #¢ % (z) > 2lk/m (6.2)
zeY

for all k € N, where [k/m] denotes the integer part of k/m. This follows by induction:
assume that it is true for all ¥’ < k. Consider any z € Y. If k < m, there is nothing to
prove, so assume that k > m. By (6.1), we can then write z = ¢/ (z1) = ¢/ (z2) for some
jefl,2,...,m}and some z1 # zo in U. It follows that

#7 (@) = #p” (@) +#p~1T (zg) = 2 21T/ = gl
It follows from (6.2) that
1 1
lim — log<inf #¢—k(x)) > — log 2. O
k—o0 k xeY m
Let M; denote the C*-algebra of complex [ x [-matrices. In the following, a
homogeneous C*-algebra will be a C*-algebra isomorphic to a C*-algebra of the form

eC (X, M;)e, where X is a compact metric space and e is a projection in C(X, M;) such
that e(x) £ O forall x € X.

Definition 6.2. A unital C*-algebra A is an AH-algebra when there is an increasing
sequence A| € Ay € A3 C - - of unital C*-subalgebras of A such that A = Un A, and
each A, is a homogeneous C*-algebra. We say that A has no dimension growth when the
sequence {A,} can be chosen such that

Ay >~ e,C(X,y, Ml,,)en
with sup,, Dim X, < oo and lim,,_, oc minycx, Rank e, (x) = oc.

Note that the no dimension growth condition is stronger than the slow dimension growth
condition used in [Th3].

PROPOSITION 6.3. Assume that Dim Y < oo and that ¢ is strongly transitive and not
injective. It follows that C}(Rg) is an AH-algebra with no dimension growth.

Proof. For each n, we have that
CH(R(¢") =~ e, C(Y, My,)e, (6.3)

for some m, € N and some projection e, € C(Y, M,,,). Although this seems to be
well known, it is hard to find a proof anywhere, so we point out that it can be
proved by specializing [Thl, Proof of Theorem 3.2] to the case of a surjective local
homeomorphism ¢. In fact, it suffices to observe that the C*-algebra A4 which features
in [Th1, Theorem 3.2] is C(Y) in this case. Since minycy Rank e, (y) is the minimal
dimension of an irreducible representation of C;(R(¢")), it therefore now suffices to
show that the minimal dimension of the irreducible representations of C;(R(¢")) goes
to infinity when n does. It follows from [Th1, Lemma 3.4] that the minimal dimension of
the irreducible representations of C;f(R(¢")) is the same as the number minycy #¢~" ().
It follows from Lemma 6.1 that

lim min#¢ " (y) = o0,
n—oo yEY

exponentially fast in fact. O
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LEMMA 6.4. Assume that C(T'y) is simple. Then either ¢ is a homeomorphism or else
lim sup m(x)"'m(¢ @) m@ ()7 m@" @) =0, (6.4)
n—od xeY

where m : Y — N is the function (4.1).

Proof. Assume (6.4) does not hold. Since ¢ is a local homeomorphism, the function m is
continuous, so it follows from Dini’s theorem that there is at least one x for which

Jlim m@) " m@ (o) m@?* @) m@ T @) (6.5)

is not zero. For this x, there is a K such that #¢—1(¢*(x)) = 1 when k > K, whence the
set
F={yeY #p ' (¢*(y)) =1forall k >0}

is not empty. Note that F is closed and that ¢_k(¢k(F)) = F for all k, i.e. F is ¢-
saturated. It follows from Corollary 3.5 that F determines a proper ideal Ir in C;(Rg).
Since ¢ (F) C F, it follows that 5 (Ir) C Ir. Then [Th1, Theorem 4.10] and the simplicity
of C;(T'y) imply that either ¢ is injective or Ir = {0}. But Ir = {0} means that F =Y and
thus that ¢ is injective. Hence ¢ is a homeomorphism in both cases. O

THEOREM 6.5. Let ¢ : X — X be a locally injective surjection on a compact metric space

X of finite covering dimension, and let (Y, ¢) be its canonical locally homeomorphic

extension. Let A be a simple quotient of C)(I'y). It follows that A is x-isomorphic to:

(1)  afull matrix algebra M, (C) for some n € N, or

(2)  the crossed product C(F) X ¢| Z corresponding to an infinite minimal closed totally
¢-invariant subset F C 'Y on which ¢ is injective; or

(3) a purely infinite, simple, nuclear, separable C*-algebra, more specifically, to the
crossed product CI(Rg| ) X 5= N, where F is an infinite minimal closed totally ¢-
invariant subset of Y and C}(Rg,;) is an AH-algebra with no dimension growth.

Proof. If A is not a matrix algebra, it has the form C}(I'y|,) for some infinite minimal
closed totally ¢-invariant subset F C Y by (2.2) and Corollary 4.21. If ¢ is injective on
F, we are in case (2). Assume not. Since Dim F < Dim Y < Dim X by Proposition 5.1, it
follows from Proposition 6.3 that C}(Rg), ) is an AH-algebra with no dimension growth.
By [An] (or [Thl, Theorem 4.6]), we have an isomorphism

Cr(Tgip) = CF(Rylp) Xgip N

where a; is the endomorphism of C;(Rg|) given by conjugation with V.. We claim
that the pure infiniteness of C *(R¢| F) X o N follows from [Th3, Theorem 1.1]. For this,
it remains only to check that ¢| F = Ad V. satisfies the two conditions on 8 in [Th3
Theorem 1.1], i.e. that ¢|F(1) = V¢\FV*F is a full projection and that there is no ¢>|F—
invariant trace state on C;(Rg|.). The first condition was observed already in [Thl,
Lemma 4.7], so we focus on the second. Observe that it follows from [Th1, Lemma 2.24]
that w = w o Pp, A for every tracial state  of C}(Rgy). By using this, a direct calculation,
as on [Thl, p. 787], shows that

@ (Vg Vi) < sup[m(y>m<¢(y>> —m@" o1t
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Then Lemma 6.4 implies that lim,_, o a)(ng’lFV;l'; ) =0. In particlar, @ is not q;|\F-
invariant. O

COROLLARY 6.6. Assume that C}(I'y) is simple and that Dim X < oco. It follows that
Cr(T'y) is purely infinite if and only if ¢ is not injective.

Proof. Assume first that ¢ is injective. Then C(I'y) is the crossed product C(X) x, Z,
which is stably finite and thus not purely infinite.

Conversely, assume that ¢ is not injective. Then a direct calculation, as in [Th1, Proof
of Theorem 4.8], shows that V,, is a non-unitary isometry in C(I'y). Since the C*-algebras
which feature in case (1) and case (2) of Theorem 6.5 are stably finite, the presence of a
non-unitary isometry implies that C(I') is purely infinite. O

COROLLARY 6.7. Let S be a one-sided subshift. If the C*-algebra Og associated with S
in [Ca] is simple, then it is also purely infinite.

Proof. 1t follows from [Th1, Theorem 4.18] that Oy is isomorphic to C ('), where o
is the shift map on S. If Oy is simple, S must be infinite and it then follows from [BS,
Proposition 2.4.1] (cf. [BL, Theorem 3.9]) that ¢ is not injective. The conclusion then
follows from Corollary 6.6. g

In Corollary 6.7 we assume that the shift map o on § is surjective. It is not clear if the
result holds without this assumption.

For completeness, we point out that when X is totally disconnected (i.e. zero-
dimensional) the algebra C;(Ry|,) which features in case (3) of Theorem 6.5 is
approximately divisible, cf. [BKR]. We do not know if this is the case in general, but
a weak form of divisibility is always present in C;(Rg) when C;*(T'y) is simple and ¢ is
not injective, cf. [Th3].

PROPOSITION 6.8. Assume that Y is totally disconnected and ¢ strongly transitive and
not injective. It follows that C}(Ry) is an approximately divisible AF-algebra.

Proof. 1t follows from [DS, Proposition 6.8] that C;(Ry) is an AF-algebra. As pointed
out in [BKR, Proposition 4.1], a unital AF-algebra fails to be approximately divisible only
if it has a quotient with a non-zero abelian projection. If C}(Ry) has such a quotient,
there is also a primitive quotient with an abelian projection; i.e. by Proposition 3.6,
there is an x € Y such that C;k(R(p‘W) has a non-zero abelian projection p. It follows
from (3.1) that every projection of Cj‘(RmW) is unitarily equivalent to a projection
in C}(R(¢" |W)) for some n. Since H(x) is totally disconnected, we can use [DS,
Proposition 6.1] to conclude that every projection in C* (R (¢" Im)) is unitarily equivalent
to a projection in DR¢|W =C(H(x)). We may therefore assume that p € C (H(x)),

so p =14 for some clopen A C H(x). Then H(x) N A # {4, so, by exchanging x with
some element in H(x), we may assume that x € A. If there is a y # x in A such that
% (x) = p*(y) for some k € N, consider functions g€ C(H(x)) and f € C.(Ry) such
that g(x) =1, g(y) =0, suppg C A, supp f S Ry N (A x A) and f(x,y)#0. Then
f,g¢€ lAC;‘(R¢|W)1A and gf # 0 while fg =0, contradicting that lAC;‘(R¢|W)1A
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is abelian. Thus no such y can exist, which implies that 7, (14) = 1y}, where 7, is the
representation (2.1), restricted to the subspace of H, consisting of the functions supported
in {(x", k, x) € Ty : k =0}. It follows that rrx(lACj‘(RqﬂW)lA) ~ C. Consider a non-
zero ideal J C ﬂx(Cf(Rmm))- Then yrx’l(J) is a non-zero ideal in C;k(Rd)Im) and
it follows from Corollary 3.5 that there is an open non-empty subset U of H(x) such
that ¢ % (¢*(U)) = U for all k and Co(U) =, '(J) N C(H(x)). Since H(x) N U # @,
it follows that x € U, so there is a function g € 71;1 JHn C(m) such that g(x) = 1.
It follows that 7, (14) = 1{x} =mx(ga) € J. This shows that 7, (14) is a full projection
in 7, (C;(Ry|—)) and Brown’s theorem [Br] now shows that 7, (C;(Rg|-—)) is stably

H(x) H(x)
isomorphic to 7y (1 AC:‘(R¢|W)1 4) >~ C. Since (Cj‘(me)) is unital, this means that
it is a full matrix algebra. In conclusion, we deduce that if C;(Ry) is not approximately
divisible, it has a full matrix algebra as a quotient. By Corollary 3.5, this implies that there

is a finite set F/ C Y such that F' = ¢ % (¢*(F’)) for all k € N. Since

@ o @) S F
for all k when x € F’, there is, for each x € F, a natural number K such that ¢ % (¢¥ (x)) =
&K (¢X (x)) whenk > K. Then #¢ 1 (¢*(x)) = 1 fork > K + 1, so m(¢*(x)) = 1 for all
k > K, which, by Lemma 6.1, contradicts that ¢ is not injective. This contradiction finally
shows that C}'(Ry) is approximately divisible, as desired. O
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