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We present several new inequalities for Euler’ s beta function, B(x; y). One of our
results states that the beta function can be approximated on (0; 1] £ (0; 1] by rational
functions as follows,

¬
(1 ¡ x)(1 ¡ y)

x(1 + x)y(1 + y)
6 1

xy
¡ B(x; y) 6 

(1 ¡ x)(1 ¡ y)

x(1 + x)y(1 + y)
;

with the best possible constants ¬ = 1 and  = 2
3 º 2 ¡ 4 = 2:579 73 : : : .

1. Introduction

The classical beta and gamma functions, also known as Euler’s integrals of the  rst
and second kind, respectively, are de ned by

B(x; y) =

Z 1

0

tx¡1(1 ¡ t)y¡1 dt; x; y > 0;

and

¡ (x) =

Z 1

0

e¡ttx¡1 dt; x > 0:

They are closely connected by the elegant identity

B(x; y) =
¡ (x) ¡ (y)

¡ (x + y)
; x; y > 0:

Since both functions play an important role in various branches of mathematics and
mathematical physics, they have been investigated intensively by many authors. We
refer to the monographs [1,6,7].

In the past, numerous papers were published presenting remarkable inequalities
involving the gamma function (see [11] and the extensive list of references given
therein). But only few inequalities for the beta function and its relatives can be
found in the literature (see [4, 9, 12, 13,15{18]). It is the aim of this article to add
to the list of beta-function inequalities.

In 2000, Dragomir et al . [9] proved that the beta function can be approximated
by 1=(xy). More precisely, they proved

0 6 1

xy
¡ B(x; y) 6 1

4
; x; y > 1: (1.1)

731

c® 2003 The Royal Society of Edinburgh
https://doi.org/10.1017/S030821050000264X Published online by Cambridge University Press

https://doi.org/10.1017/S030821050000264X


732 H. Alzer

In [4], it was shown that 1
4

can be replaced by the best possible constant 0:08731 : : : .
In view of (1.1), it is natural to ask for a corresponding result, which holds for
x; y 2 (0; 1]. In x 3 we present sharp upper and lower rational bounds for the di¬er-
ence 1=(xy) ¡ B(x; y), valid for all x; y 2 (0; 1]. Moreover, we show that the beta
function can be approximated on (0; 1] £ (0; 1] by the logarithmic derivative of the
gamma function. Our third result provides double inequalities for B(x; y), which
hold for x; y > 1 and min(x; y) 6 1 6 max(x; y), respectively. And,  nally, we prove
a new functional inequality for the beta function, which is closely related to the
triangle inequality

(B(x; z)) ¬ < (B(x; y)) ¬ + (B(y; z)) ¬ ; 0 < x 6 y 6 z; ¬ 2 R: (1.2)

Throughout this paper, we denote by ® = 0:577 21 : : : Euler’s constant and by
Á = ¡ 0=¡ the psi (or digamma) function. In order to prove our theorems, we need
some lemmas. They are collected in the next section. The numerical values have
been calculated by Maple (V Release 5.1).

2. Lemmas

In this section, we set  = 2
3 º 2 ¡ 4 = 2:579 73 : : : . The  rst lemma presents some

basic formulae, which can be found in [1, ch. 6].

Lemma 2.1. For all x > 0, we have

( ¡ 1)n + 1Á(n)(x) = n!

1X

k = 0

1

(x + k)n+ 1
=

Z 1

0

e¡xt tn

1 ¡ e¡t
dt; n = 1; 2; : : : ; (2.1)

¡ (x + 1) = x¡ (x); Á(n)(x + 1) = Á(n)(x) + ( ¡ 1)n n!

xn + 1
; n = 0; 1; 2; : : : ; (2.2)

¡ (2x) =
4x

2
p

º
¡ (x) ¡ (x + 1

2
); Á(2x) = 1

2
Á(x) + 1

2
Á(x + 1

2
) + log 2; (2.3)

¡ (x + a)

¡ (x + b)
¹ xa¡b; Á(x) ¹ log x; x ! 1: (2.4)

The following monotonicity properties are proved in [2,3].

Lemma 2.2.

(i) Let n > 1 be an integer and c > n + 1. The functions

x 7! x
Á(n + 1)(x)

Á(n)(x)
and x 7! xc( ¡ 1)n+ 1Á(n)(x)

are strictly increasing on (0; 1).

(ii) The function p(x) = xÁ(x) is negative and strictly decreasing on (0; x0), where
x0 = 0:216 : : : . Also, p is strictly convex on (0; 1).
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Lemma 2.3. Let

u1(x) = Á(x + 2) ¡ Á(2x);

u2(x) = Á0(x + 2) ¡ 2Á0(2x);

u3(x) = Á00(x + 2) ¡ 4Á00(2x);

v1(x) = 2(1 + x) + 2 (1 ¡ x);

v2(x) = (1 + x)2 ¡  (1 ¡ x)2:

Then u1, ¡ u2, u3 and v1 are positive and decreasing on (0; 1). The function v2 is
increasing on (0; 1) and has precisely one zero, namely x1 = 0:232 : : : .

Proof. It su¯ ces to consider u1, u2 and u3. Let 0 < x < 1. Applying (2.1), we get

u0
3(x) = Á000(x + 2) ¡ 8Á000(2x) = 6

1X

k = 0

µ
1

(x + 2 + k)4
¡ 8

(2x + k)4

¶
:

Since
1

(x + 2 + k)4
6 8

(2x + k)4
for k > 0;

we obtain u0
3(x) 6 0 and u3(x) > u3(1) = 1:46 : : : . This implies u0

2(x) = u3(x) > 0
and u2(x) 6 u2(1) = ¡ 0:89 : : : . Hence u0

1(x) = u2(x) < 0 and u1(x) > u1(1) = 1
2 .

Lemma 2.4. For all x 2 (0; 1], we have

0 6 ( ¡ (x + 2))2

¡ (2x)
+  (1 ¡ x)2 ¡ (1 + x)2:

Proof. Let u1, u2, u3, v1, v2 and x1 be de ned in lemma 2.3. Since v2(x) 6 0 for
0 < x 6 x1, we may assume that x 2 (x1; 1]. Let

f (x) = 2 log ¡ (x + 2) ¡ log ¡ (2x) ¡ log((1 + x)2 ¡  (1 ¡ x)2):

Then we obtain

1
2 v2(x)f 0(x) = u1(x)v2(x) ¡ 1

2 v1(x) = g(x); say:

Further, we have

g0(x) = u1(x)v1(x) + u2(x)v2(x) +  ¡ 1

and

g00(x) = 2(1 ¡  )u1(x) + 2u2(x)v1(x) + u3(x)v2(x):

Let x1 6 r 6 x 6 s 6 1. From lemma 2.3 we get

g00(x) 6 2(1 ¡  )u1(s) + 2u2(s)v1(s) + u3(r)v2(s) = h(r; s); say:
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The numerical values

h(x1; 0:35) 6 h(0:232; 0:35) = ¡ 7:03 : : : ;

h(0:35; 0:48) = ¡ 0:04 : : : ;

h(0:48; 0:61) = ¡ 1:17 : : : ;

h(0:61; 0:75) = ¡ 0:38 : : : ;

h(0:75; 0:89) = ¡ 0:26 : : : ;

h(0:89; 1) = ¡ 0:79 : : :

imply that g00(x) < 0 for x 2 [x1; 1]. Since g(1) = g0(1) = 0, we conclude that
g(x) 6 0. This leads to f(x) > f (1) = 0 for x1 6 x 6 1.

Lemma 2.5. Let 0 < x 6 y 6 1. Then we have

(x + y)[Á(x + y) ¡ Á(x + 2)] 6 ¡ 1:

Proof. Let 0 < x 6 y 6 1 and

f (x; y) = (x + y)[Á(x + y) ¡ Á(x + 2)]:

We have

@f (x; y)

@y
= Á(x + y) ¡ Á(x + 2) + (x + y)Á0(x + y)

and

@2f (x; y)

@y2
= 2Á0(x + y) + (x + y)Á00(x + y) = 2

1X

k = 1

k

(x + y + k)3
> 0:

This implies

f (x; y) 6 max(f (x; x); f (x; 1)): (2.5)

Let

g(x) = Á(x + 2) ¡ Á(2x) ¡ 1

2x
:

Using (2.1) and (2.3), we get

2g0(x) = 2Á0(x + 2) ¡ Á0(x + 1
2
) ¡ Á0(x) +

1

x2
=

Z 1

0

e¡xt¢(t) dt;

where

¢(t) =
te¡2t

1 ¡ e¡t
[2 ¡ e3t=2 ¡ et] < 0 for t > 0:

Thus g is strictly decreasing on (0; 1), and we obtain

g(x) > g(1) = 0 for 0 < x 6 1: (2.6)

Since f (x; x) = ¡ 2xg(x) ¡ 1 and f(x; 1) = ¡ 1, we conclude from (2.5) and (2.6)
that f (x; y) 6 ¡ 1.
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Lemma 2.6. Let 0 < x 6 y 6 1. Then we have

0 6 [Á(x + 2) ¡ Á(x + y)]2 + Á0(x + 2) ¡ Á0(x + y):

Proof. Let 0 < x 6 y 6 1 and

f (x; y) = [Á(x + 2) ¡ Á(x + y)]2 + Á0(x + 2) ¡ Á0(x + y):

Then

x + y

Á0(x + y)

@f (x; y)

@y
= ¡ (x + y)

Á00(x + y)

Á0(x + y)
+ 2(x + y)[Á(x + y) ¡ Á(x + 2)]: (2.7)

Applying (2.2), we get

z
Á00(z)

Á0(z)
=

¡ 2 + z3Á00(z + 1)

1 + z2Á0(z + 1)
; z > 0: (2.8)

From (2.8) and lemma 2.2 (i), we obtain

¡ (x + y)
Á00(x + y)

Á0(x + y)
6 2; (2.9)

so that (2.7), (2.9) and lemma 2.5 yield @f (x; y)=@y 6 0. Thus f(x; y) > f (x; 1) = 0.

Lemma 2.7. For all x 2 (0; 1], we have

Á0(x + 2)
( ¡ (x + 2))2

¡ (2x)
6  ¡ 1: (2.10)

Proof. We de ne, for x 2 (0; 1],

f (x) =
¡ (x + 1

2
)

¡ (x + 1)
and g(x) = ¡ x(x + 1)24¡xÁ0(x + 2):

Using (2.2) and (2.3), we conclude that (2.10) is equivalent to

0 6 ( ¡ 1)(4º )¡1=2f(x) + g(x) = h(x); say:

Di¬erentiation gives

f 0(x) = f (x)[Á(x + 1
2
) ¡ Á(x + 1)] < 0

and

(x + 2)
g0(x)

g(x)
= ¯ (x) + (x + 2)

Á00(x + 2)

Á0(x + 2)
; (2.11)

where

¯ (x) = (x + 2)

µ
1

x
+

2

x + 1
¡ log 4

¶
:

We have

¡ 1
2 ¯ 0(x) =

x2 + (x + 1)2(1 + x2 log 2)

x2(x + 1)2
> 0;
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so that (2.11) and lemma 2.2 (i) yield

(x + 2)
g0(x)

g(x)
> ¯ (1) + 2

Á00(2)

Á0(2)
= 0:58 : : : :

Hence f and g are decreasing on (0; 1]. This leads to h(x) > h(1) = 0.

Lemma 2.8. For all x 2 (0; 1], we have

[Á(x + 2) ¡ Á(2x)]
( ¡ (x + 2))2

¡ (2x)
+ x( ¡ 1) ¡ ( + 1) 6 0:

Proof. Let 0 < x 6 1 and

f (x) = [Á(x + 2) ¡ Á(2x)]
( ¡ (x + 2))2

¡ (2x)
+ x( ¡ 1) ¡ ( + 1):

We obtain

f 0(x) = (2[Á(x + 2) ¡ Á(2x)]2 + Á0(x + 2) ¡ 2Á0(2x))
( ¡ (x + 2))2

¡ (2x)
+  ¡ 1: (2.12)

Applying lemma 2.6, we get

2[Á(x + 2) ¡ Á(2x)]2 + Á0(x + 2) ¡ 2Á0(2x) > ¡ Á0(x + 2): (2.13)

From (2.12), (2.13) and lemma 2.7, we obtain

f 0(x) >  ¡ 1 ¡ Á0(x + 2)
( ¡ (x + 2))2

¡ (2x)
> 0:

Thus f (x) 6 f(1) = 0.

Lemma 2.9. Let

w1(x) = Á(2x) ¡ Á(x);

w2(x) = Á0(x) ¡ 2Á0(2x);

w3(x) = x[Á(2x) ¡ Á(x)]:

The functions w1 and w2 are positive and decreasing and (0; 1), whereas w3 is
positive and increasing on (0; 1).

Proof. Let x > 0. We have

¡ w0
1(x) = w2(x) = 1

2
[Á0(x) ¡ Á0(x + 1

2
)] > 0

and

w0
2(x) = 1

2
[Á00(x) ¡ Á00(x + 1

2
)] < 0:

Further,

2w3(x) = x[Á(x + 1
2 ) ¡ Á(x) + log 4] > 0;

2w0
3(x) = Á(x + 1

2
) ¡ Á(x) + log 4 + x[Á0(x + 1

2
) ¡ Á0(x)];

2

x
w00

3 (x) =
2

x
[Á0(x + 1

2) ¡ Á0(x)] + Á00(x + 1
2 ) ¡ Á00(x):

https://doi.org/10.1017/S030821050000264X Published online by Cambridge University Press

https://doi.org/10.1017/S030821050000264X


Some beta-function inequalities 737

Using the integral formula given in (2.1) and the convolution theorem for Laplace
transforms, we get

2

x
w00

3 (x) =

Z 1

0

e¡xt¢(t) dt;

where

¢(t) =
t2

1 + e¡t=2
¡ 2

Z t

0

s

1 + e¡s=2
ds:

We have

¢(0) = 0 and ¢0(t) =
t2e¡t=2

2(1 + e¡t=2)2
> 0 for t > 0;

so that we obtain w00
3 (x) > 0 for x > 0. Since limx ! 0 w0

3(x) = 0, we conclude that
w0

3 is positive on (0; 1).

Lemma 2.10. For all x 2 (0; 1], we have

6 ®

º 2
6 [Á(x) ¡ Á(2x)]

Á(x)

Á0(x)
:

Proof. Let a = 6® =º 2 and let p, x0, w1, w2, w3 be de ned in lemmas 2.2 and 2.9,
respectively. Further, let

w4(x) = x2Á0(x) and f (x) = [Á(x) ¡ Á(2x)]Á(x) ¡ aÁ0(x):

Lemma 2.2 yields that ¡ p is positive and increasing on (0; x0) and that w4 is
increasing on (0; 1). Thus we get, for 0 < x < x0,

x2f(x) = w3(x)( ¡ p(x)) ¡ aw4(x) > w3(0)(¡ p(0)) ¡ aw4(0:22) = 0:12 : : : :

Di¬erentiation gives

¡ f 0(x) = w2(x)( ¡ Á(x)) + w1(x)Á0(x) + aÁ00(x):

Applying lemma 2.9, we get, for 0:21 6 r 6 x 6 s 6 1,

¡ f 0(x) > w2(s)( ¡ Á(s)) + w1(s)Á0(s) + aÁ00(r) = g(r; s); say:

We have

g(0; 21; 0:24) = 2:37 : : : ;

g(0:24; 0:27) = 4:77 : : : ;

g(0:27; 0:31) = 1:64 : : : ;

g(0; 31; 0:36) = 0:78 : : : ;

g(0:36; 0:42) = 0:73 : : : ;

g(0:42; 0:50) = 0:26 : : : ;

g(0:50; 0:61) = 0:08 : : : ;

g(0; 61; 0:77) = 0:02 : : : ;

g(0:77; 1) = 0:12 : : : :

This implies that f 0(x) < 0 for x 2 [0:21; 1]. Since f (1) = 0, we conclude that f is
positive on [0:21; 1).
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Further, we need the following integral inequalities, which are due to Ste¬ensen.
A proof is given in [16, x 2.16].

Lemma 2.11. Let f and g be integrable functions on [a; b]. If f is strictly decreasing
on (a; b) and 0 < g < 1 on (a; b), then

Z b

b¡ ¶

f (t) dt <

Z b

a

f (t)g(t) dt <

Z a + ¶

a

f (t) dt;

where ¶ =
R b

a
g(t) dt.

3. Main results

First, we present sharp rational bounds for B(x; y), which are valid for x; y 2 (0; 1].

Theorem 3.1. For all real numbers x; y 2 (0; 1], we have

¬
(1 ¡ x)(1 ¡ y)

x(1 + x)y(1 + y)
6 1

xy
¡ B(x; y) 6 

(1 ¡ x)(1 ¡ y)

x(1 + x)y(1 + y)
; (3.1)

with the best possible constants

¬ = 1 and  = 2
3
º 2 ¡ 4 = 2:57973 : : : :

Proof. Let 0 < x 6 y 6 1 and

f (x; y) = log ¡ (x + y + 1) ¡ log ¡ (x + 2) ¡ log ¡ (y + 2) + log 2:

Di¬erentiation gives

@f (x; y)

@x
= Á(x + y + 1) ¡ Á(x + 2) 6 0;

which implies

f (x; y) > f (y; y) = log ¡ (2y + 1) ¡ 2 log ¡ (y + 2) + log 2 = g(y); say:

Since
1
2 g0(y) = Á(2y + 1) ¡ Á(y + 2) 6 0;

we get
g(y) > g(1) = 0:

Hence f(x; y) > 0, which is equivalent to the left-hand side of (3.1) with ¬ = 1.
To prove the second inequality of (3.1) with  = 2

3 º 2 ¡ 4, we show that

h(x; y) =
¡ (x + 2)¡ (y + 2)

¡ (x + y)
+ (xy + 1)( ¡ 1) ¡ (x + y)( + 1) > 0

for 0 < x 6 y 6 1:

We have

@h(x; y)

@x
= [Á(x + 2) ¡ Á(x + y)]

¡ (x + 2)¡ (y + 2)

¡ (x + y)
+ y( ¡ 1) ¡ ( + 1)
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and

@2h(x; y)

@x2
= ([Á(x + 2) ¡ Á(x + y)]2 + Á0(x + 2) ¡ Á0(x + y))

¡ (x + 2)¡ (y + 2)

¡ (x + y)
:

Applying lemma 2.6, we get @2h(x; y)=@x2 > 0, which leads to

@h(x; y)

@x
6 @h(x; y)

@x

¯̄
¯̄
x = y

= [Á(y+2) ¡ Á(2y)]
( ¡ (y + 2))2

¡ (2y)
+y( ¡ 1) ¡ ( +1): (3.2)

From lemma 2.8, we conclude that @h(x; y)=@x 6 0, so that lemma 2.4 gives

h(x; y) > h(y; y) =
( ¡ (y + 2))2

¡ (2y)
+  (1 ¡ y)2 ¡ (1 + y)2 > 0:

It remains to show that in (3.1) the constants ¬ = 1 and  = 2
3 º 2 ¡ 4 are sharp.

Double-inequality (3.1) is equivalent to

¬ 6 (x + 1)(y + 1)

(1 ¡ x)(1 ¡ y)

µ
1 ¡ ¡ (x + 1)¡ (y + 1)

¡ (x + y)

¶
6  : (3.3)

If we let x tend to 0, then (3.3) gives ¬ 6 y + 1, which implies ¬ 6 1.
Next, we set q(x; y) = ¡ (x + 1)¡ (y + 1)=¡ (x + y). Then the right-hand side

of (3.3) yields
(x + 1)(y + 1)

1 ¡ y

q(x; y) ¡ q(1; y)

x ¡ 1
6  :

We let x tend to 1 and obtain

2(y + 1)

1 ¡ y

@q(x; y)

@x

¯̄
¯̄
x = 1

= 2(y + 1)
Á(y + 1) ¡ Á(2)

y ¡ 1
6  :

And, if y tends to 1, then 4Á0(2) = 2
3
º 2 ¡ 4 6  . This completes the proof of theo-

rem 3.1.

The psi function and its derivatives have a number of interesting applications.
For example, certain trigonometric integrals can be expressed in a closed form
in terms of Á (see [10]). A close relationship between Á(n)(x) (with x = 1

4 and
x = 3

4 ) and Bernoulli and Euler numbers is presented in [14]. And, in a recently
published article [5], it is proved that the constants of Landau and Lebesgue can be
approximated by the psi function. We now provide sharp upper and lower bounds
for B(x; y) in terms of Á(x)Á(y).

Theorem 3.2. For all real numbers x; y 2 (0; 1], we have

µ
Á(x)Á(y)

® 2

¶¬

6 B(x; y) 6
µ

Á(x)Á(y)

® 2

¶

; (3.4)

with the best possible constants

¬ =
6 ®

º 2
= 0:35090 : : : and  = 1:
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Proof. To establish the left-hand side of (3.4) with ¬ = 6 ® =º 2, we de ne, for 0 <
x 6 y 6 1,

f (x; y) = log ¡ (x) + log ¡ (y) ¡ log ¡ (x + y)

¡ ¬ log(¡ Á(x)) ¡ ¬ log(¡ Á(y)) + 2 ¬ log ® :

Applying lemma 2.10, we get

@f(x; y)

@x
= Á(x) ¡ Á(x + y) ¡ ¬

Á0(x)

Á(x)

6 Á(x) ¡ Á(2x) ¡ ¬
Á0(x)

Á(x)
6 0:

This leads to

f (x; y) > f (y; y) = 2 log ¡ (y) ¡ log ¡ (2y) ¡ 2 ¬ log(¡ Á(y)) + 2 ¬ log ® :

Applying lemma 2.10 again, we obtain

1

2

df (y; y)

dy
= Á(y) ¡ Á(2y) ¡ ¬

Á0(y)

Á(y)
6 0:

Thus f (y; y) > f (1; 1) = 0.
Since p(x) = xÁ(x) is convex on (0; 1) with p(0) = ¡ 1 < ¡ ® = p(1), we get

1

x
6 ¡ Á(x)

®
for 0 < x 6 1:

Theorem 3.1 implies

B(x; y) 6 1

xy
for 0 < x; y 6 1;

so that we obtain

B(x; y) 6 Á(x)Á(y)

® 2
for 0 < x; y 6 1:

Finally, we show that the best possible constants in (3.4) are given by ¬ = 6® =º 2

and  = 1. Setting x = y, the left-hand side of (3.4) yields, for x 2 (0; 1),

¬ 6 2 log ¡ (x) ¡ log ¡ (2x)

2 log(¡ Á(x)) ¡ 2 log ®
= Q(x); say:

We apply l’Hospital’s rule and get

¬ 6 lim
x ! 1

Q(x) = lim
x! 1

Á(x) ¡ Á(2x)

Á0(x)=Á(x)
=

6 ®

º 2
:

And, if y = 1, then the right-hand side of (3.4) gives, for x 2 (0; 1),

¡ log x

log(1 ¡ xÁ(x + 1)) ¡ log x ¡ log ®
6  :

We let x tend to 0 and obtain  > 1.
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Remark 3.3. A simple calculation shows that, for all x; y 2 (0; 1), the upper bound
for B(x; y) given in (3.1) is better than the upper bound in (3.4), whereas the lower
bounds given in (3.1) and (3.4) cannot be compared. This means that the function

(x; y) 7!
µ

Á(x)Á(y)

® 2

¶¬

+ 
(1 ¡ x)(1 ¡ y)

x(1 + x)y(1 + y)
¡ 1

xy
; ¬ =

6 ®

º 2
;  = 2

3
º 2 ¡ 4;

attains positive and negative values on (0; 1) £ (0; 1).

The next theorem presents inequalities for the beta function, which are valid on
[1; 1) £ [1; 1) and (0; 1] £ [1; 1), respectively.

Theorem 3.4. For all real numbers x; y > 1, we have

µ
1 ¡ 1

max(x; y)

¶m in (x;y)

6 1 ¡ min(x; y)B(x; y) 6 1 ¡
µ

1

max(x; y)

¶m in (x;y)

: (3.5)

If 0 < min(x; y) 6 1 6 max(x; y), then (3.5) holds with the inequalities reversed. In
both cases, the sign of equality is valid if and only if x = 1 or y = 1.

Proof. We consider two cases.

Case 1 (1 < x 6 y). We de ne f (t) = (1 ¡ t)x¡1 and g(t) = ty¡1. Then f is strictly
decreasing on (0; 1) and 0 < g(t) < 1 for t 2 (0; 1). Applying lemma 2.11 with a = 0,
b = 1, ¶ = 1=y, we get

Z 1

1¡1=y

(1 ¡ t)x¡1 dt < B(x; y) <

Z 1=y

0

(1 ¡ t)x¡1 dt;

which leads to (3.5) with `<’ instead of `6’.

Case 2 (0 < x < 1 < y). We set f (t) = ¡ (1 ¡ t)x¡1 and g(t) = ty¡1. Then lemma
2.11 with a = 0, b = 1, ¶ = 1=y gives

¡
Z 1

1¡1=y

(1 ¡ t)x¡1 dt < ¡ B(x; y) < ¡
Z 1=y

0

(1 ¡ t)x¡1 dt:

This yields (3.5) with `>’ instead of `6’.

The well-known inequality

0 6 (y ¡ x)(z ¡ x)x ¬ +(x ¡ y)(z ¡ y)y ¬ +(x ¡ z)(y ¡ z)z ¬ ; x; y; z > 0; ¬ 2 R; (3.6)

is due to Schur. A proof and an extension of (3.6) can be found in [16, x 2.17].
The following result, which is also valid for all x; y; z > 0 and ¬ 2 R, presents a
beta-function variant of Schur’s inequality:

0 6 (y ¡ x)(z ¡ x)(B(y; z)) ¬ +(x ¡ y)(z ¡ y)(B(x; z)) ¬ +(x ¡ z)(y ¡ z)(B(x; y)) ¬ : (3.7)

The sign of equality holds in (3.7) (and also in (3.6)) if and only if x = y = z.
Inequality (3.7) and its counterpart (1.2) both follow easily from the fact that
x 7! B(x; y) is strictly decreasing on (0; 1). We now provide a companion of (3.7)
involving two parameters.
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Theorem 3.5. Let ¬ 6= 0 and  > 0 be real numbers. The inequality

(z ¡ x) (B(x; z)) ¬ 6 (y ¡ x) (B(x; y)) ¬ + (z ¡ y) (B(y; z)) ¬ (3.8)

holds for all real numbers x, y, z with 0 < x 6 y 6 z if and only if ¬ < 0 <  6 1.

Proof. Let ¬ < 0 <  6 1. If x = y or y = z, then equality is valid in (3.8). Hence
we may assume that 0 < x < y < z. Then (3.8) can be written as

1 6
µ

y ¡ x

z ¡ x

¶ µ
B(x; y)

B(x; z)

¶¬

+

µ
z ¡ y

z ¡ x

¶ µ
B(y; z)

B(x; z)

¶¬

: (3.9)

Since

0 <
y ¡ x

z ¡ x
< 1 and 0 <

z ¡ y

z ¡ x
< 1;

we conclude that the expression on the right-hand side of (3.9) is decreasing with
respect to  . This implies that it su¯ ces to prove (3.8) for ¬ < 0 and  = 1. We
de ne

f (x; y; z; ¬ ;  ) = (y ¡ x) (B(x; y)) ¬ +(z ¡ y) (B(y; z)) ¬ ¡ (z ¡ x) (B(x; z)) ¬ : (3.10)

Di¬erentiation yields

@f(x; y; z; ¬ ; 1)

@x
= ¢(x; z; ¬ ) ¡ ¢(x; y; ¬ ); (3.11)

where

¢(x; z; ¬ ) = (B(x; z)) ¬ [1 ¡ ¬ (z ¡ x)(Á(x) ¡ Á(x + z))]:

Further, we have

1

¬ (B(x; z)) ¬

@¢(x; z; ¬ )

@z

= [Á(z) ¡ Á(x + z)][1 ¡ ¬ (z ¡ x)(Á(x) ¡ Á(x + z))]

¡ Á(x) + Á(x + z) + (z ¡ x)Á0(x + z): (3.12)

Since the expression on the right-hand side of (3.12) is strictly decreasing with
respect to ¬ , we obtain

1

¬ (B(x; z)) ¬

@¢(x; z; ¬ )

@z
> Á(z) ¡ Á(x) + (z ¡ x)Á0(x + z) > 0:

Hence z 7! ¢(x; z; ¬ ) is strictly decreasing on [y; 1), so that (3.11) implies

@f (x; y; z; ¬ ; 1)

@x
< 0:

This leads to f (x; y; z; ¬ ; 1) > f (y; y; z; ¬ ; 1) = 0.
Next, let (3.8) be valid for all x, y, z with 0 < x 6 y 6 z. We assume that  > 1.

Then we get

f (x; y; z; ¬ ;  ) > 0 = f (y; y; z; ¬ ;  ) for 0 < x 6 y < z:
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This implies

@f (x; y; z; ¬ ;  )

@x

¯̄
¯̄
x = y

= (z ¡ y) ¡1(B(y; z)) ¬ [ ¡ ¬ (z ¡ y)(Á(y) ¡ Á(y + z))] 6 0:

Hence  6 ¬ (z ¡ y)(Á(y) ¡ Á(y + z)), which is false for all z, which are su¯ ciently
close to y. Thus 0 <  6 1. We suppose that ¬ > 0 and 0 < y < z. Then we obtain

0 6 lim
x ! 0

f(x; y; z; ¬ ;  )

( ¡ (x)) ¬
= y ¡ z :

Hence ¬ < 0.

Remark 3.6. The proof of theorem 3.5 reveals that if ¬ < 0 <  6 1, then equality
holds in (3.8) if and only if x = y or y = z.

Remark 3.7. There do not exist real parameters ¬ 6= 0 and  > 0 such that the
converse of (3.8) is valid for all x, y, z with 0 < x 6 y 6 z. To prove this, we denote
by f the function de ned in (3.10) and assume that

f (x; y; z; ¬ ;  ) 6 0 for 0 < x 6 y 6 z: (3.13)

If ¬ > 0, then (3.13) gives, for  =¬ < x < y 6 z,

0 < (y ¡ x) (B(x; y)) ¬ 6
µ

z ¡ x

z

¶

( ¡ (x)) ¬

µ
zx ¡ (z)

¡ (x + z)

¶¬

z ¡ ¬ x: (3.14)

Applying (2.4), we conclude that the product on the right-hand side of (3.14) con-
verges to 0 if z tends to 1. Thus ¬ < 0. From theorem 3.5, we obtain  > 1.
Further,

f (x; y; z; ¬ ;  ) 6 f (y; y; z; ¬ ;  ) and
@f (x; y; z; ¬ ;  )

@x

¯̄
¯̄
x = y

> 0:

This leads to ¬ (z ¡ y)(Á(y) ¡ Á(y +z)) 6  , which is false for all su¯ ciently large z.

Remark 3.8. In [9], it is proved that, for x; y > 0,

p
B(x; x)B(y; y) 6 B(x; y): (3.15)

Using the integral formula

B(x; y) =
1

2

Z 1

0

tx¡1 + ty¡1

(t + 1)x + y
dt

(see [1, p. 258]), we get, for x; y > 0,

B(x; x) + B(y; y) ¡ 2B(x; y)

=

Z 1

0

tx¡1

(t + 1)2x

·
1 ¡

µ
t

t + 1

¶y¡x¸·
1 ¡ 1

(t + 1)y¡x

¸
dt

> 0: (3.16)
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Thus B(x; y) separates the arithmetic and geometric means of B(x; x) and B(y; y).
Inequalities (3.15) and (3.16) are the best possible in the following sense. Let

Mr(a; b) = ( 1
2
(ar + br))1=r (r 6= 0); M0(a; b) =

p
ab;

be the power mean of order r of a; b > 0.
The double inequality

Mu(B(x; x); B(y; y)) 6 B(x; y) 6 Mv(B(x; x); B(y; y)) (3.17)

holds for all x; y > 0 if and only if u 6 0 and v > 1.
Since the power mean is increasing on R with respect to its order (see [8, p. 159]),

we conclude from (3.15) and (3.16) that if u 6 0 and v > 1, then (3.17) is valid for all
x; y > 0. Conversely, we assume that there exist parameters u; v with 0 < u < v < 1
such that (3.17) holds for all x; y > 0. Setting y = 1, the left-hand side yields

( 1
2
((B(x; x))u + 1))1=u 6 B(x; 1) =

1

x
;

which is false for all su¯ ciently large x. Further, the right-hand side of (3.17) gives

xB(x; 1) 6 x( 1
2((B(x; x))v + 1))1=v:

We let x tend to 0 and obtain 1 6 21¡1=v . This leads to v > 1.
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