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Abstract

We study supercritical branching processes under the influence of an independent and
identically distributed (i.i.d.) emigration component. We provide conditions under which
the lifetime of the process is finite or has a finite expectation. A theorem of Kesten—
Stigum type is obtained, and the extinction probability for a large initial population size
is related to the tail behaviour of the emigration.
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1. Introduction

Branching processes are a fascinating class of stochastic processes, which model the evolu-
tion of a population under the assumption that different individuals give birth to a random
number of children independently of each other. Timeless monographs, which present the
theory of classical branching processes, include [1], [10], and [28].

In the present article we will study the consequences of including an independent and
identically distributed (i.i.d.) emigration component between consecutive generations in the
supercritical regime. Intuitively speaking, the properties of this model are determined by
the interplay of two opposite effects, namely the explosive nature of supercritical branching
processes and the decrease in population size caused by emigration.

Formally, let ((§,)j>1, Yu)n>1 denote a sequence of i.i.d. random variables. Assume that
(61,)j=1 s 1.i.d. and let & be an independent copy of the family (&, ), j>1. Moreover, suppose
Y is an independent copy of (¥;),>1 and that both £ and Y only take values in Ng. Then we
define a branching process with emigration (Z,),>0 by setting Zy := k € N and recursively

le
AREE <Z§n+1,,-—yn+1) . n>0. (1.1)
Jj=1

+

Throughout this article we will focus on the supercritical case and, more precisely, assume
that

A= E[E] e (1, 00).
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Supercritical branching processes with emigration 735

Naturally, our study will concentrate on the extinction time
t:=inf{(n>11]2Z,=0}, where inf@:= oco.

In Theorem 2.1, we verify that 7 is almost surely finite if and only if E[log, Y] = oco. Moreover,
in Theorem 2.2, we show that E[t] < oo if

n
O<Z HIP[YSr(A+8)'”]<oo for e > 0 and r € (0, 00), (1.2)

n>1 m=1

and, under some additional assumptions, E[t] = oo provided that

n
Z ]_[ P[Y < ra"m ] =00 for some 6 € (1, 00), r € (0, 00). (1.3)

n>1 m=1

The precise statements of all of our results will be given in Section 2. In Theorem 2.3 we relate
the behaviour of the extinction probabilities

qr:=Plt<oo|Zy=k], k>1,

to the tail behaviour of Y as k — 0o. We also present a strong limit theorem for the population
size Z,, as n — o0; see Theorem 2.4.

Our study is motivated by a simple observation, which links our model to subcritical
autoregressive processes. We will explain it in Section 3. To the best of our knowledge, this
connection has not been investigated in the literature so far.

While our criteria ensuring E[7] < 0o, respectively E[7] = co, are not exact, as illustrated
by the following example, the gap is quite narrow.

Example 1.1. Assume that there are ¢ € (0, 0o0) and ng € N with

PlY >n]= < for all n > ny.
logn

Then E[log, Y] = oo and hence t < co almost surely. If ¢ > log A, then by Raabe’s test, (1.2)
holds. If ¢ < log A, then by the Gauss test, (1.3) holds.

Let us end this introduction by giving an overview of the literature dealing with branching
processes with emigration.

Vatutin [31] explored the critical case A=1 for Y=1 and o2 := var[£] € (0, 00). He
showed that T has a regularly varying tail with exponent —1 — 2/o° and, if all moments of
£ are finite, proved that 27, /no 2, conditioned on being positive, converges weakly to an expo-
nential distribution. These results were improved by Vinokurov [34] and Kaverin [13], and
more recently by Denisov, Korshunov, and Wachtel [5]. More generally, the approach of [5]
allows size-dependent offspring distribution and immigration.

More or less specific models of critical branching processes involving both immigration and
emigration were studied in [19], [36], and [37].

The present article and most of the above literature deals with specific cases of controlled
branching. This model was introduced by Sevastyanov and Zubkov [29], who classified even-
tual extinction for a control function of linear and polynomial growth. We also refer to the
related work by Zubkov [39, 40]. Yanev [35] generalized this model by assuming random i.i.d.
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control functions (¢,),>1. Roughly speaking, the present article assumes @, (m) ;= (m — Y,)+,
m € N. For a recent monograph on controlled branching, see [32].

We also want to mention some results for models in continuous time. In this scenario the
population size changes if exactly one individual gives birth to a random number of children
or if an emigration event, sometimes called catastrophe, occurs. The case that each individual
has either 0 or 2 children would correspond to a birth-and-death process. In [21] and [24],
Pakes gave results for a catastrophe rate proportional to the population size. In [22], [23],
and [25], he studied this model with a size-independent emigration rate. In the supercritical
regime, he related the almost sure eventual extinction to the condition E[log, Y] = 0o; see
[22, Theorem 2.1 and Corollary 3.1]. This was also verified by Grey [6], who proved the same
result for the time-discrete model of our present article under the assumption that (¢ j);>1 and
Y| are independent. However, this independence condition can be avoided; see Theorem 2.1 of
the present article.

2. Preliminaries and statement of results

In the following we usually assume Zyp =k € N, A € (1, 00), as well as:

(H1) There exists a strictly increasing sequence (k,),>0 in N, which satisfies ko =k and
P[Zjlfil &1,k — Y1 =ky41] > 0 for all n € Ny, and

(H2) IP’[ZJ’?ZI £1j—Yi<n—1]>0foralln>1.
In some of our results, we will also need Grey’s restriction:

(IND) The random variables (&1 j);>1 and Y| are independent.

Conditions (H1) and (H2) ensure that neither emigration nor branching will dominate each
other fully for the possibly rather small initial state, respectively for a large population size.

If & > 1, then condition (H1) is always satisfied provided that the initial population Zy =
k € N is chosen large enough. As similar arguments will occur in many of our proofs, let us
briefly explain how this can be verified. By truncation of the offspring distribution £ (see also
Observation A.1 in Appendix A), we may restrict ourselves to the case A < co. Choose ¢ > 0
with A — ¢ > 1. Then, by the law of large numbers,

k
IP’|:Z £1j> (0 — 8)kj| —0 fork— oco.

j=1

In particular, we know that there exists K € N such that this probability is smaller than 1/2
for all k > K. Moreover, we can choose N € N with P[Y] > N] < 1/2. Then, for all kK > K with
N < ¢k, we deduce

PlZ, > k| Zy=k] > 0.

So if A > 1, then condition (H1) holds if Zy = k is chosen large enough. On the other hand, we
know that condition (H2) holds, for example, in the case of P[£ = 0] > O or if the emigration
distribution Y is unbounded and (IND).

Note that (H1) and (H2) are preserved if the value of Zy = k > 1 is increased. The state space
of (Z,)n>0 may be affected by such a modification. However, this will not cause any problems
in our study.
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Supercritical branching processes with emigration 737

Let us give a final thought regarding (H1) and (H2). Consider a modification of the branch-
ing process (Z,),>0, in which the population gets revived with exactly k individuals upon
extinction. Then this renewal version of (Z,),>0 is a Markov chain, which is irreducible and
exhibits an infinite state space containing O if and only if both (H1) and (H2) are satisfied.
In [20], Pakes investigated this revived branching process when the emigration component
is absent but with a more general resetting mechanism upon extinction. Moreover, both the
subcritical and critical cases are studied in [20].

Theorem 2.1. t < 0o almost surely if and only if E[log, Y] = 0o

If the process (Z,),>0 dies out almost surely, it is natural to ask whether its expected lifetime
is finite or infinite.

Theorem 2.2. Assume E[log, Y] = oco.

(D) E[t] < oo, provided that there are ¢ > 0 and r € (0, 00) with

O<ZHP[Y§r(A+8)m]<oo

n>1 m=1

(II) E[r]= oo, provided that E[£'*%] < co for § > 0, (IND), and

TPy =rmm™®]=00 for6e(l, o0), re (0, o).

n>1 m=1

If the process (Z,)n>0 does not become extinct almost surely, one might try to understand the
distribution of T and the extinction probabilities (gx)x>1 in the case of a large initial population
size k > 1. For this, we use Karamata’s concept of slow and regular variation and assume:

(REG) P[Y > 1] varies regularly for t — oo with index « € (0, c0).

For a gentle introduction to slow and regular variation, we refer the reader to [18]. A mea-
surable function L: [0, co) — (0, 00) is called slowly varying for t — oo if for all ¢ € (0, co)
we have L(ct)/L(t) — 1 as t — oo. Moreover, a measurable function f: [0, co) — (0, 00) is
regularly varying for t — oo if there exists o € R, #y € [0, 00) and a slowly varying function L
satisfying f(¢) = t* L(¢) for all t > 1. In this case the constant & € R is unique and —« is called
the index of f.

Theorem 2.3. Assume (REG) and let N € Z>2 U {oo}. Then

N—
limsup Pt <N |Zy=k]P Y>k]1 Z

k— 00

Furthermore, if all exponential moments of & are finite, then

lim Pt <N|Zy=k|P[Y>k]"' = Zr“’.

k— 00

By choosing N =00 in Theorem 2.3, we obtain results on the extinction probabilities
(l]k)kzl for k — oo.
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Besides t and (gx)i>1, one can also investigate the asymptotic behaviour of the process
(Z)n>0 conditioned on its non-extinction. Observe that the sequence W), := A7"Z,,n >0, is a
non-negative supermartingale. Hence, as in the case without any migration, Doob’s martingale
convergence theorem yields the existence of the a.s. limit

W:= lim W,, and moreover 0 <[E[W]<k.

n—oQ

Theorem 2.4.
(a) P[W > 0] > 0 if and only if
E[§log, ] <oo and Kllog, Y] < oo.

Furthermore, in this case, P[W > 0] = P[t = o0].

(b) Assume P[W > 0] > 0, P[§ = A] < 1 and (IND). Then
Pla<W<b]>0 forall0<a<b<oo.

The proofs of Theorem 2.1 and Theorem 2.2 are somewhat similar and are therefore
addressed together in Section 4. The arguments needed for Theorem 2.3 and Theorem 2.4
are different and slightly more technical, and are thus carried out separately in Sections 5
and 6.

3. Relation to the random difference equation

In this section we always assume & = A. Then (1.1) simplifies to
Zny1=AZy — Yng1)4, n=0.
Consider the process (2,,),120 defined by Zo = Zp=kand
Zpi1 = Ay — Yoi1, n>0.

Then, by induction over n > 0, we can verify Z, = (Zn)+ and
n )
Zy="k =Y A"y,
j=1

Let m € Ny. Then, for all n > 0, we know that

n
P[Z, > m] = P[Z, > m] :P[r"ererY,- <k:| (3.1)
j=1
n -
= P[k‘”m + Z ATy < k:| =P[X, <k, (3.2)
j=1

where ()A(,,),,Zo is the autoregressive process defined by Xo:= mand

Xor1 = 27X+ 2 Wapr, n>0.
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The study of this random difference equation was initiated by Kesten [16] in the more general
random-coefficient version

Xpt1:= A1 Xy + Yy, n=0,

where the sequence (A, Yn)n>1 is typically assumed to be i.i.d. and independent of Xy. The
Markov chain (X,),>0 is sometimes called a perpetuity. For more information on this process,
we also refer to the monograph [3] and the exposition in [12, Chapter 2].

Formally, (3.1) and (3.2) establish that (Z,),>0 and ()A(,,)nzo are dual Markov chains in the
sense of Siegmund; see [30].

Let A; >0 and Y; >0 in the following. In the contractive case E[logA] <0, it is well
known that the condition

Ellog, Y1] < o0

is related to the existence of a stationary solution for (X,),>0; see e.g. [33, Theorem 1.6] or
[3, Theorem 2.1.3]. This can be explained in the following way. Assume that Yy := Xy has the
same distribution as Y7. Then, for fixed n > 1, by exchangeability

n n
d
Xo = An- A=) A AYi =:X),
J=0 J=0

and X, — X, almost surely for n — oo, provided the limit

Xooi= Y Ap -+ AgYup

n>0

exists. If Ay =21 and Y; >0, then the limit X is almost surely finite if and only if
Ellog, Y] < oo; see e.g. Lemma 4.1 in Section 4. Inserting m =0 into (3.1) and (3.2) gives

P[r =o00] = lim P[Z, > 0] = lim P[X, < k] =P[Xs < I, (3.3)
n—oo n—oo
where
XKoo= 271 Y A"V,
n>0

and we can recover the statement of Theorem 2.1 in this way. Moreover, consider (3.3) and the
following result, which was obtained by Grincevicius in [8].

Theorem 3.1. (GrinceviCius.) Assume P[Y| > t] varies regularly for t — oo with index a €
(0, 00), E[A%] < 1 and B[A?] < 0o for B > . Then

o0
Jim P[Xoo > k] PLY; > I X(; E[A%Y.
]=

In the specific case £ =2 and A; = A~!, we can use this result to recover the asymptotic
formula for (gx)k>1 as k — oo given Theorem 2.3. Note that X, and X, differ by the constant
A=, which explains why the limit in Theorem 2.3 is A= /(1 — A~%) rather than 1/(1 — A~%).
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It is worth mentioning that Grey questioned some parts of the original proof of Theorem 3.1
and gave a new, improved version in [7].

Finally, note that, in our case, all random variables involved in the definition of ()A(,,)nzo
are non-negative and hence Kellerer’s theory of recurrence and transience of order-preserving
chains is available; see [14] and [15]. By again inserting m = 0 into (3.1) and (3.2), we deduce
that

]E[r]:Z]P’[r >n]=ZIP’[Z,, >0]=Z]P>[5(n <k,

n>0 n>0 n>0

and hence conclude that E[7] = oo if and only if ()A(n)nzo is recurrent. A recent result by Zerner
[38] states that this is rather generally the case if and only if there exists b € (0, 0o) with

Z ]_[ P[Y; < bA™] = oo.

n>1 m=1

Clearly, in the specific case & = A, this result characterizes the finiteness of E[7] exactly and
hence more precisely than Theorem 2.2.

Interestingly, Zerner’s criterion applies not only to general random-coefficient autoregres-
sive processes but also to rather general subcritical branching processes with immigration. For
many of these models, the existence of a stationary solution is related to a finite logarithmic
moment of the immigration; see [11] and [26].

4. Proofs of Theorem 2.1 and Theorem 2.2
As preparation, we start with two simple lemmas.

Lemma 4.1. Let (Uy,)p>1 be i.i.d. non-negative random variables. Then

u, |0 ifE[U] < oo,
limsup — =
n—soo N 00 if E[U;] = co.

The proof of Lemma 4.1 follows directly from the Borel-Cantelli lemma; see also
[9, Chapter 6, Proposition 1.1]. Lemma 4.1 is known in the context of supercritical branch-
ing processes with immigration and can be used to obtain some of Seneta’s classical results on
whether immigration increases the speed of divergence; see also [27] and [4, Section 3.1.1].

We will also apply the following concentration estimate, which can be seen as a weaker but
more general form of Chebyshev’s inequality.

Lemma 4.2. Let (Vy,),>0 denote a sequence of i.i.d. random variables and S, := Y i, V; for
all n > 1. Assume E[V{] =0 and that there is § € (0, 1] with ¢ := E[|V,|'*] < co. Then

P[|S,] > t] < 2ent~ 178 foralln>1andt e (0, c0).
Proof. By the Marcinkiewicz—Zygmund inequality (see [9, Chapter 3, Corollary 8.2]),
E[IS,'*?] <2cn foralln>1.

Thus the claim follows by applying Markov’s inequality. U
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The branching process, which is obtained from (Z,),>0 by neglecting any emigration, will
be denoted by (Z},),>0. Formally, we set Zj, := k> 1 and

Z
4 .
Zy =Y Ear1j, n=0.
j=1

We will also work with the stopping time

ti=infln>1Z,, | <Yy}

Observe that, by definition, Z, < Z and t < t" almost surely.

Proof of Theorem 2.1. First, let E[log, Y] = 00. Choose ¢ > 0 and set
T:=inf{n>1]|Z2, <(»+e)" forall m > n}.

Then, for fixed n > 1, Markov’s inequality gives

P[Z, > (. +e)"] < k(l + ;) :

Hence, by the Borel-Cantelli lemma, 7 < oo almost surely. Furthermore, applying Lemma 4.1
with U, := log, Y, gives Y, > (A + &)" for infinitely many »n > 1 almost surely. This yields
7 < 1t/ < 00 almost surely.

Secondly, let E[log, Y] <oo. By truncation of the offspring distribution (see
Observation A.1 from Appendix A), we can assume that the offspring distribution £ is bounded
and 0% := var[£] € [0, oo). Moreover, as (H1) and (H2) hold, we can choose Zy =k large
enough to ensure that these conditions remain true after truncation.

Fix ¢ >0 with A; := A —2e>1 and let Ag:= A —¢. Then, for all n> 1, consider the
following events:

2]
o Doz (- 5)bl]. o= =)
=1

For all n > 1, we find that by Chebyshev’s inequality

-50a)=(3)

Since Ao > 1, due to the Borel-Cantelli lemma, almost surely only finitely many events A{,
n > 1, occur. On the other hand, by Lemma 4.1, we know that almost surely all but finitely
many events B, n > 1, occur. Also note that (A,,),>1 is a sequence of independent events, and
50 is (By)p>1. All in all, we can fix ng € N such that

[Ap]

> &= )

J=1

P[AS] < IP|:

(=) bal 3=l roratnzng @
and
. 1
min(P[A], P[B]) > 7 where A ;= ﬂnzno A, B:= ﬂnzno B,. (4.2)
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Note that the value of ng does not depend on k. By using (4.2), we find
P[ANB]=P[A]+ P[B] —-P[AUB] > P[A] +P[B] — 1> 0.
Finally, by recalling (H1) and (H2), we can increase Zy = k to ensure
P[C] >0, where C:= {Z,, > |1y’]}.

By inserting our construction of the events A and B and using (4.1), an inductive argument
yields Z, > |Ag] for all n>ng on the event ANBN C. Since the events ANB and C are
independent by definition,

Pt =o00] >P[ANBNC]=P[ANB] P[C] > 0. 0
In fact, a careful look at the second part of this proof reveals the following result, which we
need in the proof of Theorem 2.4.
Proposition 4.1. Assume E[log, Y] < oo. Then g — 0 for k — oo.
The proof of this proposition is left to the reader.

Proof of Theorem 2.2. (I) Since © < 7/, it suffices to verify E[t'] < 0o. Fix ¢ >0 and r €
(0, 00) according to the assumption and set

T:=inf{n> 1|2, <r(x+e&)""! forall m > n},

T:=inf{n>T|Y,>r(A+¢&)"}.

Then 7’ < T almost surely by construction, and hence it suffices to prove E[T] < co. As in the
proof of Theorem 2.1, we know T < co almost surely. For all n > 1, by applying Markov’s
inequality we deduce

—n+2
PIT=n] <P[Z,_, > r(:+¢)" 2] < 1k (1 + ;) . 4.3)

r

Moreover, since ((§,,j)j>1), Yn)u>1is i.i.d., we know that

E[T1=Y EIT|T=n]P[T=n]=) (E[T,]+n) P[T=n], (4.4)

n>1 n>1
where
Ty:= inf{m>1Yom > rGo+ )"}, n>1.

For all n > 1, we have

E[T,]=1 +ZIP’[Tn >m]=1+ Zn P[yir(k+€)n+l]

m>1 m>1 [=1
m n -1
—1+ ( Z ]_[ P[Y <r(r + e)’]) (]_[ P[Y <r(r + e)’]> .
m>n+1 I=1 =1
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Because of our choice of r € (0, 00), we conclude that 1 <E[T,] < oo for all n > 1. Observe
that we can insert this formula for E[T},] into (4.4). Then, by using the estimate (4.3), we can
deduce E[f"] < o0 and the claim follows.

(IT) First, note that by possibly increasing r € (0, 00), we can guarantee that there exists
np € N satisfying both rn, % <1and

P[Y <«r]>0, wherex := [],,, (1 - m=) € (0, ).

Fix r € (0, oo) accordingly. By possibly increasing ng, which results in an increase of «, and
by using our assumption, we can ensure

n
Z ]_[ P[Y <«krA'l7%] = o0. (4.5)
n=ng [=ng
Fix n with (1 + 8l < n < 1. Then, for all n > ny, let

n

1 _ _
N, = A"(l + ;) l_[(l — 7l 9), fui= kA", gni= krn O

I =ng

By possibly increasing no € N and recalling n < 1, for all n > no,

n

_ n+1 l S A n,
AN = [f] =2 <1+n)]_[(1 %) — k" =2

I=ng
n

2 ) TT - a2 [T

I=ny I=ng

1 n
= (x"“ (1 + —) — M”n2> [T(-n"7)
n l=n0
)\n+1 )\’I’H-l n

— n+1 _ a2 e
<A +n—|—1+n(n+1) g n)l_[(l )

I=ng

n

1
n+1 -
> ) <1+n 1)||(1 ).

I=ng

Moreover, by possibly increasing ng € N, we can guarantee g, >n for all n>np. So, by
inserting the definition of «, for all n > ny we get

1
[gn+11 < gnt1 +1= <1 + )gn+1
n+1

<Al (1 + #) (]_[ (1- rl_g))r(n + 1Y,

I=ng

By combining the previous two estimates, for all n > ng, we directly find

AMNpl = Tful — [gn+11 = Nut1. (4.6)
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For all n > ny, we consider the event

[Nn]
D, := {an,,zwvnj - W}.

=1
Since we assume E[£!°] < oo, by Lemma 4.2 there is ¢ € (0, co) with

LNal

> &= AN

J=1

2¢|Ny ]
|le+8

P[DS] < IP’|: for all n > ny.

]

Recalling our definition of Ny, f,,, and 1, and noticing that the events (D,,),>y, are independent,
we obtain

P[D] >0, whereD:= ) D,.

n=ng
Consider the stopping time
T:=inf{n>ng|Y, > gn}

Then, by definition of T and (g,),>0, we deduce from (4.5)

E[T1=) PIT>nl=n+1+ Y [] P¥=«r2]=0c.

n>0 n>ng+1 I=ng+1

Finally, by (H1) and (H2), we may assume that the value of Zy = k > 1 is chosen large enough
to ensure that

P[C]1 >0, where C:= {Z,, > Ny,}.

Note that, by construction, C and D are independent events. All in all, by (4.6), we can deduce
that T > T on the event B := C N D, which occurs with a positive probability. Finally, by (IND),

E[r] = E[r 1] = E[T1p] =E[T | B] P[B] = E[T] P[B] = oc. =

5. Proof of Theorem 2.3

For convenience, we split the proof of Theorem 2.3 into smaller parts by formulating and
separately proving the following two lemmas.

Lemma 5.1. Assume (REG). Then

—o

C:= limsup g P[Y > k]’1 <

k— 00 -2 '

Lemma 5.2. Assume (REG) and that all exponential moments of & are finite. Moreover, let
N € Z>o U{oo}. Then

N—
11m1nf]P’[r<N|Z0_k]IPY>k Z
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Proof of Lemma 5.1. By truncation of the offspring distribution (see Observation A.1 from
Appendix A), we may assume that £ is almost surely bounded and, in particular, has finite
exponential moments.

Let us verify C < oo as a first step. For this, choose ¢ > 0 with Ag := A —2¢ > 1 and set
A1:= A —¢&. Then, by Lemma B.1 from Appendix B, there are cq, ..., cy € (0, 00) such that
the sequence

)“lxn_)“gv nZN,

xo:=1, xpp1:=
AMXy — Cpt1, n<N-—1,

is strictly positive and satisfies x;,, > ¢” for ¢ > 1 and all n > 1. Furthermore, for all k > 1, we
consider the events

[kx ]
Ak,n = {Z §n+1,j2)\lkxn}, n>0, Ap:= mAk,n-

j=1 n>0

For all k> 1, we have
g =Pl <00, A | Zo =k] + Pt < 00, Af | Zy = k], (5.1
as well as

Pt <00, A} | Zo=k| < Z ]P)[Ai,n]'

n>0

By the Cramér—Chernoff method or a sub-Gaussian concentration estimate (see [2, Section 2.1
resp. Section 2.2]), and by our knowledge concerning the sequence (x),>0,

IP’[I <oo,Ai|Z0=k] — 0 fork— o0
exponentially fast. Therefore, by applying condition (REG), we deduce

lim Pt < o0, Af | Zo=k] P[Y > k]! =0,

k— 00

and, by recalling (5.1), we further conclude

C =limsup P[t < o0, Ay | Zo =k] P[Y > k]~ .

k— 00

Fix k> 1 and let Zp = k. Then, by construction of A and (x;)n>0,

N—-1
{t <00} NA;L C U{Y” > kcpy1} U U {Yn >kk8},
n=1 n>N

since Z;, > kcpq1 for n < N and Z, > kA(j on A. Consequently

N—1
C< ) PlY,>cup1kl + IP’|:Z Yoky" > ki|. (5.2)

n=1 n>N
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Note that on the one hand, due to (REG),
N—1

N—1
Jim Z PLY > c,k] PLY > k] 7' =) " ¢, < o,
n=1
and on the other hand, by applying Theorem 3.1 with A} = A, L
lim sup ]P’|:Z Y, )‘0 > k:| PlY > k]_

k— 00 >N

All in all, by (5.2) we conclude that C < oo.
In the second step, fix 0 <§ <A; =X — ¢ and set Ap := A — §. Later we will let e \( 0 and
8N\, 0,when A; /X and Ay 7 A. For all k > 1, we define the events

Dyy:={Y1>Ak}, Dyp:={0k<Y <Ak} and D3j;:= {Y| <05k}

For every k > 1, given Zy = k we can decompose {t < oo} by using the three events Dy i, D2 k,
and D3 k. From this decomposition we obtain

g <PID1 ] +Plt <00, Dy | Zo =k] + Pt <00, D3| Zo =k].

Let us introduce the notation g, := q|,) for r € (0, 00). Note that the function r > g, is
monotone non-increasing with respect to r, and

|:Z §1;=< (k - —) j| — 0 exponentially fast as n — oo,

which can be verified, as in the first step, by the Cramér—Chernoff method or a sub-Gaussian
concentration estimate. By combining these two remarks with our assumption (REG), for all

eg>0and s >0,
limsup P[Y > k]~' P[t < o0, Doy | Zo = k]
k— 00

=limsup P[Y > k]~! P[Dy 4] P[t < o0 | Do, Zo = k]
k— o0

<limsup P[Y > k]~! P[Y > 8klqe o)k
k— 00

=0,

where for the last step we have also inserted our knowledge that C < oco. Similarly, we can
verify
limsup P[Y > k]~! P[t < o0, D34 | Zo = k] < limsup P[Y > k]~ gyx.

k— o0 k— o0

All in all, and again by invoking (REG),
C=limsup P[Y > k]_lqk

k— 00

<limsup P[Y > k]! P[Y > Ajk] + limsup P[Y > k]~ ' gn

k—00 k— o0

PLY > A2klga

=limsup P[Y > k]* PlY > A1k] + lim sup

k—00 k— 00 P[Y> k] IF)[Y> )"Zk]
<MY+ G
Letting 6 \(O and ¢ \y 0, C < A™% + CA™* and the claim follows. O
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Proof of Lemma 5.2. Because of monotonicity, it suffices to prove the claim for N < oco. Fix
e>0.Forallk>1and/=1,..., N —1, define

Tk(A+¢)] N—1
A= Y &j<kO+e)t . A= () A
j=1 =1
Then, forall/=1,...,N—1, IP’[AE J—=0 for k — oo exponentially fast due to the Cramér—

Chernoff method. Hence, by (REG),’
Ly = likm inf P[t <N|Zy=k] P[Y > k]!
—00

= 1}{minf Plt <N, Ax|Zo =k P[Y > k] .
— 00

By inserting the definition of both Ay of (Z,),~0, we further obtain

Ly = liminf Pl e{l,...,N—1}: V= k(. +e), A PLY > k17"
—00

Again, we combine (REG) with the fact that for all /=0, ..., N —1, IP[A; ;1 — 0 for k— o0
exponentially fast. This gives us

Ly = lim inf P[e(l,.... N=1}: Vi >k(r + &) ] P[Y > k7"
Now, by applying the inclusion—exclusion principle, recalling that the sequence (Yy;)m>1 is
i.i.d. and working with (REG), we obtain

N—-1 N-1
- : l -1 _ —al
Ly > ?_1 Jim P[Y1 > k(A +¢) ] PlY > k™' = ?_l (h+e)"*.

The claim now follows by letting & N\ 0. U

Proof of Theorem 2.3. Because of both Lemma 5.1, which covers the case N =00, and
Lemma 5.2, it suffices to prove that, for fixed 2 < N < oo,

N—1
Ly = limsup P[t <N|Zo=k]< ) 1~
k— 00 =1

As in the proof of Lemma 5.1, we can assume that the offspring distribution is bounded and, in
particular, all exponential moments of £ are finite. Let us verify, for arbitrary ¢; € (0, 1) with
Aoi= A—2e1 > 1,

N—-1
Ly <Y ag™. (5.3)
=1

Let A := A — ¢ and define, forallk>1and /=1, ..., N — 1, the events

Lkad ) . N-1
._ . 2 PY/ —
By, := [ Z; &1 Zk()\ 5 ))»1 ], B = m By
J:
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For all [=1,...,N —1, the Cramér—Chernoff method or a sub-Gaussian concentration
estimate implies that P[Bj ;] — 0 for k — oo exponentially fast, and hence

L =limsup P[t <N, B¢ | Zo =kl P[Y > k]

k— 00

Consider the events
Cr:={3le{l,....N=1}: V;>kr)}, k>1.

Then, by (REG),

N—1
limsup P[Cy] P[Y > kr1 <lim sup Z IE”[Y; > kkf)] PlY > kr1
k—00 k—00 =1

=

lim P[Y > krj] PLY > k]!

k— 00

I
I

=

_ —al
= )‘0 ,
=1

and hence, in order to obtain the inequality (5.3), it suffices to show that

lim P[t <N, By, C{ | Zo=k] PIY > k]' =0. (5.4)

k— 00
Let &5 € (0, 1) and introduce, for all k > 1, the random variable
Re:=#{l=1,...,N—1]Y,>erkab}.
Then, since (REG) holds and (Y;,)p>1 is i.i.d., we easily obtain

limsup P[t <N, By, C{, Rk>=2|Zy=k]P[Y >k]"' =0. (5.5)

k— 00

For a given €1 > 0, choose 0 < &7 < €1/2. Then, for every k > 1, by inserting the definition of
By, Ry and (Z,),>0, we can deduce that

Plt <N, By, R, =0]|Zy=k]=0.
In particular, we obtain

limsup P[t <N, By, Ci, Re =01 Zo =k] P[Y > k]~ =0. (5.6)

k— 00

Combining (5.5) and (5.6), in order to verify (5.4), we only need to show that

limsup P[t <N, C{, Re=1|Zy=k| P[Y > k]"' =0. (5.7)
k— 00
Letk>1and/=1,..., N — 1. Then let us introduce events B;c,l,l’ ..., Brin—1 by

[kxr—1]
B;gl,r:: { Z Sr,jz)»ler—l}, r=1,...,N—1,
j=1
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where xp := 1 and

)»6, r=I,
X1 = MXp — by,  bpi=
oAl r#1.
For all k> 1, let B;{ denote the event that all events B;{ L l,r=1,...,N—1, occur. Then,
again by the Cramér—Chernoff method or the sub-Gaussian concentration inequality, we know

that
limsup P[t <N, C{, Ry =1|Zg=k]| P[Y > k]

k—o00
=limsup P[t <N, B, C{, Re=11Zo=k| P[Y > k] ".

k—00
According to Lemma B.2 from Appendix B, for every 1 > 0 it is possible to choose & > 0
small enough to ensure
]P’[r <N,B, Ci,Rc=1 |Z()=k] =0 forallk>1,

where we have inserted the definition of the events B;{ and C,‘;, as well as the definition of the
random variable Ry and of the process (Z,),>0. In particular, by choosing ¢, > 0 small enough,
(5.7) follows. O

6. Proof of Theorem 2.4

In the following we will again work with the branching process (Z)),>0, but more generally
assume Z,=4k'>1 and possibly k # k. Let ¢’ € [0, 1) denote the extinction probability of
(Z))n>0 given k' =1 and recall the existence of the almost sure martingale limit

W= lim A7"Z €0, o0).
n—oo

By the Kesten—Stigum theorem [17], it is known that W' =0 almost surely if and only if
E[& log, (§)] = oco. Moreover, if E[£ log, (§)] < oo, then, given that (Z},),>¢ survives forever,
W’ > 0 almost surely.

Our main idea is to divide the population into two groups. Then, if the emigration is weak,
it may only affect one of these groups.

Lemma 6.1. (Decomposition.) Fix ko > k with P[Z = ko] > 0 and K := ko — k. Let Z\" := &,
Ziz) := K/, and define, for all n > 1, recursively,

z) 7z 47
(D . 2 ._
Z = Z§n+1,j— nil | s 2= Z Ent1,-
+

J=1 =7+
Then
(Z),01 £ @z0. (Z2),01 = @0, (6.1)
and if (IND) holds, then the processes (Zf,l))n>0 and (Z§,2))n>0 are independent. Moreover, for
alln>1,
Z,=Z +ZP onthe event {Zy=ko}n{Z" >0}, 6.2)
Zy > Z,(ll) + Z’(12) onthe event {Z1 > ko}N {Z,(ll) > O}. (6.3)
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Proof of Lemma 6.1. By construction, (Z,(zl) )n>0 and (Z,(lz) )n>0, are time-homogeneous
Markov chains with the same initial state and transition probabilit?es as (Zn)n>0 and (Z))n>0,
respectively. Hence (6.1) holds.

By inserting the definitions of Zﬁ,]) and Z,(f), one can straightforwardly verify both (6.2) and
(6.3). The details are therefore omitted.

Finally, assume (IND) and let ay, az, b1, by € N. Then, for all n, m > 1,

(1) (2) 1 2
P[Zn—H =a2,Zm+1 =by |Z,(l)=a1,Z,(n)=b1]

ay aj+b;
=IF’|:<Z En1j— Yn+1> =a, Z §m+1,j=b2:|
J=1 +

Jj=a1+1
ay aj+by
=P|:<Zén+1,j— n+l> =a2j| P|: Z Em+1,j=b2j|
=1 n j=a)+1
1 2
P, = 70 =) P[22, =2 1 7 =]

Hence transitions of (ngl)),p] and (Zf,z))rpo are independent and the claim follows by recalling
that the initial states are chosen constant. O

Proof of Theorem 2.4. (a) Let P[W > 0] > 0. Then P[t = oo] > 0, and hence by Theorem 2.1
we immediately obtain E[log, Y] < oo. Besides, using Z, < Z,, for Zy = Z;, = k and applying
the classical Kesten—Stigum theorem (see [17]), we directly conclude E[£ log, &] < oo.

On the contrary, let us assume E[log, Y] <oco and E[§ log, &§] <oo. Then, due to
Theorem 2.1, P[t = oo] > 0, and hence it suffices to show that

P[W > 0] =P[t = 0].
In order to obtain this claim, we note that {W > 0} C {r = oo} and verify
P[W=0,t=00]=0. (6.4)

By (H1) and (H2), we know that {t = oo} ={Z, — oo} almost surely. Moreover, W is
monotone with respect to Zy = k. Hence

PW=0,t=00] < likm inf PIW =012y =k] (6.5)
—00
=1—Ilimsup P[W>0|Zy=k]. (6.6)
k—o00

Choose ¢ > 0 with A — ¢ > 1 and set kg(k) := [ (A — ¢)k] for all £k > 1. Then, by the strong law
of large numbers,
limsup P[Z; > ko(k) | Zo=k] =1 (6.7)

k— 00

and ko(k) — k — oo for k — oo. Fix k > 1, kg = ko(k) and assume Zy = k. Then, by making use
of the notation introduced in Lemma 6.1 and (6.3),

P[W > 0] > P[Z; > ko] ]P’[Vn >0: 21 >0, lim 277 > 0]. 6.8)
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Recalling (6.1) and Proposition 4.1, we know that
]P’[VnZO:Z,(ll)>O]=1—qk—>l for k — oo. (6.9)
On the other hand, by (6.1) and the Kesten—Stigum theorem [17],

P lim 2772 > 0] =PIW' > 0| 7y =ko(k) — k1 = 1 = (¢)o %,

n— o0

and, since ko(k) — k — oo for k — oo, we further obtain

lim IP’[ lim A~"Z® >0] =1 (6.10)

k— 00 n—oo

By combining (6.7), (6.9), and (6.10) with (6.8), we conclude

limsup P[W>0|Zy=k]=1,
k— 00
and hence (6.4) and the claim follow by recalling (6.5) and (6.6).
(b) First, let a =0. Assume that there exists b € (0, co) satisfying P[0 < W < b] =0 and
P[0 < W < b+ ¢] >0 forall ¢ > 0. Then we choose ¢ > 0 and § > 0 with

b:=2"'b+e)+8<b. (6.11)

Also fix kg > k with P[Z; = ko] > 0 and again recall the notation from Lemma 6.1. Then, by
the decomposition (6.2) and (6.11),

PO < W <] = PlZ; =kol P| lim 27Z{" € (0.2 b +2)), lim 2722 <3]
n— oo n—oo
By using (IND) and Lemma 6.1, we further deduce that
P[0 < W <b] >P[Z =ko] P[0 < W < b +¢] P[0 < W < 48],

where we assume Zo =k and Zj = ko — k. The first two probabilities on the right-hand side
of this inequality are positive by construction. The third factor is also positive. This follows,
for example, from the fact that W’ has a strictly positive Lebesgue density on (0, 00); see
e.g. [1, Chapter 1, Part C]. Consequently P[0 < W < l~7] > 0, which is a contradiction to our
assumptions on b € (0, 0o). Hence the claim is true if a = 0.

For arbitrary a > 0, again fix ko > k with P[Z; =k¢] > 0 and also ¢ >0 with ¢ <b —a.
Then, by the same arguments as for a =0, and again assuming Zy =k and Z(’) =koy —k, we
obtain

Pla<W <b]l>P[Z; =ko] P[0 < W < Ag] P[ra < W < A(b —¢)].

Since we have verified the claim for a = 0, we know that the second factor on the right-hand

side of this inequality is positive. Our choice of ¢ implies that the third factor is also positive.

Hence, as for a =0, we can indeed deduce Pla < W < b] > 0. O
Appendix A. Truncation of the offspring distribution

In some of our proofs we make use of the following observation.

Observation A.1. (Truncation of the offspring distribution.) Let (Z,),>0 denote a branching
process with emigration, which is defined recursively by (1.1) under the same assumptions as
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in Section 1. Moreover, let A := E[£] 1] € (0, oo] and assume that the distribution of &; ; is
unbounded. Then, for every s € (0, 00), there exists N € N with the following property. If we
define, for all n, j > 1,

nj-=—

: én,jv én,jSN:
N, &nj>N,

as well as ZO := Zy := k, and, recursively,

Zn
Zn+l = (Z En+1,j - Yn+1) , n>0,
J=1

+

then we arrive at a branching process with emigration (Zn)nzo, which satisfies Z, < Z, almost
surely for all n > 0, has a bounded offspring distribution and, if A = oo, then s < E[ém] < 00,
respectively 0 < A — ]E[§ 1.1]1 < s, for A < oco. In particular, if T denotes the extinction time of
the process (Zn)nZOs then t > T almost surely.

Moreover, if condition (IND), respectively (H2), is satisfied for the process (Z,),>0, then,
by construction, the corresponding condition also holds for (Zn)nzo- Finally, if A € (1, o0) and
s <A — 1, then, as for the process (Z,),>0, we know that condition (H1) holds for (Zn)nz()
provided Zy = Zo = k is chosen large enough.

Appendix B. Notes on the recursion x,,; =ax, — b,

The following claims can be proved by elementary arguments. We omit the details.
Lemma B.1. Let xp := 1, a € (1, 00) and &€ > 0 with a — &1 > 1. Then there exists N € N and
1y - .., ey € (0, 00) such that for the sequence (x,)y>0 defined by
(a—¢)', n=N,

Xp41:= ax, — by, where b, :=
Cnt1s n<N-1,

there exists ¢ > 1 with x, > " >0 foralln> 1.
Lemma B.2. Let NeN, xog:= 1, ae (1, 00) and &1 >0 with a — &1 > 1. Then there exists
&2 > 0 with the following property. For arbitrary l € {1, ..., N — 1}, the recursion

(a—e)), n=l

Xpt1 = axp —b,, where b, :=
! S " lela—ent n#l

defines reals x1, ..., xy withx; > &1 >0 forallj=1, ..., N.
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