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Abstract
Optimisation-based control design techniques are applied to multicopters with variable-RPM rotors. The handling
qualities and motor current requirements of a quadcopter, hexacopter and octocopter with equal gross weights
(5,360N) and total disk areas (producing a 287N/m2 disk loading) are compared in hover. For axes that rely on
the rotor thrust (all except yaw), the increased inertia of the larger rotors on the quadcopter increase the current
requirement, relative to vehicles with fewer, smaller rotors. Both the quadcopter and hexacopter have maximum
current margin requirements (relative to hover) during a step command in longitudinal velocity. In yaw, rotor inertia
is irrelevant, as the reaction torque of the motor is the same whether the rotor is accelerating or overcoming drag.
This, combined with the octocopter’s greater inertia as well as the fact that it requires 30% less current to drive its
motors in hover, results in the octocopter requiring the greatest current margin, relative to hover conditions. To meet
handling qualities requirements, the total weight of the motors of the octocopter and hexacopter is comparable at
13.5% weight fraction, but the quadcopter’s motors are heavier, requiring 16% weight fraction. If the longitudinal
and lateral axes were flown in ACAH mode, rather than TRC mode, the total motor weight of all configurations
would be nearly identical, requiring about 13.5% weight fraction for motors (compared to 7–9% weight fraction
from hover torque requirements).

Nomenclature
ACAH attitude command attitude hold
B motor viscous loss coefficient, Nms
CT rotor thrust coefficient
DRB disturbance rejection bandwidth
DRP disturbance rejection peak
eVTOL electric vertical takeoff and landing
i motor current, A
I rotor rotor inertia, kg m2

IL inner loop
K e motor back-EMF constant, Vs/rad
K t motor torque constant, Nm/A
L motor inductance, H
Mu longitudinal speed stability derivative, rad/ms
N rotors number of rotors
OL outer loop
Q motor torque, Nm
QA rotor aerodynamic torque, Nm
RCDH rate command direction hold
R rotor radius, m
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Rm motor resistance, �

TRC translational rate command
UAM urban air mobility
V motor voltage, V
W eng motor weight, kg

Greek symbol

�k Azimuthal position of kth rotor, rad
� rotor speed, rad/s2

�̇ rotor acceleration, rad/s2

1.0 Introduction
Electric Vertical Takeoff and Landing (eVTOL) aircraft are the centrepiece of Urban Air Mobility
(UAM). The simplicity of electric drive systems has lowered the barriers to entry into this new space,
resulting in a proliferation of new designs by both well established and new VTOL manufacturers.
The simplest eVTOL design is the scaled-up multicopter, such as the Volocopter 2X or the Airbus
CityAirbus, where lift and propulsive thrust are produced by several rotors distributed across the air-
frame. Other eVTOL archetypes include tiltrotors, such as the Bell Nexus or Joby S4, and “lift+cruise”
vehicles, such as the Wisk Cora and the Aurora Flight Sciences PAV.

As mentioned, all of these proposed vehicles utilise multiple rotors, and some more complex con-
figurations operate using tilting or ducted rotors. A benefit of lift+cruise and some tiltrotor aircraft,
such as the Joby S4 and Aurora PAV, is that use of a wing in forward flight reduces rotor loading and
improves efficiency. While use of ducted rotors has the potential to improve rotor thrust and decrease
noise, additional research is needed regarding implementation for UAM applications [1].

Recently, considerable attention has been given to the handling qualities of eVTOL aircraft for UAM
applications. Many of these multi-rotor eVTOL aircraft use fixed-pitch, variable-RPM rotors. While
the simplicity of these rotors is attractive, their inability to rapidly generate thrust as rotor size (and
inertia) increases can become a serious impediment. Recent studies by Walter et al. [2, 3] suggest that
while 0.3–1.2m (1–4) diameter rotors would have satisfactory handling qualities, 1.8 and 2.4m (6 and
8) diameter rotors (typical on manned-size eVTOL aircraft) would struggle to meet Level 1 handling
qualities (due to saturation of motor power). However, the controllers used in Refs [2] and [3] were
not designed considering a complete set of handling qualities requirements. Other studies by Malpica
and Withrow-Maser [4] and Niemiec et al. [5] compare the use of fixed-pitch, variable-RPM rotors to
variable-pitch rotors on multi-rotor eVTOL aircraft. Malpica and Withrow-Maser [4] found that variable-
RPM controlled multicopters were unable to meet Level 1 handling qualities if current constraints were
applied to the ESCs. The comparisons made by Niemiec et al. [5] showed that both variable-pitch and
variable-RPM rotors required peak current for yaw rate step commands.

The present study uses the optimisation-based control design software CONDUIT R© [6] to develop
controllers for 5,360N (1,200lb) gross weight multi-rotor eVTOL aircraft, where actuator activity is
minimised while meeting a set of handling qualities based on ADS-33E-PRF [7] specifications. These
techniques have long been used on conventional VTOL aircraft [8], and have also been applied to small
eVTOL aircraft in recent years [9–11]. CONDUIT R© is used to optimise inner loop and outer loop control
laws on a 5,360N quadcopter, hexacopter and octocopter, each having the same total disk area (and
287N/m2 disk loading). This allows a comparison of the three aircraft (ranging from the quadcopter
with the largest, highest-inertia rotors to the octocopter with the smallest, lowest-inertia rotors) in terms
of their ability to execute manoeuvres and reject gusts. Rather than assume a particular actuator, and
determine whether it is sufficient to meet handling qualities requirements, the motor current constraint
is neglected. After optimising for minimum actuator activity, the commanded current during different
manoeuvres and gust rejections will be used to determine the minimum motor size to meet handling
qualities specifications.
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Figure 1. Quadcopter

Figure 2. Hexacopter

2.0 Platform
2.1 Aircraft model
Three different aircraft configurations are considered, multicopters with four, six and eight rotors. All
three aircraft fly in an edge-first orientation, with two leading rotors, shown in Figs 1–3. In order to
solve the six rigid-body equations of motion, six trim variables, comprised of multi-rotor speeds and
the aircraft pitch and roll attitudes are required. The primary control modes are defined in multi-rotor
coordinates [12], and the multi-rotor coordinate transform (Equation (1)) provides the individual rotor
speeds. The parameter �k represents the azimuthal rotor position, with 0◦ at the aft of the aircraft
(Figs 1–3). Defining the control modes in multi-rotor coordinates is beneficial because it decouples
the aircraft dynamics. There are four primary, independent multi-rotor control modes for the configura-
tions, �0, �1s, �1c and �d. �0 represents a uniform increase in individual rotor speed, which regulates
the vertical axis. �1s increases the rotor speed on the right of the aircraft and decreases the rotor speed
on the left of the aircraft, providing roll control. �1c provides pitch control by increasing the speed of
the rear rotors while decreasing the speed of the front rotors, causing a nose-down moment. The dif-
ferential mode, �d, increases and decreases alternating rotor speed about the aircraft azimuth, resulting
in a nose-right yaw moment (in steady-state operation). For the hexacopter and octocopter, there are
additional, reactionless multi-rotor control modes, which are not utilised.
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Figure 3. Octocopter

�k = �0 + �1s sin �k + �1c cos �k + �d( − 1)k−1 (1)

The three different aircraft all share disk loading of 287N/m2 and disk area equal to a single, 2.44m
radius rotor. Shared aircraft parameters are shown in Table 1, and the parameters that change across
configurations are the number of rotors, rotor radius, and boom length, which are tabulated in Table 2.
The boom length is chosen to maintain a 10% rotor radius tip-to-tip separation. While each aircraft is
geometrically symmetric, an important distinction between the configurations is the pitch inertia (Iyy)
is larger than the roll inertia (Ixx). The aircraft inertia in this study is scaled from the NASA concept
quadcopter, which has been previously published [13].

2.2 Flight dynamics model
The rigid-body dynamics of each configuration are evaluated using the Rensselaer Multicopter Analysis
Code (RMAC [14]). RMAC is a physics-based code that calculates the aircraft accelerations by summa-
tion of forces and moments at the aircraft centre of gravity. The rotor forces and moments are calculated
using blade element theory, with a 3x4 Peters-He finite-state dynamic wake model [15]. Previously,
RMAC has been validated using data from both flight tests [16] and wind tunnel tests [17], however, test
data does not exist for aircraft at the scale presented in this study. Presently, RMAC is used to identify
trim conditions for the aircraft, as well as linearise the aircraft dynamics for control design.

2.3 Motor model
To properly evaluate the handling qualities, the dynamics of the electric DC motor must be modelled.
The motor-rotor system model is laid out by Malpica and Withrow-Maser [4]. The rotor acceleration is
given by

Irotor�̇ = Kti − QA − B�, (2)

where Kti represents the motor torque, QA represents the aerodynamic torque and B� represents viscous
losses. The current of the motor is governed by Equation (3),

L
di

dt
= V − Ke� − Rmi, (3)

where L is the motor inductance (usually very small), V is the applied voltage, Ke� represents the
back-EMF of the motor (Ke = Kt only if using SI units) and Rmi represents the Ohmic losses across the
motor.
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Table 1. Shared aircraft parameters

Parameter Value
Gross weight 5,360N
Disk loading 287N/m2

Total disk area 5.95πm2

Rotor root pitch 21.5◦

Rotor twist –10.4◦

Tip clearance 0.1R

Table 2. Varying aircraft parameters

Parameter Quad Hex Oct
Rotor radius [m] 1.21 1.00 0.86
Boom length [m] 1.81 2.09 2.37
Irotor [kg m2] 2.01 0.736 0.357
Ixx [kg m2] 466 502 544
Iyy [kg m2] 549 584 625
Izz [kg m2] 904 975 1060

Table 3. Motor parameters

Quad Hex Oct
Kt [Nm/A]a 1.18 0.79 0.59
Rm [m�] 47.5 47.5 47.5
aKe [Vs/rad] is equivalent to Kt if using SI units.

If the inductance of the motor is completely neglected, the electrical dynamics settle instantaneously,
and Equation (3) can be solved for the motor current. Substituting the result into Equation (2) and
assuming the viscous losses are negligible yields

Irotor�̇ = Kt

Rm

V − K2
e

Rm

� − QA, (4)

which is the governing equation for the rotor speed. Using a known rotor thrust, torque, speed and
assumed motor efficiency (95%), the motor parameters (Kt and Rm) can be calculated as in Ref. [4], and
are tabulated in Table 3.

2.4 Rotor inertia
Rotor inertia estimates are based on a regression analysis performed for small UAS rotors by Walter
et al. [2], and is given by the expression in Equation (5). The fit is shown in Fig. 4, where the rotors
ranging from 0.254 to 0.660m in diameter used by Walter are represented by the plus symbols. To
validate the preexisting fit for larger rotors, the regression was compared to rotors in the 1.6 to 1.88m
diameter range manufactured by Whirlwind1 and Eprop2, represented by the diamonds and the circles,
respectively. The fit is excellent in this regime, with R2 = 0.9716, justifying the use of this regression
for the rotor inertia of the quadcopter, hexacopter, and octocopter, represented by the “x” symbols in
Fig. 4. The rotor inertias are also listed in Table 2.

Irotor = 0.7476R5 (5)

1 “Whirlwind Standard Propeller”. Viking Aircraft Engines. https://www.vikingaircraftengines.com/new-products/whirlwind-
standard-propeller. Accessed Jul. 26, 2020.

2 “Propeller and Moment of Inertia”. The E-Prop Company. https://ppg.e-props.fr/design/#titr09. Accessed Jul. 31, 2020.
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Figure 4. Rotor Inertia with Varying Rotor Size

Figure 5. Control System Architecture

3.0 Control optimisation
A state space model linearised about a trim condition is utilised to design a control system. The control
optimisation suite CONDUIT R© [6] is used to optimise a controller for actuator effort, while meeting the
specifications presented by ADS-33E-PRF [7].

The explicit-model-following control architecture for the multicopters is illustrated in Fig. 5, where
the blocks that are tuned during the control optimisation routine are highlighted. The inner loop consists
of attitude-command-attitude-hold (ACAH) response-type controllers on the longitudinal and lateral
axes (pitch and roll, respectively), along with a rate-command-direction-hold (RCDH) controller in
yaw. The longitudinal and lateral axes follow a second order command model and utilise PID feed-
back controllers, while yaw follows a first order command model and features a PI feedback controller.
In this study, both the pitch and roll axes utilise the same second order command model and feedback
controller. Based on a desired attitude or yaw rate, the inner loop determines a desired speed for the
rotors (in multi-rotor coordinates). After utilising the multi-rotor coordinate transform (Equation (1))
to obtain the desired individual motor speeds, an open-loop controller (based on an inversion of a lin-
earised Equation (4)) is used to determine the voltage delivered to each motor. The specifications used
for the inner loop controller are listed in Table 4.

The outer loop consists of translational rate command (TRC) controllers in the longitudinal, lateral
and vertical axes. All outer loop axes follow a first order command model and feature PI feedback con-
trollers. For the longitudinal and lateral axes, the outer loop determines a desired pitch and roll attitude,
which commands the ACAH controllers in the inner loop. For the vertical axis, the outer loop determines
a desired mean rotor speed, which is fed directly to the control mixer. The outer loop specifications are
listed in Table 5.

https://doi.org/10.1017/aer.2021.114 Published online by Cambridge University Press

https://doi.org/10.1017/aer.2021.114


958 Bahr et al.

Table 4. CONDUIT R© inner loop Hover specifications

Specification Axes
Hard constraints
Eigenvalues All
Stability margins Roll, Pitch, Yaw
Nichols margins Roll, Pitch, Yaw

Soft constraints
Bandwidth Roll, Pitch, Yaw
Crossover frequency Roll, Pitch, Yaw
Disturbance Rej. bandwidth Roll, Pitch, Yaw
Disturbance Rej. peak Roll, Pitch, Yaw
Closed loop damping ratio All
Model following All
OLOP (Pilot) Roll, Pitch, Yaw
OLOP (Disturbance) Roll, Pitch, Yaw

Summed objectives
Actuator RMS (Pilot) Roll, Pitch, Yaw
Actuator RMS (Disturbance) Roll, Pitch, Yaw
Crossover frequency Roll, Pitch, Yaw

Table 5. CONDUIT R© outer loop Hover specifications

Specification Axes
Hard constraints
Eigenvalues All
Stability margins (Inner loop) All
Stability margins (Outer loop) All
Nichols margins (Inner loop) All
Nichols margins (Outer loop) All

Soft constraints
Crossover frequency All
Disturbance Rej. bandwidth All
Disturbance Rej. peak All
Heave mode Heave
Closed loop damping ratio All
Model following All
OLOP (Pilot) All
OLOP (Disturbance) All
Rise time Longitudinal & Lateral

Summed objectives
Actuator RMS (Pilot) All
Actuator RMS (Disturbance) All
Crossover frequency All
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Table 6. Control optimisation design parameters

Design parameter Axes
Command models
Command model frequency Pitch & Roll
Yaw time constant Yaw
OL time constant Longitudinal & Lateral
Heave time constant Heave
Rotor speed time constant –

Feedback controllers
IL derivative gain Pitch & Roll
IL proportional gain Pitch & Roll
Yaw proportional gain Yaw
OL proportional gain Longitudinal & Lateral
Heave proportional gain Heave

During the optimisation routine, gains in the command models and feedback controllers are tuned to
satisfy the hard and soft constraints while minimising the summed objectives. There are three phases
in the control optimisation process [6]. Phase 1 tunes the control gains to meet the hard constraints
(stability specifications in Tables 4 and 5). During Phase 2, the optimisation process tunes the gains
to meet the soft constraints (handling qualities specifications), while still meeting the hard constraints.
Once the hard and soft constraints are met the optimisation process moves to Phase 3, where the summed
objectives are minimised. Tables 4 and 5 detail the specifications used in each phase. Two different
crossover frequency specifications are utilised, as a soft constraint and summed objective. It is necessary
to include both of these specifications due to the 2-DOF architecture used [6]. The design parameters that
are tuned by CONDUIT R© during the optimisation routine are shown in Table 6. The integral gains for
the inner and outer loops are scaled from the corresponding proportional gains by a fixed integral ratio.
Included in both the inner and outer loops is an Open-Loop-Onset-Point (OLOP [18]) specification. This
specification indicates whether a vehicle is susceptible to pilot-induced or limit-cycle oscillations due to
actuator rate saturation. In the case of a variable-RPM multicopter, the key limitation is the deliverable
current to the motor, which corresponds to a limit in �̇. Thus, for the OLOP specifications, a maximum
current is assumed using a design parameter, K (in terms of the hover current, the maximum current is
K × ihover). From Equation (2) (neglecting viscous losses), this motor will have a maximum �̇ of

�̇max = Kt(K − 1)ihover

Irotor
, (6)

which is used for the evaluation of the OLOP specification. By increasing or reducing K until the OLOP
specification is on the Level 1/2 boundary, a minimum motor current margin can be identified.

4.0 Results
4.1 Hover trim and performance
The hover performance for all configurations is tabulated in Table 7. In hover only collective RPM is
required, as there are no external moments to balance (the vehicle C.G. is assumed to be located at
the geometric centre of the aircraft). If the aircraft C.G. and geometric centre are not coincident, then
additional control inputs will be required to account for the moment imbalance, primarily changing
the aircraft trim. An �1s input is needed for a lateral offset of the C.G., and an �1c input is needed
for a longitudinal offset. As the rotors of the three vehicles all have the same pitch, solidity and airfoil
distribution, they have a common CT . This, combined with the fact that all three vehicles have identical
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Table 7. Hover performance

Quad Hex Oct
�0 [rad/s] 114 139 161
Tip speed [m/s] 139 139 139
Rotor thrust [N] 1,343 894 672
Rotor torque [N m] 178 96.4 62.6
Motor power [each, kW] 21.2 14.1 10.6
Motor current [each, A] 150 122 106
Motor voltage [V] 141 115 100
Total vehicle power [kW] 84.8 84.8 84.8
Motor weight fractiona 8.6% 7.6% 7.0%
aRepresents Weight Fraction from Hover Torque Requirement Only, Calculated from Equation (7).

Table 8. Inner loop handling qualities specifications

Roll Pitch Yaw

Parameter Unit Quad Hex Oct Quad Hex Oct Quad Hex Oct
Stability gain margina dB 14 16 17 13 14 16
Stability phase margin deg 48 45 45 49 45 45 109 106 101
Disturbance rejection

bandwidth
rad/s 1.18 1.29 1.36 1.16 1.27 1.34 0.97 0.97 0.98

Disturbance rejection peak dB 2.83 3.22 3.29 3.35 3.66 3.71 0.27 0.24 0.22
Bandwidth rad/s 2.50 2.50 2.51 2.49 2.5 2.5 1.4 1.4 1.4
Phase delay ms 90 92 85 84 86 80 2.1 2.0 2.0
Crossover frequency rad/s 5.7 5.7 5.9 5.0 5.0 5.3 5.0 5.0 5.0
Command model following – 48 41 29 49 42 30 0.06 0.05 0.06
OLOP magnitude (Pilot)b dB −3.4
OLOP phase (Pilot)b deg −69
OLOP magnitude

(Disturbance)
dB −2.9 −3.8 −4.2 −4.3 −5.7 −6.1 0.30 1.75 3.0

OLOP phase (Disturbance) deg −136 −140 −140 −137 −142 −142 −72 −80 −88
Actuator RMS (Pilot) – 0.024 0.026 0.021 0.029 0.026 0.025 0.094 0.13 0.17
Actuator RMS

(Disturbance)
– 0.11 0.15 0.14 0.11 0.13 0.14 0.78 1.19 1.62

aBlank entry indicates no 180◦ crossing in relevant frequency range.
bBlank entry indicates that rate limit not reached at relevant frequency range.

disk loading, results in the configurations having the same vehicle power and rotor tip speed of 139m/s.
Both the nominal voltage and individual motor current scale with N−1/2

rotors, which suggests that having
more rotors will generally increase vehicle current requirements (scales with N1/2

rotors). And hence that,
electrical losses (not modelled in this study) may be greater on an octocopter than a quadcopter. To
meet hover torque requirements, the quadcopter requires the largest motor weight fraction (8.6%), with
the hexacopter (7.6%) and octocopter (7.0%) requiring less.

4.2 Inner loop performance
CONDUIT R© was able to achieve Level 1 handling qualities specifications for all three multicopters.
The inner loop handling qualities results are tabulated in Table 8. Relevant inner loop handling qualities
windows are also presented in Figs 6–11. Specifically, bandwidth and phase delay for roll and pitch,
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Figure 8. Pitch Bandwidth & Phase Delay
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Figure 9. IL Crossover Frequency

as well as stability margins and crossover frequency for the inner and outer loops are shown. Frequency
responses to disturbance inputs are shown in Figs 12 and 13, showing both the disturbance rejection
bandwidth and frequency for each configuration (which are also tabulated in Tables 8 and 9). Further,
model following frequency responses for each configuration are shown in Figs 14 and 15.

As expected, considering the similarity in the vehicle dynamics, the quadcopter, hexacopter and octo-
copter achieve similar levels of performance in nearly all of the handing qualities specifications. The
phase margin for the hexacopter and octocopter are on the Level 1/2 boundary in both the roll and pitch
axes, shown in Fig. 6. All three configurations share a piloted bandwidth of 2.5rad/s in both the roll and
pitch axes (Figs 7 and 8), which puts the roll bandwidth on the Level 1/2 boundary (pitch bandwidth is
within Level 1). The pitch and roll axes have the same piloted bandwidth due to their shared command
model. The only notable exception is the OLOP specification in yaw, which generally gets worse as the
number of rotors increases.
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Figure 13. OL Longitudinal Disturbance Rejection

Representative disturbance rejection frequency responses for the three configurations are shown in
Figs 12 and 13. Both the roll and pitch (inner loop, Table 8) disturbance rejection characteristics are
extremely similar and are represented by the pitch disturbance rejection plot, shown in Fig. 12. Similarly,
the disturbance rejection response between the longitudinal and lateral axes (outer loop, Table 9) are
identical and represented by the longitudinal response, presented in Fig. 13. In all axes, the disturbance
rejection response for the three configurations range from being extremely similar, in the case of pitch
and roll, to identical, for yaw and all outer loop axes. Therefore, the yaw and heave disturbance rejection
plots are not shown, as Table 8 (yaw) and Table 9 (heave) represent the results.

The command model following frequency responses are shown in Figs 14 and 15. In each axis all
three configurations follow the same command model, and the three configurations have extremely
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Table 9. Outer loop handling qualities specifications

Lateral Longitudinal Heave

Parameter Unit Quad Hex Oct Quad Hex Oct Quad Hex Oct
Stability gain margina dB 8.6 8.9 9.2 8.4 8.8 9.1
Stability phase margin deg 55 52 51 55 52 51 87 87 87
Disturbance rejection

bandwidth
rad/s 0.61 0.60 0.60 0.60 0.60 0.60 0.5 0.5 0.5

Disturbance rejection
peak

dB 5.0 4.9 4.9 5.0 4.9 4.9 0.63 0.63 0.62

Crossover frequency rad/s 1 1 1 1 1 1 1.05 1.05 1.05
Command model

following
– 28.8 15.7 10.3 30.0 16.2 10.6 0.07 0.07 0.07

Heave mode pole rad/s 0.2 0.2 0.2
Heave mode time delay ms 89 89 87
Rise time s 5.0 4.9 4.9 5.0 4.9 4.9
OLOP magnitude

(Pilot)b

dB −71 −88 −31 −76

OLOP Phase (Pilot)b deg −322 −337 −280 −328
OLOP Magnitude

(Disturbance)
dB −5.7 −8.0 −10.2 −5.0 −6.9 −8.8 −3.8 −5.1 −6.2

OLOP Phase
(Disturbance)

deg −160 −174 −187 −155 −167 −178 −98 −99 −101

Actuator RMS (Pilot) – 0.13 0.14 0.11 0.15 0.14 0.13 0.10 0.080 0.072
Actuator RMS

(Disturbance)
– 0.60 0.64 0.50 0.70 0.64 0.57 0.96 0.79 0.72

aBlank entry indicates no 180◦ crossing in relevant frequency range.
bBlank entry indicates that rate limit not reached at relevant frequency range.

1 3 5 10
–40

–20

0

1 3 5 10
–200
–150
–100

Figure 14. IL Pitch Model Following

similar aircraft responses (since they are tuned to the same specifications). Therefore, pitch model fol-
lowing will represent the inner loop (Fig. 14), and the longitudinal model following will represent the
outer loop (Fig. 15), and heave (Table 9) and yaw (Table 8) will not be shown, as they have identical
cost. The configurations with the largest model following cost, such as the quadcopter in roll and pitch
(Fig. 14), have the largest deviation from the command model in the frequency range of interest. Both
the longitudinal and lateral axes (inner and outer loop) deviate most from the model at the higher end
of the frequency range considered. For the inner loop, the gain deviation occurs above 8rad/s while the
phase deviation begins at 5rad/s. The outer loop sees a larger deviation in gain (between 0.7 and 2rad/s,
Fig. 15), while the phase is noticeably different between 1 and 2rad/s.

The values reported in Table 8 represent a case where the motor current margin is equal to the current
required to hover (K = 2). This results in over-performance in the OLOP specifications, suggesting that
motor weight reduction is possible without violating any of the handling qualities specifications. The
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Figure 15. OL Longitudinal Model Following

quadcopter and hexacopter reach the Level 1/2 boundary of the OLOP specification with a 53% (K =
1.53) motor current margin, limited by roll disturbance input. The octocopter reaches the Level 1/2
boundary at 62% (K = 1.62) current margin, limited by a piloted yaw rate input.

For the actuator RMS objective functions in pitch, there are multiple effects to consider. Specifically,
the reduced inertia of the rotors reduces the actuator effort required as the rotor radius decreases. In
evaluating RMS, the raw inputs are normalised by a reference value derived from the hover voltage
(which is lower as more rotors are added). These two effects largely cancel out in pitch, and the RMS
specifications are similar.

However, in yaw, the rotor inertia has no effect on the actuator activity level. This is because the
reaction torque experienced by the aircraft is directly dependent on the motor torque/current. Whether
that torque is used to accelerate the rotor, or overcome aerodynamic drag is irrelevant—the effect on the
aircraft is the same. However, the normalisation still occurs, which results in higher RMS as the number
of rotors increases.

4.3 Inner loop time simulation
As another means of determining the current requirements for manoeuvre, several time-domain sim-
ulations were run. To examine the behaviour under piloted inputs, doublet and step commands were
given to the inner loop. For disturbance analysis, 1-cosine gusts were applied [19]. The gust duration
is determined by the frequency which maximises the motor current due to a gust input, shown on the
Bode plot in Fig. 16. The three configurations share a frequency (6.3rad/s, 1s period) which maximises
motor current. The magnitude of piloted and gust inputs is equal to the maximum input used to evaluate
the OLOP specification. For both types of inputs, the motor current response of all three vehicles were
examined.

4.3.1 Longitudinal axis
The longitudinal and lateral dynamics are qualitatively similar on multicopters, due to the symmetry of
the configuration. The only difference between the two is that the pitch inertia is slightly greater than
the roll inertia. Thus, the longitudinal axis will require greater effort to control, and is presented here.

A 10◦ pitch doublet is used as pilot input and is plotted along with the filtered commands and the
closed-loop response of the vehicle in Fig. 17. All three vehicles respond similarly, as expected, since
they were all tuned to the same closed-loop requirements. The octocopter follows the command with
the least error, followed by the hexacopter and quadcopter.

Figure 18 shows the current change required by the most longitudinally extreme rotors on the quad-
copter, hexacopter and octocopter (Motor 1 for all three, Figs 1–3). The current is normalised by the
current required to hover in Table 7, this normalisation represents a relative current margin required
to execute the manoeuvre. All three curves are characterised by large current spikes when the pitch
command goes through a step change. When this occurs, the desired motor speeds change rapidly, requir-
ing a surge in motor torque/current. The quadcopter requires the greatest margin (33.4%), followed
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Figure 19. Longitudinal Gust Input and Pitch Response

by the hexacopter (31%) and octocopter (27.7%), as the smaller rotors have less rotational inertia to
overcome.

The response of the vehicles to a 10m/s 1-cosine [19] longitudinal gust (applied as a tailwind) is
shown in Fig. 19. As the aircraft experience a tailwind, they initially pitch nose-down (due to a positive
Mu), and the feedback controller reacts to stabilise the vehicle and return it to a nose-level condition.
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Figure 21. Yaw Rate Input and Vehicle Response
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Figure 22. Motor 1 Normalised Current Response to Yaw Rate Input

The maximum nose-down deflection is around 5 degrees and is slightly reduced as the number of rotors
increases. The current delivered to the front-right rotor is plotted in Fig. 20, again normalised by the
hover current of each individual aircraft. Naturally, the current supplied to this rotor is positive initially,
as the aircraft tries to produce a nose-up moment to counteract the effect of the gust. The quadcopter
requires the greatest current margin of all three configurations, due to the greater inertia of its rotors.

Rejecting a 10m/s gust requires less current than following the 10◦ doublet command for all con-
figurations. The quadcopter requires 30% current margin to reject the gust, while the hexacopter and
octocopter require 24% and 18% current margin, respectively. The quadcopter has comparable current
margin when rejecting the gust or following the doublet command, requiring only 3% less than the dou-
blet. This difference is more pronounced as the number of rotors increases, with the hexacopter and
octocopter having an 8% and 10% lower current requirement for gust rejection, respectively.

4.3.2 Yaw axis
To examine the vehicle response to a piloted input in yaw rate, a 20◦/s step command was issued to
all three vehicles (Fig. 21). All three vehicles respond identically, as expected, following the first-order
command model well.

The current (normalised by the hover current of each individual aircraft) required by the front-right
rotor to follow the yaw step is plotted in Fig. 22. At the beginning of the simulation, the desired yaw
acceleration is very high, which will require a large surge in the motor torque/current. Importantly,
unlike the other axes, the vehicle does not rely on the rotor speed for yaw moment, so the primary
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Figure 24. Motor 1 Normalised Current Response to Longitudinal Velocity Input

advantage of the octocopter over the quadcopter and hexacopter is gone. In fact, the octocopter requires
the greatest current margin of all three configurations, requiring 111% of the hover current margin. The
quadcopter and hexacopter require significantly less current margin in this axis, requiring 67% hover
and 89% hover current margin, respectively. The octocopter requires the greatest current margin due to
it having the greatest yaw inertia (Table 2), which requires more torque to accelerate.

4.4 Outer loop performance
CONDUIT R© was also able to achieve Level 1 handling qualities for all three configurations in the outer
loop and are tabulated in Table 9. As was the case for pitch in the inner loop, all of the aircraft achieve the
same level of performance. With both the longitudinal and vertical axes relying on motor speed change,
as the rotors become smaller, there is a decrease in actuator RMS for piloted and disturbance inputs.

4.5 Outer loop time simulations
4.5.1 Longitudinal axis
The aircraft and motor 1 current response to a 5m/s longitudinal velocity step command is shown in
Figs 23 and 24, respectively. The response of all three configurations is nearly identical, as expected.
Similar to pitch in ACAH mode, as the number of rotors increases, the required current to each motor
decreases. For all three configurations, the required current is significantly greater for this input than
the 10◦ doublet command. This increase in current is due to a higher pitch command model frequency,
which is necessary to meet minimum phase margin requirements in the outer loop. The quadcopter
requires 106% of its hovering current, and the hexacopter and octocopter require slightly less current
margin, needing 98% and 88% of hover current, respectively.

A 1-cosine gust with a 1s duration (dashed black line in Fig. 25) was applied to all three configura-
tions. For all three aircraft, the tailwind causes the aircraft to drift forward, and the feedback controller
returns it to a steady hover within 4s after the end of the gust. The current (Fig. 26) follows a similar
trend to the ACAH response-type, with the quadcopter requiring about 32% current margin to reject
the gust, while the hexacopter and octocopter require 25% and 19% current margin, respectively. This
current margin is similar to the inner loop gust rejection requirements, and is much less than is required
during the step command in velocity.
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Figure 28. Motor 1 Normalised Current Response to Heave Step

4.5.2 Heave axis
A 5m/s climb rate is commanded to all three multicopters in Fig. 27. As expected from the identical han-
dling qualities specifications, all three vehicles follow the same trajectory. Since heave control relies on
the rotor thrust (and thus speed), similar trends with the longitudinal axis are observed in the motor cur-
rent, plotted in Fig. 28. The quadcopter requires the greatest current margin (71%), while the hexacopter
(58%) and octocopter (52%) require less.

Similar to the longitudinal axis, a 10m/s magnitude 1-cosine downdraft was applied to the vertical
axis of all three configurations. The frequency for this gust (0.1rad/s, 63s duration) was chosen to max-
imise the motor current. All three aircraft have the same response to the vertical gust, reaching a 0.5m/s
peak magnitude heave response shown in Fig. 29. All three configurations also utilise the same nor-
malised current to reject the gust, requiring 25% of hover current shown in Fig. 30. All three vehicles
behave identically due to the quasi-steady behaviour of the gust.
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The effect of the rotor inertia can be observed for higher-frequency gusts. A 10m/s magnitude, 1.26s
duration (5rad/s frequency) gust is applied to the vertical axis of all three configurations in Fig. 31,
while the required motor current is shown in Fig. 32. All three configurations respond identically to the
gust, reaching a descent heave rate of nearly 1 m/s. The quadcopter requires the highest current margin,
needing 19% hover current, while the hexacopter and octocopter require 17% and 16% hover current,
respectively.

4.6 Motor weight
An estimation for motor weight can be made based on the peak current across all manoeuvres for each
configuration. The peak motor torque is determined by the product of the motor torque constant and
peak current. This peak motor torque can then be related to a motor weight using Equation [7], with
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Table 10. Maximum Current & Motor Weight, With Outer-Loop TRC

Maximum Maximum Motor Weight Weight
Configuration Manoeuvre Current (A) Torque (N m) (kg, each) Fraction (%)
Quadcopter Longitudinal Velocity

Step
310 366 21.8 15.9

Hexacopter Longitudinal Velocity
Step

243 191 12.5 13.7

Octocopter Yaw Rate Step 224 132 9.1 13.3

Table 11. Maximum Current & Motor Weight, Without Outer-Loop TRC

Maximum Maximum Motor Weight Weight
Configuration Manoeuvre Current (A) Torque (N m) (kg, each) Fraction (%)
Quadcopter Heave Step 257 304 18.6 13.6
Hexacopter Yaw Rate Step 232 183 12.0 13.2
Octocopter Yaw Rate Step 224 132 9.1 13.3

torque in ft-lb and resulting motor weight in lb.

Weng = 0.3928Q0.8587 (7)

The limiting case for each configuration and the resulting motor weight is summarised in Table 10.
Both the quadcopter and hexacopter are limited by a longitudinal velocity command, while the octo-
copter is limited by a yaw rate command. The quadcopter requires individual motors that are more
than 9 kg heavier than the hexacopter or octocopter. The hexacopter and octocopter have roughly the
same motor weight fraction (of about 13.5%), while the quadcopter is about 16%. Compared to hover
requirements (Table 7), the quadcopter requires an additional 7.3% motor weight fraction to meet han-
dling qualities requirements, while the hexacopter and octocopter require an additional 6.1% and 6.3%,
respectively.

The difference in motor weight fraction between the configurations will lead to improvement in hover
performance. The difference in motor weight fraction between the quadcopter and hexacopter (2.2%), for
example, allows for an additional 12kg of batteries (improving range and endurance) or additional pay-
load. While the octocopter (2.6% motor weight fraction difference) is capable of carrying an additional
14.2kg of payload or battery. Assuming a battery energy density of 200Wh/kg, the reduction in motor
weight fraction provides an additional 102s of hover endurance for the hexacopter and an additional
121s for the octocopter.

If the longitudinal and lateral axes are flown exclusively in ACAH mode, the limiting cases for the
quadcopter and hexacopter become heave and yaw rate step commands, respectively. The current margin
and motor weight are summarised in Table 11. The only vehicle to see any substantial reduction in the
required motor weight is the quadcopter, which is now similar to the hexacopter and octocopter. The
latter two configurations may further benefit from the introduction of rotor cant, which can reduce the
current required to yaw the vehicle by reorienting rotor thrust to produce a direct yaw moment [5].
However, this comes at the cost of increasing the rotor thrust needed to regulate the other axes, so the
quadcopter cannot benefit in the same way.

5.0 Conclusion
Optimisation-based control design techniques were applied to a 5,360N gross weight quadcopter,
hexacopter and octocopter with variable-RPM rotors, and the handling qualities and relative motor
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requirements were compared in hover at 287N/m2 disk loading. When held to the same handling qual-
ities requirements, all three configurations follow commands and reject disturbances identically to one
another.

In axes that are regulated by rotor thrust, namely, pitch, roll and heave, configurations with more rotors
required less current margin than similarly sized vehicles with fewer, larger rotors. This is due to the fact
that, in order to change thrust on a variable-RPM vehicle, the rotor’s inertia must be overcome. Both
the quadcopter and hexacopter were limited in axes that are regulated by rotor thrust. A step command
in longitudinal velocity required 106% and 98% of hover current for the quadcopter and hexacopter,
respectively.

In yaw, the dependence is directly on motor current, as the motor reaction torque (regardless of
whether the motor is overcoming aerodynamic drag or accelerating the rotor) is what controls the air-
craft. Because the octocopter has slightly more inertia in yaw (longer booms are needed to maintain
rotor tip clearance), the octocopter requires the greatest current (111% of the hover current) of all three
configurations to follow a yaw rate step command.

By utilising the relationship between motor torque and weight, an estimate for motor weight necessary
to manoeuvre the aircraft to ADS-33E-PRF standards was obtained. The limiting cases for the quad-
copter and hexacopter were a step command in longitudinal velocity, while the yaw rate step command
was limiting for the octocopter. If only hover torque requirements are considered, the motors represent
an 7–9% weight fraction. When handling qualities requirements (with translational rate command) are
considered, the motors represent a 13–16% weight fraction. To meet handling qualities requirements,
the quadcopter’s motors collectively weigh 13.6 kg (approximately 2.5% of the aircraft weight) more
than the motors of the hexacopter or octocopter.
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