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SUMMARY
Deformable linear objects (DLOs) have a wide variety of applications in a range of fields. Their
key characteristic is that they extend much further in one of their dimensions than in the other two.
Accurate motion planning is particularly important in the case of DLOs used in robotics applica-
tions. In this paper, a new strategy for planning the motions of DLOs under multiple constraints
is proposed. The DLO was modeled as Cosserat elastic rods so that the deformation is simulated
accurately and efficiently. The control of the motion of the DLO was enhanced by supplementing
one gripper installed at each end with additional supports. This allows DLOs to undergo complex
deformations, and thus avoid collisions during motion. The appropriate number of supports and their
positions were determined, and then a rapidly exploring random tree algorithm was used to search
for the best path to guide the DLO toward its target destination. The motion of the simulated DLO
is described as it is controlled using two grippers and specific numbers of supports. To prove that
the proposed DLO motion planning strategy can successfully guide relatively long DLOs through
complex environments without colliding with obstacles, a case study of the strategy was conducted
when guiding a DLO through a puzzle.
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1. Introduction
Deformable linear objects (DLOs), which are characterized by extending much further in one of their
dimensions than in the other two, have a wide variety of applications in a range of fields. Examples of
DLOs include electric cables, wiring harnesses, snake-like robots, surgical sutures, etc. DLO motion
planning is important in industrial assembly and disassembly1, 2 and plays an essential role in robotics
manipulation.3–7 The key aim of DLO motion planning is to find a smooth and collision-free path
that takes the DLO from its initial configuration to the goal configuration. DLO motion planning
has been widely acknowledged as a challenging research area because it requires the deformation of
DLOs to be simulated efficiently and realistically, which means it must be able to quickly predict
upcoming collisions with itself and the environment.

Recently, it has become popular to base models of DLO motion on continuous mechanics the-
ory, including Kirchhoff elastic rod theory8, 9 and Cosserat elastic rod theory.10, 11 Hermansson et
al.12 presented a path-planning method for assembling multibranch wire harnesses with the aid of a
model based on Cosserat elastic rod theory. Their method can be applied to any tree-like DLO. Bretl
and McCarthy13 modeled DLOs as Kirchhoff elastic rods and specified manipulation constraints
that are analogous to holding the DLO by a gripper at each end. They determined the functional
relationship between the configuration of the DLO and the position and orientation of each gripper,
which can be expressed as boundary conditions, and used it as the basis of their implementation of
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Fig. 1. The main concepts used in DLO motion planning. (a) Initial and goal configuration of the DLO.
(b) Guiding path, grippers, and supports.

a sampling-based algorithm for DLO motion planning. Roussel et al.14 presented a motion-planning
method for DLOs based on the work in Bretl and McCarthy,13 which detailed a fast method for
checking collisions by approximating the geometry neighborhoods of the quasi-static elastic rods.
Roussel et al.15 extended their collision-free DLO motion planning strategy to handle objects that
come into contact with DLOs. In these studies, only two grippers, one installed at each end, were
used to manipulate the DLOs. If long DLOs are only controlled by a gripper at each end, they cannot
be manipulated to generate the complex deformations that may be required to avoid collisions with
obstacles. In this situation, complex deformation can be achieved by installing additional constraints.
However, to the best of our knowledge, this issue has not been addressed in the literature.

In this study, the concept of supports is defined to supply the additional constraints. Like grippers,
the supports are abstractions of robot arms’ behaviors. To control the motion of DLOs, supports
supply two behaviors: the one is to restrict the tangent and position of DLOs, the other is to restrict
the movement of the DLO by a specific length. Based on the concept of the support, a new strategy for
planning the motions of DLOs under multiple constraints is presented. The deformation simulations
are accurate and efficient because the model represents DLOs as Cosserat elastic rods. The motion-
planning strategy was developed by extending the guiding path concept presented in ref. [16], and
then by designing a method to determine the appropriate supports to apply to the motion of the DLO.

This paper is organized as follows: In Section 2, some basic concepts related to this topic are
introduced. An overview of the framework of the proposed motion planning strategy is provided in
Section 3, and the methods are described in detail in Sections 4–6. The proposed strategy is validated
by conducting a case study, and the results of which are summarized in Section 7. The conclusions
are presented in Section 8.

2. Conceptual Basis of the Proposed Strategy
In this section, the basic concepts underpinning the proposed motion planning strategy are intro-
duced.

Configuration: As mentioned above, the shape and position of a DLO constitute its configuration,
which is generally denoted as qt. The key aim when planning the motion of a DLO is to transfer
it from its initial configuration to its goal configuration by continually changing its configuration,
without colliding it with itself or other objects. As shown in Fig. 1(a), qi and qg denote the initial and
goal configurations of a DLO, respectively. The configuration of a DLO has a start, or front, point
and a terminal, or back, point, as indicated in Fig. 1(a). The goal configuration of the DLO is shown
in Fig. 2.

Guiding path: The guiding path is the track along which the DLO proceeds, as indicated by
the dashed curve in Fig. 1(b). It should be noted that the guiding path is only a preliminary route
that restricts the motions available to the DLO, so it does not completely coincide with the actual
configurations of the DLO during motion.
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Fig. 2. The DLO and its grippers.

Gripper: One gripper installed at each end of the DLO is used to control the position and orien-
tation of the DLO at both ends, as indicated by the square marks in Fig. 1(b). As such, they act as
manipulation constraints. The grippers let go of the DLO when it enters a support and re-grasp the
DLO as it emerges on the other side. The gripper in the CAD model is represented by a cylinder,
shown in Fig. 2.

Support: The DLO can be prevented from colliding with obstacles by using another kind of con-
straint, which is imposed by adding supports. The supports are placed along the guiding path and are
represented by ci, such as c0, c1, . . . , c8 in Fig. 1(b). Supports supply the constraints to the motion
of the DLO, that is, their position and orientation, thus allowing us to control its configuration.
Section 5 describes the method used to determine how many supports should be installed, and where
they should be located. Also, the performance of these supports is described in Section 6.

Cosserat elastic rod: In this study, the model used to calculate the configuration of the DLO
combines Cosserat elastic rods with the boundary conditions imposed by the two types of constraints
mentioned above. The model of Cosserat elastic rods is the same as that used in ref. [11]. The effects
of the stretch, bending, torsion, and gravity of the DLO are described by this model. It is assumed
that the DLO is in static equilibrium at every moment. Modeling the DLO as a Cosserat elastic rod
enables us to determine its equilibrium configuration by solving its minimal potential energy.10, 17–19

The potential energy of a DLO with length L is:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

E= ∫ L
0 Vsds+ ∫ L

0 Vbds+ ∫ L
0 Vf ds

ϕ(0)= (x(0), v(0))

ϕ(L)= (x(L), v(L))

ϕ(ci)= (x (ci) , v (ci))

(1)

where Vs is the stored stretch energy density and
∫ L

0 Vsds is the stretch energy. Vb is the density of

the sum of bending energy and torsional energy and
∫ L

0 Vbds is the sum of the bending energy and
torsional energy. Vf is the density of potential energy produced by the external force, such as grav-
ity, and

∫ L
0 Vf ds is the sum of potential energy produced by the external force. The other terms in

Eq. (1) represent the boundary conditions. Specifically, ϕ(0)= (x(0), v(0)) and ϕ(L)= (x(L), v(L))

represent the position and tangent of the gripper at each end, and ϕ(ci)= (x(ci), v (ci)) represents the
position and tangent of the supports. The Cosserat elastic rod is solved using the numerical method
described in refs. [17–19], that is, the synthesis of Newton’s method, Gauss algorithm, and the con-
jugate gradient method,17 the linear time dynamics algorithm,18 and the finite element method.19 The
configuration of the DLO calculated every time by Eq. (1) is used for the next calculation to ensure
that the boundary conditions correspond to a unique configuration of the DLO.

3. Motion Planning Strategy Framework
Figure 3 presents the framework of the proposed motion planning strategy. The initial guiding path
is generated after the initial and goal configurations and the workspace has been loaded. Next, the
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Fig. 3. The framework of the motion planning strategy.
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Fig. 4. Schematic diagram of the path that guided the motion of the DLO.

appropriate quantity of supports and their positions along the guiding path are calculated. Finally,
changes in the configuration of the DLO cause it to move along the guiding path, from its initial
configuration to its goal configuration. It avoids collisions with the aid of the supports. When the
motion planning is finished, the output is a sequential set of the DLO configurations, the paths of the
two grippers, and the locations of the supports placed along the guiding path.

4. Guiding Path Generation
The guiding path consists of two parts: the path from A to B and the path from B to C, as indicated
in Fig. 4. A medial-axis-biased rapidly exploring random tree (MARRT) is used to generate the
first part,20 and the second part represents the final configuration of the DLO. The algorithm to find
the first part of the guiding path evaluates the following three variables: (1) the medial axis of the
workspace; (2) a MARRT that connects the initial and final configurations; and (3) the shortest path
between the initial and final configurations on the MARRT. Rather than being a smooth curve, the
first part of the guiding path is actually composed of several line segments. Figure 4 presents a
schematic representation of a guiding path.

The medial axis of an object, which was first proposed by Blum,21 is the set of all points that are
equidistant to two or more obstacle boundaries. There are three categories of methods for finding
the medial axis: thinning, tracing, and Voronoi-graph-based.22 In this study, a Voronoi-graph-based
method is used, and the method computes a subcomplex from the Voronoi diagram that lies close
to the medial axis and converges to it as sampling density approaches infinity.23 However, one of
the other methods described in refs. [24, 25] could have been used. The details of the medial axis
generation step are beyond the scope of the current study, but readers can refer to refs. [22–25] for
further information. Figure 5(a) shows the medial axis of the workspace shown in Fig. 4.

The rapidly exploring random tree (RRT) is a category of algorithms designed to search spaces
with obstacles efficiently by randomly constructing a space-filling tree. The tree is constructed incre-
mentally from sample points drawn randomly from the search space and is inherently biased to grow
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Fig. 5. The process used to generate the guiding path. (a) An example medial axis. (b) The tree generated by
the MARRT algorithm. (c) The guiding path between A and B. (d) The final guiding path.

toward the large unsearched areas of this space.26 RRTs have been studied for many years, lead-
ing to the development of a wide range of RRT-based algorithms, such as RRT-Smart,27 A*-RRT,28

RRT-Fixed Number,29 and MARRT,20 etc.
In the MARRT algorithm, which is applied in this study, the random tree generation is biased

toward the medial axis. The MARRT algorithm takes the start and goal nodes as input, which are,
respectively, A and B in Fig. 4. MARRT is presented in Algorithm 1. In each iteration, it randomly
samples a node nrand in unsearched areas and finds the nearest node nnear in the tree. New nodes are
expanded by Algorithm 2. These nodes consist of a polygonal chain I. Algorithm 1 ends when the
tree grows at the node B.

Algorithm 1: Medial Axis RRT
Input: The iteration number num, a start node A, an end node B.
Output: A Tree T
1. T.AddNode(A)
2. for 1 . . . num do
3. nrand← RandomSampleNode()
4. nnear← NearestNeighbor(T,nrand)
5. I←MARRTExpand(nrand,nnear)
6. T.Update(I,nnear)
7. return T

The key of the MARRT is the expansion step. Algorithm 2 expands along the medial axis until
the length of the expansion polygonal chain I reaches a maximum length lmax. During each iteration,
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a node nprev on the medial axis is added to I, a new node nnew is extended from nprev to nrand at a
distance�L, and the nnew is pushed to the medial axis. The nnew is�L from nprev. The algorithm ends
until the length of I reaches the maximum length lmax.

Algorithm 2: MARRT Expansion
Input: Node nrand and nnear, a step-distance �L, a maximum expansion length lmax.
Output: Intermediate chain I

1. I← Φ

2. Node nprev← nnear, nnew

3. repeat
4. nprev← nnew

5. I.AddNode (nprev)
6. nnew← Extend(nprev, nrand, �L)
7. PushToMedialAxis(nnew, �L)
8. dist← I.length()
9. until dist ≥ lmax

10. return I

More details of the MARRT algorithm can be referred to ref. [20].
Figure 5(b) shows the tree obtained for the workspace shown in Fig. 4. It is easy to search for the

shortest path between A and B on the tree in Fig. 5(b), as shown in Fig. 5(c). The path is composed
of several nodes, with a short enough separation between adjacent nodes, distance �L. Although it
is not necessary, the coding work is much easier if the length of the DLO is an integer multiple of
�L. Finally, the second part of the guiding path is discretized by the step size �L. The nodes on the
guiding path can be numbered as nk, so in this example, the node at A is numbered as n0, the node at
B is numbered as n32, and the node at C is numbered as n54.

5. Support Settlement
As shown in Fig. 5, the guiding path goes through an environment that contains many obstacles. Thus,
the configuration of the DLO must be able to follow a relatively complex sequence of variations so
that it can avoid collision as it proceeds along the guiding path. As discussed in the introduction, the
DLO cannot avoid collisions if it is only held by two grippers. Hence, the supports are placed along
the guiding path. These act as additional constraints that enable the control of the deformation of the
DLO. As stated in Section 4, the second part of the guiding path corresponds to the goal configuration
of the DLO. The grippers and supports for this part are provided as inputs to the motion planning
process, as indicated in Fig. 3. Therefore, the supports need to be determined on the first part of the
guiding path, for which the algorithm described below is used.

The search algorithm is presented by Algorithm 3. It starts at the goal node, that is, B, and numbers
the supports to be determined, dj. As shown in Fig. 6(a), the first support, d0, is located at B and the
second support, d1, is initially located at the node proceeding B, that is, n31. An assumed DLO is then
placed between d0 and d1, as shown in Fig. 6(b). The length of the assumed DLO is equal to the length
of the line segment between d0 and d1, and its tangent at d0 is defined as the vector pointing from
node n32 to n33. The tangent of the assumed DLO at d1 is defined as the vector pointing from node
n31 to node n30, as shown in Fig. 6(b). The Cosserat model, which is defined in Eq. (1), can be used to
determine the configuration of the assumed DLO under these boundary conditions. The intersection
is then verified between the assumed DLO and the obstacles using the collision detection algorithm
described in ref. [30]. If the DLO is found to be on course for a collision, the search process will stop,
leading the motion planning process to fail. However, this is unlikely to happen in practice. As shown
in Fig. 6(b), the assumed DLO does not collide with obstacles, so d1 moves to the previous node n30,
as shown in Fig. 6(c). At this point, the length of the assumed DLO is the sum of the lengths of the
guiding path segments between d0 and d1. Then, as shown in Fig. 6(c), the tangent of the assumed
DLO at d1 becomes the vector pointing from node n30 to node n29. Then, the configuration of the
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Fig. 6. The guiding path segmentation process. (a) Initially, support d0 is located at point B (i.e., node n32). (b)
No collision is detected when support d1is tried to be located at node n31. (c) Again, no collision is detected
when support d1is tried to be located at n30. (d) A collision is detected when support d1 is tried to be located at
node n22. (e) Set the position of support d2. (f) Renumber each support.

DLO is recalculated and checked that it does not intersect with any obstacles. If no collision will
occur, the position of d1 proceeds to the previous node n29 and the above calculation procedure is
repeated, only stopping if the assumed DLO collides with any obstacles. In this example, the DLO
collides with an obstacle when d1 reaches node n22, as shown in Fig. 6(d). In this case, d1 moves
back to what is now its final position, at n23. Hence, according to this algorithm, support d1 should
be placed at node n23 and the direction of the support d1 is the same as the tangent of the assumed
DLO end at node n23.
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After determining the location of d1, which is also the initial position for the search for d2, the
algorithm begins its next search by repeating the same process used for d1. This process finishes
where the assumed DLO collides with obstacles, which in this case occurs when d2 is located at
node n14, as shown in Fig. 6(e). Hence, the final location of d2 is at node n15 and the direction
of the support d2 is the same as the tangent of the assumed DLO end at node n15. The search
process will stop when a support reaches the initial node A, which is the location of the final sup-
port. After the appropriate location of every support has been determined along the path, all of
the supports are renumbered on the first and second part of the guiding path to ck, as indicated in
Fig. 6(f).

Algorithm 3: Support settlement
Input: Node A and B, and the guiding path.
Output: The supports {ck}
1. d0,dtmp1← B
2. nindex← B.Index()
3. i← 1
4. While nindex > 0
5. nindex← nindex - 1
6. dtmp2← nnindex

7. Assumed_DLO← ConstructADLO(dtmp1, dtmp2)
8. While Assumed_DLO is not collided with obstacles
9. nindex← nindex – 1
10. dtmp2← nnindex

11. Assumed_DLO← ConstructADLO(dtmp1, dtmp2)
12. End While
13. nindex← nindex + 1
14. di,dtmp1← dtmp2

15. i← i+1
16. End While
17. {ck}← UpdateAllSupport({dk})
18. Return {ck}

6. Motion of the DLO
By installing the appropriate configuration of supports, the motion of the DLO is constrained such
that it can traverse the guiding path and reach the target configuration without colliding with any
obstacles. This section describes the motion of a DLO that is controlled by two grippers with the aid
of a specific number of supports.

As shown in Fig. 7(a), the connection between the initial configuration and the guiding path is
not smooth. That is because the tangents of the initial configuration and the searched guiding path
at A are unlikely to be equal. Therefore, it is necessary to first ensure that the tangent of the initial
configuration of the DLO is the same as the tangent of the guiding path at A by adjusting the grippers.
The results of this step are shown in Fig. 7(b). The gripper at the front of the DLO then moves from
c0 to the next node, while the gripper at the back of the DLO (i.e. the terminal point) moves in
the same distance, stopping when the gripper at the front arrives at C. It should be noted that the
gripper at the back of the DLO first moves in the initial configuration and then moves along the
guiding path.

As the motion proceeds along the path, the supports control the positions and tangents of the DLO
at supports’ positions, and each support restricts the movement of the DLO by the step size �L in
each iteration step, as mentioned in Section 4. Meanwhile, the orientations of the grippers at the front
and back of the DLO are always the vectors pointing from node nl to node nl+1 and from node nm to
node nm−1, respectively. This process is shown in Fig. 7(c) and (d). The Cosserat elastic rod model
can be used to calculate the changes in the configuration of the DLO during motion. The steps above
are presented by Algorithm 4.
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Fig. 7. The motion of the DLO. (a) The initial configuration of the DLO. (b) Adjusting the initial configuration
of the DLO. (c) A snapshot of the DLO moving along the path when the terminal point is outside the guiding
path. (d) A snapshot of the DLO moving along the path when the terminal point is on the guiding path.

Algorithm 4: Motion of the DLO
1. qadj← AdjustConfigurationDLO(qi)
2. The number of the guiding path nindex
3. for 1 . . . nindex do
4. if i < B.Index()
5. {cj}← SearchSupport()
6. CalculateConfigurationDLO(qadj,{cj},ni)
7. Else then
8. {cj}← SearchSupport()
9. CalculateConfigurationDLO({cj},ni,ni−nindex)
10. End if
11. End for

7. Implementation
The proposed motion planning strategy was integrated into a virtual assembly process planning and
information management system developed by ourselves. A case study is conducted to demonstrate
that the proposed strategy can guide DLOs along paths while avoiding collisions. The DLO moved
through the puzzle is shown in Fig. 8. The mechanical properties of the DLO include that bending
Young’s modulus is 80,000 Pa, stretch Young’s modulus is 2,00,000 Pa, and shear modulus is 50,000
Pa. The case study was implemented on a 3.2 GHz Intel Core i5 PC with 4 GB RAM.
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Fig. 8. The puzzle used in the case study.

Fig. 9. The puzzle used in the case study of the motion of the DLO. (a) The initial configuration of the DLO.
(b) The goal configuration of the DLO. (c) The guiding path through the puzzle. (d) The supports along the
guiding path. (e) (f) Intermediate configurations of the DLO as it moved toward the goal configuration.

The parameters of the case study are as follows: the initial configuration of the DLO, from which
it proceeded straight ahead, is shown in Fig. 9(a); the goal configuration of the DLO is shown in
Fig. 9(b); and the algorithm selected the guiding path is shown in Fig. 9(c). The method discussed
in Section 5 is used to determine the locations of the supports on the guiding path, which is shown
in Fig. 9(d). Figure 9(e) and (f) shows the intermediate configurations of the DLO as it progressed
through the puzzle. In this case, the length of the DLO is 1224 mm and �L is chosen to be 6 mm. The
length of the guiding path is 2424 mm and the number of the supports is 28. The grippers draw the
DLO by �L and the supports restrict the movement of the DLO by �L in each iteration step. During
the motion of the DLO, the DLO is not stretched. The cost time of the guiding path generation is
10.26 s, the cost time of the support settlement is 91.95 s, and the cost time of the motion of the DLO
is 60.8 s.

8. Conclusions
A novel strategy for DLO motion planning under multiple constraints was developed. DLOs were
modeled as Cosserat elastic rods so that their deformation could be simulated accurately and effi-
ciently. A RRT algorithm was used to search for the guiding path used to direct the DLOs, and then
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Fig. 9. (Continued)

a method was developed to determine how many supports are required and where to locate them
on the guiding path. Then, the DLO was controlled by the grippers and supports to move from the
initial configuration to the goal configuration. The case study demonstrated that the proposed strat-
egy guides relatively long DLOs through complex environments without causing them to collide
with obstacles. In future work, this strategy will be extended to a case where surface contact occurs
between the DLO and obstacles.
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